ON THE CURVE Y" = X™ 4+ X OVER FINITE FIELDS

SAEED TAFAZOLIAN AND FERNANDO TORRES

ABSTRACT. We show that a maximal curve over Fg» defined by the affine equation
y" = f(x), where f(x) € Fp2[z] has degree coprime to n, is such that n is a divisor of
g+1if and only if f(x) has a root in F 2. In this case, all the roots of f(z) belong to F2;
cf. Thm. 1.2, Thm. 4.3 in [J. Pure Appl. Algebra 212 (2008), 2513-2521]. In particular,
we characterize certain maximal curves defined by equations of type y™ = z™ + x over
finite fields.

1. INTRODUCTION

Let C be a (projective, non-singular, geometrically irreducible, algebraic) curve defined
over the finite field F, of order ¢. Let C(F,) denote the set of Fy-rational points of C. In
the study of curves over finite fields, a fundamental problem is on the size of C(F,). The
very basic result here is the Hasse-Weil bound (see [16, Thm. 5.2.3], [12, Thm. 9.18])
which asserts that

[#C(Fe) — (€ +1)] < 29V,
where ¢ is the genus of C. The curve C is called maximal over F, if the number of elements
of C(F,) satisfies

H#C(Fy) =L+ 1+29V1.

We only consider maximal curves of positive genus and hence ¢ will always be a square,
says { = ¢*. Not all the curves over F2 can be maximal. As a matter of fact, a necessary
condition is a result pointed out by Thara (see, [16, Prop. 5.3.3]), namely that the genus
g of a maximal curve over F . do satisfy the inequality

9<q(qg—1)/2.

Up to F2-isomorphism, there is just one maximal curve over F2 of genus g = q(¢ —1)/2,
the so-called Hermitian curve over IF2 (see [15]) which can be defined by the affine equation

,UQ+1 — uq+1 +1
or birationally equivalently, it is given by v?™! = u? + u (see [16, Example 6.4.3]).
By a result due to Serre (see, for example, [13, Prop. 2.3]), any curve which is F-covered

by a maximal curve over Fg . is also maximal over F,2. Thus we obtain several explicit
examples of maximal curves by taking advantage of the fact that the automorphism group
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2 S. TAFAZOLIAN AND F. TORRES

of the Hermitian curve is very huge; see, for example, [7], [1], [10]. We stress that not
every maximal curve can be obtained in this way [11]; see also [6], [2].

In several instances, for example in applications to Coding Theory, Finite Geometry, or
Cryptography it is desirable to work out with explicit plane models of maximal curves
over Fp2. Let n,m > 2 be integers and let C(n, m) be the F2-nonsingular model of the
plane affine curve
yr=a"+ux.

The goal of this paper is to study the characterization of the maximality over [F . of curves
of type C(n,m). This curve is a particular case of a curve C defined by y" = f(x) with
f(z) being a separable polynomial of degree m such that ged(n,m) = 1. Here we show
that if C is maximal over F2, then n divides ¢ + 1 if and only if f(x) has a root in Fp;
in this case all the roots belong to F,2, see Theorem 3.2. Indeed, we generalize the main
result in [9].

Remark 1.1. Note that C(q + 1, ¢) is the Hermitian curve over F .

In order to study the maximaity of the curve C(n,m), we mainly use the Serre property
via coverings of curves, a property of non-gaps at maximal cuves (Lemma 2.1) as well
as certain property of a Cartier operator on maximal curves (Lemma 2.2). Our starting
point is the existence of a natural covering of curves

(u,v) € F(s) = (z,y) == (u",uv™ ") € C(n,m),

where F(s) is the Fermat curve defined by v* = u® + 1 of degree s := n(m — 1). This
provides us with our first sufficient condition (Proposition 4.10), namely

g=-1 (mod s),
in order that C(n,m) be maximal over F, (by means of the already mentioned Serre
property).

Let ¢ = p. In the case m = p’, we show that the curve C(n,p®) is maximal over F . if
and only if n divides ¢ + 1, says ¢ + 1 = tn, and b divides a, says a = c¢b, such that c is
odd provided that t is so; see Theorem 4.7.

