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Capacity region

Capacity: set of simultaneously achievable rates Ry, ..., R, with
arbitrarily small probability of error.




Uplink and downlink channels

e Uplink (Multiple Access Channel

or MAC): Many Transmitters to e T )
One Receiver /
e Downlink (Broadcast Channel or
BC): One Transmitter to Many
Receivers

A




Successive decoding

@ The asynchronous capacity region of an M-user memoryless
multiple-access channel (MAC) is union of certain M-dimensional
polytopes

@ Successive decoding is a method of canceling the interference
from the already decoded users = allows achieving optimal rates

@ One user at a time can be decoded successively if a rate tuple lies
on the vertex of the dominant face of such a polytope, using the
codewords of already decoded users as side information



Group successive decoding

@ Extension to group successive decoding for rate tuples that are on
the boundary of the dominant face:
— Each point on the boundary of the dominant face belongs to a
face of some dimension k € {0,1,..., M — 2}
— Forming M — k groups of users
— The users within a group are decoded jointly whereas groups are
decoded successively

@ The probability of error is smaller for joint decoding than for
successive decoding



Group successive decoding

@ Group successive decoding is extended to every face of the
polytopes not only to the faces of the dominant face

@ The labeling technique is extended in order to have label for every
face

o Non-degenerated polytopes are considered for which the labels
are unique

@ The group composition, the decoding order and a number of
structural properties for all rates on a face of interest are obtained
from a label assigned to that face



Table of Contents

Labeling faces
(2] g



Main contribution

@ Reviewing the multiple access capacity region

Defining polytopes

Labeling the faces of polytopes

Deriving the necessary and sufficient conditions for faces to intersect
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Discrete memoryless MAC

@ An M - user discrete memoryless multiple-access channel is
defined in terms of M discrete input-alphabets X, i € {1,--- , M},
an output alphabet Y, and a stochastic matrix
W: X x Xy x - x Xp — Y with entries
Wy x, Xo, Xy (Y1X1, X2, - - -, xp1) describing the probability that the
channel output is y when the inputs are x1, x2, -+ , xpm
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Region for a product input distribution |

@ For any input distribution in product form Px,,--- , Px,,, define R
to be

R ={RecRY:R(S) <I(Xs; Y|Xsc), VSCI[M]},
where R(S)= Y cs Riv Xs=(Xi)ies, S=[M]\ S,

[M] ={1,2,..., M}, and I(Xs; Y|Xsc) is the mutual information
between Xs and Y given Xgc
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Region for a product input distribution Il

R ={0< R < I(X1; Y|Xa, X3),
0< Ry < I(Xo: Y| X1, Xs)
0 < Ry < I(Xs: Y|X1, Xo),
Ri + Ry < I( X1, Xo; Y| X3),
Ry + Ry < I(X0, X3; Y| X0),
Ro + Ry < 1(Xa, X3; Y| X0),
Ri+ R+ Ry < 1(X1, Xo, X3 Y|X1)}

9
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Capacity Region for M =3

R3

R
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0 < Ry < I(X1; VX2, X3)

v
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Capacity Region for M =3

R3

0 < Ry < I(Xp; Y|X1, X3)
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Capacity Region for M =3

0 < Ry < I(X3; Y[X1, X2)

R

R
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Capacity Region for M =3

R3

R

Ry + Ry < I(X1, Xa: Y[X3)

Ro



Capacity Region for M =3
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Capacity Region for M =3

R3

Ry + Ry < 1(X2, X3; Y[ Xq)
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Capacity Region for M =3

R3
Ri+ Ry + Ry < I(X1, X, X3; Y[ X1)
______ .
_ - .
a A}
1 N}
1 »
1 ‘\
r .
1
1 l’
'
N ’
1
N : B
1 i
N A | 1’ 77777777 Ro
~— R
8!
SN PPt
. .
.~ -
\L-"

Ry



Capacity Region for M =3
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Capacity region

@ The capacity region depends on whether the channel is synchronous
or asynchronous

@ A discrete-time channel is synchronous if the transmitters are able
to index channel input sequences in such a way that all inputs with
time index n enter the channel at the same time

@ If there is an unknown shift between time indices, then the channel
is said to be asynchronous

@ The capacity region is described as a union of certain polytopes:

Comc= |J RIW:P.P, - Px,l
Py Pxy - Pxy,

where the union is over all product input distributions
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Polytopes

