ABSTRACT

Let S be a topological space and let E be a Banach
space. We denote by Cb(S:E) the Banach space of all bounded and
continuous functions £f: S -+ E equipped with the sup-norm
IEN = sup {I£(s)ll; s € S} . Suppose that a closed and convex
non-empty subset V C Cb(S;E) , is given. In § 2 we study the
following guestion and geheralizations thereof: assume that we
know that, for each s € S, V(s) has the relative Chebyshev cen
ter property in E, then under what additional hypothesis, does
V have the relative Chebyshe\; center property in Cb(S;E)?

To answer this question we introduce property (A) (see
Def: 1 below) for a pair(V,B), where V = {V(s); s € S} and B
is some class of bounded subsets of E. '

In §3 we study the question of continuity (with respect
to the Hausdorff metric) of the Chebyshev center map B - cent(B;V).
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1. INTRODUCTION

Throughout this paper , S denotes a topological space,
E denotes a Banach space, E* denotes the topological dual of
E , and Cb(S;E) denotes the Banach space of all continuous and
bounded functions from S into E , equipped with the sup-norm
e A gun sl B S It e 6 B =anl Vit 30 .5 then
B{ajr) = {x €E; llx - all < r} and B(ajr) = {x € E;llx -all <r}.
If V 1is some closed and ncn-empty subset of E, then for any
a€E, dist(a;V) =inf{llv-all; vEV} and Pv(a) ={vevlv-al =
= dist(a;V)}. If Pv(a) A% forall~a ©F, we . say that V. .is
proximinal in E. The elements of Pv(a) are called best apphrox
imants o4 a from V, If B CE is a bounded subset, then

rad(B;V) = inf{sup{llv - all; a € B}; v € v}

and cent(B;V) = {v € V;sup{llv - all; a € B} = rad(B;V)}. The
number rad(B;V) is called the refatdive Chebyshev radius of B
with nespect to V , and the elements of cent(B;V) are called
nelative Chebyshev centens of B with respect to V. When
V=E we write rad(B) = rad(B;E) and cent (B) = cent(B;E)
andr speak of the Chebyshev nadius of B and Chebyshev centers
04 B. When cent(B;V) # ¢ for all bounded non-empty subsets
B CE, then we say that V has the xefaiive Chebyshev centex
property in E. When E has the relative Chebyshev center prop
erty in E, we say that E admits Chebyshev centers.

If X is any non-empty subset of Cp(S;E) then X(s) =
={f(s);f € X}CE, for any s € s, and X(s) denotes the closure
of X(s) in E. Clearly, if X is convex (resp. a vector subspace),
then X(s) is closed and convex (resp. a closed vector subspace).

Let V be a closed and convex non-empty subset of Cb(S;E) .
Let A be a class of bounded non-empty subsets of Cb(S;E)
such ‘that, for each s €S a&and BE A cgnt(B(s);m) 7o

In this paper we examine the following



QUESTION. Under what assumptiong L4 cent(B;V) # ¢ dorn any
B € A? 1In particular, when L8 P (£) # ¢ for any £ €C,(S;E)?

Similar questions, and particular cases of the guestion
above, have been studied in the literature . See the references
at the end of the paper.

DEFINITION 1. Let V be a class of closed and convex non-empty
subsets of a Banach space E, and let B be a class of bounded
non-empty subsets of E. We say that the pair (V,B) has paroperty
(A) if, for every € > 0 and R > 0, there exists 6 > 0 such
that, given V€ V, BE€B and w € V with rad(B;V)< R and
If —-wl < R+6 forall £ € B, there exists v €V such that
lv-wil <e and lf-vi<R for all £ € B.

‘When V is a singleton, say {V}, and (V,B) has property
(a), then we say that (V,B) has property (A). (See Definition
¥ & P39 ).

Clearly, if (V,B) has property (&) and B' C B8 , then
(V,B') has property (&). In particular, if (V,B(E}) has prop-
erty (A), where B(E) is the class of alf bounded and non-empty
subsets of E, then (V,B) has property (A), for any class B of
bounded non-empty subsets of E.
DEFINITION 2. When (V,B) has property (&) and B is the class
of all singletons of E, i.e., B = {{f}; £ € E}, then we say
that V has propeaty (A). If V = {V} and V has property (A),
then we say that V has property (A).

Notice that V has property (R) if, given e >0 and
R >0, there exists & > 0 such that given VE V, £f €EE and
w €V with dist(f;V) < R and lf-wll < R+ & there exists
v EV such that llv-wl<e and lf-vl <R.

In our paper [17], where we announced some cof the results
presented here, we say that V has the weak propenty (wP) if,
and only if, V has property (A) above.



when the elements of V are closed vector subspaces of
E and the class B is invariant under translation, then in or
der to prove that the pair (V,B) has property (A) it sufficsas
to take w=0 and R =1.

