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Cross-Diffusion
What is Cross-Diffusion

A typical cross-diffusion system;
Let u:={u;:i=1,..., N} denote the density of the i-th species. A typical form is
8tu;:div(zj’\fl a[j(U)VUj) i=1,...,N,

where the matrix A(u) := (au(u))u 1 describes the coupled diffusion mechanism.
Often, nonflux boundary conditions are imposed, like

Zjl\ilAlyj(U(t))(VUj(t))‘VZO on 00, t>0
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Cross-Diffusion
What is Cross-Diffusion

A typical cross-diffusion system;

Letu:={u;:i=1,..., N} denote the density of the i-th species. A typical form is
atu;:div(zjl\il a,-j(u)Vuj) i=1,...,N,

where the matrix A(u) := (a,-j(u)),’-\)’j:1 describes the coupled diffusion mechanism.

Often, nonflux boundary conditions are imposed, like

SN A u(t) (Vy(t))-v=0 on 90, t>0

Applications

¢ Population Dynamics: Models species interactions, including competition and
coexistence.

e Chemical Systems: Accounts for interactions between different chemical
species.

e Material sience: Description of atmospheric aerosol?.

?Fowler et all. (2018) Maxwell-Stefan diffusion: a framework for predicting condensed phase diffusion and phase separation

in atmospheric aerosol.

v
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https://acp.copernicus.org/articles/18/1629/2018/
https://acp.copernicus.org/articles/18/1629/2018/

Chemotaxis systems Cross-Diffusion

Cross-Diffusion versus Diffusion

New features

@ Pattern Formation: Cross-diffusion can lead to complex spatial patterns
not observed with standard diffusion?.

a Vanag and Epstein (2009) Cross-diffusion and pattern formation in reaction—diffusion systems.

Cross Diffusion o


https://pubs.rsc.org/en/content/articlelanding/2009/cp/b813825g?utm_source=chatgpt.com

Chemotaxis systems Cross-Diffusion

Cross-Diffusion versus Diffusion

New features
@ Pattern Formation: Cross-diffusion can lead to complex spatial patterns
not observed with standard diffusion?.

= segregation or clustering of species

@ Uphill Diffusion: Unlike standard diffusion, where substances move from
higher to lower concentrations, cross-diffusion can cause uphill diffusion.

@ Enhanced Stability and Instability: The inclusion of cross-diffusion terms
can either stabilize or destabilize a system, cross diffusion may trigger
instabilities.

@ Analytical Challenges: The inclusion of cross-diffusion terms complicates
the analysis of such systems.

a Vanag and Epstein (2009) Cross-diffusion and pattern formation in reaction—diffusion systems.

Cross-Diffusion o


https://pubs.rsc.org/en/content/articlelanding/2009/cp/b813825g?utm_source=chatgpt.com

Applications: population dynamics and material science

Example 1: Shigesada—Kawasaki—Teramoto (SKT) system?
@ Models interacting populations with cross-diffusion effects.
@ Typical phenomena: pattern formation, spatial segregation, coexistence, extinction.

@ Applications: ecology, mathematical biology, social sciences.

Example 2: Maxwell-Stefan system Introduced by JAMES CLERK MAXWELL ® (1866) and JOSEF

STEFANC (1871) to describe diffusion in multicomponent systems.
@ Describes multicomponent diffusion in gases or mixtures.
@ Goes beyond Fickian diffusion by incorporating interactions between species.
@ Explains effects such as uphill diffusion and osmotic diffusion - see BOTHE ¢

@ Applications in material science and multicomponent transport.

ADA, KAWASAKI: Spatial segregation of interacting species. J Theor Biol., 79:83—-99, 1979, for more details Chen, Jiingle, Wang: The
awasaki~Teramoto cross-diffusion system beyond detailed balance JDE 2023, Chen, Daus, Jiingel, Global existence analysis of cross-diffusion
population systems for multiple species, 2019.

MAXWELL. On the dynamical theory of gases. Phllosophlcal Transactions of the Royal Society of London, 1866.

€StrraN. Uber das Gleichgewicht und die B b dere die Diffusion von Gasgemengen. Sitzungs-erichte der Kaiserlichen Akademie der
Wissenschaften Wien, 1871.

d
BoTHE, D. (2011). On the Maxwell-Stefan Approach to Multicomponent Diffusion. In Parabolic Problems, Springer.

Chemotaxis systems Cross-Diffusion
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Chemotaxis systems Chemotaxis

Chemotaxis - the Keller Segel model

Chemotaxis

Chemotaxis is defined as the oriented movement of cells (or an organism) in
response to a chemical gradient. Many sorts of motile cells undergo chemotaxis.
For example, bacteria and many amoeboid cells can move in the direction of a
food source. In our bodies, immune cells like macrophages and neutrophils can
move towards invading cells. Other cells, connected with the immune response
and wound healing, are attracted to areas of inflammation by chemical signals.