Let ged(q, m) = 1. Let ged(n,m) = 1 and ¢ be such that ged(q, s) = 1. We consider two
possibilities:

(A) If m = —1 (mod n), then C(n,m) is maximal over F,2 if and only if ¢ = —1,m
(mod s)7

(B) If m # —1 (mod n), then C(n,m) is maximal over F, if and only if ¢ = —1
(mod s)7

In several cases we have that (A) and (B) occur. For example, the Picard curve C(3,4),
the hyperelliptic curve C(2,2g+ 1) provide positive evidence for (A) and (B), respectively
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(see Proposition 4.2 and Proposition 4.3). See also Proposition 4.13, Theorem 4.18 and
Examples 4.17, 4.19.

2. TWO PROPERTIES OF MAXIMAL CURVES

Let C be a maximal curve over F . of genus g. In this secion we first recall a property of
non-gaps at [ 2-rational points of C (Lemma 2.1) which is a consequence of the particular
fashion of the enumerator of the Zeta function of C over F 2, namely L(t) = (t + ¢)* [12,
Thm. 10.1]; then we also recall a property of the Cartier operators on C (Lemma 2.2).
For P € C(Fp2) and @ € C an arbitrary point of C, the following equivalence of divisors
hold true [3, Cor. 1.2]

(2.1) (g+1)P ~qQ + ®(Q),

where @ : C — C is the Frobenious morphism relative to F2. Thus an interesting and
quite useful consequence is the following result on non-gaps ([1, Proof of Thm. 3.1], [19,
Lemma 3)).

Lemma 2.1. Let C be a mazimal curve over Fp2 and P,Q € C(Fp). Lett > 0 be an
integer such that tP ~ tQ. Then d = ged(t,q + 1) is also a non-gap at P (or at Q).

Now let Q! be the sheaf of regular 1-forms on the curve C. There exists a canonical
1/p-linear operator € : Q' — Q! the so-called Cartier operator on C, such that

(i) €is 1/p—linear; i.e., € is additive and €(fPw) = f €(w),
(ii) € vanishes on exact differentials; i.e., €(df) = 0,
(iii) €(fr-tdf) = df,
)

(iv) a differential w € Q! is logarithmic if and only if w is closed and €(w) = w.
The following result is crucial for us (see [8, Thm. 3.3)):

Lemma 2.2. Let C be a mazimal curve over Fp, ¢ = p® with p > 2 a prime and a € N.
Then € =0 on H°(C,Q'), where € is the Cartier operator on C.

Remark 2.3. Moreover, one can easily show that

0 ifp*tj+1
rtdr i j+1=pe

¢ (2?dr) = {

Further information on maximal curves can be seen in [3] and [12, Ch. 10].
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3. THE CURVE y" = f(x)

Let ¢ be a power of a prime p > 2 and n,m > 2 be integers. The most popular curve
of type y" = f(x) is the the so-called Fermat type F(n,m) which by definition is the
non-singular model over Fg. of the plane curve of Fermat type

vt =u"+1.

If n = m we just write F(n) = F(n,n). The problem regarding the number of rational
points of F(n,m) over finite fields was investigated by several authors; see e.g. [8, Thm.
4.4], [19] and the references therein. Concerning maximal curves of Fermat type, the basic
result is the following.

Proposition 3.1. Let ged(g,nm) = 1. The curve F(n,m) is Fp-mazimal if and only if
both n and m divides ¢+ 1. In this case, F(n,m) is F2-covered by the Hermitian curve.

The following result subsumes a partial generalization of Proposition 3.1, it generalizes
Thms. 1.2 and 4.3 of [9] and is very much related to the results in [4].

Theorem 3.2. Let q be a prime power, n > 2 an integer, and f(x) be a separable poly-
nomial in Fp(z] of degree m > 2 with ged(n,m) = 1 and ged(q,n) = 1. Let C be the
non-singular model over F 2 of the plane curve defined by y" = f(x). Suppose that C is
mazimal over Fp2. Then f(x) has a root in Fp if and only if n divides ¢+ 1. In this case,
all the roots of f(x) belong to IFp.