@ Polytope is a geometric object with flat sides, which exists in
any general number of dimensions

e a polytope of n dimensions is an n-polytope

For example a two-dimensional
polygon is a 2-polytope

For example a three-dimensional
polygon is a 3-polytope

For example a four-dimensional
polygon is a 4-polytope 7
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Non-degenerated region |

A region R is called non-degenerated if the following two conditions
hold

Q /(Xs;Y) > 0 for all non-empty sets S C [M],

Q I(Xs; YIXa) <I(Xs; Y|Xp) forall ) c S C [M], AcC BcC[M],
and SN B = 0.

e It is also true that for all AC [M], 0 Cc S C T C [M], and
ANT =10,
I[(Xs; YIXa) < I(X73 Y|Xa)
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Non-degenerated region I

@ (i) (iii)

Figure : Shapes of R for a two-user channel: (i) is a non-degenerated case; (ii)
and (iii) degenerated cases
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Face of a region |

o A hyperplane of R of dimension M — 1 is defined as:
{(ReRY:R(S) = ¢}

for some constant ¢

@ The set:
{(ReRY  R(S) < ¢}

is one of the two half-spaces bounded by such a hyperplane

@ R is a finite intersection of such half-spaces

@ A face of R is defined as any set of the form
F = RN{ReRY:Ra=a},
where Ra < ag is a valid inequality for R
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Face of a region Il

@ The dimension of a face is the dimension of its affine hull:
dim(F) := dim(aff(F))

@ R itself and the empty set () are called improper faces

@ The number of faces of any dimension is maximal in
non-degenerated cases

@ The O-faces are O-dimensional vertices, the 1-faces are
1-dimensional edges, the 2-faces are 2-dimensional faces (polygonal
faces), the 3-faces are 3-dimensional cells (polyhedral faces) and so

on
@ The faces of dimension M — 2 and

M — 1 are called ridges and facet
respectively
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Face of a region Il

edge

facet
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Back and front facets

@ A Back facet is defined as:
Bi=RnN{RecRY:R =0}

where i € [M]
@ A front facet is defined as:

Fs=RN{ReRY : R(S) = I(Xs; Y|Xs¢)}

for every S C [M], S # ()
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Labeling example

Figure : Region R with labels for a three-user MAC
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Labeling example

By = By

Ry

B3 = Bys}

Figure : Back facets in a region R for a three-user MAC
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Labeling example

F{1,2,3},{2,3}.{3}

Rs Fi2,33,(23 11}
F33{1.2)

F.331{2) j \
: — Fras).2

'

F{1,2,3},{2,3}

Fyier — -

Fly{23) —
R1/

Figure : Front facets in a region R for a three-user MAC
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Extending the notations

o Extending the notation:

Ba = ﬂ B;, with By =R by convention,
ieA
m
F81,82,0s8m = ﬂ Fs;, with Fyp =R by convention,
j=1
F51,80,.SmlA = FS1.8,...8m N Ba

° ]:SIQJ = Fs, ]:@IA = B4, B; is a short-hand notation for B{,-},
Foip = R, and the origin as a vertex is labeled by By = Fym
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Front facets intersection |

Fs, N Fs, is not empty iff S; € Sy or So C S5.

Proof:
(i) The “if" direction:
@ Trueif §51 =8>
@ Assume that S1 C &>
@ Re-index users so that S; = [k] and S» = [¢], where ¢ > k
© R=(Ry,...,Rum) defined as follows:

1,...,M—1,
M

R: — /(Xi; Y|Xi+1v"'7X/Vl)a i
L I(Xw Y) i
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Front facets intersection Il

@ R is a vertex of the dominant face = R € R and:
Z R = Z (X1 Y[ X1, -, Xm) = 1(Xpps Y[ X(ige)
Jj=1

o For i = k, R([k]) = I(Xs,; Y|Xs¢) and for i = ¢,
R([4]) = I(Xs,: Y|Xss) = R € Fs, N Fs,
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Front facets intersection |

(ii) The “only if” direction:
o Let R € F5, NFs,. Then:

—
v
-

I(Xsyus,: Y[Xsius,)e) = R(S1US:) = R(S1) + R(S2) — R(S1 N S2)
G 1(Xsy; YIXse) + 1(Xsy: YIXss) — R(S1NS2)
D I(Xew: YIXse) + 1(Xsai YIXs5) — H(Xsunss: Y[ Xisimsye)
D (Xspsi YIXsg) + 1(Xsy: Y Xsg)
(g 1(Xsy\s,: YIX(51085)¢) + 1(Xs,1 Y[ Xsg)

