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Introduction I q
Deterministic Euler equations

Stochastic Euler equations

Euler equations: incompressible fluids.

The classical 3-dimensional Euler equations are given by the following system of PDEs

ov Y3

divv=0
where v : [0, T] x D — R3 is the velocity field of the fluid, p is the fluid density,
m: [0, T] x D — R is the pressure field and f represents external forces.

This system describes a non viscous and incompressible fluid which occupies a region
D c R3, and whose density only varies spatially.
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Some previous results

® Chemin, J.-Y. (1998). Perfect Incompressible Fluids. Oxford Lecture Series in
Mathematics and Its Applications. The Clarendon Press Oxford Univ. Press, New York.

* Majda, A. J. and Bertozzi, A. L. (2002). Vorticity and Incompressible Flow.
Cambridge Texts in Applied Mathematics 27. Cambridge Univ. Press, Cambridge.

* Bardos, K. and Titi, E. S. (2007). Euler equations for an ideal incompressible fluid.
Uspekhi Mat. Nauk 62 5-46.

¢ Constantin, P. (2007). On the Euler equations of incompressible fluids. Bull. Amer.
Math. Soc. (N.S.) 44 603-621.
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Euler equations: density dependent case.

When dealing with incompressible fluids whose density may vary in time due to differences

in composition, temperature, or other factors, we turn to the deterministic density-dependent
Euler equations:

pt+v-Vp=0,

ov s

- . 2T F
8t+(v Vv + P ;
divv =0.
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Some previous results

* H. Beirdo da Veiga, A. Valli (1980) - On the Euler equations for nonhomogeneous
fluids 1I: local well-posedness results, in bounded domains, by considering initial data of
class C*.

e S. Itoh (1994), Cauchy problem for the Euler equations of a nonhomogeneous ideal
incompressible fluid: local existence of solution with initial condition in H® in whole the
space R3.

e S. ltoh, A. Tani, (1999) - Solvability of nonstationary problems for nonhomogeneous
incompressible fluids and the convergence with vanishing viscosity: local well-posedness in
the Sobolev space W2P(U) with U being either bounded or unbounded smooth domain
in R3.
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Density-dependent Euler equations: multiplicative and additive noise

We are concerned with the following model of incompressible inviscid fluid with variable
density:

dp+v-Vpdt=0,
dv+(v'V)vdt+Edt: —vodW, (or dWQ), (1)
divv =0. ’
with initial conditions
p(0,x) = po(x),  v(0,x) = vo(x),

in Q x [0, T] x R3, where p, v and 7 denote the density, velocity and pressure, respectively.
We work on a stochastic basis (2, F, (F¢)t>0, P), where W is a standard scalar Brownian
motion and W is a Q-cylindrical Brownian motion on W*2(R3), with k > 3.
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Our goal

Remark: The literature on the stochastic homogeneous incompressible Euler equations consists
of several works of the authors Bessaih, Brzezniak, Flandoli, Glatt-Holtz, Kim. They
show, among other things, global well-posedness for the 2D Euler equations with additive and
multiplicative noise and local well-posedness for d = 3.

Objetive: To show the local existence and uniqueness of solutions of the stochastic
inhomogeneous Euler equation (1) in the whole space R3.
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Main theorem

Local pathwise solutions

Let (2, F, (F¢)t>0,P) be a stochastic basis with a complete right-continuous filtration, and W
a Brownian process relative to the filtration.
Assuming the conditions 3 < p < oo and (po, vo) € C(R3) x W2P(R3), we call (p, Vr,v,7) a
local pathwise solution to the system (1) provided

(i) 7 is an a.s. strictly positive (F;)-stopping time;

(ii) the density p is a C(R3)- progressively measurable process satisfying

0<m<p(-AT)<M, Vp(-AT)€e C([0,T]; W-P(R?) P-as

for some constants m and M;
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Main theorem

(iii) the velocity v and V7 are W?2P(IR3)- progressively measurable process satisfying
v(-AT),Vr(-AT) € C([0, T|; W?P(R®)) P-—as;
(iv) there holds P-a.s. in the weak sense
tAT
p(t/\T):po—/ v-Vpds,
0

tAT tAT tAT
v(t/\r):vo—/ v-Vvds— st—/ vo dWs,
0 0

0 p
div v =0,
for every t € [0, T].
Claudia L. D. Espitia (UNICAMP) Stochastic Euler equations 14 /35




Main theorem

Uniqueness of solutions

Definition

We say that local pathwise solutions are unique if, given any pair (p!, 7%, v, 71),
(p?, 72, v?,72) of local pathwise solutions with the same initial condition (po, vo) we get

P (o, v1) (1) = (2,72, 02) (1) Ve € 0,7 A r2]) = 1
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Our result: Local well-posedness

Theorem (E., Olivera, Mollinedo)

Suppose that for 3 < p < oo, the function pg satisfies

po € C(R3), 0<m<py<M, Vpye WLHP(R3), (2)

and the vector field vg verifies

vo € W2P(R3), div vy =0. (3)

Then, there exists a unique local pathwise solution (p, V', v, T) for Problem (1).
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Change of variables

