Branching random walk in random environment on trees

F.P. Machado S.Yu. Popov^∗

February 10, 2003

Department of Statistics, Institute of Mathematics and Statistics, University of São Paulo, rua do Matão 1010, CEP 05508–090, São Paulo SP, Brazil e-mails: fmachado@ime.usp.br, popov@ime.usp.br

Abstract

We study a supercritical branching random walk on a rooted tree with random environment. We are interested in the case where both the branching and the step transition parameters are random quantities. Criteria of (strong) recurrence and (strong) transience are presented for this model.

Keywords: random environment, transience, recurrence. AMS Subject Classification: 60J80, 60K37 Running title: Branching random walk in random environment

Introduction

Branching random walk with discrete time is a process that can be described as follows. We start from one particle in some given site of a graph G. If at some moment a particle is in site x ∈ G, then, independently of everything, it generates new particles according to some probability distribution (which may depend on x). Those new particles then jump, independently of each other, to other sites of G according to some given transition probabilities. Let us underline that there is no “one-particle-per-site” rule.

∗Corresponding author

In this paper we study the above model in random environment. This means that first of all, for each site x the collection of transition probabilities and branching parameters is sampled from the set of all possible parameters according to a given distribution (or distributions). We present conditions for the discrete time branching random walk in random environment to be recurrent or transient (almost surely with respect to the random environment).

Several authors have recently considered branching random walks in random environment. Examples are [1, 5, 6, 8, 9, 10, 15, 20] just to mention a few. Branching random walks in many-dimensional random environment are considered in [1, 10, 20]. Questions related to the local and total particle populations are studied in [1, 20], while the main question of [10] is recurrence/transience of the process as seen from the origin, that is, whether the cloud of particles touches the origin almost surely. In [1, 5, 8, 9, 10, 20], the random environment is related only to the branching mechanism. Onedimensional branching random walk in i.i.d. random environment which includes both the branching mechanism and the step transition is considered in [6]. The paper [15] generalizes the results of [6] to the case of non-i.i.d. random environment. In the present paper we deal with branching random walk on a rooted homogeneous tree in a full random environment, which means that both the transition and the branching probabilities are sampled from a given distribution(s); in addition, the random environment is not i.i.d.

To the best of our knowledge, branching random walks in random environment on trees have not been yet considered in the literature (for ordinary random walks in random environment on trees, see e.g. [13, 17]). On the other hand, homogeneous branching random walks on trees were studied in a number of papers; see e.g. [18] and references therein. In the paper [3], among other things, the so-called frog model (with random initial configuration) on a homogeneous tree was considered. The frog model is a model which is in some sense in the frontier between random walk and branching random walk (there is branching only when a particle gets to a site which was not visited before); other results for the frog model can be found in [2, 4, 19, 21].

The main tool that we use in this paper is the method of Lyapunov (test) functions. For a general introduction to the subject see [7]. Examples of successful applications of this method to branching random walks can be found in [6, 11, 12, 14, 15, 16]. It is important to note that usually it is possible to use this method either in dimension 1, or in problems with spatially homogeneous transition probabilities (i.e., without random environment). For the authors, it was surprising to realize that the method of Lyapunov functions works for branching random walks in random environment on trees as well (however, the strategy of the proof here is considerably different from that of [15]).

The paper is organized as follows. In Section 1 we begin by introducing some notation and defining the branching random walk on trees with random environment. The results on recurrence and transience for the process as seen from the root are stated in Section 2. In Section 3 we give the proofs.

