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Abstract

We consider the approximation of a second order elliptic equation (Darcy problem) by
using the Primal Hybrid Finite Element Method on quadrilateral meshes. We present
new results in terms of sufficient, and in some cases also necessary, conditions to obtain
the optimal convergence rates on convex quadrilaterals obtained from bilinear mappings.
Numerical experiments are performed to illustrate the theoretical results.
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1. Introduction

Let Q be a bounded open subset of R2, with a Lipschitz continuous boundary 0.
We consider the second order elliptic model problem

—div(KVu) = f in Q (1.1a)
u=0 on 09, (1.1b)

where f € L?() is a given function and K = k() is a symmetric and uniformly positive
definite tensor, i.e., there exist two positive constants C; and C5 such that

C1€7¢ < €7 K()g < C67¢ VEe R 2 e (1.2)

Here we choose to treat homogeneous Dirichlet boundary conditions, but other boundary
conditions could be imposed (see, e.g. [I]). Problem can be associated to the
problem of finding the pressure field v in the flow of an incompressible fluid in a rigid
saturated heterogeneous porous medium, where the tensor K represents the permeability
of the porous matrix divided by the fluid viscosity, in the so-called Darcy problem [2].
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The most classical finite element approach to solve is the use of the H!-
conforming Galerkin method [3], where the finite element subspaces of H'(2) are com-
posed of functions that are continuous along the interelement boundaries. In [4] the
authors introduced the Primal Hybrid Finite Element Method for solving , which is
a non-conforming finite element method based on a primal hybrid variational principle.
This principle allows for the relaxation of the interelement continuity of the finite ele-
ment subspaces, through the introduction of new variables on the faces of the elements,
which are related to Lagrange multipliers. In this case, the discrete solution no longer
belongs to H'(2) []. The first methods based on this principle, in the context of second
order elliptic problems, were originally proposed in [B [6]. Since then, variations of the
Primal Hybrid Method and have been proposed and successfully applied in the solu-
tion of different problems, such as quasi-linear [7] and non-linear [§] elliptic problems,
and parabolic problems [9, [I0]. The primal hybrid principle is also at the core of the
development of the multiscale hybrid-mixed methods [IT], 12} [13]. Naturally, the ideas
that support the hybridization process are also applicable for mixed [14] [I], dual-mixed
[15, 16] and discontinuous Galerkin methods [I7, [I8]. When combined with stabiliza-
tion techniques that circumvent the discrete inf-sup condition, the hybrid formulations
provide a powerful tool for the development of higher-order schemes such as the hybrid
high-order methods and the hybridizable discontinuous Galerkin methods [19] [18], 120 [1].
An extensive comparative study of the accuracy and computational performance of con-
tinuous, discontinuous, mixed, and stabilized primal hybrid finite element methods for
second-order elliptic problems can be found, for example, in [21].

Here, we restrict ourselves to the original primal hybrid variational formulation of the
model problem , without stabilization terms, which can be stated as: find the pair
(u,\) € X x M such that

Z J (KVu)-Vodx + Z <)\,v>gK=f frvdx VwvelX, (1.3a)
KeTyn K KeTy Q
D7 wor =0 Ve M. (1.3b)
KeTy,

Here M is the Lagrange multiplier, the spaces X and M are linked to a given regular
partition Ty, of  composed of non-overlapping convex subdomains K, and (-, -)sx denotes
the duality between H~2(0K) and Hz (0K). More specifically, the spaces X and M are
defined by

X(Th) ={velL*Q) : v|xe H(K),VK e T} and (1.4)

M(Th) = {,ue H H_%(é’K) : 3g € H(div, Q) s.t. q-n°% =pon aK,VKEE} ,
KeTyn
(1.5)
where n?X represents the unit outward normal along dK. The well posedness of problem
is studied in [4], where the authors show that it has a unique solution (u, \), with
we H}(Q) and
A=—(KVu)-n°% on 0K, VKeT, (1.6)

linking the Lagrange multiplier to the flux (normal component of Darcy’s velocity),
which is an important quantity in several applications, usually evaluated through the
use of mixed finite elements [22] 23] [24] [2].
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Finite element approximations for the primal hybrid formulation are based on
the construction of finite dimensional subspaces X, ¢ X and Mj, < M, that must satisfy
some compatibility conditions in order to provide stable and accurate solutions, which
reduce the flexibility in constructing such subspaces. In [4] the authors present families
of compatible spaces X; < X and M} < M on triangular and quadrilateral meshes,
generated from affine mappings of standard reference elements K. For the particular
case of quadrilateral meshes, the use of affine mappings of the reference element (in
general, the unit square) limits the domains that can be meshed, since it generates at
most parallelograms [25].

