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Issues to be addressed

Let ξ : C([0,T ];Rn) → R be a Borel functional, let F = (Ft)t≥0 be a
reference filtration generated by a multi-dimensional Brownian motion.
Let UT

t ; 0 ≤ t < T be the set of F-predictable controls defined over
(t,T ] and taking values on a compact subset A.

Let {X u; u ∈ UT
0 } be a family of F-adapted controlled processes.

QUESTION 1: For a given error bound ϵ > 0, how to design a numerical
scheme to compute ϵ-optimal controls ϕ∗,ϵ, i.e.,

E
[
ξ
(
X ϕ∗,ϵ)]

≤ inf
ϕ∈UT

0

E
[
ξ
(
X ϕ

)]
+ ϵ.

This is a classical and (at some extent) well-understood question in
case Xϕ is a controlled Markov process. In this talk, we will
discuss about the fully non-Markovian case.



Beyond Markovian case: Path-dependent SDEs driven by
Brownian motion

dXu(t) =
path-dependent functional︷ ︸︸ ︷

α(t,Xu
t , u(t)) dt +

path-dependent functional︷ ︸︸ ︷
σ(t,Xu

t , u(t)) dB(t),

where B is a Brownian motion and Xu
t := {Xu(s); 0 ≤ s ≤ t}.



Controlled systems with non-trivial memory

In the fully non-Markovian case, feasible numerical approximation
schemes are very challenging !

Typical non-trivial example:

dX u(t) =
non-anticipative functional︷ ︸︸ ︷
α(t,X u

t , u(t)) dt +

fully non-Markovian︷ ︸︸ ︷
σ(t,X u

t , u(t))dBH(t)

where BH is a fractional Brownian motion with exponent H ∈ (0, 1)
given by

B 7→ BH(·) =
∫ ·

0
KH(·, u)dB(u)



Controlled systems with non-trivial memory

B 7→ BH(·) =
∫ ·

0
KH(·, u)dB(u)

Highly singular infinite-dimensional map for 0 < H < 1
2

Regular infinite-dimensional map for 1
2 < H < 1

If H ̸= 1
2 , one cannot reduce it to a Markovian situation

without adding infinitely many degrees of freedom.



Partial hedging with Rough volatility

dXu(t) = u(t)dS(t)

dS(t) = µS(t)dt + S(t)ϑ(V (t))dB(1)(t)

Here, V (t) = exp(Z (t)) and for instance,

dZ (t) = ζdW H(t) − β(Z (t) − κ)dt

is the fractional Ornstein-Uhlenbeck process for 0 < H < 1
2 ,

ζ, β > 0, µ ∈ R and κ ∈ R. Here

W H(t) =
∫ t

0
KH(t, s)dW (s), W = ρB(1) + ρ̄B(2)

for a two-dimensional Brownian motion B = (B(1),B(2)) and
ρ̄ :=

√
1 − ρ2 for −1 ≤ ρ ≤ 1.



Typical examples we have in mind
In this talk, we will present a concrete numerical scheme for
computing near optimal controls for controlled processes adapted to
the Brownian filtration: The typical examples are

dX u(t) =
path-dependent functional︷ ︸︸ ︷
α(t,X u

t , u(t)) dt +
path-dependent functional︷ ︸︸ ︷
σ(t,X u

t , u(t)) dB(t),

dX u(t) =
non-linear functional︷ ︸︸ ︷
α(t,X u

t , u(t)) dt +

fully non-Markovian︷ ︸︸ ︷
σdBH(t)

and

dX u(t) = u(t)dS(t)

dS(t) = µS(t)dt + S(t)ϑ(V (t))︸ ︷︷ ︸
fully non-Markovian

dB(1)(t)

Here, logV (t) = Z (t) and

dZ (t) = ζdW H(t) − β(Z (t) − κ)dt

where BH and W H are fractional Brownian motion with H ∈ (0, 1
2 ).