It is easy to see that, when (V,B) has property (A), then
cent(B;V) # ¢ for any V€V and B € B, When V has prop-
erty (A), then each element V € V 1is a proximinal subspace of
E Jjea; Pv(f) # 4 :for-.any. £ € E,

Notice also that if V' is such that , for each V € V,
the pair (V,B) has property (A) and the correspording § = & (V,e,R)
does not depend on V, then the pair (V,B) has property (A).

2. SPACES OF CONTINUOUS FUNCTIONS

THEOREM 1. Let S be a paracompact and completely regular Hausdondf
space. Let A be a class of bounded and equiconiinucus non-emply
subsets of Cb(S;E). Let V C C, (S;E) be a closed and convex
non-empty subset such that:

(1) for any B € A, the pain (V,B) has property (A),
where V = {V(s);s €S} and B = {B(s);s € s};

(2) gon any g € C (S;E), 4§ g(s) € V(s) for alt s € s,
then g € V..

Then cent(B;V) # ¢ , for any B € A,

PROOF. Let B € A be given, let R = rad(B;V). We may assume
R > 0, because R=0 4implies that B reduces to an element

of V. Define
¢(s) = {veE€V(s); lf(s)-vll < R, for all f € B}

for each s € S . Clearly , v(s) is closed and convex, and since
rad(B(s); V(s)) < rad(B;V), it follows that ¢(s) # ¢ , because
the pair (V,B) has property (A) and therefore cent(B(s);V(s)) # ¢ .



We claim that the set-valued mapping ¢ is lower-semi-
continuous. Let S, 5 BN ple F and £ g be given with
v(so} N B(ajr) ¥ ¢ . Choose w in w(so) N B(a;r) and then
choose' “t > 0" "sach“that " fw = all '« &t ‘= v Laf ‘ee xr ="t 5.0,
and let & > 0 be given by property (A) applied to & > 0 and
R > 0 . Notice that Ilf(so) -wl <R for all f € B. By equi-

continuity of B at s, there exists a neighborhood N of Sq

in S such that Ilf(s)-f(so)ll < § ‘forall - & B;and. 58E N
Hence llf(s)-wll < R+6 for all £f€B and s € N. By prop-

erty (A), given s € N, there is some Ve € V(s) such that
If(s)-v(s)l < R, for all £ €B, and v _-wl < ¢c. Then
vy - all < lvg-wll + llw=-all <e+t=r. Hence v_ belongsto

¢(s) N B(a;r) , for each s € N. Consequently , the set-valued
mapping ¢ 1is lower-semicontinuous.

By Michael's selection theorem [16] , there is some
g € € (S;E) such that g(s) € ¢(s) for each s €s. Hernce
l£(s) - g(s)ll < R for all s € S, and therefore llf -gll < R =
= rad(B;V). On the other hand, g(s) € V(s) for all s €., and
then by (2), g belongs to V. Hence g € cent(B;V).

r

THEOREM 2. Let S be as in Theorem 1. Let V E C,(S;E) be a
cfosed and convex non-empty subset such that:

(1) Vv = {V(s); s € 8§} has property (A);

(2) for any g € C, (S;E), if g(s) € V(s) forall s € s,
then g E V.
Then V 44 proximinal 4in Cb(S;E).

PROOF. Let A = {{f}; £ € C,(S:E)}. Given any f € C, (S;E), then
B = {f} belongs to A and B(s) = {£(s)}. It follows from (1),
that the pair (V,B) has property (A), where B= {fis)rs € B},
By Theorem 1 , Py (£) 6.
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LEMMA 1. Let V be a class of closed and convex non-empty sub-
sets o4 a Banach space E.

(1) T4 V has prepenty (A), then V VU {E} has propenty
(n).

(2) Vv = {E,{0}} has property (A).

PROOF (1) Let € >0 and R > 0., Choose § > 0 by property
(A) valid for V. Without loss of generality we may assume § < €.
Let f€E, wE€V and V € V U {E} begivenwith dist(f;V)<R
and lIf-wll<R+8. If V €EV there is nothing to prove . If

V=E and llf-wll < R, then v =w belongs to E and

- vll < R, while |[v-wll =0< e. Suppose now that Vv = E and

IE-wll > R. Let v=f-¢(f-w).Then vE€E=YV, and
£ - wll

lv-wll =ll£-wll-R<&8 <e. On the other hand lf-vl = R.

(2) follows from (1) and-the obvious fact that {0} has
property (A).

COROLLARY 1. Let S be as in Theorem 1, and et T C S be a closed
non-empty subset. Then a closed and convex non-empify subset V
of "Cb(s;l-:) is proximinal in each of the following cases:

(1) Vv satisfies condiftion (2) of Theorem 1 and
V= {V(t); t € T} has property (A), white V(s) = E {for each
o g S T

(2} v = {f € C,(S;E); £(T) C F}, where F CE 48 a closed
and convex non-empiy subset which has property (A);

(3) v

]

Cb(S;F) with F as& 4&n pa.)t;t (2);

(4) v = {f € C,L(S:E); £(t) =0 for all t E T} ;

(5) v = {fGCb(S:E);v(_f(t)) = 0-——gorrall b C and
v € F} where ¥ CE* (4 such that N =N tv l(0); ¢ €F} has
properiy (A) 4in E.