Proof. We first show that n divides ¢ + 1 provided that f(x) has a root o € Fp2. Let
r® > 1 be a prime power with 7% | n. Then the non-singular model C; over F ;2 of the curve
defined by y™* = f(z) is also maximal over F2 whose genus is g1 = (r*—1)(m—1)/2. Let
Q, P € C(F,) be the points over = a and over x = oo, respectively. Then r*P ~ r*Q)
and thus d = ged(r?, ¢ + 1) is a non-gap at P by Lemma 2.1. Since ¢g; > 0, we have that
d is a power of r with 1 < d < r® Now the Weierstrass semigroup at P is generated
by r* and m so that there exist 5, > 0 integers such that d = r® + ym. Then, as
ged(n,m) =1, d = r® and thus ¢ = —1 (mod n). Conversely, suppose that f(«) # 0 for
any o € Fp2. Thus by the maximality of C over IF 2, and by counting rational points via
the morphism y : C — P! we find that

#C(F ) =¢*+1+29g=en+1 (%),

where 2g = (n — 1)(m — 1) and e is a certain integer. We know that ¢> = 1 (mod n) by
(17, Thm. 5]. We claim that ¢ Z —1 (mod n). Otherwise, by applying module n in (%)
we would have m = 0 (mod n) which is not possivel by hypothesis. Next we show the last
part of the proposition. Let R € C such that nR ~ n() where () is as above. Therefore
(¢+1)R~ (¢g+1)Q ~ gR + ®(R) by (2.1) so that R € C(F2). O
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Remark 3.3. In general, if y" = f(z) defines a maximal curve over 2, then, as we
already noticed in the proof of Theorem 3.2, n must be a divisor of ¢* — 1 (cf. [17, Thm.
5]). For example, the Hermitian curve admits a plane model of type y? ' = z(z 4 1)¢!
and thus for any divisor n of ¢* — 1, the curve y" = z(z 4+ 1)?7! is maximal F 2 as well;
cf. [7, Example 6.3]. Thus the hypothesis of f(x) being separable in Theorem 3.2 cannot

be relaxed.

4. THE CASE y" = f(x) =2+ =z

Let ¢ be a power of a prime p > 2 and n,m > 2 be integers. In this section we study the
non-singular model C(n, m) over F2 of the plane curve

y'=x"+x.

First we notice that in some cases the curve C(n,m) is [F 2-isomorphic to the Fermat type
curve F(n,m — 1) which was already been considered in the previous section.

Proposition 4.1. Let g,n,m be as above with ged(q, s) = 1, where s :== n(m—1). Suppose
that n divides m. Then the curve C = C(n,m) is maximal over Fp if and only if ¢ = —1
(mod s). In this case, the curve C is F2-covered by the Hermitian curve v9™ = u? 4 u.

Proof. We notice that C is F-isomorphic to the Fermat curve type F(n, m —1) by means
of the automorphism (u,v) — (z,y) := (1/u,v/u'), where m = tn. Thus the proof follows
from Proposition 3.1 and the fact that ged(n,m — 1) = 1. O

We observe now that C(3,4) is a so-called Picard curve type over Fp2 and it has been
already investigated by several authors; For example Kazemifard and Tafazolian [14] (see
also the references therein) among other things proved the following.

Proposition 4.2. Let q be a power of a prime different from 3. Then the curve C(3,4)
is mazimal over Fp if and only if ¢ = —1 (mod 9). In this case, C(3,4) is F-covered by
the Hermitian curve.

In particular, we notice that the Picard curves F(3,4) and C(3,4) (both of genus 3) are
not [Fz-isomorphic for infinitely many value of ¢. We also have the following result [18,
Thm. 1].

Proposition 4.3. Let q be a prime power and g > 1 an integer with ged(q,2g) = 1.
Then the hyperelliptic curve C(2,2g+ 1) is mazimal over Fp if and only if g = —1,2g+1
(mod 4g). In both cases, the curve is F2-covered by the Hermitian curve.

In the particular case of the curve C(n, m), Theorem 3.2 becomes.

Proposition 4.4. Let n,m > 2 be integers with ged(n,m) = 1, set s := n(m — 1), and
suppose that ged(q, s) = 1. If the curve C(n, m) is mazimal over F 2, then n divides g+ 1.
Moreover, m — 1 divides ¢* — 1.
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Proof. We apply Theorem 3.2 and hence we only need to show the second assertion. Fix
aroot a € Fz2 of ™1 = —1. Then the set {ax : 2! = —1} is the set of the m — 1
distinct roots of the equation y™~! = 1 and we are done. O

Remark 4.5. Given n,m > 2 integers, the solution for the congruences ¢ = —1 (mod n)
and ¢> = 1 (mod m — 1) is of type ¢ = —1 + ni (mod s) with s = n(m — 1) and
i €40,...,m — 2} such that ni(ni —2) =0 (mod m — 1).