Issues to be addressed

QUESTION 2: Let ξ : Rn → R and a terminal time 0 < T < ∞.
For concreteness, take a concrete path-dependent SDE subject to
risk on parameters

dXu,θ(t) = αθ(t,Xu,θ
t , u(t))dt + σ(t,Xu,θ

t , u(t))dB(t),

for θ ∈ Θ. Assume that the true parameter θtrue ∈ Θ. How to
design a scalable adaptive learning algorithm for computing
optimal strategies for

inf
u
E[ξ(Xu,θ(T ))]

along θ ∈ Θ as θ → θtrue ?
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Basic discretization scheme

We are going to fix a d-dimensional Brownian motion
B = {B1, . . . ,Bd} on (Ω,F,P), where Ω is the space
C(R+;Rd) := {f : R+ → Rd continuous}, P is the Wiener
measure on Ω such that P{B(0) = 0} = 1 and F := (Ft)t≥0 is the
usual P-augmentation of the natural filtration generated by the
Brownian motion.
In the sequel,

u 7→ Xu

is a controlled F-adapted continuous process defined on UT
0 .



The underlying discrete skeleton D

We start by constructing a sequence T := {T k
n ; n ≥ 0} of hitting

times which will be the basis for our discretization scheme. Fix a
sequence ϵk ↓ 0 as k → +∞. We set T k

0 := 0 and

T k
n := inf{T k

n−1 < t < ∞; |B(t) − B(T k
n−1)| = ϵk}, n ≥ 1.

Then, we define Ak := (Ak,1, · · · ,Ak,d) by

Ak,j(t) :=
∞∑

n=1

(
Bj(T k

n ) − Bj(T k
n−1)

)
1{T k

n ≤t}; t ≥ 0, j = 1, . . . , d ,

for integers k ≥ 1.



The underlying discrete skeleton

In the one dimensional case, we have

T k
n = inf

{
T k

n−1 < t < ∞; |B(t) − B(T k
n−1)| = εk

}
, n ≥ 1.

{Ak(T k
n ) − Ak(T k

n−1); n ≥ 1} is an iid sequence of Bernoulli variables.



The underlying discrete skeleton
Let Fk = (Fk

t )t≥0 be the filtration generated by Ak . One can
check

Fk
T k

n
= σ

(
∆T k

i ,∆Ak(T k
i ); 1 ≤ i ≤ n

)
,

where ∆T k
n := T k

n − T k
n−1︸ ︷︷ ︸

Burq-Jones algorithm (2008)

d= T k
1 and

∆Ak(T k
n ) := Ak(T k

n ) − Ak(T k
n−1) (d)= ∆Ak(T k

1 ),

∆Ak(T k
1 ) (d)= Bernoulli ( for 1-dim Brownian motion) or

approximately truncated Gaussian (for a 1 < d-dim Brownian
motion) conditioned on the Brownian coordinate which hits ϵk as
k ↑ +∞.

Definition
The structure D = {T ,Ak ; k ≥ 1} is called a discrete-type
skeleton for the Brownian motion.



The number of steps

The compact interval [0,T ] is replaced by a suitable number of
steps:

e(k,T ) :=
⌈ϵ−2

k T
χd

⌉
,

where ⌈x⌉ is the smallest integer greater or equal to x ≥ 0 and

χd := Emin{τ1, . . . , τd},

where (τ j)d
j=1 is an iid sequence of random variables with

distribution inf{t > 0; |W (t)| = 1} for a real-valued standard
Brownian motion W .



Discretizing the set of controls

Let Uk,e(k,T )
0 be the set of Fk -predictable processes of the form

vk(t) =
e(k,T )∑

j=1
vk

j−11{T k
j−1<t≤T k

j },

where for each j = 1, . . . , e(k,T ), vk
j−1 is an A-valued

Fk
T k

j−1
-measurable random variable.