1 Definitions and construction of random environment

Fix a positive integer d. Let T_d be the the set of all finite words x = x^{(1)} . . . x^{(k)}, where x^{(i)} ∈ {1, . . . , d} for i = 1, . . . , k, including the empty word O. For any x = x^{(1)} . . . x^{(n)}, y = y^{(1)} . . . y^{(m)} ∈ T_d define the concatenation of x and y by xy = x^{(1)} . . . x^{(n)}y^{(1)} . . . y^{(m)}. If x = x^{(1)} . . . x^{(n−1)}x^{(n)} ∈ T_d , define u_i(x) = x^{(1)} . . . x^{(n)}i for all i = 1, . . . , d, and, for all x ≠ O define d(x) = x^{(1)} . . . x^{(n−1)}. To give a graph structure to T_d , we declare x, y ∈ T_d adjacent iff x = d(y) or y = d(x); clearly, proceeding in this way we obtain what is usually called a rooted d-ary tree (with O being the root). Futhermore, define ‖x‖ to be the length of the word x (equivalently, ‖x‖ is the distance from x to O). Let τ_x : T_d → T_d be a map defined by τ_x(y) = xy; denote V_n = {x ∈ T_d : ‖x‖ = n}, T_{d,n} = {x ∈ T_d : ‖x‖ ≤ n}, T_d (x) = τ_x(T_d ), T_{d,n} (x) = τ_x(T_{d,n}). In order to facilitate introducing the notions of transience and recurrence, let us add also a “special” vertex S, which is connected only to the root O (write formally S = d(O)).

A discrete time branching random walk on T_d ∪ {S} with fixed environment evolves according to the following rules. Initially a particle is placed at a fixed site x_0 of T_d . At any time over the evolution of the process, any particle which is at a site x is replaced by a random number k ≥ 1 of offspring, independently of everything else, with probability r_k(x). That means that every single particle is replaced by at least one offspring. Each one of the offspring of a given particle which is at site x ∈ T_d , may either jump to d(x) with probability q(x), stay at site x with probability s(x), or go to some of the vertices u_i(x), i = 1, . . . , d, with probabilities p_i(x), i = 1, . . . , d respectively. Also, let r(x) = ∞∑ n=1 nr_n(x) be the mean number of offspring at x. Aiming toward a definition for recurrence/transience, we declare the vertex S to be an absorbing site in the sense that, once a particle comes to that site, it stays there forever without having any further offspring, which is equivalent to putting s(S) = 1 and r_1(S) = 1.

Let us consider a sequence of random variables N (t), t = 0, 1, 2, . . ., where N (t) is the number of particles at site S at time t. As this sequence is non-decreasing, the random variable

ν = lim_{t→∞} N (t)

exists for all realizations of the process and may assume the value +∞.

In this paper, we denote by P and E the probability and the expectation that concern the random environment, while P and E stand for the probability and the expectation concerning the evolution of the process when the environment is fixed.

Following [6, 15], consider

Definition 1.1 We say that the branching random walk on T_d is

• recurrent, if P[ν ≥ 1] = 1;

• strongly recurrent, if it is recurrent and E ν < ∞;

• transient, if P[ν ≥ 1] < 1;

• strongly transient, if it is transient and E ν < ∞.

Provided that for every pair x and y of vertices of S, x is reachable from y and y is reachable from x, one can get that Definition 1.1 does not depend on the position of the initial particle at time 0.

Now, we construct the random environment. First, define M to be the set of all infinite sequences ξ = (q^ξ, s^ξ, p^ξ_1, . . . p^ξ_d, r^ξ_1, r^ξ_2, . . .) of non-negative numbers such that

q^ξ + s^ξ + d∑ i=1 p^ξ_i = 1, ∞∑ n=1 r^ξ_n = 1, and r^ξ := ∞∑ n=1 nr^ξ_n < ∞. Let A be some finite set. Let Q_i, i ∈ A, be a collection of probability distributions on M which satisfy the following two conditions:

Q_j [ξ ∈ M : q^ξ > 0, p^ξ_1 > 0, . . . , p^ξ_d > 0] = 1 for all j ∈ A, (1.1) and Q_{j0} [ξ ∈ M : r^ξ > 1] > 0 for at least one j_0 ∈ A. (1.2)