To deal with the case m a power of the characteristic of the base field, the following result
due to Wolfmann [20] is required.

Proposition 4.6. Let C be the non-singular model over F 2 of the curve defined by

ay" =2 —x,

cb

where ¢ = p®, a € ]F‘;‘;2 and n s a positive divisor of ¢+ 1. Define t and r by tn = q+ 1
t

and rn = ¢* — 1. Then the curve C is mazimal over Fp if and only if " = (—1).

We apply this result to deal with the maximality over F,2, ¢ = p®, of the curve C(n,m)
with m = p® being p > 2. Suppose that such a curve is maximal over F,.. We claim that
n|(¢ + 1) and bla. In fact, Proposition 4.4 implies the first assertion and that b|(2a) as
(p* — 1)|(p** — 1). Let 2a = hb and so we have to show that h is even. Now Theorem 3.2
implies that each root a of 27" + belongs to F,2; hence for a # 0 we obtain

ph—1

1 = (@D = o= DE" k) ()@ ) ()

and hence h is even as p > 2. Therefore we have shown the first part of the following.

Theorem 4.7. Let ¢ = p® be a power of a prime p > 2. Let C := C(n,p®) be the curve
over Fp2 defined by the equation y"™ = 2 + x with ged(p,n) = 1. Then C is maximal over
F2 of and only if n divides g+ 1, says g +1 = tn, and b divides a, says a = cb, such that
c is odd provided that t is so. In this case, the curve is F2-covered by the Hermitian curve
It =yl 4+ .

Proof. Let us show first that ¢ is odd implies that ¢ is so. By performing the substitution
x — —a "'z in the equation that defines C, being v a non-zero root of P+ x = 0, we can
assume that the curve C can also be defined by the equation ay” = 27" — z. Now since C
is maximal over [F 2, Proposition 4.6 implies

(—1) = @l = tE*=DE* T D) — ()T D) (e

and hence, as p > 2, ¢ is odd if t is so. Conversely, we have two cases; let ¢ + 1 = tn with
t odd so that c is odd. Let us define the polynomial

a—b a—cb

Qu) :==u?  —---4uP

We have that Q(u)?" + Q(u) = u¢ 4+ u and hence C is covered by the Hermitian curve via
(u,v) = (z,y) = (Q(u),v"). Now let t be even. Let a be as above and 3 such that " =



ON THE CURVE Y" = X™ + X OVER FINITE FIELDS 7

o' thus 8 € F 2. Then via (x,y) — (z, By) the curve C is also described by y" = ? —
Finally we cover C from the Hermitian curve via (u,v) — (z,y) = (u?* " + -+ +u, y'),
where 7" is a non-zero root of 7+ z = 0. 0J

The following result is related with the type of curves considered in [5].

Theorem 4.8. Let ¢ = p® be a power of a prime p > 2, and f(x) a polynomial in F[z]
of degree m > 2 with ged(q + 1,m) = 1. If y9™' = f(x) defines a mazimal curve C over
Fp2, then m is a power of p with 2 < m < q. In the case where f(x) = a™ + x, the
curve C = C(q + 1,m) is mazimal over Fp if and only if m = p°, with a = cb and ¢ odd.
Moreover, C is F2-covered by the Hermitian curve.

Proof. The Weierstrass semigroup at the unique Fj.-rational point P over z = oo is
generated by ¢ + 1 and m. Suppose that C is a maximal curve over Fg.; then ¢ is a
non-gap at P by [3, Prop. 1.5(iv)] and thus m = p® with 1 < b < a. Let C = C(q+ 1,p°).
If C is maximal over F 2, then by Lemma 6 and the proof of Theorem 7 in [5] there exists
a separable additive polynomial Q(z) € F,2[z] such that

Q) = Q)" + Qz) = 2™ + . (x)

b a—2b

It turns out that Q(z) is of type Q(x) = aP"" — 2P~ + ... (%;) and hence there is an
odd integer ¢ such that a = ¢b(*y). Conversely, if (*;) holds true then the polynomial
Q(x) in () satisfies (x); thus the morphism (u,v) — (z,y) = (Q(u),v) is a F2-covering
from the Hermitian curve w4t = v? + v to the curve C, and we are done. 0

Theorem 4.9. Let ¢ = p* be a power of a prime p > 3. Let m > 2 be an integer such
that gcd(%,m) = 1. The curve C = C(q;r—l,m) given by the equation y9t)/2 = 2™ 4 1 s
mazimal over Fp if and only if m = 2,3 or m = p* where b divides a. In any case above,
C 1s Fp2-covered by the Hermitian curve.