Using the well-known chain rule for the Stratonovich integral,

dv+ (v -V)vdt+ %dt: —vodW,:
Y
dv = —z "XV - V) dt — %w dt,

where z(t) = V().
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Auxiliary problems

* Transport equation
pe+2z7 0 -Vp=0,
plt=0 = po-
¢ Elliptic equation
div(p~1Vr) = —z72 Z
ij=1
¢ Linear Euler equation

Vr

us +Z_1(\7 . V)U—FZT = O,

Ult:O = .
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A priori estimates

Assume
¥ € C([0, T]; W?P(R?)), divi =0

then there exist unique solutions satisfying

* pe CH([0, T] x R3):

m<p<M,  [[Vo()lwis < [[Voollwsre o 2 (7 s de
e Vr e C([0, T]; W2P(R3)):
IVa()llwze < 2 2KV () lwre) [7(8) 32
* ue C([0, T]; W2P(R3)):

t
() lwae < e = @I wzs 85 g | e, + /0 27X S)LUIV () lwa )| 7(5) [y ).
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Iterative construction

Let ¥(® =0, and for k € N, we iteratively define p*), 7(%) and u(¥) as the corresponding solutions of
the following problems

(k) —15(k—1) | (k) _
Py +Z 0V Vpl* =0,
{ ( (4)

P90 = po(x),

{div (ﬁVﬂ“) =—z7? Zij:l Vﬁjk_l)JVx(f_l)’jv (5)

U G I v G ﬁVw(k) =0 (©)
u(k)|t20 = VO(X)a
Finally, we define
(k) = (k) — gk (7)
where ¢(Kis the solution of
AP = div uk) (8)
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Boundness of the aproximations

If we define the stopping time

t
T=inf{t >0: / 7 Ys)ds>A2}AT,
0

with A > max{czexp(c2) [||vo

25+ L(IIVpoll1pexp(cr))] 1}
Then, the sequence {V(k)}k is bounded in C([0, 7]; W2P(R3)):

sup [|[79)(t)]l2p < A.
0<t<t
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Sequences of differences

We consider the sequences of differences given by: oK) = p(k) — p(k_l), hk) = (k) — y(k=1)
gk = 7k — glk=1) k) = (k) — (k1) and (k) = §(k) — §(k=1) Subtracting the
equations in each of the problems (4), (5) and (6) corresponding to the steps (k) and (k —

1),
we obtain .
o) 4 7 1pk=1)  gk) = 71y plk-1) . (k=1 ©
oMo =0,
: . (k) _ _ - (k=1).j
{dlv (ﬁqu(k)) = div (m—kkl)ZV’/T(k 1)) 1Eu 1 W (k D vﬁl.k Dy (10)
_ ~(k=2),i ~ (k=1
121,1 1V >(<J )IW(: W )

h(k)_i_zflv(k ). whk) 4 ;¥ (k)) _ (k 1) Vﬂ,(k 1) _ W (k=D g y(k=1), (1)

h(k |1_-:0 == O
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Estimates

Let 0(9), gt&) and h(k) be the solution of the system (9), (10) and (11), respectively, then
t
IoE)p < Ls | 26154 (6) s

1999015 < Lo (Ilo®(0)l1p + 2 25D (0)]1,5)

1A% ()]

t
1o < Lo [ (HDIVASnp+ 251+ 2(5) [0DS)] )

for all t € [0, 7].
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Existence

The sequence {7(F}, converge in C([0, 7]; W'P(R3)) to a random variable ¥ € C([0, 7]; W?P(R?)). J

* From (8) we have: [[W"]|y, < [|A®]|yp + V(610 — 6 D)1, < col| A1

® Using the previous lemmas

t
#90)sp < Lo | 2 HFE D05

® supge<, [WH(t)l|Lp < ALi ™ supocec,(271(s) -

® Finally, we get:

0o
~ (k
> 159 cqo.pwreey) < oo
k=1
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Existence

This implies that (p(K), Va(k) (k) §(K)Y 5 (p, Vi, u, ), as k — oo (in the respective spaces
according the definition of local pathwise solution), which satisfies the desired equations:

{pt+z_1‘7‘vp=0

plt=0 = po(x)
V=u-Vo,
di"(p_l(t)VW(t)) = —2_2(t)diV(\7(t) -Vi(t)), with ¢ being a weak solution of the elliptic
equation
Ut+Z_1\7'Vu+ZE:O7 A¢ = div u.
p

ule=o = wo(x).
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Existence

Proposition

If v=2z"17, then (p, V', v, T) determines a local pathwise solution for Problem 1.

The key is to show that u = V.
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Uniqueness of local solutions

Proposition

The solution for Problem (1) is pathwise unique.
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Proof of uniqueness

Let (p!, 7t v, 71) and (p?, 72, v2,72) be two solutions with the same initial data, and let
T=T1N\T.

Define

a=p2—p1, g=m>—7', w=v>-v.

Subtracting the equations gives a system for (o, g, w). Using the same estimates as
before,

d, . ~
S (Ollwee < Laflw ().

Hence, by Gronwall's lemma,
(o', V'l vl) = (p?, V72, v?) on[0,7], as.
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End: Thank you!
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