The condition (1.1) is to guarantee that, within T_d , any site is reachable from any other site, while the condition (1.2) ensures that there is branching. To define the random environment for the branching random walk on tree we proceed as follows. Let (P_{i,(j1,...,jd)}, i ∈ A, (j_1, . . . , j_d) ∈ A^d), be a collection of nonnegative numbers with the following properties:

(P1) ∑ (j_1,...,j_d)∈A^d P_{i,(j1,...,jd)} = 1 for all i ∈ A, and (P2) for every i, i^′ ∈ A, there exists a finite sequence i = i_0, i_1, i_2, . . . , i_n = i^′ such that for all k = 1, . . . , n there exist m^{(k)}_1 , . . . , m^{(k)}_d ∈ A such that P_{ik−1,(m}(k)_{1 ,...,m}(k)_{d )} > 0 and i_k ∈ {m^{(k)}_1 , . . . , m^{(k)}_d } (this property is referred to as irreducibility).

Then, to each x ∈ T_d we assign a number η_x ∈ A by using a realization of a multitype Galton-Watson branching process governed by the collection (P_{i,(j1,...,jd)}). Specifically, first we choose η_O uniformly from A. Then, P[η_{u1(x)} = j_1, . . . , η_{ud(x)} = j_d | η_x = i] = P_{i,(j1,...,jd)}, where i ∈ A and (j_1, . . . , j_d) ∈ A^d. In this way, we obtain a realization of the multitype Galton-Watson process η = (η_x, x ∈ T_d ). Consider a realization of the collection of random variables ξ = (ξ_x, x ∈ T_d ), ξ_x ∈ M with the following properties:

• the random variables (ξ_x, x ∈ T_d ) are conditionally independent given the realization of η;

• for every x ∈ T_d , given η_x = i, the distribution of ξ_x is Q_i. The pair (η, ξ) = ((η_x, ξ_x), x ∈ T_d ) is called random environment. Then, for all x ∈ T_d we define q(x) = q^{ξx} , s(x) = s^{ξx} , p_i(x) = p^{ξx}_i for i = 1, . . . , d and r_i(x) = r^{ξx}_i for i = 1, 2, . . . Once again, we stress that those parameters are chosen once and do not change during the subsequent evolution of the branching random walk.

2 Results

For every ξ ∈ M let us define the function

h^ξ(λ_1, . . . , λ_d) = q^ξL ( 1 r^ξ − s^ξ − d∑ j=1 p^ξ_j λ_j ) (2.1)

for 0 ≤ λ_i ≤ +∞, where

L(x) = x^{−1}, if x > 0, +∞, if x = 0, −∞, if x < 0 or x = −∞. Moreover, for each i ∈ A and λ_1, . . . , λ_d ∈ [0, +∞) ∪ {+∞, −∞} put

H_i(λ_1, . . . , λ_d) = −∞, if λ_i = −∞ for at least one i ∈ {1, . . . , d}, or there exists ξ ∈ supp Q_i such that h^ξ(λ_1, . . . , λ_d) = −∞, sup ξ∈supp Q_i h^ξ(λ_1, . . . , λ_d), otherwise. (2.2) For every i ∈ A define C(i) = {(j_1, . . . , j_d) ∈ A^d : P_{i,(j1,...,jd)} > 0}. Also, for every (j_1, . . . , j_d) ∈ A^d let Ψ(j_1, . . . , j_d) = {i ∈ A : P_{i,(j1,...,jd)} > 0}. The main result of this paper is the following

Theorem 2.1 For E ν to be finite P-a.s., it is necessary and sufficient that there exists a collection (λ_i ∈ (0, +∞), i ∈ A) such that for every i ∈ A

λ_i ≥ H_i(λ_{j1} , . . . , λ_{jd} ) > 0 for all (j_1, . . . , j_d) ∈ C(i). (2.3)

Moreover, if there exists i ∈ A such that λ_i < 1, then the process is strongly transient P-a.s. If λ_i ≥ 1 for all i ∈ A, then the process is strongly recurrent P-a.s.