Dictyostelium discoideum is a cellular slime mold
that serves as an important model organism in
a variety of fields. They exist as separate amoe-
bae, but after consuming all the bacteria in their
area they proceed to stream together to form a
multicellular organism.

Chemotaxis o
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Chemotaxis - the Keller Segel model

First References

o C. S. Patlak. Random walk with persistence and external bias. Bull. of Mathematical Biophysics
15:311-338, 1953.

@ E. Keller and L. Segel. Initiation of slime mould aggregation viewed as an instability. Journal of
theoretical Biology, 26:399-415, 1970.

@ W. Alt. Biased random walk models for chemotaxis and related diffusion approximations.
Journal of Mathematical Biology, 9:147-177, (1980).

@ A. Stevens: The Derivation of Chemotaxis Equations as Limit Dynamics of Moderately
Interacting Stochastic Many-Particle Systems. SIAM Journal on applied analysis, (2000).

* Dictyostelium discoideum is a cellular slime mold

& that serves as an important model organism in

a variety of fields. They exist as separate amoe-

¥ bae, but after consuming all the bacteria in their

g area they proceed to stream together to form a
multicellular organism.
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Chemotaxis: the mathematical models

The simple Keller-Segel model
@ u(t,x) density of cells at time t € [0, T] and position x € O;
@ v(t,x) concentration of chemoattractant;
@ the parameter x is the sensitivity of cells to the chemoattractant;
@ D, and D, are the diffusivity; a some damping constant.

In a collective model, the chemoattractant is emitted by the cells that react
according to a biased random walk.

u(t) DuAu(t) - xdiv(u(t)vv(t)),
Tv(t) D,Av(t) + Bu(t) —av(t) telRf,

with initial conditions u(0, x) = up(x) and v(0,x) = vp(x), where x € O and
O =[0,1] is a bounded interval and Neumann boundaries, 7 € {0,1}.

The deterministic model 30



The Two-Dimensional Dichotomy

e ) H ' ‘ * The equation: u(x,0) = up(x) 20, x € R2
i —li— {arU:Au—V~(qu), xeR2, £50,

7OV = Av + u, xeR%, t>0, ,

** * Assuming integrable, nonnegative initial data uy €

e e L}(R?) n L=(R?), the total mass is conserved:

: . . : . - M = [po u(x,t) dx = [po up(x) dx.

Blow-up vs. Global Existence: the parabolic-elliptic system
@ If M <8, then the solution exists globally in time and remains bounded.

@ If M > 8w, then solutions can blow up in finite time; that is, there exists
T < oo such that limsup, .7 |u(:, t)| = = oo.

@ The case M =8 is critical: there exist both global and blow-up solutions
depending on the initial profile. The system is then at the threshold between
diffusion and aggregation.

Blow-up Phenomena W



Keller—Segel model: global existence and blow-up

We consider the classical deterministic Keller—Segel system

{E)tu =Au-V-(uvv),

TOVv=Av+u-v,

where u denotes the cell density and v the chemoattractant.

@ In dimension d =1, solutions exist globally and no blow-up occurs.

Blow-up Phenomena 0 /120



Keller—Segel model: global existence and blow-up

We consider the classical deterministic Keller—Segel system

TOVv=Av+u-v,

{atu =Au-V-(uvv),

where u denotes the cell density and v the chemoattractant.
@ In dimension d =1, solutions exist globally and no blow-up occurs.

@ In dimension d = 2, the model is mass-critical (see last slide)

M := [O up(x) dx, M. = 8x.

o If M < 8m, then solutions are global.
e If M > 8m, finite-time blow-up may occur.
o At the critical mass M = 8, solutions are global, but aggregation may occur z

Blow-up Phenomena 0 /120



Keller—Segel model: global existence and blow-up

We consider the classical deterministic Keller—Segel system

TOVv=Av+u-v,

{atu =Au-V-(uvv),

where u denotes the cell density and v the chemoattractant.
@ In dimension d =1, solutions exist globally and no blow-up occurs.

@ In dimension d = 2, the model is mass-critical (see last slide)

M := [O up(x) dx, M. = 8x.

o If M < 8m, then solutions are global.
e If M > 8m, finite-time blow-up may occur.
o At the critical mass M = 8, solutions are global, but aggregation may occur z

@ In dimensions d > 3, blow-up can occur even more robustly.

Blow-up Phenomena 0 /120



References for the deterministic Keller—Segel model

Jager—Luckhaus (1992) - Angela Stevenson (limit of a particle system) global
existence for small mass in two space dimensions.