Controlled imbedded discrete structures

The structure D is dense in the Wiener space in the following sense:

Theorem Leão, O-A (2018, 2024)
For a given controlled process u 7→ X u satisfying a rather weak continuity
assumption, we can associate a discrete-type structure
X =

(
(X k)k≥1,D

)
of the following form: For each ϕ ∈ Uk,e(k,T )

0 ,

X k,ϕ(t) =
∞∑

n=0
X k,ϕ(T k

n )1{T k
n ≤t∧T k

e(k,T )<T k
n+1},

where X k,ϕ(T k
n ) is Fk

T k
n
-measurable for every n ≥ 0 and k ≥ 1.

Moreover, there exists a positive sequence hk ↓ 0 such that

sup
ϕ∈Uk,e(k,T )

0

E∥X k,ϕ − X ϕ∥∞ ≲ hk ,

for k ≥ 1. A pair (X ,X ) is called an imbedded discrete structure for
X .



Typical examples of controlled imbedded discrete structures

(Controlled path-dependent SDEs)

X k,vk
(T k

n ) = X k,vk
(T k

n−1) + α
(

T k
n−1,X

k,vk

T k
n−1
, vk

n−1

)
∆T k

n

+ σ
(

T k
n−1,X

k,vk

T k
n−1
, vk

n−1

)
∆Ak(T k

n ),

for n ≥ 1.

(Controlled path-dependent SDEs driven by FBM)

X k,vk
(T k

n ) = X k,vk
(T k

n−1) + α
(

T k
n−1,X

k,vk

T k
n−1
, vk

n−1

)
∆T k

n

+ σ∆Bk
H(T k

n ),

Bk
H is a D-discretization of BH .



The FBM imbedded discrete structure
Let KH(t, s) = KH,1(t, s) + KH,1(t, s) be the classical
Volterra-kernel of FBM,

KH,1(t, s) := cH,1tH− 1
2 s

1
2 −H(t − s)H− 1

2 ,

KH,2(t, s) := cH,2s
1
2 −H

∫ t

s
uH− 3

2 (u − s)H− 1
2 du

for s < t, constants cH,1 and cH,2 and 0 < H < 1
2 .

Let Cλ
0 be the space of Hölder continuous functions f ,

1
2 − H < λ < 1

2 such that f (0) = 0. For each f ∈ Cλ
0 , we set

(ΛH f )(t) :=
∫ t

0
∂sKH,1(t, s)[f (t) − f (s)]ds

−
∫ t

0
∂sKH,2(t, s)f (s)ds.



The FBM imbedded discrete structure

Theorem O-A, Souza (2020)
Any FBM with exponent 0 < H < 1

2 on a time interval [0,T ] can
be represented by ΛHB for a real-valued standard Brownian motion
B.



The FBM imbedded discrete structure
Let t̄k := max{T k

n ; T k
n ≤ t} and t̄+

k := min{T k
n ; t̄k < T k

n } ∧ T .

Bk
H(t) :=

∫ t̄k

0
∂sKH,1(t̄k , s)[Ak(t̄k) − Ak(s̄+

k )]ds

−
∫ t̄k

0
∂sKH,2(t̄k , s)Ak(s)ds

=
n∑

j=2
∆Ak(T k

j ) KH,1(T k
n ,T k

j−1) +
n−1∑
j=1

∆Ak(T k
j ) KH,2(T k

n ,T k
j )

for t = T k
n with n ≥ 2.

Theorem O-A, Souza (2020)

Fix 0 < H < 1
2 and p ≥ 1. For every pair (δ, λ) such that

max{0, 1 − pH
2 } < δ < 1, λ ∈

(
1−H

2 , 1
2 + δ−1

2

)
, we have

E∥Bk
H − BH∥p

∞ ≲p,δ,λ,H,T ϵ
p(1−2λ)+2(δ−1)
k → 0

as k → +∞.