To complete the classification, we state the following

Theorem 2.2 If there is no positive solution to (2.3) (i.e., if E ν = ∞ Pa.s.), then the branching random walk is recurrent (not strongly) P-a.s.

It is interesting to note that for the case |A| = 1 the branching random walk in random environment on T_d is equivalent (from the point of view of Definition 1.1) to the corresponding branching random walk in random environment on R_+ (q^{ξx} is the probability of jumping to the left and ∑_d i=1 p^{ξx}_i is the probability of jumping to the right; the classification for the one-dimensional branching random walk in random environment was given in [6]). The heuristic explanation for this is the following: as shown in [6], to guarantee the nonexistence of E ν, it is sufficient to find x and N such that the random environment in the points of the interval [x, x + N] has some given properties. From the proof there it is possible to deduce that if the environment on that interval has those properties, then with positive probability the number of particles in the process will go to infinity even if we kill all particles which leave the interval [x, x + N]. Passing to the process on the tree T_d , it is then possible to imagine a finite subtree T_{d,N} (x) such that the environment is roughly the same in all y ∈ T_{d,i} (x) \ T_{d,i−1} (x), i = 1, . . . , N. By keeping track of only the number of particles in the sets T_{d,i}(x)\T_{d,i−1}(x), we can compare the branching random walk in random environment on tree with the one-dimensional one (we do not give all the details).

When |A| ≥ 2, to apply Theorem 2.1, one must check if the intersection of ∑ i∈A |C(i)| subsets of R^{|A|}_+ (defined by (2.3)) is nonempty. Consider the following simple example:

Example. Suppose that |A| = 2, d = 2, C(1) = {(1, 1), (1, 2)}, C(2) = {(1, 1)}, Q_1[q^ξ = p^ξ_1 = p^ξ_2 =^1_3 , r^ξ = 1] = 1, and for some fixed α > 1,

Q_2[q^ξ =^1_{13} , p^ξ_1 =^5_{13} , p^ξ_2 =^7_{13} , r^ξ = α] = 1. Then, conditions (2.3) become:

λ_1 ≥ (3 − 2λ_1)^{−1} > 0, (2.4) λ_1 ≥ (3 − λ_1 − λ_2)^{−1} > 0, (2.5)

λ_2 ≥ (13 α − 12λ_1 )_{−1} > 0. (2.6)

It is elementary to obtain that the subsets of R^2_+ defined by (2.4)–(2.6) have nonempty intersection if and only of α ≤^{13}_8 . Moreover, in that case the intersection will be inside the unit square {(λ_1, λ_2) : 0 < λ_{1,2} < 1}. So, Theorems 2.1 and 2.2 show that if α ≤^{13}_8 , then the process is strongly transient, and if α >^{13}_8 , then the process is recurrent (not strongly).

3 Proofs

To prove Theorem 2.1, we need the following fact:

Lemma 3.1 For E ν to be finite, it is necessary that there exist a positive function f(x), x ∈ T_d ∪ {S}, such that for all x ∈ T_d q(x)f(d(x)) + s(x)f(x) + d∑ i=1 p_i(x)f(u_i(x)) = f(x) r(x) . (3.1)

It is sufficient for E ν to be finite that there exist a positive function f(x), x ∈ T_d ∪ {S}, such that for all x ∈ T_d q(x)f(d(x)) + s(x)f(x) + d∑ i=1 p_i(x)f(u_i(x)) ≤ f(x) r(x) . (3.2)

Moreover, if f satisfies (3.2) and there exists a sequence x_1, x_2, x_3, . . . such that f(x_n) → 0 as n → ∞, then the branching random walk is strongly transient. If f(x) → ∞ as ‖x‖ → ∞, then the branching random walk is strongly recurrent.

Lemma 3.1 is a composition of Theorems 2.1 and 2.2 of [6] which in turn are inspired by corresponding results in [11, 12, 16].