Herein we discuss the approximation of the primal hybrid formulation by finite
element subspaces X}, generated by bilinear mappings, covering the more general case
of meshes composed of convex quadrilaterals (Theorems and . The proposed
analysis makes use of results established in [25] and can be seen as a complement to the
original analysis carried out in [4].

2. The primal hybrid finite element method on quadrilaterals

Let 7, be a partition of Q into convex quadrilaterals which satisfies the following
regularity condition described in [26]. For each quadrilateral K € 7T, we obtain four
triangles by the four possible choices of three vertices of K. Denote by T;,1 < 7 < 4 each
one of these triangles. Then we define

Pr =2 mln { diameter of circle inscribed in T;} (2.1)

1<i<4

and
hk = diameter of K. (2.2)

The shape constant of K is then defined as yx = hx/px and the shape constant v of a
mesh as the supremum of g for K € 7Ty,. A family of meshes is called shape-regular if the
shape-constant of its meshes can be uniformly bounded [23] [24]. The mesh parameter
is defined as h = maxger;, hx. Denoting by K the standard reference element, in our
case the unit square [0,1] x [0,1], each geometrical element K € Ty, is generated from
an isomorphism Fp : R' — R? such that K = Fg (IA()

We denote by P, (K ) the space of polynomials on K of total degree at most r, by
P (K ) the space of polynomlals on K of degree at most r in &; and degree at most s
in &y and set Q,(K) = P, ,(K). We also denote by E,,(dK) the following polynomial
space over 0K

m(0K) = {pe L*(0K) : pl. € Py(e), Ve (edges) of K}

and by T}, (0K) the subspace of Em(&f( ) composed of continuous functions. Finally we
define the Serendipity spaces in K by

S,(K) := span{@% &}, 8729, 8125 : i+ j <1}, (2.3)

as in [27]. Now, defining the finite dimensional spaces U ¢ HY(K) and A ¢ L2(0K),
such that for r > 1 and m > 0

m(0K)c A, and {&p:pe A} c AVae Ey(0K), (2.4b)



the spaces X} and M}, are constructed as follows

X, ={vel?*Q):YKeT,v|keUg}

M;, = {,u € n Ak ¢ plor, + plox, = 0on K1 n Ky, for every pair of adjacent
KeTy
elements K1, Ko € Ty},

with

Ux ={ve H(K) : v=100Fg', e U}
and .

K = {neI2QK) : p=fioFg', jie A},
The discrete problem is then defined by: Find the pair (up, Ap) € X, x My, such that

a(up,v) +blv, A\p) = J fvdx VvelXp, (2.5a)
Q

b(up, ) =0 Y e M, (2.5b)

where a(-,-) and b(-, ) are the continuous bilinear forms on X x X and X x M defined,
respectively, by

a(v,u) = Z J (KVu)-Vudx and b(v,p) Z (V)oK - (2.6)
KeTy K KeTyn

Notice that, once determlned the mappings Fi, the spaces X}, and M), are completely
described by the choice of U and A. Thus, we also refer to the approximation space
X, x Mj, by simply stating the adopted pair (U A) From X} and My, we introduce the
space

Vi ={ve Xy : VYue My, b(v,u) =0},

which can be seen as a nonconforming approximation for the space H}(Q) [4]. The
following compatibility condition is presented in [4] as a necessary and sufficient condition
for the existence and uniqueness of solution to (2.5]

{pe My : Vve Xy, b(v,u) =0} = {0}. (2.7)
Examples of compatible spaces U and A, for the particular case of two-dimensional
problems with quadrilateral meshes, are provided by the following lemma

Lemma 2.1 (Lemma 8 from [4]). Let m > 0 be any non-negative integer. For some
integer r = m + 1 consider the function

vo(£1,82) = [21(1—21) — 22(1 — 22)]
[(#1(1— xl))%l + (22(1 — 22)) 7 ] forr odd
Uo(i‘l,.’fﬂg) = [xl(l_xl)_xQ(l_‘rQ)]
(281 — 1)(285 — 1)[(31(1 — 21))7 + (22(1 — #2)) = |, forr even.