Proof. Let C be maximal over Fp. Let P be the unique point over x = oo. Then the
Weierstrass semigruop H(P) at P is generated by (¢ + 1)/2 and m, where m < ¢ since
the genus of C is at most ¢(¢ — 1)/2. As ¢ belongs to H(P) [3, Prop. 1.5(iv)] we can
find a pair of non-negative integers «, 8 such that am + 3 q;r—l = q. Clearly, # < 2 and if
B =0, m divides ¢ and m = p°. In this case, from Theorem 4.7 the maximal curve C is
[F2-covered by the Hermitian curve. But if § = 1, then m divides (¢ — 1)/2. In the later
case, if m = 2 (resp. m = 3), then s = 12— 1) = 21 (resp s = L (3-1) = ¢+ 1)
divides ¢ + 1 and so the curve is maximal because it is covered by the Hermitian curve;
cf. Proposition 4.10.

Now suppose m > 3. In this case we show that C is not maximal. In fact, we know that
am = %, or equivalently ¢ — 1 = 2am. It follows that

2¢—1=4dam+1=4a(m—1)+ (da+1).
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We have the following basis for regular 1-forms of C

1
= {wi; = o'y dx/y TV with (2g — 2) — 9+

where by [16, Example 6.3.3] the genus g of C satisfies
-1 +1
g= 1/2[%(771 1) - gcd(qT m) +1].

Since for any 7, j — T =—G+1qg+ 25+ 1)qul we get

Q:a(wij) = ca(x y]dx/y q- 1)/2> Q:a( J+1)qy(2j+1)(q+1 /2 Zd,ﬁl?)
y~UDe (g™ 4 ) F D pidy) = y_(J-Fl)ZeQ:](;‘rl by (MDD Fi gy
Wee consider two cases: if p does not divide 4« + 1, then

Q:a(woga) = b4aW1,(m—2)a—1 = (405 —+ 1)w17(m_2)a_1 7é 0.
Note that as m > 3, the regular 1-forms wi (n—2)a—1, W2 (m—-3)a—1 and wp 2, belong to B
and so are well defined. Otherwise, if p divides 4« + 1, then p does not divide 6+ 1 and
so we get

Q:a(nga) = b6aW2,(m—3)a—1 = (60& —+ 1)w27(m_3)a_1 75 0.
Observe that here we need m > 5, since then we have w; 3, € B. Now clearly if p divides
4o+ 1, then m > 4 and if m = 5 we can show that p = 3.

Therefore we conclude that the curve C((¢ + 1)/2,m) for m > 3 is not maximal, because

€% £ 0 (cf. Lemma 2.2). O

The following result was already stated in the introduction.

Proposition 4.10. Let n,m > 2 be integers, s = n(m — 1), and q a power of a prime.
Then C(n, m) is mazimal over F 2 provided that ¢ = —1 (mod s).

Remark 4.11. Let ¢ be a prime power and ¢ a divisor of g+1. Then the curve C(thr—l, t+1)
is maximal over F 2 by Proposition 4.10. In particular, C(q + 1,2) is maximal over Fp
and ged(q 4+ 1,2) = 2 if ¢ is odd. Thus the condition ged(q + 1,m) = 1 in Theorem 4.8
cannot be avoided.

Next we point out another sufficient condition in order that C(n, m) be maximal over F .

Proposition 4.12. Let n,m > 2 be integers with m = —1 (mod n), s = n(m — 1) and
q a power of a prime. Then the curve C(n,m) is maximal over Fp provided that ¢ = m
(mod s).