Nagai—Senba—Yoshida (1997) global existence in the two-dimensional case for subcritical
mass. Their analysis uses two-dimensional functional inequalities, in particular
Trudinger—Moser type estimates.

Nagai (2001) studied global existence versus blow-up phenomena for Keller-Segel type
systems.

Dolbeault—Perthame (2004) Gave an entropy-based analysis of the two-dimensional
Keller-Segel model and identified the critical mass threshold 8.

Herrero-Medina—Velazquez (1996,/1997) fundamental reference for finite-time
aggregation and blow-up, Constructed blow-up solutions for Keller-Segel type systems.

Blanchet—Carrillo-Masmoudi (2008) Studied the critical mass case in the
two-dimensional parabolic—elliptic Keller—Segel system.

Blanchet—Carlen—Carrillo (2012) Developed a functional-inequality and entropy
approach to the critical mass problem,

Carlen—Figalli (2013) Studied stability and critical behaviour connected with the sharp
functional inequalities at the critical mass 8.

Blow-up Phenomena T
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Chemotaxis with random perturbation

The Keller-Segel model with proliferation in dimension 2
@ u(t,x) density of cells at time t € [0, T] and position x € O;
@ v(t,x) concentration of chemoattractant;
@ the parameter x is the sensitivity of cells to the chemoattractant;

@ D, and D, are the diffusivity;
In a collective model, the chemoattractant is emitted by the cells that react
according to a biased random walk.

du(t) = (DyAu(t)-xdiv(u(t)Vv(t)))dt

(+) +u(t)dWi(t)

dv(t) = (D,Av(t)+Bu(t))dt+v(t)dWa(t), teR,

with initial conditions u(0, x) = up(x) and v(0,x) = vp(x), where x € O and
O cR? is a bounded interval and Neumann boundaries.
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Chemotaxis with random perturbation

The Keller-Segel model with proliferation in dimension 2
@ u(t,x) density of cells at time t € [0, T] and position x € O;
@ v(t,x) concentration of chemoattractant;
@ the parameter x is the sensitivity of cells to the chemoattractant;

@ D, and D, are the diffusivity;
In a collective model, the chemoattractant is emitted by the cells that react
according to a biased random walk.

du(t) = (DyAu(t)-xdiv(u(t)Vv(t)))dt
» { ol (0)u(e) + u(B)dWA (1)
dv(t) = (D,Av(t)+Bu(t))dt+v(t)dWa(t), teRy,

with initial conditions u(0, x) = up(x) and v(0, x) = vp(x), where x € O and
O cR? is a bounded interval and Neumann boundaries.




CUATEAT
Chemotaxis with random perturbation

The Keller-Segel model with porous media term in dimension 2
@ u(t,x) density of cells at time t € [0, T] and position x € O;
@ v(t,x) concentration of chemoattractant;
@ the parameter x is the sensitivity of cells to the chemoattractant;

@ D, and D, are the diffusivity;
In a collective model, the chemoattractant is emitted by the cells that react
according to a biased random walk.

du(t) = (DyAP(u(t))-xdiv(u(t)vv(t)))dt

() +u(t)dWi(t)

dv(t) = (DyAv(t)+Bu(t))dt+v(t)dWs(t), teR,
where ®(x) = |x|971x and with initial conditions u(0, x) = up(x) and

v(0,x) = vo(x), where x € @ and O c R? is a bounded interval and Neumann
boundaries.

Our first result o



Our second reslt
Chemotaxis with —|u|9~1u - some deterministic results

@ Osaki, Tohru Tsujikawa, Atsushi Yagi, Masayasu Mimura:
Exponential attractor for a chemotaxis-growth system of
equations, Nonlinear Analysis: Theory, Methods and
Applications, 2000.

@ Hai-Yang Jin , Tian Xiang: Chemotaxis effect vs. logistic
damping on boundedness in the 2-D minimal Keller-Segel
model, C. R. Acad. Sci. Paris, Ser. |, 2018.

@ Xiang, Tian: How strong a logistic damping can prevent
blow-up for the minimal Keller-Segel chemotaxis system? J.
Math. Anal. Appl. 459 (2018).

@ Xie Li: On a fully parabolic chemotaxis system with nonlinear
signal secretion. Nonlinear Analysis: Real World Applications
Volume 49, 2019.

@ Fujie, Kentarou; Winkler, Michael; Yokota, Tomomi: Blow-up
prevention by logistic sources in a parabolic-elliptic
Keller-Segel system with singular sensitivity, AIMS, 2014.

Our second result o



(O CNIA Our second result

Chemotaxis with A®,(u) - some deterministic results

Critical diffusion exponent: g. =2 - % (d=>2).