Denote by Q;f ( A) the space spanned by QT(IA() plus the function vy, and by St (IA() the
space spanned by S, (K) plus the same function vy. It follows that the pairs (Q; (K), Em (0K))
and (S} (K), B (0K)) are both compatible pairs and provide unique solution (up, \y) for
the discrete problem .
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3. Convergence on quadrilateral meshes

In order to extend the convergence analysis of [4] and provide bounds for the errors
u — up and A — Ap on bilinear meshes, we begin by recalling the norms

1/2
llollx = ( > Ivlf,K> ; (3.1)

KeTy,
llollx = (10F & + b IvlE )",

b(v, p)
2l ar = sup :
vex [vllx

with

(3.2)

If Eo(0K) < A, the bilinear form a(-,-) defines a norm over the space Vj,, that we denote
by
[vlln = (a(v,v)"2. (3.3)

For affine meshes and sufficient regular solutions, it is shown in [4] that if A = E,(0K)
and ST (K) < U, with r = m + 1, then the following error bounds hold

lu—unln < CrA! ulis0, (3.4)

A= Aullar < Cah!|ulisa 0, (3.5)

where | = min{r, m + 1}. These conditions do not guarantee optimal results for bilinear
meshes, though. In this case, more general results about the approximation by quadri-
lateral finite elements need to be used. We begin by summarizing important results of
[25] into the two following lemmas.

Lemma 3.1 (Theorems 3 and 4 from [25]). Let Fx be any bilinear isomorphism of K
onto a convex quadrilateral K, then

P.(K)c Ux «— Q.(K)cU.

Lemma 3.2 (Section 3 from [25]). Let Ty be a regular bilinear mesh of Q, then the
bounds

inf |u—vlon < Chr+1|u|r+1)g, Yue H(Q),
’UEX}L

iI}? IVh(u—v)loo < Ch|ulri1,0, Yue HHQ),
VEAR

are satisfied if and only if QT(K) cU.

By applying these necessary and sufficient conditions on the Primal Hybrid Method,
we have:

Lemma 3.3. Assuming the same hypotheses of Lemma[3.9 and considering the space
Vi, constructed in Section[d, the estimate

in‘f [u—v|n < CR"ulprs1.0, Yue HTHQ) n HI(Q), (3.6)
VEVH

holds if and only if QT(IA() cU.



Proof. First we show that Q,.(K) c U is sufficient to obtain (3.6). Let W), ¢ H'() be
the space ~
Wh = {wh € CO(Q) VK e ﬂnwhh( € PT(K),whlaQ = 0}.

Since W}, is composed of continuous functions, Lemma implies that W}, < V. From
(3.3) and (1.2) and using classical results from approximation theory follows that

inf |u—v|p <Cy inf |u—wlo<Ch u|ri1.0.
veV) weWy,

On the other hand, suppose that estimate (3.6)) holds. Since Vj, ¢ X}, we have from
B3) and (L2) that

Cy inf |Vi(u—2)|oq < inf |u—v|, < Ch"|ulr41.0,
veXy veEV)

and follows directly from Lemma that Q,.(K) c U. O

Theorem 3.4. Consider Ty a regular bilinear partition of Q0 and let Xy and Mj, be
the spaces constructed in Section @ such that conditions and are satisfied.
Assume that w e HF1(Q) n H () with | = min{s,m + 1}. Then there exists a constant
C' independent of h such that

lu = unn < CR'uli41,0, (3.7)
if and only if QS([A() cU.

Proof. From Theorem 3 of [4] the discrete solution wy, satisfies

2 : ? : b, A — )\
ot = (ng Bl )+ (ing, sup 202 (38)
Since V3, < X, from Lemma 9 of [4], we have
i 2, g < Ok 63
Them the desired result is obtained from 7 and Lemma O]

Remark 3.5. Assuming that the domain ) is convex, by an extension of the Nitsche
technique is possible to obtain, from equation (3.7), the following estimate in L2(£2) [4]

”u - uh”O,(l < Chl+1|u\l+1yg.