The approximated value process

Notation: ξXk (u) := ξ(X k,u) for a given controlled imbedded
discrete structure u 7→ X k,u.
We set

V k(T k
n , u) := ess inf

ϕ∈Uk,e(k,T )
n

E
[
ξXk

concatenation︷ ︸︸ ︷
(u ⊗n ϕ)

∣∣Fk
T k

n

]
,

for n = 1, . . . , e(k,T ) − 1, with

V k(0) := V k(0, u) := inf
ϕ∈Uk,e(k,T )

0

E
[
ξXk (ϕ)

]
and

V k(T k
e(k,T ), u) := ξXk (u).



Intuition of aggregation

For a given control uk ∈ Uk,e(k,T )
0 and a controlled structure

X =
(
(X k)k≥1,D

)
, we set the history of the controlled system as

Ξk,uk

j :=
(

Wk
1 ,∆X k,uk

(T k
1 )), . . . ,Wk

j ,∆X k,uk
(T k

j ))
)

︸ ︷︷ ︸
later this will be transformed into a training data

,

for 1 ≤ j ≤ e(k,T ). Here Wk
j :=

(
∆T k

j ,∆Ak(T k
j )

)
. The value

functionals can be represented by a big functional (starting backwards
with the loss functional Vk

e(k,T ) := ξ)

V k(T k
n , uk) = inf

θ∈A

∫
Wk

Vk
n+1

(
Ξk,uk

n ,

typical Euler-type increment︷ ︸︸ ︷
Xk

n+1
(
θ,Ξk,uk

n ,wk) )
νk(dwk)

= Vk
n(Ξk,uk

n ) (aggregation)

where Xk
n is the jump of the D-controlled state as step n and νk is the

law of (∆T k
1 ,∆Ak(T k

1 )) taking values on a set Wk .



The Dynamic Programming Principle

Theorem Leão, O-A (2024)-Pathwise Dynamic Programming Equation

Let νk be the law of (∆T k
1 ,∆Ak(T k

1 )). Starting from a given controlled
state (standard terminal condition)

Vk
e(k,T )(·) = ξ(·),

the value functionals (D-version of the original value process) satisfy

V k(T k
j , u) = Vk

j (Ξk,u
j )

where

Uk
j (ok

j , θ) :=
∫
Wk

Vk
j+1

(
ok

j ,X
k
j+1(θ, ok

j ,wk)
)
νk(dwk)

Vk
j (ok

j ) := inf
θ∈A

Uk
j (ok

j , θ), j = e(k,T ) − 1, . . . , 0.



Optimal Strategies
Let Hk = Wk × Rq. For a given ϵ > 0, compute C ϵ

k,j : Hj
k → A (How ?)

such that

Vk
j (ok

j ) + ϵ ≥
∫
Wk

Vk
j+1

(
ok

j ,X
k
j+1(C ϵ

k,j(ok
j ), ok

j ,wk)
)
νk(dwk),

for every ok
j training data, where j = e(k,T ) − 1, . . . , 1. Let

ηk(ϵ) = ϵ
e(k,T ) and uk ∈ Uk,e(k,T )

0 . Define ϕk,ηk (ϵ)
j as follows

ϕ
k,ηk (ϵ)
j = Cηk (ϵ)

k,j (Ξk,uk

j ); j = e(k,T ) − 1, . . . , 0.

Theorem (Leão, O-A (2024))
The control

ϕ∗,k,ϵ := (ϕk,ηk (ϵ)
0 , ϕ

k,ηk (ϵ)
1 , . . . , ϕ

k,ηk (ϵ)
e(k,T )−1)

realizes

E
[
ξX

(
ϕ∗,k,ϵ

)]
≤ inf

ϕ∈UT
0

E
[
ξX (ϕ)

]
+ ϵ,

for every k sufficiently large and we have convergence rates ...



Optimal control of drifts

Theorem Leão, O-A (2024)
Let X be the controlled SDEs driven by FBM with 0 < H < 1

2 ,
where the controls affect only the drift coefficients. Assume the
drift has convex range in Rn. Then, for∣∣∣ sup

ϕ∈UT
0

E
[
ξX (ϕ)

]
− Vk(0)

∣∣∣ ≲ ϵH
−

k → 0, as k → ∞.