@ g < q.: diffusion too weak = concentration or blow-up mechanisms may
occur.

@ g =q.: critical regime (often critical mass / threshold phenomena).

® g > q.: stronger diffusion = global existence/boundedness expected in many
settings.

Articles:

@ Blanchet-Carrillo-Laurencot (2009): critical mass for the Patlak-Keller-Segel
system with degenerate diffusion in higher dimensions.

Our second result 5 a4



(O CNIA Our second result

Chemotaxis with A®,(u) - some deterministic results

Critical diffusion exponent: g. =2 - % (d>2).

Supercritical diffusion g > q.:

Global existence / no blow-up: When the diffusion is strong enough (supercritical
porous-medium regime), global weak solutions and various boundedness/regularity
properties are expected/available under standard assumptions; precise statements
depend on the parabolic—elliptic vs parabolic—parabolic coupling and domain.

@ Bian-Liu (2013) discuss global existence vs blow-up/spreading regimes in
the Keller—Segel system with nonlinear diffusion and identify parameter
ranges tied to m..

@ For boundedness techniques and modern unified estimates in
Keller-Segel-type systems (including nonlinear diffusion): see Winkler (2022).

Our second result 6 744



Our second reslt
Chemotaxis with A®,(u) - related topics

Luckhaus-Sugiyama (2006): large-time behavior in
super-critical cases for degenerate Keller—Segel systems.

Sugiyama (2009): e-regularity and asymptotic behavior tools
for Keller-Segel systems with degenerate diffusion.

Tao and Winkler (2012): global existence and boundedness in
Keller-Segel-Stokes with arbitrary porous-medium diffusion
(shows the strength of the porous diffusion mechanism in
coupled settings with fluid)

Carrillo-Hittmeir-Jiingel (2010/2011) (cross-diffusion and
nonlinear diffusion) show mechanisms preventing blow-up via
entropy structures.

Our Result

Our second result

17 / 44



Chemotaxis under proliferation The equation and the result

Chemotaxis under random perturbation

Assumptions on the initial conditions:
Let vo, ug € L?(O) be two random variables over 2 such that
Q@ uw>0and v >0;

@ (uo,vp) is Fo—measurable;

@ Elupl?, < 00 and E[Vvg|?, < oo.

Chemotaxis under proliferation The equation and the result 18 / 44



Chemotaxis under proliferation The equation and the result

Chemotaxis with random perturbation

The Entropy Functional

A typical entropy functional in cross-diffusion systems is: The following Lyapunov
type functional is given:

Fuv)= [ (n(u(©) ~1) u(©) dé + alvit + el vvik.

where O is the spatial domain, and u and v are the concentrations of the
substances or populations.

Chemotaxis under proliferation The equation and the result 19 / 44



Chemotaxis under proliferation The equation and the result

Chemotaxis with random perturbation

The Entropy Functional

A typical entropy functional in cross-diffusion systems is: The following Lyapunov
type functional is given:

Fuv)= [ (n(u(©) ~1) u(©) dé + alvit + el vvik.

where O is the spatial domain, and u and v are the concentrations of the
substances or populations.

In(u),

0
= (In(w) - 1) )

82
= ((n(w) - w)

Chemotaxis under proliferation The equation and the result 19 / 44



Chemotaxis under proliferation [ERUWLETREERETIEIN]

Definition of the probabilistic strong solution

Definition
Given a filtered probability space 2 = (2, F, (Ft)t0,P), two independent Wiener processes W,
and W, defined over 2. Then, we call the tuple

(u,v) :Q2x[0,T] > Hy'(0) x L*(0)
unique strong solution (u, v), to the system (), along with the initial and boundary conditions, if
P(u,vel?0, T; Hy'(0) nL3(0, T; L*(0))) = 1,

and P a.s. we have for all ¢; € L2(0, T; H3(O) and ¢, € L2(0, T; L?(0))

(u(t),p1) = n f0t<A”(5)7¢1)ds—/(;tu[q](s)7¢1>ds
_Xfot“”(“(s)w(s))v%)+k2dfot(u(s)wi,¢1)odﬁi”(s)
and

(1 02) = o [ (BV()a)ds B [ (u(s).n)ds
—a [ (v(s). 0 s+ >, (uls)02,02) 2 d57(5)

Chemotaxis under proliferation What is a solution 20 / 44



The main result

Assumptions

Assumption on the Wiener process
Let H; and H, be isomorphic to Bessel potential spaces?. Let us assume that the

embedding #; in Hf((’)) and the embedding H; in H3(O) are Hilbert-Schmidt
operators.

*Two simple examples are H1 = H' (O) for & > 1, and Ha = H3?(O) for & > 1.