Theorem 3.6. Consider Ty a regular bilinear partition of Q0 and let X and Mj, be
compatible spaces constructed as in Section |4 such that conditions and (2.7) are
satisfied. Assume that w e H'™'(Q) n HY(Q) with | = min{s,m + 1}. Then Q,(K) c U
tmplies that there is a constant C independent of h such that

A= Anllar < ChYulisr o (3.10)



Proof. From Theorem 3 and Lemma 10 of [4], there exists a constant o > 0 such that
A= Mallar < ~ o= wnli+ (142 ) inf A= pu (311)
- < —Ju—wu —] in — . .
mllv < = hlln o) 1(hYs

From Lemma 9 of [4], (3.2]) and by using that |v|, < Cs||v||x we obtain

inf (IA = pnflar < CR™ Hulisr,0- (3.12)
n€Mp
Substituting (3.7) and (3.12)) in (3.11) the proof is completed. O

Remark 3.7. In [4] Lemma 10 states the existence of a > 0 satisfying (3.11)) for the case
of affine meshes. This result can be extend for the bilinear case, by using the bounds

HDFKHOO,K < Cihg, HJFKHOO,K < Czh%(, (3.13)
—1 hK —1 1

IDF oo, < Cs—5 [JFg oo,k < Ca— (3.14)
PK PK

where DF is the Jacobian matrix of Fx and JFk its determinant.
Remark 3.8. Defining the norm over the space [ [ L*(0K)

1/2
Il ae,, = ( > il 3,aK> ;
KeTn

it is possible to show that (3.10)) implies the following estimate [4]

IA = Anlar, < CRulisr,0.

4. Numerical experiments

In this section we present convergence studies in order to check the conditions for
optimal convergence given by Theorems and based on two test problems, with
known analytic solutions.

4.1. First test problem

The first test problem is defined on the unit square Q = (0,1)? with £ = I,
f(x) = 272 sin(rx) sin(7y) and has exact solution u(zx) = sin(7z)sin(mry). In the com-
putations we considered homogeneous Dirichlet boundary conditions and the system
(2.5) was solved using the compatible pairs (Lemma Q) H(f( ), Em(0K)) and
(S 1 (K), By (0K)) with m = 1,2. Two sequences of meshes were adopted, as shown in
Figure[l] The first is a uniform mesh of n x n squares and the second is a mesh of n x n
congruent trapezoids of base h and parallel vertical edges of size 0.75h and 1.25h, as
proposed in [25]. Note that the meshes in the first sequence are affine and in the second
one are bilinear.

The errors and the rates of convergence are presented in Table[I] On square meshes,
the results indicate convergence O(h™*2) for |u—up|o,0 and O(R™*1) for (A=A |, , as



Figure 1: First test problem; sequences of square and trapezoidal meshes, with n = 4
and 8.

predicted by the theory. On trapezoidal meshes, the spaces ( ;LH(IA(),Em (6[%)), m =
1,2, achieved optimal convergence rates for both ||u—upllo.o and [|A—Ap||az, , as predicted
by Theorems H and M respectively. The results for the spaces (S H(f( ), Em(0K)),
m = 1,2, indicate a reduction on the convergence orders, since these spaces do not satisfy
the requirements of Theorems and It is important to note that the quadratic
convergence for [A—Ap| az, with the space (S5 (K), E1(K)) does not contradict Theorem
[:6] since it provides only sufficient conditions.



Table 1: First test problem; errors and rates of convergence for different spaces.

Square meshes

Trapezoidal meshes

| = un]
err.