(6) V = {f € C,(S;E); »(£(s)) = 0} for some s €s, and
¢ € E* 4is such that ¢ X0) has property (A) in E.

PROOF. (1) By Lemma 1, part (1), V U {E} has property (A),
and the result follows from Theorem 2 .

(2) The subset V clearly satisfies condition 2 of Theo
rem 1, and the result follows from part (1), since V(s) =E for
any s €8, s € T, because S is completely regqular.

(3) Take T = S .and apply part (2).
(4) By Lemma 1, the family {E,{0}} has prcperty (A).

(5)=(6) In both cases V satisfies condition (2) of The

orem 2.

REMARK. Part (4) of Corollary 1 was proved in Prolla [20] by a
different method. (See Theorem 2.6, [20]) . Yost ([26], Proposi-
tion 2.4) proved that V={f EC(S;E);f(t) = 0 for all ¢t € T},
for compact S, has the n-ball property in C(S;E) and hence is
an M-ideal. His precof applies to Cb(S;E) for paracon act S.
Later on (see Theorem 8 below) we shall generalize this result.

THEOREM 3. let S be a compa::.t Hausdorf 4 space and Let V C C(S;E)
be a C(S;IK)-module such Zhat the pa<t (V,B) has propexaty (A),
whene V = {V(s); s € S} and B s a class of bounded ron-empty
subsets of E. Then cent(B;V) # ¢ for any bounded and equi-
continucus subset B CC(S;E) such that B(s) €E B for all s €S,

PROOF. By Theorem 1.11 of Prolla [22], (taking A = C(S;IX)) any
C(S;IXK)-module V verifies condition (2) of Theorem 1.

COROLLARY 2. Let S be a compact Hausdongd space and Let V € C(S;E)
be a C(S;XX)-module such that (V,K(E)) has property (A) whexre
V= {V(s); s €S} and K(E) 4is the class of all nelatively compact



non-empty subsets of E. Then cent(B;V) # ¢ for any nelatively
compact non-empiy subset B C C(S;E).

COROLLARY 3, Let S be a compact Hausdoaff space and Let
V C C(S;E) be a C(5;X})-module such that V has propernty (R),
where V ={V(s);s € 8}. Then V 4ia proximinal in C(S;E).

THEOREM 4, Let S be as 4in Theorem 1, and Let E be a real
Lindenstrauss space. Let V be a closed vector subspace of
Cb(S;E) such Zthat

(1) fon each s € 8, V(s) 4is an M-ideal in E;

(2) gon any g € C, (S;E), if g(s) € V(s) fonall s € s,
Ahén. g SN,

Then cent(B;V) # ¢, for any relatively compact non-empity
subset B of Cy (S;E). In panticular , V is proximinal Ain

Cy (S;E).

PROOF. Let A = (B C C,(S;E) ; B is relatively compact and
non-empty}. Then each element of A is bounded and equicontinuous.
Foy any B € A and s € s, the set B(s) is a relatively compact
and non-empty subset of E,i.e., B(s) € K(E). From Example 1,
[19], the pair (V(s) ,K(E)) has property (A) with & = €. Hence
(V,K(E)) has property (A) and, a fortiori , the same is true of
(V,B) , where B = {B(s); s € S} . By Theorem 1, cent(B;V) # ¢.

COROLLARY 4. Let S and E be as in Theoxrem 4. Llet B be a
relatively compact and non-empty subset of Cy, (S:E) . Then
cent(B;V) # ¢ 4in the foflowing cases:

Cp, (SE) . ;
{2y Vv £ Cp (S:E); £(T) C M}, where T 4is a closed
non-empiy subset cf S and M CE 44 an M-dideal,

(1) v
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{3y W Cb(s:M) , where M CE 48 an M-ideal.

(4) V = (f € CL(S;E); £(t) = 0 {oxr all t €T} , where
T is a closed non-empty subset of S.

(5) 8 44 compact, and V CC(S;E) 4& a C(5;IK)-module
such that for each s € 8§, V(s) 44 an M-ideal.

PROOF. (l)-(4). In each case , V(s) is an M-ideal in E, for
any s € §, and condition (2) of Theorem 4 is easily verified.
(5) f£'llows from Corollary 2.

THEOREM 5. Let S be as 4n Theoxrem 1, and £et E be a unifoamby
convex Banach space. Let V be a closed and convex non-emply
subset of Cb(S;E) such that condition (2) of Tiecorem 1 Ls veri
fied.

Then cent(B;V) # ¢ , for any equiconiinuous and bounded
non-empty subset B o4 Cp (E;E). In particuleon, V 4is paaxi_m}.naf.
4n  C,(S;E).