Assumption on the initial conditions
Let o
+ .
@ fae(2,25]
M=\ 55 it (05 3)
4(q-2)(q+6) Imq .9,

Let E |7 (u, vo)|™ < oo and E|up[2, +E|w|s + E[Vvol|fs < oo.

o1 74



The main result [EEGEENELNE

Chemotaxis with random perturbation

Theorem

Let the Assumption stated before be satisfied and g € (2,3). Then, for all initial
data (ug, vo) € L2(0) x H}(O) satisfying Assumption on the initial conditions,
there exists a unique global mild solution (u, v) to the system (*). In addition,
there exist positive constants Cy and a; such that the following inequality holds:

%E[ sup |u(s)|f2]+%E[/oT|Vu(s)|iz ds]+5IE[/OT|u(s)|‘zq+1 ds]

0<s<T

+aE[fOT|vV(s)I‘{4 ds | + %E[Ozgyv(s)r;,ﬂ + %E[/(;TWV(S)FL; ]

< C(ug,vo)e™.

The main result The main result

22 / 44



el
Idea of the proof

Let g:—g >e>2 and p>2 be chosen so that

holds.

Let us introduce a cut-off function ¢ € C(R), let ¢,(x) := ¢(x/n), x € R, n e N. For any n € IN
progressively measurable process & over 2, let us denote for t >0

H(E ) 3= On([€mqro.cpimes). BE 1) = 6( sup VE(S)]us).

We consider the truncated system for n € IN, which is given by

dun,nm, (t) = (ruAUnl,nz(t) = xhi (g, n, t)hg(v,,h,,z., t)div(um,nz(t)v"nlynz(t)))dt
(*)n = 8um(£)|97 u" (£) dt + Uy, (£)dWA (L),
D (£) = (Vi () + BB (U ) gy (£) = Wiy (£) ) E + Vi (£) AW (2).

The proof - Step | Y



il
Idea of the proof

For all ne N, existence and uniquness of (*), is shown by a Banach fix point
Theorem:

Definition of the integral operator: For any n € IN, we define an operator!

& s My, ([0,00); L1(0)) = Mg , ([0, 00); L1(0)),

where ®,(&) is given for t >0 by ®,(¢) = uf and the couple (uf,v/) is a solution
to

(©)u  du(t) := (quU(t) +xhi (&, t)h3 (v, t)div(E (1) Vv (€)(1))
—5|u(t)|q-1u(t))dt+ u(t)dWi(t),
with initial condition u(0) = up, and where v() := v is given by

(o), v(t)=elAoDtvg 1 g [FhD(E, 5)eln AN )¢ () ds.

1

Mg‘ A([O’ 00); E) :={£:[0,00) x Q — R where £ is progressively measurable such that , fow efAs\f(s)\Z. ds < oo},

Step | T



il
Idea of the proof

Important: The norm is weighted by a factor A:

€180, =E [ e lo)fn ds

@ Well posedness of the operator = Standard literature.

(0)2: Semigroup approach gives existence, uniqueness, and exact regularity
of the process v (see Da Prato and Zabczyk)
(o)0: Variational Ansatz (see Wei and Réckner)

Ac(u,t) = ryAu+ xhi (& ) (v, t)div(E(t)Vv(t)) - olu[T u

@ for all ne N there exists a A\g > 0 (depending on n), such that for all A > A,
d,, is a strict contraction

Step | o 0



Globalising the local solution by a uniform bound

Step Il:

Extending the solution by linearisation - showing non-negativity

Step Il and Il T 00



Globalising the local solution by a uniform bound

Step Il:

Extending the solution by linearisation - showing non-negativity

Step IlI: Verifying a uniform bound

For all g € (2,3), ne IN with n > 3, there exist positive constants a;, a, and some number m > 1

such that for all initial data (up, vo) satisfying Assumption beforewe have the following inequality
for all t €[0,7,]

1 ry tATh _
ABl s ] JE[ [ e o]

0<s<tAT,

tAT, 1
+ aE[/O AT O ds] + EE[ sup \\7”1’"2(5)\‘,‘_,}]

0<s<tAT,

ry tATh i, " r, tATh e, 1
+5E[f0 [v7 (s) ds]+§E[fO @ s)| 2k ds|

1 1
< a eaz]E[t/\Tn] {2]E|U0i2 + 4E|VV0|14} + E\u(t A Tn)"ﬁ

Step Il and Il T 00



Sl
Third Step - uniform bounds

The important terms are:
1 > 10 ° 2 ° g+l
S = Sleofte + v [ IVu(nfdr+6 [ lu(nlfh dr

< X€f0$|VU(f)|L2dr+ff lu(r)vv(r )|L2dr+7l+%f |u(r)[f2dr
). utnawa ()]

+

and the term
1 4 t 212
Vvl -5 Lol + 2 f f|v|vV(s,x P2 dx ds
+a[ |Vv(s)|L4d$+— f Vv (s, x)[2|D2v (s, x)|? dx ds
= <cz/ [Vv(s) |L4ds+<:5f lu(s)Vv(s)[i ds.