Proof of Theorem 2.1. Let us prove the sufficient condition for E ν to be finite. To this end we show that the existence of solution of (2.3) implies the existence of function f(x) satisfying (3.2). For each x ∈ T_d let x_0 = O, x_1 . . . , x_{‖x‖} = x ∈ T_d be the unique self-avoiding path that connects O to x. Now we define the function f on T_d as follows:

f(x) = ‖x‖∏ i=1 λ_{ηxi} , (3.3)

and put f(S) = 1. It is straightforward to get from (2.3) that for this function the condition (3.2) is satisfied, thus proving the sufficiency in Theorem 2.1.

Let us deal with the strong transience and the strong recurrence. Denote by 1 the vector (1, . . . , 1) ∈ R^d . Observe that it is true that h^ξ(1) ≥ 1 which in turn implies that H_i(1) ≥ 1 for all i ∈ A (provided, of course, that h^ξ(1) ≠ ±∞, H_i(1) ≠ ±∞). Observe also that if j ∈ A is such that Q_j {ξ ∈ M : r^ξ > 1} > 0 (the existence of such j is guaranteed by condition (1.2)), then H_j (1) > 1 (again, in the case when H_j(1) ≠ ±∞).

Now, suppose that for some i ∈ A it holds that λ_i < 1. In this case, it is true that for any (j_1, . . . , j_d) ∈ C(i) there exists k such that λ_{jk} < 1, because, if it is not the case, then we would have H_i(λ_{j1} , . . . , λ_{jd} ) ≥ H_i(1) ≥ 1 > λ_i, which contradicts (2.3). From this observation, since A is finite, we easily get that P-a.s. there exists a sequence x_1, x_2, x_3, . . . ∈ T_d such that f(x_n) → 0 as n → ∞. Applying Lemma 3.1, we get the proof of the strong transience.

To get the proof for the strong recurrence, let us first prove the following fact: if λ_i ≥ 1 for all i ∈ A, then λ_i > 1 for all i ∈ A. Indeed, first, the case λ_i = 1 for all i ∈ A was already ruled out. Then, suppose that there exist i_0, j_0 ∈ A such that λ_{i0} = 1, λ_{j0} > 1. Due to the property (P2), in this case we can find i_1, j_1 ∈ A such that λ_{i1} = 1, λ_{j1} > 1 and there exists (k_1, . . . , k_d) ∈ C(i_1) such that j_1 ∈ {k_1, . . . , k_d}. So we have H_{i1} (λ_{k1} , . . . , λ_{kd} ) > H_{i1} (1) ≥ 1 = λ_{i1} , which contradicts (2.3) as well. Then, since λ_i > 1 for all i ∈ A and A is finite, it is straightforward to see that f(x) → ∞ as x → ∞ for f defined by (3.3). The proof of strong recurrence now follows from Lemma 3.1.

Now we prove the necessary condition for E ν to be finite. From now on we assume that E ν < ∞ and that there is no solution of (2.3), in order to reach a contradiction. So, if E ν < ∞ then, by Lemma 3.1, there exists a positive function satisfying (3.1). That function can be specified uniquely through the following collection of quotients ρ(x) = f(x) f(d(x)) , x ∈ T_d , together with the value of f(S).

Recalling how the quantities p_i(x), s(x), q(x), r(x) relate to the random environment (η, ξ), we get from (2.1) and (3.1) that

ρ(x) = h^{ξi} (ρ(u_1(x)), . . . , ρ(u_d(x))), x ∈ T_d . (3.4)

Let D = A × (R_+ ∪ {−∞, +∞}). Define

Λ(b_1, . . . , b_d) = ⋃ j∈Ψ(i_1,...,i_d) {j} × {H_j(β_1, . . . , β_d)} ⊂ D,

where b_1, . . . , b_d ∈ D, b_j = (i_j , β_j). Consider a sequence of sets B_0, B_1, . . . ⊂ D constructed in the following way: B_0 = A × {0} and, inductively, if B_n = {b_1, . . . , b_m} where b_j = (i_j , β_j) for j = 1, . . . , m, then

B_{n+1} = ⋃ b_{ki} ∈B_n i=1,...,d Λ(b_{k1} , . . . , b_{kd} ).