I(X51 USz: Y|X($1U$2)C)

@ (a) and (c) follow from R € R, (b) from the definition of
Fs;,i = 1,2, (d) from the chain rule for mutual information, and
(e) holds since the inputs are independent
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Front facets intersection 1V

@ (a), (c), and (e) must be equalities. Equality in (e) means

/(Xsl\SQ; Y|X8f) = /(X$1\82; Y|X(S1U82)C)

@ R is non-degenerated = either S; \ So =), i.e., S C S, or
S1=85US8, ie, S5HCS
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Front and back facets intersection |

Assume R € Fs. Then for every L C S

I(Xz; Y| Xse) < R(L) < (X Y| Xce)

Proof-:

@ The second inequality is true for every R € R
@ For the first inequality:

R(L) = R(S)—R(S\L)
I(Xs: Y|Xse) — RS\ £)

—
O
~

,\
Vz

[(Xs; Y| Xsc) = 1(Xs\zi YIX(s\2)<)
I(Xc; Y| Xse)

O
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Front and back facets intersection I

where (a) is true since R € Fgs, (b) since R € R and (c) follows
from the chain rule for mutual information

FsNBy#Diff ANS = 0.

Proof-:

o If A =0 then the lemma is true

@ Assume A # ()
(i) Proving one direction:
o let Re FsNBy
o Then 0= R(A) = R(SNA) > I(Xsna; Y|Xs) =
/(XgmA; Y|X5c) =0
e R is non-degenerated = ANS = ()
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Front and back facets intersection IlI

(ii) Proving the other direction:

o Assume ANS =1

o Pick a rate R such that R € Fs

o Let R be obtained from R by setting to 0 all coordinates with index
in A

o R e By butalso R € Fs since R(S) = R(S)

32/81



Unique label of all proper faces of R |

Proposition 5

The intersection Fg, s, . s,/.4 is not empty, if and only if the following
two conditions are satisfied

(i) The set sequence S1,So, .. .,Sn is telescopic, i.e., there is a
permutation 7 on the index set [m] such that

Sw(l) D) Sﬂ(g) Dooo D Sw(m), and

Proof:
(i) Achievability:
@ Assumethat S 0S8 D ...D0S8,and ANS; =0
o “if’ part of the proof of Lemma 2 leads to an R in F5..8,...5m

e Let R be obtained from R by setting to 0 all coordinates with index
in A
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Unique label of all proper faces of R I

@ Hence Re Fs;, i=1,...,mand R € B4
(ii) Converse:

e if §; is not contained in §; or vice versa, then by Lemma 2,
Fs; N fgj =0

e if S N.A # (), then according to Lemma 4, Fs, N B4 =0

34/81



Dominant facet |

@ Points have maximum sum-rate

Does not intersect with any back facet

In the one-user case it is a vertex, in the two-user case it is an edge
that has two vertices, in the three-user case a hexagon and so on

Instead of writing the telescopic sequence can be written the
sequence of ‘“decrements”

The sequence of decrements gives the order in which users are
decoded and count vertices

Since each permutation on the set [M] is a vertex on the dominant
face, it is clear that there are M! such vertices on the dominant face
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Dominant facet Il

Ry

2143 1243
2413 1423

L A

4213 | iy

2134, ) | 1234
5

Figure : Dominant face of a four-user MAC. The fourth dimension, not shown
here, has coordinate Ry = I(X{10341:Y) —Ri — Ro — R3
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Table of Contents

e Structure, dimensionality and group successive decoding
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Main contribution

@ Link between the label an group successive decoding

@ Showing that the object formed by intersection of faces are
Cartesian product fundamental region of channels related to the
original channel

o Rates on the intersection of faces may be decoded successively in
groups
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Notations |

@ Region R is completely specified by the channel Wy|X[M] and by the
input distribution PX[M]
o With Wy|X[M] is denoted the original channel
o With Px,, is denoted the input distribution

e For any two sets U,V C [M] such that Y NV = 0, there is a channel
with inputs X;; and outputs (Y, Xy) =

Wy, 1x, (Vs xv[xu) = Px,, (x )WY|Xu,XV(Y|XU xv))