The main result Step Il and Il

27 / 44



Sl
Third Step - uniform bounds

The important terms are:

1 S S
S~ Sl v [ 19u(r) a5 [ |u(r>\z:31dr

2
< e [ vuDedrs X [Tl vunfedr+ 20 [ ju(n)eor
[ 0. uryama(r)].

+

and the term
1 a1 212
Vvl - Ivwlt+ 2 [0 [wwv(sx PP dxds
t
+af [Vv(s)[fe ds+— f |Vv(s,x)?|D?v (s, x)|? dx ds
0

- . <C2[ [Vv(s) |L4dS+C5f lu(s)Vv(s)[? ds.

gives the problems

The main result Step Il and Il

27 / 44



Sl
Third Step - uniform bounds the proof

From the Gagliardo-Nirenberg inequality we know that, there exists constants
Gy, G, G3 > 0 such that

vz, < C(e) |ulfs + €266 VIVVPIRIVVES ™ + eacr| [TV
< Cle)|ulfs + 63|V|Vv|2|,_z + C(63)|Vv|i4 + 62C7||VV|2|[_6

Taken into account the time integral, and interpolation gives

t
[ ()l ds < (e) sup [u(s)[
O<s<t

t t
+e/ lu(s)|97L ds+e[ lu(s)[2, ds.
0 0

Step Il and Il o 08



Uniform bounds

Consider the entropy functional

F(u,v) = [(ulnu u)dx + [V = d(u) + (V)
with u > 0.
Second uniform bound

For all g€ (2,3), ne N with n> 3, and any m > 1, there exists some constant C >0 we have

0<s<t

+af0 |Vv(s)|fzd5+(1](; ‘AV(5)|i2ds]
< CE[ (tLeb(O) a+ C(e)) + ¢(u(0),v(0))

€O+ [ v ds+ () [ Tus)f o]

B[ sup F(u(s),v(s)) + [ IVub()iads+cq [ lu(s)ds

SR

Third and fourth Step Y



Uniform bounds

Consider the entropy functional

F(u,v) = [(ulnu u)dx+|Vv|,_2 =¢(u) +(v),
with u > 0.
Second uniform bound

For all g€ (2,3), ne N with n> 3, and any m > 1, there exists some constant C >0 we have

B[ sup F(u(s),v(s)) + [ IVub()iads+cq [ lu(s)ds

0<s<t

+af0 |Vv(s)|f2ds+a](; \Av(s)ﬁzds]
< CE[ (tLeb(O) a+ C(e)) + ¢(u(0),v(0))

€O+ [ v ds+ () [ Tus)f o]

Step IV: Globalising

Let ©; := {There exists a solution to system (*)}. We will show P(Q;) = 1.

mid

Third and fourth Step



Stochastic chemotaxis in porous media weak solution

Definition of the probabilistic weak solution

Definition
A probabilistic weak solution to the problem (%) is a system

(Q, F,F,P, (Wi, W), (u,v)) (€}
such that

@ 2A:=(Q,F,F,P) is a complete filtered probability space with a filtration F = {F; : t € [0, T]} satisfying the usual
conditions,

@ W and W are cylindrical Wiener processes on H1 and Hj, respectively, over the probability space 2;

@ u:[0,T]IxQ~ HQ_I(O) and v: [0, T]xQ — LZ(O) are two [F-progressively measurable processes such that the
couple (u, v) is a probabilistic strong solution to the system (%) over the probability space 2.
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Stochastic chemotaxis in porous media weak solution

Second equation - what happens with the porous media
term

Improvement by a porous media term

Let g > 1, let ®,(x) = x| x and check

du(t) = (DyAP(u(t))-xdiv(u(t)vv(t)))dt
() +u(t)dWi(t)
dv(t) = (Av(t)+Bu(t))dt+v(t)dWs(t), teR,

Here, one gets integrability and pays regularity. For which g, does one can show
existence of a solution (q > 3 is straightforward).
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Stochastic chemotaxis in porous media The Theorem

Theorem (Télle and E.H.), (Ankit Kumar, Télle, and E.H., under second revision)

Fix a filtered probability space 2 = (Q, F,F,P) with filtration F = (F(t))ss0, let
W be a Wiener process defined on 2. Let X be a function space over [0, T] and
let X(A) be a weakly convex nonempty subset of M5 (X). Let
Va,w : MG (X) = M (X) be a continuous operator such that

@ the operator Vg w maps X' () into X' (2);

@ the operator Vo w : X () — Mg(X) is continuous;

© there exists a space X’ and numbers r, R > 0 such that X’ = X compactly

and EVo w (V)5 <R, VYved,;

@ there exists a Banach space E; with Vy v : X(2) - D(0, T; E1).