PROOF. Let V = {V(s); s € S}, and let B(E} be the class of
all bounded and non-empty subsegs of E. We claim that (V,B(E))
has property (A). Let € > 0 and R > 0 be given. Choose & (&)
and h:E x E - E by Proposition 1, Mach [13]. Iet B € B(E),
WE€V and w €W be given with rad(B;W) < R, and [f-wl <
< R+6 for all f € B. Choose an element u € cent(B;W). There
fore B C B(w;R + &(e)) N B(u;R) € E(h(w,u);R) by taking 8 =0
in Praoperty sz) of Mach [13]. It remains to notice that h maps
WxW into W and [|h{w,u) - wll < &,

THEOREM 6. Let S be as 4n Theorem 1, and Lel E be a unifounly
convex Bana.h Lattice, and Let V =[a,b]l = {fGCb(S;E);af_ £< bl
1§ VvV # ¢, then cent(B;V) # ¢ for any equdconiinuous and
bounded non-empty subset B C Cb(s;E:}. In panticular , V 43
proxdminal in C, (S;E). (Here a,b €4 (5;E).)



1k

PROOF. For each s € 5,V (s) C {v €E;a(s) < v < b(s)}. On the
other hand, if £ € C, (S;E] is such that £(s) € ¥is)  for all

& ‘g - théen a(s) < £(s) < bi(s) for’' =all 8-6:8 and
£ € [a,b] = V. Hence V satisfies condition (2) of Theorem 1.

REMARK. Thecrem 6 applies to E = Lp(x,f,u) y 1 CP W for any

measure space (X,Z,u). It also applies to E = IR, Therefore,
for normal S, it generalizes the result of Franchetti and Cheney
[6, Theorem 3.3] which says that any order interval [u,v]C C(SiR)
is proximinal, if S is normal, u is upper semicontinuous and
v is lower semicontinuous. For other cases in which V#¢ , see
Theorem 3.13 , Roversi [23]). In case E = IR, Theorem 6 above
fails to recapture the full generality of Proposition 3.12 of
Roversi [23] because we have to assume here that S is para-
compact, and B is equicontinuous , whereas Proposition 312
of Roversi [23] says that cent(B;V) # ¢ for any bounded non—empty
subset B of £_(S;IR), if V={f€C(5;W; a< f<bl is
non-empty, where a and b are two arbitrary elements of
£_(S;IR) . On the other hand, the methods of [23] apply to any
uniformly convex Banach lattice. Hence the following generaliza
tion of Proposition 3.12 of Roversi [23] is true.

THEOREM 7. Let X be a non-empty set and Let E be a undiformly
convex Banach Lattice, and fet a,b € L_(X;E). Let W = [a,b]l=
= {f €2 _(X;E);a < f <bl. Then W has the relative Chebyshev
center property im & _(X;E). I§ X 4s a topolegical space and
Vv={f EC (X;E); a < f < b} is nen-empty, then V has the rela
tive Chebyshev center propenty in L_(X;E) and , a fortioni, 4in
Cp (X3E) .

COROLLARY 5. Let & and E be as 4in Theorem 5. Let B be an
equécontinucus and bounded non-empty subsez of Cp(S;E) . Then
cent(B;V) # ¢ 4n Zhe following cases:
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(1) ¥

Cb(S;E].

(2] v = {f € Cb(S;E); fATY C F) , where T -is 'a closed
non-emply subset of S and F 48 a closed and convex non-empty
subset of E.

(3) v = Cb(S;F), where F L& any closed and convex non-
-empty subset of E.

(4) v = {f € Cb(s;E); f(t) = 0, fon afl +t € T}, where T
i3 a closed non-empity subset of S.

(B} ¥.=Af: € C,(S;E); ¢(£(t)) = 0, forall t €T, ¢ € F},
where T 4a a closed non-empty subset of S and F 4is a non-
-emply subsel of E*.

(6) V = {f € C (S;E); ¢v(f(s)) = 0} {or some s €5 and
¢ € E*,

(7) s 4is compact and V C C(S;E) 4is8 a closed C(S;IK) -
-module. '

COROLLARY 6. Let S be a4 in Theorem 1. Let B be an equicontinuous
and bour'ed non-empty subset of C,(S;E). Then cent(B) # ¢ 4in

the following cases: .

(1) (E;B(E)) has prepeniy (A), where B(E) .48 the class
of atf bourded and non-empty subsets of E.

(2) E 4s gquasi-uniformly convex.

PROOF. (1) Apply Theorem 1l with 'V = Cb(S;E).

(2) If E is guasi-uniformly convex (with respect to it
self), then by Example 2 of [19] , the pair (E;B(E)) has prop-
erty (A).

COROLLARY 7. Let § and B be as in Conollary 6 , and Let V
be a cfosed vecteon subspace ¢f E. Then cent(B;cb(s;v)) # P La
the following cases:
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(1) (V;B(E))] has propenty (A), where B(E) 448 the class
of all bounded and non-empiy subsets of{ E.

(2) E 48 quasdi-uniformly convex with respect te V.

PROOF. (1) Apply Theorem 1 to C (5;V) C Cb(S;E).

b
(2) If E is quasi-uniformly convex with respect to V,
then by Example 2 of [19], the pair (V,B(E)) has property (A).