= Px, (xv Z WYX[M]\ oy [ X, Xy (Y7X[M]\(L{UV x5 xv)

XM\ (U UY)

= Px, (xv) Z Pxiuan oy XM @) Wy x (v [X(01])

XM\ (U UY)
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Notations |l

® A rate tuple for Wyx,,|x, = Rz,{é(Ri)ieu

@ The corresponding region is defined by

Ryxy X = R[Wyx, x5 Pxu/]
= {ReRY": R(L) <I(Xe; YIXvuens): VL S U

@ Dimensionality of a region Ryx,,|x,, is represent with |U/|

@ Dominant face (|U| — 1) - dimensional subregion is obtained by adding the
equality R(U) = I(Xy; YIXp) ie.,

DYlexu 2 D[WYXV\XM; PXu]
= {ReRM:R(L) < I(Xe; Y[ Xvuune)), VL C U, RU) = I(Xu; Y|Xv)}
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Special cases used frequently

1>

Ryxse|Xs R[Wyxge|xs: Pxsl
= {ReRP: R(L)<I(Xe: Y|Xee), VLC S}
Dyxge|xs = D[Wyxge|xs: Pxs]
= {ReRF:R(L) < I(Xz; Y|Xe),VL C S, R(S) = I(Xs: Y| Xse)}
Ry|xs 2 R[Wy xs: Pxs]
{(ReRP: R(L) <I(Xe; Y|Xs\2), VLCS)
Dyixs = D[Wyxs: Pxsl

= {ReRY:R(L) < I(Xe; Y|Xs\2), VL C 8, R(S) = I(Xs; Y)}

41/81



Cartesian product of region R and a dominant face D |
R € Fs if and only if Rsc € Ry|xs. and Rs € Dyxgc|xs- l

Proof:
(i) Achievability:
e Re Fs

e From the definition of Fs, VL C S C [M], R(L) < I(Xc; Y| Xce)
and R(S) = /(XS; Y|XSC) = Rs € DYXSc\XS

o VT C §¢ [M]=8UT UQ as the union of disjoint sets
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Cartesian product of region R and a dominant face D I

@ Then,

R(T)+R(S) < I(X7us: Y|Xo)
= (X7 Y|Xa) + I(Xs; Y| Xour)
= (X173 Y[X0) + I(Xs; Y[ Xse)

= I(X7: Y |Xse\7) + R(S)

o Knowing R(T) < I(X7; Y[Xse\1) and the corresponding region
Ryxyixy = Rse € Ry|xge

43/81



Cartesian product of region R and a dominant face D Il

(ii) Converse:

RS S DYXSC‘XS and RSC S RY|X$C

Prove that R(S) = I(Xs; Y|Xsc) and that for all £ C [M],

R(L) < I(Xg; Y| Xee)

The former is true since Rs € Dyx.|x

To prove the latter, let T = LNS and @ = LN SC

Rs € Dyxge|xs: R(T) < I(X7: Y[Xseus\7)) = (X7 Y| X7e) for
al T CS

Rgc (S RY'XsC’ R(Q) < I(XQ; Y’X5c\9) for all Q - S¢
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Cartesian product of region R and a dominant face D IV

@ Follows,
R(L) = R(TUQ)=R(T)+ R(Q)
I(XT: Y[X7e) + 1(Xg; Y| Xse\0)
[(X7: Y[X7e) + 1(Xa: Y[ X(se\0)uis\7))
(
(Xc

IN A

I(X700; YIX(TUQ)<)
1(Xz; Y| Xee)

for all £ C [M] and this completes the proof
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Cartesian product of region R and a dominant face D V

From Lemma 6 the dimension for a facet Fs =

dim(Fs) = dim(Ry|xs) + dim(Dyxgc|xs)
= |S9+|S|-1=M-1

The contribution is that a rate point in Fs may be approached via
group successive decoding where groups are decoded in the order (S¢,S)

46 /81



Generalization of cartesian product |

Let S1 D S>... D Sp form a telescopic sequence. R € Fg, s,....S, iff

Rse € RY\Xslc and Rsps;,, € DYXs.CIXs,-\s,-H for i=1,..., m, where by

way of convention we have defined S, 1 = 0.

e Concludes when Fg; s, .5, is not empty it is the Cartesian
product of a region and m dominant faces

Proof:
(i) Achievability:
o From R € Fs, . smi F51.5,...5m = [ 111 Fs, and Lemma 6 =