Proof. From the congruences, we deduce that ¢ = —1 (mod n). We shall show that
C(n,m) is Fp-covered by the Hermitian curve; let us recall that this curve can also be
described over F,2 by the equation vt = u? + u (see [16, Example VI.4.3]). Write
q+1= (m and ¢ = bn(m — 1) +m. Then the image of the morphism (u,v) — (z,y) :=
(ubmtt uby®) defines C(n,m), and we are done. O
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For m > 2 an integer let ¢ be a power of an odd prime such that
=1 (modm—1) implies ¢=-1,1 (modm—1). (%)

This can be occur, for example when m —1 = ¢¢ or m — 1 = 2¢* with £ > 2 being a prime
and t > 1 an integer.

Proposition 4.13. Let n,m > 2 be integers such that n is odd and such that (%) holds

true. In addition, assume ged(n,m) = 1, ged(n,m — 1) = 1, and that m = —1 (mod n).
Set s :==n(m—1). Let q be a prime power with ged(q, s) = 1. Then the curve C = C(n, m)
is mazimal over F 2 if and only if ¢ = —1,m (mod s).

Proof. By Propositions 4.10 and 4.12, C is maximal over F,. provided that ¢ = —1,m

(mod s). Conversely, let C be maximal over F,2. From Proposition 4.4 and (x) we have
two cases:

1. ¢ = —1 (mod m — 1). Here we conclude that s = n(m — 1) divides ¢ + 1 because n is
a divisor of ¢ + 1 and ged(n,m — 1) = 1.

2. ¢ =1 (mod m — 1). In this case we have ¢ = (m — 1)t + 1 for some integer ¢ > 1.
Set t = hn + r for some integers h > 0 and 0 < r < n — 1. Thus we have ¢ =
(m—=1)(hn+7r)+1=n(m—1)h+r(m+ 1) —2r+ 1. This implies that n divides 2r — 2.
Therefore, as n is odd, we obtain » = 1 so that ¢ = m (mod s). This completes the
proof. O

Remark 4.14. The restrictions ged(n,m) = 1, ged(n,m —1) = 1, and m = —1 (mod n)
in Proposition 4.13 cannot be relaxed as one can see by considering the curves C(n,n)
and C(3,4) in Proposition 4.1 and Proposition 4.2, respectively.

Next we generalize the Picard curve type C(3,4) (Proposition 4.2) over F,2 by considering
the curve C = C(3,m) defined by the equation y*> = 2™ + x. The following set contains a
basis for regular 1-forms of C

{wij = 'yl dx /y* with (29 — 2) — 3i —mj >0},
where ¢ is the genus of C.

Theorem 4.15. Let m > 2 be an integer. Set s :== 3(m — 1) and let p be a prime with
ged(p, s) = 1. The curve C := C(3,m) given by the equation y*> = ™ + x is mazimal over
F,2 of and only if

(1) m=0 (mod 3) and p=—1 (mod s);
(2) 1 (mod 3) and p=—1 (mod s);
(3) 2 (mod 3) and p = —1,m (mod s).

Proof. 1f (1), (2) or (3) hold true, then C is maximal over [F,2 by Propositions 4.10 and
4.12. Let C be maximal over F 2. Here we have g =m —2 (resp. m—1) if m =0 (mod 3)
(resp. m # 0 (mod 3)).

m
m
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(1) If m =0 (mod 3), the result follows from Proposition 4.1.

(2) Let m =1 (mod 3), then we set p = 3gh + 3r + 2 since 3 divides p + 1. By the above
conditions, we have 0 < r < g—1. If r = g — 1, then we get 3r +2 = 3g — 1 and we
conclude that the curve C(3,m) is covered by the Hermitian curve and so is F,2-maximal.
We show that for any other cases this curve can not be maximal. In fact, we show that
for any r such that 0 < r < g — 2 there exist a regular 1-form w which €(w) # 0.

Let p=3gh+3r+2. Sop—2=3gh+3ror(p—2)/3=gh+r. Forany 0 <i < @
we obtain
C(wio) = E(z'dr/y?) = E(y? 2y Pa'dr) =

y—le:((xg—&-l + x)gh—l—rxidx) _ y_lZgi—gTng:<J]gh+r+i+égd$) )
Set g = m—1 = 3t. In the following we show that for any r such that 0 < r < g—2 = 3t—2
we can find an integer b such that gh +r + ¢+ fg = bp — 1 or equivalently,
(4.1) i+Llg=38b—1)gh+ (3b—1)r+(2b—1) with 0 < ¢ < gh+r,
and so we obtain €(w; ) = wp—1,1 # 0.
Foro<r<t—1: itissufﬁcienttoputbzland€:2hsin060§z’§@ <2t — 1.
For r =t > 1: in this case we have p = 3gh + 3t + 2 and so m — 1 = g = 3t does not
divide p* — 1 = (3gh + 3t + 3)(3gh + 3t + 1). Thus the curve is not maximal over F .