Some notation: Suppressing the index k

For any stepwise constant process Z jumping at the hitting times, we
denote

Zn := Z (T k
n ), ∆Zn := Zn − Zn−1, ε = εk ,

for simplicity. We denote

m = e(k,T ).

Recall that the ℓ-fold Cartesian product is written as

(History space) Hℓ =
(
W × Rq)ℓ; 1 ≤ ℓ ≤ e(k,T ).

The elements of Hℓ are denoted by

oℓ = (w1, y1, . . . ,wℓ, yℓ),wj = (si , ηj).

where we interpret wi = (si , ηi) as a realization of (∆Ti ,∆Ai).



The class of non-Markovian structure

We assume that the existence of Borel functions

▲xj :
(
R+ ×Rq)j−1 ×A× (0,∞) ×Rd → Rq,

extrinsic noise operator︷ ︸︸ ︷
ℓj : Wj → Rd ,

such that the transition of the controlled system at step j knowing
a constant control a ∈ A and a history
oj−1 = (w1, y1, . . . ,wj−1, yj−1) is

∆X a
j = ▲xj

(
π2(oj−1), a,∆Tj , ℓj(π3(oj−1),Wj)

)
,

where

π2(oi) :=
(
(s1, y1), . . . , (si , yi)

)
π3(oi) :=

(
w1, . . . ,wi

)
,

for i ≥ 1. Recall wi = (si , ηi) is a realization of (∆Ti ,∆Ai).



Typical example: Controlled SDEs driven by FBM

The law of ∆Xu
n conditioned on Ξn−1 = on−1 is

Law [∆X u
n |Ξn−1 = on−1] (d)= ϱ

(
π2(on−1), u

)
∆Tn

+ σℓn(π3(on−1),Wn)

= ▲xn

(
π2(on−1), u,∆Tn, ℓn(π3(on−1),Wn)

)

where for An = (
An−1︷ ︸︸ ︷

∆T1,∆A1, . . . ,∆Tn−1,∆An−1,

Wn︷ ︸︸ ︷
∆Tn,∆An), we set

ℓn(An) := ∆BH
n with

BH
n =

n∑
j=2

∆AjKH,1(Tn,Tj−1) +
n−1∑
j=1

∆AjKH,2(Tn,Tj).



Solving by Deep Learning

By definition, the value functions are

Vj(oj) = Uj(oj , gj(oj)); j = m − 1, . . . , 0.

The class of functions which contains {gj}m−1
j=0 is unknown. For

this reason, we postulate two neural network spaces (here B and Θ
are suitable parameter sets).

Cj = {Hj ∋ x 7→ C(x , θ) ∈ A; θ ∈ Θ}

and

Vj = {Hj ∋ x 7→ Φ(x , β);β ∈ B}.



Solving by Deep Learning: Training data

In order to design a Monte Carlo scheme for (Vj)m−1
j=0 , we will

make use of a training data denoted by

On =
(
W1,Y1, . . . ,Wn,Yn

)
; 1 ≤ n ≤ m.

Assumption H0: We will assume the pair (Wi ,Yi)m
i=1 is i.i.d and

generated by a product probability measure ν ⊗ µ on H = W×Rq,
where ν is the law of (∆T1,∆A1). The sequence {Yi ; i ≥ 1} is iid
generated by a probability measure µ and Yi is independent of Wi
for every i ≥ 1.



Importance Sampling Weights

Assumption H1: We assume there exists a transition function
rj : A × Rq × Hj−1 → R+ such that

P[∆X a
j ∈ dx |Ξj−1 = b] = rj(a, x ; b)︸ ︷︷ ︸

IS weight

µ(dx)

where

∥r∥∞ := max
1≤j≤m

sup
x ′∈Rq,a∈A,b∈Hj−1

|rj(a, x ′; b)| < ∞.