0,Q
rate

IA = Anla,

err. rate

|lu —up o0
err. rate

IA = Anlla,

err. rate

(Q3 (K), E1(0K))

16
32
64

2.5507e-04
3.2141e-05
4.0270e-06
5.0369e-07

2.97
2.99
3.00
3.00

2.9136e-02
7.54448-03
1.9061e-03  1.98
4.7788e-04  2.00

1.85
1.95

3.5012e-04
4.4162e-05
5.5353e-06
6.9247e-07

2.96
2.99
3.00
3.00

3.8196e-02
9.8923e-03
2.4988e-03
6.2640e-04

1.87
1.95
1.99
2.00

(S;(K)aEl

(0K))

16
32
64

3.5012e-04
4.4162e-05
5.5353e-06
6.9247e-07

2.96
2.99
3.00
3.00

2.9136e-02 1.85
7.5448e-03  1.95
1.9061e-03  1.98
4.7788e-04  2.00

3.5832¢-04
4.6780e-05
6.5986¢-06
1.1202e-06

2.95
2.94
2.83
2.56

3.7889e-02
9.8153e-03
2.4838e-03
6.2726e-04

1.87
1.95
1.98
1.99

(Q4 (K), Ex(0K))

16
32
64

5.8551e-06
3.6734e-07
2.2981e-08
1.4367e-09

3.98
3.99
4.00
4.00

6.0106e-04
7.4966e-05
9.3650e-06  3.00
1.1704e-06  3.00

3.01
3.00

9.7812e-06
6.1484e-07
3.8507e-08
2.4086e-09

3.98
3.99
4.00
4.00

9.6587e-04
1.2020e-04
1.4972e-05
1.8684e-06

2.99
3.01
3.01
3.00

(S;(K)> E2

(9K))

16
32
64

1.8198e-05
1.1056e-06
6.8612¢-08
4.2807e-09

4.16
4.04
4.01
4.00

1.3107e-03  3.97
1.0364e-04  3.66
1.0370e-05 3.32
1.2030e-06  3.11

4.8452e-04
6.4011e-05
8.7026e-06
1.3567e-06

2.87
2.92
2.88
2.68

1.0400e-01
2.6936e-02
6.8010e-03
1.7061e-03

1.81
1.95
1.99
2.00




4.2. Second test problem

We now check the convergence rates in a test problem defined on the V-shaped domain
shown in Figure [2] with anisotropic and heterogeneous tensor K given by

10 . 2 1 .
IC1=(O 1>1fx<0 and IC2=(1 2>1fa:>07

and source function
fi=(2siny + cosy)x +siny, if <0 and fo = —2e"cosy, if z > 0.
This problem, originally proposed for a square domain in [28], has analytic solution
u=[2siny + cosy|x +siny, if z <0 and w=e"siny, if z > 0.

We may notice that the x component of the gradient of the solution has a discontinuity
at = 0. In the computations, we considered a mixed boundary condition. On the
vertical left and right boundaries, we imposed a non-homogeneous Dirichlet condition on
u, and on the rest of the boundary we imposed a non-homogeneous Neumann condition.

Again, two sequences of meshes based on parallelograms and trapezoids were adopted,
with elements aligned with the discontinuity of the tensor K at = 0 as shown in Figure
Bl Despite the fact of the domain not being convex, the results presented in Table 2]
show great agreement with the ones of the first test problem. They indicate convergence
O(h™*2) for |u—up|o.o and O(h™T1) for || A\—As||ar,, on squares, and optimal convergence
rates for both |u—up 0.0 and [A—Ap|ar, Wwhen the spaces (Q}', , 1 (K), Em(0K)), m = 1,2
are adopted on trapezoidal meshes.
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(-1,1) 1,1)

N\

(-1,-1) 1,-1)

N

Figure 2: Non-convex domain of the second test problem.

Figure 3: Second test problem; sequences of parallelogram and trapezoidal meshes, with
n =4 and 8.
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Table 2: Second test problem; errors and rates of convergence for different spaces.