REMARK. Corollary 7 was proved in [19].
COROLLARY 8. Let S be as in Theorem 1 and Let Vv C Cb(S;E) be

a closed vector subspace satisfying condiiion (2) of Theorem 1.
Then V 4is proximinal 4in ¢, (8:E) An each cf the following cases:

(1) fon each s € s, V(s) has the 1%-ball property 4in E;
(2) for each s € 5,V(s) is an M-ideal in E;

(3) 4or each s € s, V(s) 4is an M-summand ;

(4) 50»1 each s € 8, Vis) 4is a semi-L-summand ;

(5) fox each s € s, V(s) 44 an L-iummand

r

PROOF. (1) Let V¥ ={V(s); s €S)}. Let €¢ >0 and R>0 be
given. Choose 6§ = €., Let s €S and f €E be given with
dist(f;V(s)) <R and I £fll < R+ 8. Since the 1%-ball property
implies proximinality (Lemma 1.1, Yest [27]) , V{(s) N B(£:R) # ¢.
By the 1%-ball property, Vi(s) NB(£;R) N B(0,e) # ¢, and there
fore V has property (A), and the result follows from Theorem 2.

(2) Every M-ideal in E has the 1l%-ball property, since
it has a much stronger intersection property (see, e.g. Behrends
L4 ) ps 52)

(3) Every M-summand is an M-ideal.

' ]

(4) We show that every semi-L-summand has the 1 %-ball
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property. A semi-L-summand W 1is a Chebyshev subspace of E

such that the metric projection PW satisfies
el = IIPw(f)Il + I f - Pw(f)fl
for every £fE€FE (Lima [22] , section 5). Let ay E R ;

WN §(a2,r2) # ¢ and l[al-— azﬂ <r +r,. Let d = dist(az,h').

Then d < r, and

e lay = &) ~(a) = a)ll = lip (@) -a,ll =d.
Hence
ey (a)) .— ayll = Ipg(ay; = 2l = lla, - a il ~ | Palag =) = (ay - all <
<t T, - d. <
If éd=r, , then lwa(azl -_alll < ry and

Pw(az) Ewn B(al;rl) n B(az;rz).

If 4 < Ty et & = r, - d > 0 . Hence IIPw(azl-alll <

=
<Ey+e, and for some v € W we have I[Pw(azl -vl < € and

la; - vl < ry. Now lv -alh < v - PW(aZ')i! + U l2,) ~ a0l <

<e+d =r

5 1 and vEWN B{al;rl) n B(az:rz).

(5) Every L-summand is a semi-L-summand.
R MARK. Part (1) of Corollary 8 was proved directly in [21, The

orem 2] . When each V(s) is an M-ideal, then more can be said
about V. See Theorem 8 below.

DEFINITION 3. Let E be Banach space and let V be a collection
of closed vector subspaces of E. We say that V has property
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(U) if there exists a function 4§ : R, ~ IR, such that 6&(g) -0

as € =» 0 and
((L+e)B) N(V+B) CB+ §(e)-(BN W)

for every VE€ UV, where B = {v€E€E;llvl < 1}.

This definition, for V a singleton {V} is due to K. S.ILau
[11], who then says that V is a U-proximinal subspace of E.
It follows from Proposition 2.3, Lau [1l1] that when V has prop
erty (U), each element of V is proximinal in E. In fact, when
V is U-proximinal then V admits a continuous proximity map
{rad [11]; Corellary 3.5).

REMARK. A closed vector subspace V of a Banach space E is

said to be a semi-M-ideal if its annihilator V° = {y € E*;¢(v) =0,

vEV} is a semi-L-summand in E*. This notion is due to Lima [12].

Any M-ideal is a semi-M-ideal , the converse being false in general.
It follows from Theorem 5.4 of Lau [11] that, 1if each

element of V is a semi-M-ideal, then V has property (U), with

sleg) = 2 .

r
COROLLARY 9. Llet .S be as in Theorem 1 and £et Vv C Cb(s;E) be

a closed vector subspace satisfuing cendition (2) of Theorem 1.
Then V L& proximinal in each of the following cases:

(1) Vv = {V(s); s € S} has prepenty (U);

(2) {for each s € £, V(s) 4is a semi-M-ideal.
PROOF. The result follows from the following lemma.
LEMMA 2. I§ V has propenty (U), then it has properaty (B).

PROOF. Let € >0 and R > 0 be given. Chr‘.c;se n > 0 such that
R&(n) < & ¢nd then choose § > 0 such that é < nR.
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et £€E and V€ V be given with dist(£;V) <R and
£l < R+ & . Hence £ belongs to ((R+ d§)B) N (Vv + RB), since
each V € V 1is proximinal (Proposition 2.3, Lau [11]). By prop
erty (U), £/R l;elongs to B + §(n)BNV ., Hence £ ©belongs to
R-B + e:BNV and V has property (a).

COROLLARY 10. Let S be as in Theorem 1, Let T be a closed
non-empty subset of S and Let F be a closed vector subspace
0§ E. Then V = {f € C,(S;E); £(T) C F} and V = C,(8:F) axe

proximinal in Cy(5;E) 4n each of the following cases:

(0) F Fkas propenty (A).