In the case ¢t = 1 the curve is the Picard curve and we know the result.

For t < r < 2.5¢: it is sufficient to find a suitable 1 < b and set ¢ = (3b — 1)h + b. Indeed
from Equation (4.1) we get
i+lg=1i+ (30 —1)h+b)g=(3b—1)gh+ (3b — 1)r + (20 — 1)
which means that (36 — 1)r =i +3bt — (20— 1). As 0 <i<2t—1,
3b 3b+2

t DT
-1 T3

or equivalently we get

t<r<t+ t.

For 2.4t <r < 3t—2: it is sufﬁcieii tolﬁnd a suitablibQ §1b and set £ = (3b—1)h+3b—2.
Indeed from Equation (4.1) we get
i+lg=1i+((30b—1)h+3b—2)g=(3b—1)gh+ (3b—1)r + (2b—1)
which means that (30 — 1)r =i+ 9bt — 6t — (20 —1). As 0 <i<2t—1,
9 — 6 9 — 4

t P
-1 " S3p_1

t+

t

or equivalently we get
3b—4 30— 2
t<r<2t+ _——t.

2t
+3b—1 3b—1
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(3) Similarly we can prove the result for the case m = 2 (mod 3). In this case, if r = g—1
(resp. 7 = (g — 1)/3), then we get 3r +2 =39 — 1 (resp. 3r +2 =g+ 1 =m) and we
conclude that the curve C(3,m) is covered by the Hermitian curve and so it is maximal.

We show that for any other cases this curve can not be maximal. In fact, we show that
for any r such that 0 < r < g — 2 there exist a regular 1-form w which €(w) # 0. To
respect the proof of the above case: if we set g = 3t + 1, then the case r =t is equivalent
tor = (g —1)/3. Other cases are similar. O

Remark 4.16. Theorem 4.15 might be true for curves C(3, m) over Fp being ¢ an arbi-
trary power of a prime. See the following example.

Example 4.17. Let ¢ be a power of a prime bigger than 3. Then the curve C := C(3,7)
is maximal over F . if and only if ¢ = —1 (mod 18). Here we have s =3 x 6 = 18. Thus
according to Proposition 4.10, C is maximal over Fp2 if ¢ = —1 (mod 18). Conversely, if
C is maximal over F 2, then 3 divides ¢ + 1. Thus we conclude that 3 divides p + 1 and
a is odd, where ¢ = p®. Thus the following cases p = 5,11, 17 (mod 18) might occur. If
p = 17 (mod 18), then we get ¢ = 17 (mod 18) since a is odd. In the cases p = 5,11
(mod 18), we obtain that p> = —1 (mod 18) and so C is maximal over F,s. Now if 3
divides a, then ¢ = —1 (mod 18) and the result follows. Otherwise, if 3 does not divide
a, as C is maximal over F and F,s, we conclude that the curve C is maximal also over

[F,2 (see the proof of Theorem 18 in [14]). But this is impossible by Theorem 4.15.

Theorem 4.18. Let ¢ = p* be a power of a prime p. Let n > 4 be an integer. Then the
curve C(n,3) given by the equation y™ = x* + x is mazimal over F 2 if and only if either
n=4and q=—-1,3 (mod 8), orn >4 and ¢ = —1 (mod 2n). In any case, the curve
C(n,3) is Fp-covered by the Hermitian curve.

Proof. First we consider the case n = 4 and m = 3. Here s = 4 x 2 = 8 and the result
follows from Propositions 4.10, 4.12, and Remark 4.5. Let n > 4 and thus s =n x 2. If
q¢ = —1 (mod 2n), the curve C(n, 3) is maximal over F,2 by Proposition 4.10. Conversely,
suppose that C(n, 3) is maximal over F,2. Then by Proposition 4.4, n is a divisor of ¢+ 1.
We want to show that 2n divides ¢ + 1. The only situation to be investigated is the
following;:

q+1 = 2"ty with ¢; an odd integer and n = 2"ty with t, a divisor of ;. But this case does
not occur. In fact, below we show that the curve C(2",3) is not maximal over F,2. Two
cases arise:

1. ais even. Here we have ¢+1 = 2t; where t; is odd. If the hyperelliptic curve y? = 2* 4z
of genus g = 1 is maximal over Fg 2, then from Proposition 4.3 we conclude that 4 divides
q + 1 which is a contradiction.