Square meshes Trapezoidal meshes
lu—unfoo A= Anla, lu = unlo. 1A= Anlag,

n | err. rate | err. rate | err. rate | err. rate
Q3 (K), B (0K))

8 | 7.6196e-04 2.96 | 9.7644e-02 1.74 | 8.8122e-04 2.95 | 9.6049e-02 1.66

16 | 9.7022e-05 2.97 | 2.5111e-02 1.96 | 1.1154e-04 2.98 | 2.5788e-02 1.90

32 | 1.2263e-05 2.98 | 6.2214e-03 2.01 | 1.4023e-05 2.99 | 6.5862e-03 1.97

64 | 1.5423e-06 2.99 | 1.5366e-03 2.02 | 1.7578e-06 3.00 | 1.6577e-03 1.99
(55 (K), 1 (0K))

8 | 7.6200e-04 2.96 | 9.7644e-02 1.74 | 8.8762e-04 2.95 | 9.6410e-02 1.65

16 | 9.7017e-05 2.97 | 2.5111e-02 1.96 | 1.1361e-04 2.97 | 2.5900e-02 1.90

32 | 1.2262e-05 2.98 | 6.2214e-03 2.01 | 1.4904e-05 2.93 | 6.6201e-03 1.97

64 | 1.5423e-06 2.99 | 1.5366e-03 2.02 | 2.1487e-06 2.79 | 1.6705e-03 1.99
(Q3 (K), E»(0K))

8 | 1.1394e-05 3.99 | 1.1379e-03 3.08 | 1.9470e-05 3.97 | 1.9972e-03 2.94

16 | 7.1560e-07 3.99 | 1.4051e-04 3.02 | 1.2369e-06 3.98 | 2.3274e-04 3.10

32 | 4.4845e-08 4.00 | 1.7534e-05 3.00 | 7.7981e-08 3.99 | 2.7221e-05 3.10

64 | 2.8068e-09 4.00 | 2.1924e-06 3.00 | 4.8952e-09 3.99 | 3.2678e-06 3.06
(S5 (K), E»(0K))

8 | 5.6489e-05 4.20 | 1.1407e-02 3.46 | 6.7489e-04 2.58 | 1.1869e-01 1.86

16 | 3.1862e-06 4.15 | 1.0149e-03 3.49 | 9.8778e-05 2.77 | 3.1599e-02 1.91

32 | 1.8801e-07 4.08 | 9.2797e-05 3.45 | 1.4098e-05 2.81 | 8.2361e-03 1.94

64 | 1.1405e-08 4.04 | 8.6926e-06 3.42 | 2.2338e-06 2.66 | 2.1809e-03 1.92

Remark 4.1. In this paper, we have assumed homogeneous Dirichlet boundary condition.
The treatment of more general boundary conditions, such as the mixed one adopted in
the second test problem, requires some modifications on the variational formulation
(see, e.g. [1]). For the conditions of this second test, we consider disjoint Dirichlet and
Neumann boundaries I'p and I'y, respectively, with I'p # & and I'p U 'y = 09,
and prescribed values u\FD =up and — CVu- n|FN = Ay. In order to include these
boundary conditions in the formulation, we redefine the space M (7y) as

M(Ty) = {ue 1 H 2(0K) : 3q € Hor, (div,Q) s.t. ¢-n’® =y on aK,VKeTh},
KeTh

where

Hory (div,Q) = {ve H(div,Q) : (v-n,v)=0,Yve Hjp ()},
with Hj () = {ve H'(Q) : v[p = 0}. Then, the primal hybrid formulation is stated
as: find the pair (u, \) € X x M such that

Z J (KVu) - Vudx + Z ok =f fodx =y, vdr, VYoveX, (4.1a)
KeT;, VK KeTh O
Z (s wor = {ps up)rp VypeM. (4.1b)
KeTn
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In this case, it is important to highlight that the interpretation of the Lagrange multiplier
stated in remains valid except on I'y. Indeed, in the Lagrange multiplier
vanishes on I'y and the non-homogeneous flux is included through the term Ay, v)r, .
Nonetheless, according to the results presented in [I], all the analysis (at continuous and
discrete levels) can be carried over, provided that the source terms are bounded. For
example, it suffices that f € L?(), Ay € L*(Ty) and up € HY?(Tp).

5. Conclusions

We developed the convergence analysis of the Primal Hybrid Finite Element Method
on regular meshes of convex quadrilaterals generated by bilinear isomorphisms. The
theoretical development made use of previous results presented by [25] for general ap-
proximations by quadrilateral finite elements, and Theorems and can be seen as
a complement to the results of [4]. We also presented numerical results for test problems
with homogeneous and heterogeneous coefficients and different boundary conditions, that
are in agreement with the convergence theory.
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