(1) F ras the 1%balf property in E.

. (2) F 4i& U=-proximinal in E.

(3) 48 an M-{ideaf in E.
(4)
(5)
(6)
£7)
(8)
(9)
(10)

48 an M-summand in E.

{8 a semi{-L-summand in E,

i8 an L-summand in E.

L8 a semi-M-{deal 4in E.

48 quasi-uniformly convex with nespect fo F.
is unifonmly convex with nespect fo F.

L8 unifoamly convex.

L TR < R« RN M. L - R

(11) L8 unifonmly convex in every direction and F 43

finite dimensional.

COROLLARY 1l. let S be as in Theorem 1 ., Let T be a closed
and non-empty subset of S and £et F be a clesed vecior sub-
space 0§ E. Then {f € C, (S:E*); £(T) CF°} and Cb(S;F°) axe

proximinal 4in  C,_(S;E*) 4n ecach of the following cases:
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(1) F has the 1%-half property in E;
(2) F 45 a semi-M-ideal of E;

(3) F L8 an M-ideal of E;

(4) F 48 an M-summand ¢{ E;

(5) F 48 an L-summand of E.

PROOF: (1) The awmihilator F° hais the 1%-ball property in E*.
See Yost [27], p. 289.

(2) If F is a semi-M-ideal , then its annihilator F°

is a semi-L-summand of E*, and the result follows from part (5)
of Corollary 10.

(3) If F is an M-ideal, then F® is an L-summand of E*,
and the result follows from part (6) of Corollary 10 .  Since
every L-summand is also a semizL-summand the result follows also
from part (2) above.

(4) Every M-summand is an M-ideal.

(5) If F is an L-summand of E, then its annihilator
o ,is an M-summand of E* and the result follows from part (4)
of Corollary 10.

REMARK, If Vv C Cb(S;E) satisfies condition (2) of Theorem 1,
and each V(s) is an M-ideal , then it follows from Corollary
8, part (2), that V is proximinal in C (S;E) . Let us show
that in fact V is an M-ideal of Cb(S;E).

THEOREM 8. Let S be as 4in Theorem 1 and £et VvV be a cloded
vector subspace of Cy, (SE) datisfying conditicn (2] of Theorem
1 and such zhat, for each s € s, V(s) 4is an M-ideal 0f C,(S;E).
Then VvV 48 an M-ideal of Cp (S:E) .

o

PROOF. We show that V has the n-ball property for closed balls,
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for all n € IN. (See Behrends [4 ], pg. 52). Let Ei = E(fi:ri)

(i=12,...,n) be n closed balls in CL(S;E) such that %in V#o®

n
{for all i = 1,2,...,n) and 0

B, # ¢ , where B
=1

§ = B(fi;ri)

is the corresponding open ball . We claim that

s

BE.nv# ¢,
=1 *

For each s € 5, let

v(s)={aEE:Hfi(s)-all_§r 151,200, .0 LE)

i ’

Clearly, each ¢ (s) is closed and convex. On the other hand, if

we take g, € Eiﬁ Vv, then lig,(s) - £,(s)l <xr; and g; (s) € V(s)

(1=1,...,n. Hence E(fi(s);ri) N V(s) = ¢ for all i=1,,...,n.
n n
Finally, take g € N B,. Then g(s) € N B(f (s);r,). Since V(s)
= o - i
i=1 i=1
n _ "o e
is an M-ideal, the intersection v¢(s) = N B(fi(s);ri) N v(s) # ¢.
i=1

We claim that ¢ is lower-semicontinuous. Let S, e 5,
a€E and r > 0 be given such that w(so) N B(aj;r) # ¢ . Choose
€ (s = =
w, € V(s) such that | £,(s,) wOII £ Xys Ila woli < r. Choose
t > 0 such that [Ia-wol[<t<r.
Then w(sol NB(a;t) # ¢ . Hence K N B(a;t) #¢ is also
i
true, where K is the closed and convex set .N B{fi(so):ri}.
i=1
On the other hand, its interior X% is non-empty, since

n ==l
g{so) [ B(fi(so):ri) = kK°. Hence K = K° , and therefore
i=1

K°n B(a;t) # ¢ implies that for some v € E,

. n
€ N . .
v i=1B(fi(s°)'ri) N B(a;t) .
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By continuity , there is some neighborhood N of s in S
such that

n
T e I B(fi(s) s, )] M Bilase)
i=1 |

for all s €N. Since V(s) N Bla;t) # ¢, and g, 3) € chi(s),-ri) N V(s)

(i=1,2,...,n), and ¥V(s) is an M-ideal and therefore has the
(n+ 1)-ball property for closed balls,

n
vis) N [ N B(f(s)sx,) N Blast)] # ¢
i=1

for all s EN. But t < r implies that ¢(s)N B(a;r) # ¢ for
all s € N. Hence ¢ is lower-semicontinuous . By Michael's
selection theorem [16] , there exists h € Cb(S;E} such ' that
h(s) € ¢(s) for all s €5 . Hence h(s) € V(s), for all s € S,
and by condition (2) of Theorem 1, h € V. On the other hand,

l]fi(s) =hisill ¢ (i = 2 ma o ny, tfercall g8 € 5 . ‘Hernce

i
n
hg; -~ hll<x, (4 =2,2,...,n) and h€ N E v,
i=1
s
. COROLLARY 12. let S be a8 4in Theorem 1 and Let Vv be an
M-ideal of E. lLet T be a closed non-empty subset of S.Then

LEE Cb(S:E): f(T) C V}, and in particulaxr Cb(S;V), {4 an M-ideal
0f C,(S;E).