Let B = ∪^∞_{i=1}B_i ⊂ D. For all i ∈ A define

λ_i = { −∞, if (i, −∞) ∈ B, sup{β : (i, β) ∈ B}, otherwise.

Note that, due to (2.2) and the property (P2), if λ_i ∈ {+∞, −∞} for at least one i ∈ A, then λ_i = −∞ for all i ∈ A. Now, from (2.1) and (2.2) it is straightforward to get that for any a > 0 and any i, i_1, . . . , i_d ∈ A the set {x_{ik} ≥ 0, k = 1, . . . , d : 0 < H_i(x_{i1} , . . . , x_{id} ) ≤ a} is a closed subset of R^{|A|}_+ . From that and the monotonicity properties of the function H we get that if λ_i ∈ R_+ for all i ∈ A, then (λ_i, i ∈ A) provide the solution for (2.3).

For the case when there exists i such that λ_i = −∞, define

N = min{j : B_j contains an element with second coordinate (−∞)}.

Now, we construct two functions ℓ : T_{d,N} → A and γ : T_{d,N} → (R_+ ∪ {+∞, −∞}). Let b^{(N)} = (i^{(N)}, −∞) ∈ B_N . Put ℓ(O) = i^{(N)} and γ(O) = −∞. Inductively, suppose that ℓ(x) and γ(x) were constructed for some x ∈ T_{d,N−1} . Denote by Φ^{(x)} ⊂ D^d the set of all (b^{′′}_1 , . . . , b^{′′}_d) ∈ B^d_{N−‖x‖−1} such that (ℓ(x), γ(x)) ∈ Λ(b^{′′}_1 , . . . , b^{′′}_d). Take any (b^′_1, . . . , b^′_d) from the set Φ^{(x)}, where b^′_k = (i^′_k, β^′_k), k = 1, . . . , d. Put ℓ(u_k(x)) = i^′_k and γ(u_k(x)) = β^′_k. So, the pair (ℓ(x), γ(x)) was constructed for all x ∈ T_{d,N} (note that γ(x) = 0 for all x ∈ V_N ). By construction, it is a fact that

P[η_x = ℓ(x) for all x ∈ T_{d,N} | η_O = ℓ(O)] > 0. (3.5)

For all x ∈ V_{N−1} define a function H_x of d arguments by H_x = H_{ℓ(x)}. Then, for all x ∈ V_{N−2} define H_x = H_{ℓ(x)}(H_{u1(x)}, . . . , H_{ud(x)}). Proceeding in this way, we finally define H_O, which is a function of d^N arguments. Clearly, it holds that H_O(0, . . . , 0) = −∞. (3.6)

For x ∈ T_{d,N} let Ξ^{(ε)}x ⊂ M be the set (recall (2.1)–(2.2)) { ξ ∈ M : 1 q^ξ ( 1 r^ξ − s^ξ − d∑ j=1 p^ξ_j γ(u_j(x)) )

≤ inf ξ∈supp Q_{ℓ(x)} 1 q^ξ ( 1 r^ξ − s^ξ − d∑ j=1 p^ξ_j γ(u_j(x)) ) + ε } . Due to (3.5), for every ε > 0 it is true that P [ ⋂ x∈T_{d,N} {ξ_x ∈ Ξ^{(ε)}_x } | | | ηO = ℓ(O) ] > 0.

This means that P-almost surely there exists z ∈ T_d such that ξ_{τz (y)} ∈ Ξ^{(ε)}y for all y ∈ T_{d,N} .