Then there exists a complete filtered probability space A = (Q F, r IP’) with a
filtration ¥ = {F, : t € [0, T]} satisfying the usual condition, a martingale M
defined over the probability space 2l and a n element ¥ € MG (X) being

progressively measurable such that we have for all ¢t € [0, T], I@—a.s.

Ve w () (7)(t) = #(t).
e Treorem s




S
Underlying spaces

Let us fix throughout this work the following parameters:

4(1 1
rzge(2,l+q), m=2(1+q)e(g+1,00), 0=
3+q
Let us put
4(1+q—¢/2
re = M, me:=2(1+q)—¢, where 0<esmall enough.
g+3-e€
Remark

Note, the space L™(0, T; H;% is the complex interpolation space of
L>(0, T; H;1(0)) and L971(0, T; L9*1(0)), ie.,

[L(0, T Hy 1 (0)), L71(0, T; L7*H(0)], = L™(0, T3 H; 7).

NI
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i
Motivation of the proof

The integral operator:

Let My<(0,T):= {f eL™(0,T; H;%) : EfoT [€(s)|™, ds < oo}
H,.?

and define T(n) = u on Mg<(0, T), where u solves
du(t) = (rDul(t) = xdiv(n(0)V - ) dt +ouu(t) dWA(D),
and v solves

dv(t) = (nAv(t)+Bn(t) - av(t)) dt+auv(t) dWa(t), te[0, T].

Problem

However, there is a small problem. There is no solution to the systems. The nonlinearity is not
controllable. (Do not forget, X has to be chosen to be invariant).

Stochastic chemotaxis in porous media Step 1 34 / 44



i
Motivation of the proof

The integral operator:
Let MG (0.7) = e e L0, T B I, s <o)
and define T(n) = u on Mg<(0, T), where u solves ’
du(t) = (rDul(t) = xdiv(n(0)V - ) dt +ouu(t) dWA(D),
and v solves

dv(t) = (nAv(t)+Bn(t) - av(t)) dt+auv(t) dWa(t), te[0, T].

Problem

However, there is a small problem. There is no solution to the systems. The nonlinearity is not
controllable. (Do not forget, X has to be chosen to be invariant).

Solution

Cut Off function . l.e., a function v such that ¢ € CZ°(R) and satisfy

0 if [x] > 2,
P(x)=1€[0,1] if [x] € (1,2),
1 if x| <1,
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The Cut Off

Let ¢ be a cut-off function such that ¢ € C°(R) and satisfy

0 if |x] > 2,
¢(X) = E[O»l] if |X|€(172)>
1 if |X| <1,

and 1, (x) == ¥(x/k), x € R, k € N. In addition, for any n of progressively
measurable process with 77 € M7= (0, T; H;.*(0)) and & € M2<(0, T; H,*(0))
let us define

h(n,t) = 10,6y ()1l me (O, T;H) and  h3(¢,t) = \|]1[07t)(.)g”Lme(OJ;H}:ﬁ).
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Sl
Underlying spaces
The underlying space

MDA, T) = {g L™ (0, T; H? f ey ds < oo}

The subspace where the operator is defined
m, 2 T q+1
Xa(Ry,Re) = 1€ € MZ (0, T) B sup ()i + [ (s)Iish ds) < Ry
0<s<T 2 0

0<s<T

E sup (In(n(s)) -1)n(s))ds+ £T|n(s)|7_lg dsSRQ}.

Definition of the Operator:

Given ny, np € IN. Let us define the operator 7T, , acting on Xy(Ry, R>) as follows. For e X, let
Ty,mM *= Uny ny, Where (Up; n,, Vay n,) is the solution of the coupled system

du(t) = (ruAu[q](t)—xh,lu(n, £)h2,(Vv, t) div(n(t) ))dt+auu(t) dWA(t),
and v solves
dv(t) = (rAv(t)+BhE (v, t)7/(t))—av(t))dt+a./v(t) dWs(t), te[0,T].
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Stochastic chemotaxis in porous media Step 3

Verification of the Conditions for the Schauder-Tychonoff type fix point Theorem

In this step, we verify all the conditions required to apply Theorem Schauder Fix
Theorem. In particular, we will show:

@ well-posedness of the operator Tp, n, on Xy (Ri, R2) for all Ry, R> > 0;