COROLLARY 13. Fer any Banach space E, c(E) is8 an M-ideal in
L (E) 1

PROOF. Let I be the natural numbers equipped with the discrete
topology , and let S be its one-point compactification . Then
L (E) is isometric to C(S;E), and by taking T = {=} and Vv = {0},
then €o(E) is isometric to {f € C(S;E}; £(T) C V}. Corollary 13
is due to D. T.Yost . Sece lemma 2.6 , Yost [27].
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REMARKS.(a) If V = {0}, then V is an M-ideal of E, and by
Corollary 12 {f € Cp(S:El; £(t) = 0, for all t € T} . is “an
M-ideal. This was proved for compact S by Yost [27, Proposition
2.4].

(b) The preceding results suggest the following question:
if V satisfies condition (2) of Theorem 1 , then under what
assumption on V = {V(s); s € s} will V have property (A) or
will V have the 1%-ball property in Cb(S:E)? The later ques-
tion was answered by Theorem 1 of [21]: if each V(s) has the
2%-ball property in E then V has the 1%-ball property in
Cb(S;E) . Let us recall the definition of the 2%-ball property:
a closed subspace V of a Banach space E has the 2%-ball
property in E  if given Eogre B parir > 5> 0 and
€ >0 such that B(f;e) DV £ S, Blg;s) NV # ¢ and
B(f;r) N B(g;s) N B(0;e) # ¢ then B(f;x)NB(g;s) N BO;e)NV 5 4.

The space V = K(ll) of compact operators in !'l has the
1%-ball property in the space E =L(ll) of all bounded operators
in 11.(See Proposition 2.8 of Yost [27].) However, it does not

have the 2%-ball property. Indeed, by a result of Smith and
ward ([25], Theorem 6.2), it fails even the 2-ball property in
L(,).

It was shown in Yost [27], Theorem 2.1, that every Stone-
~Weierstrass subspace of C(S;E) has the 1%-ball property, for
compact S and real Lindenstrauss E. A slight modification of
his proof shows that it has the 2%:ball property.

3. CONTINUITY OF THE CHEBYSHEV CENTER MAP

In this section we study the continuity of the Chebyshev
center map B - cent(B;V). To do this we recall the definition
of the Hausdorff metric dH defined on pairs of bounded non-
-empty subsets K and L of E
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a, (K, L] = inf {5 07 K C. il ;  LE K+xr )
where U= {veE€E;lvl <1},

DEFINITION 4. Let V and B be as in Definition 1. We say that
the pain (V,B) has property (B) if, for every € > 0 and R > 0,
there‘exists 5 > 0  such that , given- 0 < <R, vVELV,
BEB and w€V with rad(B;V) < r and lf-wll < r+ 6 for
all f € B, there exists v € V such that [llv-wll < ¢ —and
E=wl< » “for all T E&B.

When V is a singleton, say {V}, and (V,B) has property
(B), then we say that (V,B) has property (B).

Clearly, property (B) = property (A).

DEFINITION 5. wWhen (V,B) has property (B) and B is the class
of all singletons of E , then we say that V has property (B).
If V = {V} has property (B), we say that V has property (B).
Notice that V has property (B) if , given £ & 0., and
R > 0, there exists &8 > 0 such that given 0 <r <R, VEV,
fle-Er, and> w8y with” dist(fiv) € riiand cslf=wil & &k &5;
there exists v € V such that lf-vl < r and lv-wl<e.
E In [17] we say that V has property (P) if, and only if,
V has property (B).

EXAMPLE 1. Let V be a class of closed vector subspaces of a
Banach space E. In each of the following examples, V has prop
erty (B):

(1) every element of V has the 1%-ball property in E.

(2) V has property (U) (see Def. 3) and the function
& iR, » IR, satisfies the following condition: given € > 0

and R > 0, there exists n > 0 such that rd(n/r) < ¢ for
all 0: % “x: <PRSS
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PROOF: (1) Similar to part (1) of Corollary 8.

(2) Let € >Q and R > 0 be given. Choose n >0 such
that,  rep/EY < e Fer all 0 £ r =< R

et £L€:B i WEl and 0% T R be given with
dist(f;W) < r and lfll<r+n. By Proposition 2.3 of Lau [11],
W is a proximinal subspace of E. Hence 3 belongs to
((r + n)U)N (W + rU), where U is the closed unit ball of E,
and r ‘g belongs to U + & = Ln) (U 0O W). Therefore f belongs
to, U ¥ el WS

REMARK. Condition (2) of Example 1 is satisfied when V has
property (U) and 6(e) = ke, for some k > 0. If each element
of V is a semi-L-summand , .then V in has property (U) with
§(e) = €, by Theorem 5.1 of Lau [11l]; if each element of V is
a semi-M-ideal , then VUV has proverty (U) with &(g) = 2¢, by
Theorem 5.4 of Lau [11].