Moreover, there exists ∥r∥ such that

|rj(a, x ; b) − rj(a′, x ; b′)| ≤ ∥r∥{|a − a′| + |b − b′|}

for every x ∈ suppµ, a, a′ ∈ A, b, b′ ∈ Hj−1 and 1 ≤ j ≤ m.



Importance Sampling Weights

Why this property is important ? Starting with
Vm(om) := ξ

(
x0 +

∑m
i=1 yi

)
, we can write

Uj(oj , a) =
∫
H
Vj+1(oj , x ′, x) rj(a, x ; oj)µ(dx)ν(dx ′)

Vj(oj) = inf
a∈A

Uj(oj , a) (1)

for j = m − 1, . . . , 0.

In our approach, IS weights play a key role for what we call
adaptive Neural Network MC scheme with parametric model
risk



IS weight for path-dependent SDEs

For simplicity, we present the one-dimensional case. Fix J (d)= ∆T1 and
B (d)= Bernoulli(±ϵ). We assume that

J is truncated at a given region [M,M]

for 0 < M < M < ∞.

In the sequel, for a given history Ξn−1 = on−1 = (w0, y0, . . . ,wn−1, yn−1)
with Ξ0 = o0 = (0, 0, x0) and s0 = 0, we denote

tn−1 :=
n−1∑
ℓ=0

sℓ,

for n ≥ 1 and a fixed initial condition y0 = x0 ∈ R. The dynamics of
∆X a

n conditioned on Ξn−1 = on−1 = (w0, y0, . . . ,wn−1, yn−1) is given by

∆X a
n = α

(
tn−1,

{
yi}n−1

i=0 , a
)
J + σ

(
tn−1, {yi}n−1

i=0 , a
)
B,

where J is independent of (B,Ξn−1), for n ≥ 1.



IS weight for path-dependent SDEs

We set

Rc,v := cJ + vB,

for (c, v) ∈ R2. We denote

R(c, v ; ·) := density function of Rc,v .

for (c, v) ∈ R2 with c ̸= 0, v ̸= 0. One can check

R(c, v ; x) = 1
2|c|

∑
s=±1

fJ
(x − svε

c
)
1{ x−svε

c ∈[M,M]},

where fJ is the density of J (see e.g. the classical book of Borodin
and Saminen (2002))



IS weight for path-dependent SDEs
(B1) (Lipschitz property) The non-anticipative coefficients (α, σ)

are globally Lipschitz.
(B2) (Compactness) There exist 0 < cmin < cmax < ∞ and vmax

such that

cmin ≤ |α(t, path, a) | ≤ cmax and |σ(t, path, a)| ≤ vmax,

for every (t, path, a).
For a discretization level ε, let

K =
[

− vmaxϵ− cmaxM, vmaxε+ cmaxM
]
.

Let MK be the set of probability densities q with support on K
such that the following condition is fulfilled: There exists a positive
finite constant QK such that

inf
x∈K

q(x) ≥ QK > 0.



IS weight for path-dependent SDEs

Theorem

Suppose (B1-B2) are fulfilled. Then, for a given history
oj−1 = (w1, y1, . . . ,wj−1, yj−1) and a control value a, the conditional law
of (Wj ,∆X a

j ) is given by

P[∆X a
j ∈ dx |Ξj−1 = oj−1] = rj(a, x ; oj−1)µ(dx),

where µ ∈ MK with density q and

rj(a, x ; oj−1) = R(c(oj−1, a), v(oj−1, a); x)
q(x) ,

for v(oj−1, a) = σ(tj−1, {yi}j−1
i=0 , a) and c(oj−1, a) = α(tj−1, {yi}j−1

i=0 , a).
Moreover, assumptions H1 is fulfilled.