Now we go back to the collection (ρ(·)) obtained by (3.4) and suppose for the moment that ρ(x) = 0 for all x ∈ T_{d,N} (z) \ T_{d,N−1} (z). From (3.6) and continuity one gets that for ε small enough, if ξ_{τz (x)} ∈ Ξ^{(ε)}x for all x ∈ T_{d,N} , then ρ(z) /∈ (0, +∞). Using the monotonicity of h (by (3.4), it shows that the case ρ(x) = 0 for all x ∈ T_{d,N} (z) \ T_{d,N−1} (z) is the most favorable for the existence of nonnegative solution of (3.1) on T_{d,N} (z)), we conclude the proof of Theorem 2.1. □

Proof of Theorem 2.2. From (1.1) it follows that for all i ∈ A there exists ε > 0 such that Q_i[ξ : p^ξ_1 > ε] > 0. (3.7)

Note the following fact: if E ν = ∞ P-a.s., then for any x ∈ T_d , if we start from one particle in any site of T_d(x) \ {x} and make x an absorbing state, then the mean number of particles absorbed in x will be infinite. Fix x_0 ∈ T_d \ {O} and suppose that η_{x0} = i and p_1(x_0) > ε. Consider the model which starts from one particle at x_01 and with x_0 being an absorbing site. Then, as noted above, we have E ν_{x0} = ∞, where ν_{x0} is the number of particles absorbed in x_0. Define K_{x0,i} = K_{x0,i}(η, ξ) = min { n ≥ 1 : E ν^{(n)}_{x0} > 1 ε } , where ν^{(n)}x_0 is the number of particles absorbed in x_0 during the first n steps. Clearly, K_{x0,i} < ∞ P-a.s.

Now, let us choose K ≥ 1 in such a way that

min_{i∈A} P[K_{x0,i} ≤ K] > 0. (3.8)

Call a site x good, if p_1(x) > ε, and K_{x,ηx} ≤ K. If x is good, then analogously to the proof of Theorem 4.3 of [6], it is possible to construct an embedded supercritical Galton-Watson branching process in x. This is done in the following way: Start with one particle in x. At the next moment, consider the offspring of this particle which have jumped to x1; make x absorbing, and consider the descendants of the particle(s) from x1 which are stuck in x by time K + 1. Clearly, since x is good, their expected number is strictly greater than 1. Iterating this construction, we obtain a supercritical branching process in x (we do not present here all the details, cf. [6]). Note that this process does not depend on particles that step outside of T_{d,K} (x). Note also that the event {x is good} depends only on the values of the environment on T_{d,K} (x). For good x, let ζ(x) be the indicator of the event that the above embedded branching process does not become extinct; if x is not good, put ζ(x) ≡ 0. By construction, it is true that if x is good, then P[ζ(x) = 1] > 0. Moreover, there exists ε^′ > 0 such that

inf_{i∈A} E[P[ζ(x) = 1] | η_x = i] ≥ ε^′. (3.9)

Consider the set U = V_K ∪ V_{2K} ∪ V_{3K} ∪ . . ., and suppose without loss of generality that the initial particle starts from O. Let y_1, y_2, y_3, . . . be the sequence of distinct sites from U, according to the order they were visited by the descendants of the initial particle (which means that if some site from U was revisited, it is not included in that sequence). By construction and (3.9), provided that y_i is good, ζ(y_i) dominates a Bernoulli random variable with parameter ε^′ (with respect to the annealed law ∫ P[ · ]dP). Also, the fact whether y_i is good (given η_{yi} ) is independent of the history of the branching random walk prior to the moment of hitting y_i (since the first particle that visits y_i comes there from below, and, as noted above, the event {y_i is good} depends only on the values of the environment on T_{d,K} (y_i)). As, by (3.7)– (3.8), P[x is good] > 0, this shows that for P-almost all environments Palmost surely at least one of the embedded branching processes will survive, and so S will be visited with P-probability 1. □

Acknowledgements

F.P.M. and S.Yu.P. are grateful to CNPq (300226/97–7 and 300676/00–0) for partial support. Also, the authors thank the anonymous referee for valuable comments and suggestions.