LEMMA 3. I§ the pair (V,B) has property (B), <then given € > 0
and R > 0, Zthere exists 0 < & = 6(e,R) < € such that, given
BEB, VEY and wEW “such Lhatl rad(B;V) <R , and
HE - wl < rad(B;V) + 6§ , dor all £ £ B, there exists v € cent(B;V)
sduch that llv-wl < €,

PROOF. Let € > 0 and R > 0 be given. Choose § > 0 by prop
erty  (B). We may assume that + 8. < e, Jet. B EB., VEI and
w € V be given with rad(B;V) <R and Ilf - wl < rad(B;v)+3.
If rad(B;V) = 0, then B is a singleton, say {f}, and f € v.
Then cent(B;V) = {f}, and Hf-~wl<é<e. If r = rad(B;V) >0,
then by property (B), there exists v € V such that l£-vl<r
for all £ €B, and [lv ~wl < €. But then v € cent(B;V).

COROLLARY 14. I{ V  has propeaty (B) , zthen given € > 0 and
R >0, there exdiats 0 < 8 = §(c,R) < € such that given f €E
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VEY and w €V with dist(£:;V] < R and IIf - wll < dist(£;V) + §,
thene exists v € Pv(fl 4quch that lv-wll <e.

COROLLARY 15. I§ V has property (B) and cach efement of V is
a convex Chebyshev subset of E, fhen given € >0 and R > 0
there exists 0 < & = &(e,R) < € such that given £ €E, VE V
and wE€V with dist(f;V) < R and lIf - wll < dist(£;V) + 8 then
I, (£) -wl < €.

THEOREM 9., 1§ the pain (V,B) has property (B), then the collec-
tion of set-valued mappings B — cent(B;V) , V€ V, is uniformly
dH-equiconzinuoua on {B € B; rad(B;V) < R for all V € V}, for
each R > 0 .

PROOF. Let € > 0 be given . Determine &(e,R) > 0 Ly property
(B). Take @& < d6(e,R}/2. Tet K and I Dbe in B ;. with
d.H(K,L) <60 and rad(K, V). £ R, rad(l, V) <R for a1l VEU,
Notice that dH(K,L) < 6 dimplies K C L + pU and L CK +pU

for some p < &, where U = {x € E;lxll < 1}.

Let VEV be given . Choose v € cent(K;V) and
w € cent(L;V). Then, for any g € L. we have g = f + x, where
r
f €K -and glixl< p..Hence
() lv=gal <. lv—£ + £ =g] <
<. sup v = kil + o = zadlK;V]+ip
k€K

< sup Ik —wll + p.
kEE

On the other hand, for any k € K we have k = m+y, where
mE€L and llyll < p. Hence :
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(2) fw - kIl < lw-mll + llm - kIl <
< sup llw-£ll + p = rad(L;V) +p .
ftEeELn

From (1) and (2) we get

v = gl < rad(L;V) + 2p < rad(L;V) + 6(g;R)

for-all g €L.

Since rad(L,V) < R we can apply Lemma 3 and there exists
s € cent(L;V) such that |Ils -vl <e. Hence v belongs to
cent(L;V) + €U, where U= {x€E;llxll <1}. Therefore cent(L;V)C
C cent(L;V) + €U. Similarly -, cent(L;V) C cent(K,V) + €U, and
then dH(cent(K;V) , cent(L;V)) < e for all V € V.,

COROLLARY 16. 1§ V has propeaty (B), then the family {PV;V'E v}
48 uniformly d -equdconidinuous on bounded subsets of E.

REMARK. Since dH—continuity implies lower semicontinuity and
each Banach space is a metric space, hence a paracompact space,
each PV' for V € V, is lower semicontinuous and admits a con
tinuous proximity map, whenever V has property (B).

COROLLARY 17. Let V be a famify of convex Chebyshev subsets
with propenty (B). Then {Pv;v € V} 48 uniformly equicontinucus
on bounded sets.

REMARK . It follows from Corollary 15 that if property (B) is
valid for the family of all Chebyshev subsets of E , then the
space E has property (*) of [10, Theorem 1] . In particular,
when E 1is uniformly convex, then the family V of all closed
and convex non-empty subsets has property (B). In this case Cor
ollary 17 reduces to Theorem 4 of Holmes [10].
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COROLLARY 18. 1§ ke pair (V,B) has property (B), then §on each
VEV and R > 0, the sef-valued mapping B — cent(B;V) 44 und
gormly dy-continuous on the set {B € B;rad(B;V) < Rl.

COROLLARY 19. 1§ V has propenty (B), then {for each V € V and

R > 0, the metric projection P, 48 undformly dH-conthuoud

on the set {£f EE _dist(f;V] < R}
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