IS weight for SDEs driven by R-L FBM

Fix a smooth ϱ : R × A → R, where A is compact. The dynamics
of ∆X a

n conditioned on Ξn−1 = (w1, y1, . . . ,wn−1, yn−1) is given by

∆X a
n = ϱ

(
yn−1, a

)
J + σℓn(An−1, J), yn−1 =

n−1∑
i=1

yi ,

where we shall represent the discretization of the increment of the
R-L FBM as

ℓn(An−1, J) =
n−1∑
i=1

∆Ai [K (Tn−1,Ti) − K (Tn−1 + J ,Ti)],

for n ≥ 2 and we set ℓ1(·) = 0. Here, K is the Riemann-Liouville
fractional Brownian motion kernel with H ̸= 1

2 ,

K (t, s) =
√

2H(t − s)H− 1
2 ; s < t.



IS weight for SDEs driven by FBM

For a realized history b = Ξj−1, c ∈ R and a control value a, we
denote

ψb(u) :=
j−1∑
i=0

∆Ai
[
K (Tj−1,Ti) − K (Tj−1 + u,Ti)

]
,

ϕb,c(u) := cu + ψb(u),

for u ≥ 0. One can check

Law[∆X a
j |Ξj−1 = b] (d)= ϕbj−1,cj−1(J),

for each realized history b = Ξj−1, a control slope
cj−1 := ϱ(yj−1, a) and a control value a.



IS weight for SDEs driven by FBM

Let us define the following constants

C1 :=
√

2H
(
H − 1

2
)
εmMH− 3

2 , C0 :=
√

2HεmMH− 1
2 .

(A1) The drift ϱ is globally Lipschitz.
(A2) (control separation) There exist 0 < cmin < cmax < ∞ such

that

0 < cmin ≤ | ϱ(y , a) | ≤ cmax for all (y , a) ∈ R × A.

(A3) (large control separation) C1 ≤ 1
2cmin.



IS weight for SDEs driven by FBM

Under (A1-A2-A3), one can prove u 7→ ϕb,c(u) is C1 and strictly
increasing and Law[∆X a

j |Ξj−1 = b] has a density

fϕb,c (y) =
fJ(ϕ−1

b,c(y))
|ϕ′

b,c(ϕ−1
b,c(y))|

; y ∈ ϕb,c
([

M,M
])
,

where we shall set fϕb,c (y) = 0 whenever y /∈ ϕb,c
([

M,M
])

. Here,

ϕ′
b,c(u) = c + ψ′

b(u),

ψ′
b(u) = −cH

j−1∑
i=1

∆Ai
(
Tj−1 + u − Ti

)H− 3
2



IS weight for SDEs driven by FBM

Theorem

Assume (A1-A2-A3) are fulfilled. Let µ be the two-sided Laplace
probability distribution of the form

µ(dx ′) = qβ(x ′) dx ′, qβ(x ′) = β

2 e−β|x ′|,

where 0 < β ≤ γ∆
cmax

. Then, for a given history
bj−1 = Ξj−1 = (w1, y1, . . . ,wj−1, yj−1) and a control value a, the
conditional law of ∆X a

j is given by

P[∆X a
j ∈ dx |Ξj−1 = bj−1] = rj(a, x ; bj−1)µ(dx),

where

rj(a, x ; bj−1) :=
fϕbj−1,cj−1

(x)
qβ(x)

and fϕbj−1,cj−1
is the density of ϕbj−1,cj−1(J) for cj−1 = ϱ(yj−1, a).

Moreover, assumption (H1) holds true.



Solving by Deep Learning
For a training data On =

(
W1,Y1, . . . ,Wn,Yn

)
and a C ∈ AHn−1 , let us

denote
X C

n := (Wn,∆X C
n ),

∆X C
n := ▲xn

(
π2(On−1),C(On−1),∆Tn, ℓn(π3(On−1),Wn)

)
,

for n = m, . . . , 1.