RS,- S DYX$F|XS; and RSIC S RY|XS_C> i=1...,m

47 /81



Generalization of cartesian product |l

@ Which proves RSf S RYIXSC
1

@ Next show that

Rsi\8f+1 S DYXSF|XS-\S-+1’ Vi=1l,....m—1
i i\9i

o If R(’C) S /(ch; Y|XSfU(S,-\(S,-+1UIC))) = /(ch; Y|X(S,-+1UIC)C) holds
forall K C S; \ S,'_H, i=1,...,m, with equality if £ = S; \Si-i-l

e From Lemma 6, for any K C S;, R(K) < I(Xk; Y| Xke) with
equality if £ =S&; and for any £ C Si11, R(L) < I(Xz; Y|Xce) with
equality if £L = 85j41
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Generalization of cartesian product IlI

@ Then for L C S\ Siv1 =

R(K) = R(Si)—R(Sit1) — R(Si\ (Si+1UK))
I(Xs:: Y[ Xse) = 1(Xsp00 Y Xsg,,) — R(Si \ (Siv1 UK))

i+17

—
INx

I(Xs;1 YIXse) = 1(Xsias YIXsg,) = 1(Xs\ (810 Y Xse)
= 1(Xk: Y|X(s20K)¢)

where (a) follows from the fact that YQ C S;, R(Q) > I(Xo; Y| Xs¢)
e The equality in (a) holds if K =&;\ Si;1, that proves the direct part
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Generalization of cartesian product IV

(ii) Converse:
e For Rse € Ry|XSf, and Rsps,,, € DYXS?|XS,-\S,-+1’ fori=1,....m
prove that R(L) < I(Xg; Y|Xce) holds for all £ C [M] with equality
ifL=8;,i=1,....m

o R(Si) = I(Xs;; Y|Xse) is true since Rs)\s;,; € Dyxge and

i1 IXsi\si41

R(Si)) = Z R(Sj\ Sj+1)

[
Il

I
NE

I(XSJ-\SJ-H; Y|X5]¢) = I(Xgi; Y‘XS’;), i = 1, oo,
1

.
1
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Generalization of cartesian product V

o Llet LC [M]and L; =LNS;\Sit1,i=0,1,...,mwith Sg = [M]
by convention

e Then £ =, L; is a disjoint partition

@ From Rslc € RY\XSIC and Lo C &5 => R(ﬁo) < /(XLO; Y|X31c\£0)

@ Since RS/\SH-l € DYXSf|XSi\S,+1’ and

R(Li) < I(Xe;: YIXseusi(simuen)) = (X YIXse ;) for all

Li CSi\Sit1 =

51/81



Generalization of cartesian product VI

m
I(Xg; Y[Xee) = ZI(Xﬁi;leujl:olﬁjUE"‘)

> Z 1(Xe;; Y|X8f+1\£i)

where (a) UiZg £;U £¢ = [M]\ U, £; 2 S5y \ UL, £j = S¢; \ £, and
(b) for j > i+ 1, Lj C S;y1 implies that £; does not intersect with Sf ;

52/81



Generalization of cartesian product VII

From the Theorem 7 the dimension of Fs, s, . s, =

m
dim(fsl,sz,...,sm) = dim(RY|Xslc)+Zdim(DYXSIg|X3i\5 )

; i+1
i=1

= M—[8i+ ) (ISi| = [Si+1] = 1)
i=1

= M-m

This implies that all points in Fgs, s, .. s, may be approached via group
successive decoding with groups of users decoded according to the
following order: (S5,51\ S2,82\ S3,...,Sm—1\ Sm, Sm)
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Generalization of cartesian product VIII

Corollary 8
Let S1 D & D ... D S be a telescopic sequence. R € Fg, 5,14 iff
Rglc € RY\Xslcv RS,'\S,'H € IDYXSl_c|Xsi\3,-Jrl fori=1,...,m and R4y =0.