Q@ existence of R™™, Ry*'™ > 0 such that the set Xy(R1, R») is invariant under Ty,
all Ry > R™™ and Ry > R3V"™;

© continuity of the operator Ty, 5, restricted to Xy(Ry, R2), in the topology of
M™e(0, T; Hy, (0)) for all Ry, Ry > 0;

@ precompactness in M™(0, T; H:/z((’))) of the image of Xy w (R, R2) under th
operator Tp, n, for all Ry, Ry > 0;

@ the existence of mg > m such that

B[ 7oy man]™ 4 <C
Lme (07 T§Hr5§)

for all ne XQ[(Rl, RQ).
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Stochastic chemotaxis in porous media Step 3

Verification of the Conditions for the Schauder-Tychonoff type fix point Theorem

© Well posedness of the operator = Standard literature.

(0)7: Semigroup approach gives existence, uniqueness, and exact regularity of the
process v (see Da Prato and Zabczyk)
(o)p: Variational Ansatz (see Wei and Réckner)

A(u, t) = r,Alul" u + xhi (&, t) A5 (v, t)div(£(t) Vv (t)) + noise

@ Continuity: Straightforward

© Compactness: Choice of the interpolation space! m~ m+ € increased 6.,
however, we chosed %;
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S0
Preperation for the globalising step

Reduction of one cut-off parameter

Since, we can show that there exists a constant C > 0 such that

” van,nz ” [ me (O,T;Hrle_l/z) < C” Uny,no H Lme (O,T;H,_:/z) .

Glueing together the solutions (technical)

This is not that simple, since we do not have uniquness, however one can
manage it.

Non-negativity

o for porous media operator: see book of Wei Rockner, or Barbu, Da
Prato, and Rockner

o for the chemotaxis term: See Winkler.
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Stochastic chemotaxis in porous media Step 4

Uniform bound

Here, we will show, that there exists a constant C > 0 such that for all n € IN we
have

LE[ supoesce 0n(5) B2 | + 1 o 1887 (Van(r) 2 Inds + a B[ [ [V ()]s ds]

3 B[ supgeace [T (5) 8 | + SE[ fy V97 (s)[4 ds] < C.
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Stochastic chemotaxis in porous media Step 4

Uniform bound

Here, we will show, that there exists a constant C > 0 such that for all n € IN we
have

$ B s0pocace 80(5) 2|+ 7 S5 137 (V8,(1) sl + o B[ fo [99772(5)[ e o]

LB suPocace [0 ()l | + SE[ S5 V9™ (s)Ey 0] < C.

= The proof is similar to the proof before

Stroock-Varuopoulos type inequality
For any v>1, 6 € (0, %) there exists a constant C > 0 such that

]
0 gy < € [, 1) Ivn(s) 2 ds,

where z[771 = |72z for z € R.
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Step 8
Globalising the solution (standard)

Remind: The inner part of the cut-off function is given by

hun, v, u 1) = | unHLme (0.T:H.2)

Due to the uniform bounds on u, and v, there exists a constant C > 0 such that
El u,||™ L+ E[vv|™ L. <C
[l Lme (0,T:H;.") Iv ‘L"’e (0, T:H) ~
Fix ne€IN and let A, c Q be given by
Avi={ ]

1,y 1 < n}.
Lme (0,T;H, %) Lme (0,TH2)
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Stochastic chemotaxis in porous media Step 8

Globalising the solution

Fix n€IN and let A, c Q be given by

Ap = <ng.

o= {ll ooy <)

It is straightforward that there exists a progressively measurable process (i, v,,)
over A = (Q,F, (Ft)t0,P) such that (d,, v,) solves P-a.s. the stochastic
Klausmaier system up to time 7,7. In addition (&, v, = (Jns+1, Vase1) on [0,7,) and
we have for the conditioned probability

Lms(O,T;H,_%)7 [vvl

P ({a solution (u,v) to the stochastic chemotaxis system exists} | A,) = 1.
Set Qo = U2, A,. We have by the Markov inequality and the definition of 7

)

P(Qo A, <P(F>T)<

0, as n — oo.

Thus the solution process is well defined on Q = U2, A, with P(Q) = 1. This
finishes the proof. O
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Step 8
Further Plans

@ lts numerical modelling (adapted schemes - nonlinearity and
chemotaxis term needs different treatments)

@ Long Term Asymptotic's: Is it possible that for some choices of
parameters a global solution exists 7 Is there any blow up, or
concentration on one measure?

@ Invariant measure, uniqueness of the invariant measure =
(proliferation) in deterministic converges to a flat surface

@ Possible equilibrium or stationary solution.

@ Jump processes - Marcus integral
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The End

Thank you for the attention !

. o
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