References

[1] S. Albeverio, L.V. Bogachev, S.A. Molchanov, E.B. Yarovaya (2000) Annealed moment Lyapunov exponents for a branching random walk in a homogeneous random branching environment. Markov Process. Relat. Fields 6 (4), 473–516.

[2] O.S.M. Alves, F.P. Machado, S.Yu. Popov (2002) The shape theorem for the frog model. Ann. Appl. Probab. 12 (2), 533–546.

[3] O.S.M. Alves, F.P. Machado, S.Yu. Popov (2002) Phase transition for the frog model. Electron. J. Probab. 7, paper no. 16, pp. 1–21.

[4] O.S.M. Alves, F.P. Machado, S.Yu. Popov, K. Ravishankar (2001) The shape theorem for the frog model with random initial configuration. Markov Process. Relat. Fields 7 (4), 525–539.

[5] J.-B. Baillon, Ph. Clément, A. Greven, F. den Hollander (1993) A variational approach to branching random walk in random environment. Ann. Probab. 21 (1), 290–317.

[6] F. Comets, M.V. Menshikov, S.Yu. Popov (1998) One-dimensional branching random walk in random environment: a classification. Markov Processes Relat. Fields 4 (4), 465–477.

[7] G. Fayolle, V.A. Malyshev, M.V. Menshikov (1995) Topics in the Constructive Theory of Countable Markov Chains. Cambridge University Press.

[8] K. Fleischmann, A. Greven (1992) Localization and selection in a mean field branching random walk in a random environment. Ann. Probab. 20 (4), 2141–2163.

[9] A. Greven, F. den Hollander (1992) Branching random walk in random environment: phase transition for local and global growth rates. Probab. Theory Relat. Fields 91 (2), 195–249.

[10] F. den Hollander, M.V. Menshikov, S.Yu. Popov (1999) A note on transience versus recurrence for branching random walk in random environment. J. Statist. Phys. 95 (3/4), 587–614.

[11] F.I. Karpelevich, M.Ya. Kelbert, Yu.M. Suhov (1994) The boundedness of branching Markov processes. In: The Dynkin Festschrift. Markov Processes and their Applications, M. Freidlin (ed.). Progress in Probability 34, Birkhauser, Boston, 143–153.

[12] F.I. Karpelevich, Yu.M. Suhov (1996) A criterion of boundedness of discrete branching random walk. Classical and Modern Branching Processes (eds. K. Atreya and P. Jagers). IMA volumes in mathematics and its applications 84, 141–156. N.Y., Springer-Verlag.

[13] R. Lyons, R. Pemantle (1992) Random walk in a random environment and first-passage percolation on trees. Ann. Probab. 20, 125–136.

[14] F.P. Machado, M. Menchikov, S.Yu. Popov (2001) Recurrence and transience of multitype branching random walks. Stochastic Process. Appl. 52 (1), 79–84.

[15] F.P. Machado, S.Yu. Popov (2000) One dimensional branching random walk in a Markovian random environment. J. Appl. Probab. 37 (4), 1157–1163.

[16] M.V. Menshikov, S.E. Volkov (1997) Branching Markov chains: qualitative characteristics. Markov Processes Relat. Fields 3 (2), 225–241.

[17] R. Pemantle, Y. Peres (1995) Critical random walk in random environment on trees. Ann. Probab. 23, 105–140.

[18] R. Pemantle, A.M. Stacey (2001) The branching random walk and contact process on Galton-Watson and nonhomogeneous trees. Ann. Probab. 29 (4), 1563–1590.

[19] S.Yu. Popov (2001) Frogs in random environment. J. Statist. Phys. 102 (1/2), 191–201.

[20] P. Révész (1998) Supercritical branching random walk in d-dimensional random environment. Applied Statistical Science, III, 41–51, Nova Sci. Publ., Commack, NY.

[21] A. Telcs, N.C. Wormald (1999) Branching and tree indexed random walks on fractals. J. Appl. Probab. 36 (4), 999–1011.