2. ais odd. In this case, if ¢ + 1 = 2"ty with ¢; odd, then we also have p+ 1 = 2"t with ¢
odd. Here we can assume r > 3. Next as the genus of C is g = 2" — 1 we fix the following
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basis for regular 1-forms
B = {w;; = 2y’ da/y® Y with 2" —4 — 2" — 35 > 0}.
Now as for any j we can write j — (2" — 1) = —(j + 1)p+ [(j + 1)t — 1]2", we get
C(wo ;) = C(yfde/y* 1) = (’S(y_(j“)py[(j*l)t‘”?’"dx) _
y~UHDE((2? + 2) UtV dr) = y_(jH)Egij&rl)bg(’:(x%“jﬂ)t_ldx) :
Now if we set j = 2! and ¢; = (2771t —t — 1)/2 we obtain
C(wpgr—1) = byywpar-1-9 # 0.
And if we set j = 27! —2 and f, = (277!t +t — 1) /2 we obtain

C(wo2r-1-2) = bywoar—1 # 0.

From Lemma 2.2 this is a contradiction because €*(wg or-1) is not zero. Thus we conclude
that the curve C(2", 3) is not maximal. O

We end up this paper by characterizing maximal curves of type C(4, 7).

Example 4.19. Let ¢ be a power of a prime bigger than 3. The curve C(4, 7) given by the
equation y* = 27+ r is maximal over F 2 if and only if ¢ = —1,7 (mod 24). In particular,
this curve is covered by the Hermitian curve.

We have that C(4,7) is maximal over F 2 provided that ¢ = —1,7 by Propositions 4.10
and 4.13. Conversely, if the curve C(4,7) is maximal over F 2, then Remark 4.5 implies
g = —1,7,11,19 (mod 24). Let ¢ = p® and assume that ¢ = 11,19 (mod 24). From
g = —1 (mod 4) it follows that p = 11,19 (mod 24) and a is odd. In these cases, we
show that €(w;) = wy and €(w;) = w; which means that €% # 0 for any d > 0. But we
know that if the curve C(4,7) is maximal over Fg, then €% = 0 where ¢ = p® by Lemma
2.2.

Let p =11 (mod 24) and set p = 24t +11. So 3p—1=4(18t+8) or (3p—1)/4 = 18t +38.
E(wr) = €(dr/y) = (™ ydr) = ye((aT + ) da)
= 3RSy ¢ (6188 ) — 02 /P = o,
since for ¢ = 9t + 4 we get 3p — 1 = 72t + 32 = 6(9t + 4) + 18t + 8.

Let p = 11 (mod 24) and set p = 24t + 11. So p —3 = 4(6t +2) or (p — 3)/4 = 6t + 2.
Thus

C(wr) = E(z?dx/y?) = C(yP 3y Pda) = y€((27 + 2)%222dx)
U EE () = drfy = o,
since for i = 3t + 1 we get p— 1 = 24t + 10 = 6(3t + 1) + 6t + 4.
Let p =19 (mod 24) and set p = 24t+19. So 3p—1 = 4(18t+14) or (3p—1)/4 = 18t+14.

Thus
C(wr) = E(da/y) = C(yP y dr) = y (@ + ) dr)
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= RIS @ (OIS gy — 02 /i = oy,
since for ¢ = 9t + 7 we get 3p — 1 = 72t + 56 = 6(9t + 7) + 18t + 14.

Let p = 19 (mod 24) and set p = 24t +19. Sop —3 =4(6t +4) or (p — 3)/4 = 6t + 4.
Thus
C(wr) = E(a?da/y’) = E(y" Py Pda) = y ' €((2” + z)" 2P dx)

=y X0, @ (255 ) = dwfy = wy,

since for i = 3t + 2 we get p — 1 = 24t + 18 = 6(3t + 2) + 6t + 6.
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