Concludes that

dim(Fs,s,,...8ma) = dim(Fs,s, ..s,) — A
= M—|A—-m

And, R € Fs, ... 5,4 Mmay be approached bydecoding groups of users in
the order ([M] \ (AU 51),51 \82,82 \83, vy Sm1 \Sm,Sm)

54 /81
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Main contribution

@ Derive the number of D - dimensional faces in R for any
D=0,1,....M
e Number of faces in D
o Number of front faces
o Number of back faces

@ Derive expressions for the total number of vertices and edges

56 /81



Number of D - dimensional faces on the dominat face |

The number of D - dimensional faces on the dominant face of R is

M—-D
nam.0) = 3 (M7 7 )omeim,
J=il

Proof-

® FM],Ss,....Sy_p IS any D - dimensional face on the dominant face

e The difference sets [M]\ S2,82\ S3,...,Si \ Siz1,---,Sv—p \ 0
form an (M — D) partition of [M]

@ There is a one-to-one correspondence between a D - dimensional
face and such a partition
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Number of D - dimensional faces on the dominat face Il

@ The number of such ordered partitions is

LR DE (R R0 S

my,my,...,MyM—p
m;>1,Vi m;i>1Yi
> mi=M > mi=M

@ By expanding the following polynomial

M(M—D)

M—-D
(x N x2 R XM) B 1
J— — “ee —_— e X
| | I Z Z 1m-! 1’
1! 21 M M =D My TM—D mymo!...Mp—p:
m;>1,Yi
22 mi=k

and that the coefficient in front of x™ multiplied by M! gives the number
of ordered partitions
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Number of D - dimensional faces on the dominat face Ill

@ Therefore,

Ng(M, D)

I
<
' I~
: =] %
N———
T
lw)
x
<

where coeff(f(x), x') is the coefficient of x’ in the Taylor series expansion
around zero of the function f(x), (a) is true since taking all the terms up
to M or up to infinity will not change the coefficient in front of xV, (b)
follows from the Taylor expansion of €%, and (¢) follows from the definition
of the Taylor expansion
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Number of D - dimensional faces on the dominat face IV

@ Expand (¥ — 1)M=D with the Binomial formula =
M—D
M — D\ . ;
(ex _ 1)M—D _ ( ] )ejx(_l)M—D—_j
=

@ Taking the M - th derivative,

dM _ /M -D\ _D_j:
W(EX—I)M D _ Z ( j )e/x(_l)M D JJM7

Jj=1

and setting x = 0 is obtained the Proposition 9
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Number of faces on dominant face |

Proposition 10
The total number of front faces of dimension D, denoted by N¢(M, D),
equals

N¢(M, D) = Ng(M, D) + Ny(M, D — 1).

Proof:
® F5,.5,..Sm_plo 1S any D - dimensional front dominat face for some
S1 C [M]. If 81 = [M] and there are Ny(M, D) such faces
e If S; C [M] the front face is not on the dominant face
@ Since there is a one-to-one relationship between the subscripts of

]:51,827-u7'5M7D|@ and those of ]:[MLSI,SZ:NwSMfDM when Sl C [M], it
follows that the total number of front faces not on the dominant

face is exactly Ny(M,D — 1)
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Number of faces on dominant face Il

@ To obtain the total number of front D - faces we have to add
Ng(M, D — 1) and the number Ny(M, D) of D - faces on the
dominant face

62 /81



Number of faces on dominant face |

Propostion 11

The total number of D - dimensional back faces in R is given by

Ny(M, D) = MZ_:I (M> Ne(i, D).

‘ ]
i=D

Proof-:

@ All back faces are front faces for some other channel with fewer users
@ The dimension of this faceis M — m — | A] and ANS; =0
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Number of faces on dominant face Il

@ If we remove all users with index in A, we obtain the front face
F81,8,...5ml0 of an (M — | A[) - user MAC The dimensionality of this
face is also M — | A| — m. Running over all pertinent subsets

A C [M] yields
No(M.D)= > Ne(M—|A|D)
AC[M]
0<|A|<M—D

@ Since there are (%) subsets of cardinality |A| =

- 5 e (-
M—-D
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Number of D - dimensional faces in R |

The total number of D - dimensional facesin R, 0 < D < M, is

M

-4 fo-or- 82O

i=D

Proof:
o N(M,D) = Ne(M, D)+ Np(M, D) = 31, (M) Ne(i, D)
@ Using the total number of front faces =

M
M . .
i, 0) =3 (M) ima(i. ) + Wi, -
i=D
where Ng(D, D) =0, Ny(D,D — 1) =1 and, by convention,
Ng(i,—1) =0
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Number of D - dimensional faces in R |l

@ From the number od D - dimensional faces =

1

Ng(i, D) + Ng(i, D — 1)
e A R o)

= i—D+1—
i-D ,.
- D
— (I_D+1)I_ <l. >( 1)17D7'/Jl
F= S

Inserting this into previous N(M, D) completes the proof

66 /81
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The total number of vertices in R is [eM!].