Terminal condition: V̂m := Vm. For n = m − 1, . . . , 1, 0,

1 Compute the approximated control at time n

stochastic gradient descent(ADAM)︷ ︸︸ ︷
âM

n ∈ arg min
C∈CM (n)

E

[
V̂M

n+1

(
On,X C

n+1

)]
2 compute the estimation of the value function at time n

stochastic gradient descent (ADAM)︷ ︸︸ ︷
V̂M

n ∈ arg min
Φ∈VM (n)

E
[
V̂M

n+1
(
On,X

âM
n

n+1
)

− Φ(On)
]2
.



Monte Carlo convergence rate

Theorem
Assume hypotheses (H0-H1). Assume there exists an optimal feedback
control (ϕopt

ℓ )m−1
ℓ=n for the control problem with value functionals Vn, for

n = 0, . . . ,m. Then

EM |̂VM
n (On) − Vn(On)| = OP

((
δ

4
M NM

log(M)
M

)2−(m−n)

+
(
ρ

2
Mδ

8
Mη

6
M ∥ψ∥2M−1

)2−(m−n+1)

+
(

max
n≤ℓ≤m

inf
Φ∈VM (ℓ)

∥Φ(Oℓ) − Vℓ(Oℓ)∥M,2
)2−(m−n+1)

+
(

max
n≤ℓ≤m

inf
G∈CM (ℓ)

√
∥G(Oℓ) − ϕ

opt
ℓ

(Oℓ)∥M,1
)2−(m−n−1))



Adaptive model learning

Suppose we have a family of controlled path-dependent SDEs of the form

dX θ(t) = αθ(t,X θ,u
t , u(t))dt + σθ(t,X θ,u

t , u(t))dB(t)

where θ lies in a compact set Θ ⊂ R. Let Vθ
j be the family of value

functionals parameterized by θ: Vθ
m(om) = Vm(om) = ξ(x0 +

∑m
i=1 yi),

Vθ
j (oj) := min

a∈A
Uθ

j (oj , a),

Uθ
j (oj , a) :=

∫
H
Vθ

j+1(π2(oj), x , y)rθ
j (a, y , oj)q(y)dyν(dx),

for j = m − 1, . . . , 0. Recall the IS weight is

rθ
j (a, y , oj) := R(cθ(oj , a), vθ(oj , a); y)

q(y) ; y ∈ K ,

where cθ(oj , a) := αθ(tj , {yi}j−1
i=0 , a), vθ(oj , a) := σθ(tj , {yi}j−1

i=0 , a) and
the parameterized functionals (αθ, σθ) satisfy assumptions (B1-B2).



Monte Carlo convergence rate

Theorem
Let Vθ be the value function under a parameter model θ. If
θn → θ⋆, then

EM
∣∣V̂θn

j,M(Oj) − Vθ⋆

j (Oj)
∣∣ ≲ EM |V̂θn

j,M(Oj) − Vθn
j (Oj)|︸ ︷︷ ︸

Sampling error controlled by M

+ |θn − θ⋆|︸ ︷︷ ︸
model risk

,

for j = m − 1, . . . , 0.



Numerical experiment: Quadratic hedging

Table: Diagnostic statistics for the P&L of an ATM European put.
Off-policy rough-volatility experiment with rtrain = 0.5.

k m Mean P&L Var(P&L) q5% q1%
3 6 0.036333 12.305737 -4.622572 -5.780918
4 22 0.071766 6.220595 -4.087614 -5.981536
5 86 -0.010717 2.463002 -2.620666 -3.595436
6 342 0.019073 0.537016 -1.107734 -1.628304

Training data is generated by

µ = Z#β, β = U[−rtrain, rtrain] × U[−dSmax,+dSmax],

where Z(a, z) := (z , az)⊤.



Numerical experiment: Quadratic hedging

Figure: Empirical Var(P&L) as a function of the discretization level
(Rough SV model, rtrain = 0.5).



Numerical experiment: Quadratic hedging

Figure: Histogram of P&L. Rough volatility. ATM Put with
S0 = 100 = K . Number of Monte Carlo samples = 7000. rtrain = 0.5
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