Proof:
e From N(M,D) for D =0 =

67 /81



Number of vertices Il

MM
i=0
M M M
(2) AN M G M
SRAGEWCETE
i=0 i=0 i=0
=1 =1
O ELD W
i=0 i=M+1
(t) 1
= oM — M Z o
i=M+1

where in (a) the number of vertices Ny(i,0) on the dominant face of an
i - user region is il and (b) follows from the Taylor series expansion of e
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Number of vertices Il

@ Since eM! — M! Z?iMH 71| is an integer, and

2T Z(Mw'émzlfwm
0o 1 i
< -
S =2 (ws)
1/M+1) 1

1 M+1) M=h

it follows that

:f:"lf" - {N(M,O)—l—‘i A” — eM1]

i=0
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‘ leM!]
2
5
16
65
326
1957
13700
109601
986410
0 | 9864101

<

= O 00 ~NO 1 WN
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Stirling approximation

In(M!) = MInM — M + o(In M)

M!~W<M>M

e
1 1
In(M!) ~ I\/IInI\/I—I\/I—I—EInI\/I—i—Eln(Zﬂ)
eM! ~ \2r MMM g=M+1
1

1
In(e/\/I!)NMlnl\/l—l\/l+§|nM+§|n(27r)+1

1 1
:<M+2> |nM—M+§|n(27T)+1
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14 |
12
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8
6
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0
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T

T

1 T

—o— In(|eM!])

—e— In(eM!)
—=— Stirling

——~ Min(M)

10
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Number of edges |

M
The total number of edges in R is ?LeM!J.

Homework:

M
@ Proof that the number of edges is ?LeM!j?

@ Proof that the number of 2 dimensional faces is
(3M? —5M + 3)|eM! | N M-3,

24 24
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Number of edges Il

Proof:
e From N(M,D) for D=1 =

M

N(M,1)=>" (M>(Nd(i7 1) + Na(i, 0))

. i
i=1
@ Since Ny(i,0) = i!, from Ny(M, D),

my,mo,..., mij_—
m;>1,Vj
Ej mj=1

74/81



Number of edges Il

@ Therefore,

N(M,1) = f:("f’) i!+i;1

M M—-1
S e T ESVEED DECIUETERY
i=1 ’ Jj=0 ’
M+1 w1 2w
R Y
=0 k=0
& UM 1)([eM1] 1)~ ([eM1] M 1)] = [eM1],

where in (a) we use (1) to obtain Zj'\ial M!/jl = eM!| —1 and
SMEMIjl = [eM!] — M —1
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Number of faces of various dimensions for R and D

Dimension D

Faces of R of dimension D

Faces of D of dimension D

D =0 (vertices)

D =1 (edges)
D=2

D
D=M-2

D = M — 1 (facets)
D=M

leM!]
ey

(3M2—5M+3)|eM!| 4 M3
24 2%

Yo (M= D)

3M p2M=Y(M — 4) + M(M - 3)/2+ 1
M+2M -1

1

M!
MI(M —1)/2

MI(M—2)(3M—5)
24

(M= D) {5}
oM _ 2

1

0
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number of D - dimensional faces

\
8 10 12 14 16 18 20
Dimension of the face - D

Figure : Total number of D - dimensional faces (expressed on a logarithmic
scale) as a function of D. Each curve corresponds to a value of M. The curve
that corresponds to M = m, m=1,2,...,20, is the one that hits the abscissa

at D = m.
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Conclusion |

@ The capacity region of an asynchronous memoryless multiple-access
channel is the union of certain polytopes

@ The points in those polytopes are the rate tuples that can be
approached at an arbitrarily small error probability

@ Operational and structural properties of such polytopes such as
labels to tag their faces are of interest in information theory

@ For non-degenerated cases, each face of dimension M — m — | A| has
a unique label of the form (S1,So,...,Sm|A), where A C [M] and
(IMINA)DSE1DS8s,...,D 8,
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Conclusion Il

@ A rate tuple on a face may be approached via successive decoding,
in the following order:
(1) The users with index in [M] \ (AU &1) are decoded first
(2) The users with index in 81\ S2
(3) The users with index in Sz \ S3

(m) The users with index in S,
the users with index in 4 do not need to be decoded since they have
vanishing rate
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