PERTURBED DAMPED PENDULUM:
FINDING PERIODIC SOLUTIONS

DOUGLAS D. NOVAES!

ABSTRACT. Using the equation of motion of the damped pendulum, we intro-
duce the averaging method on the study of periodic solutions of dynamical
systems with small perturbation. We provide sufficient conditions for the ex-
istence of periodic solutions of the perturbed damped pendulum with small
oscillations having equations of motion
6=—al—bd+ef(t,0,0),

where a > 0, b > 0 and ¢ are real parameters, with a = g/, g the acceleration
of the gravity, [ the length of the rod and b the damping coefficient. Here
the parameters b and € are small and the smooth function f is T—periodic in

t. The averaging theory provides a useful means to study dynamical systems,
accessible to Master and PhD students.

1. INTRODUCTION

Systems derived from the pendulum, gives to students important and practical
examples of dynamical systems, as we can see in the case of the weight-driven
pendulum clocks, which has had its historical and dynamical aspects studied by
Denny in a recent paper [1]. This system has been revisited by Llibre and Teixeira
in [2], who got the same result using averaging theory. These systems, some times,
has also been used to introduce mathematical concepts of classical mechanics, as
we can see in [3].

In this paper we will use the damped pendulum to introduce some concepts
and techniques of averaging theory, which help us to finding periodic solutions of
dynamical systems.

We consider a system composed of a point mass m moving in the plane, under
gravity force, in which the distance between a point and m is fixed and equal to [.
We also consider that the particle suffers resistance to movement proportional at
its velocity. This system is called damped pendulum.

The position of the pendulum is determined by the angle # shown in Figure 1.
The equation of motion of this system is given by

(1) = —asin(f) — bo,
where a > 0 and b > 0 are real parameters, with a = g/l, g the acceleration of the
gravity, [ the length of the rod and b the damping coeflicient.

We consider only the motion in the vicinity of the equilibrium (6,6) = (0,0),
i.e., we are only interested in small oscillations around this equilibrium. In this
case, we can approximate the value of sin(6) to 6, hence, the equation (1) becomes
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FIGURE 1. Pendulum.

Y

FIGURE 2. Attractor Node.

linear; moreover, denoting (z,y) = (6, ), the second order differential equation (1)
linearized, can be written as the linear system of first order differential equations

T =y,

j = —ax — by,

(2)
with the following eigenvalues

—b+ Vb2 —4a —b— Vb2 —4a
=—5 and )\2:—2 .

Note that for b2 > 4a the eigenvalues A\; and Ay are both negative, then the
singularity (z,y) = (0,0) is a attractor node, represented in the Figure 2. Now,
for b?> < 4a both eigenvalues A\; and Ao have the imaginary part different of zero
and negative real part, then the singularity (x,y) = (0,0) is a attractor focus,
represented in the Figure 3. Both cases are topologically equivalent. If we wouldn’t
consider the damping effect, i.e. b = 0, both eigenvalues A\; and Ay would be purely
imaginary, then the singularity (z,y) = (0,0) would be a center, represented in the
Figure 4. This last case is not topologically equivalent to the two cases above.
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FIGURE 3. Attractor Focus.
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FIGURE 4. Center.

To apply the averaging method, we take the damping coefficient b as a pertur-
bation parameter of the system assuming that b = €b. Then, in this case, the
unperturbed system is given by system (2) with b = 0, with the following eigenval-
ues

Al =iw and X\ = —iw,

where w = /a.

2. STATEMENTS OF THE MAIN RESULTS

The objective of this paper is to provide a system of equations whose simple
zeros provide periodic solutions of the perturbed damped pendulum with equations
of motion

(3) i=—av+e(-bi+ f(t,z,2)),

where ¢ is a small parameter and the smooth function f : R? — R is T-periodic in
t.
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2.1. Non-autonomous perturbation. Given z = (z9,y0) € R?, we define the
real functions

(4)
~ (bsin(2Tw) BT bsin?(Tw) 1T A
Fi(z) = (T - 7) Zo + —z Yo~ ;/0 sin(sw) f (s, e%z) ds,

) T . - T
Fa(z) = bsmﬁ(ﬂu)xo + (—% - g) Yo —|—/ cos(sw) f (s, e*z) ds.
0

A zero (z§,yg) of the system of equations

(5) ]'—1(330790) = 07 fQ(IanO) = Oa
such that
) ‘o
z=(z§,y5)

Our first main result on the periodic solutions of the damped pendulum with
small perturbation (3) is the following

et ( o7, 72)e)

is called a simple zero of system (5).

Theorem 1. Assume that the function f of the damped pendulum with small per-
turbation with equations of motion (2) is smooth and T —periodic in t, then fore # 0
sufficiently small and for every simple zero (x§,ys) # (0,0) of the system (3), the
damped pendulum with small non-autonomous perturbation (3) has a periodic solu-
tion x(t, ), such that (x(0,¢),2(0,e)) — (z§,ys) when e — 0.

Theorem 1 is proved in section 4. Its proof is based in the averaging theory for
computing periodic solutions, which has been explored in section 3.

Corollary 2. Assume that the function f of Theorem 1 has period T = (p/q)(27/w),
with p and q relatively prime positive integers. Then for € # 0 sufficiently small
and for every simple zero (x§,ys) # (0,0) of the system

2pm

Fi(z) = prbxo + /T sin(sw) f (s, e**z) ds = 0,
(6) _ Y
Fa(z) = Yo~ /0 cos(sw) f(s,e¥z) ds = 0,

the damped pendulum with small non-autonomous perturbation (3) has a periodic
solution x(t, ), such that (x(0,¢),£(0,¢)) — (z§,ys) when e — 0.

We provide an application of Theorem 1 in the following corollary.

Corollary 3. If f(t,x,2) = cos(wt), then the differential equation (3), for e # 0
sufficiently small, has one periodic solution x(t,x) such that

(@(0, &), #(0,¢)) — <o, %) ,
when € — 0.

The Corollaries 2 and 3 will be proved in section 6.
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FIGURE 5. Limit Cycle.

2.2. Autonomous perturbation. Consider the equation of motion of the damped
pendulum with small autonomous perturbation (3), with f(t,z, %) = f(x, &) given
by

f(z, &) = cra + cai + cza® + cud®,

where ¢1,c3 € R, ¢3 < b and ¢4 > 0. For € # 0 sufficiently small, this system has
one periodic solution, represented in the Figure 5.

For this system the functions Fi(x,y) and Fa(z,y) are given by

T (402w4 — 45&)4) mcy  3mesy®  3mesxly 3 3 3meaxy?
Filwy) = 405 W 4w 4w + gt + 4o

Y (402w2 — 4l3w2) mer  3mesy? 3resx® 3 3meqy®
Rley=——m—— te\ Gt ) T T Frreer vt T

then the system of equations (5) has a unique solution, and this solutions is the
trivial solution (zg,yo) = (0,0). It implies that the Theorem 1 is not efficient in
finding periodic solution in the autonomous perturbation case.

Given r > 0 and 0 < ¢ < 27, we define the real functions

(7) G(r) = —bwnr —l—/o i sin(p) f (r cos(ip), wr sin(p))dyp,

A zero rj; of the equation
(8) G(ro) =0,
such that d,.,G(rg) # 0, is called a simple zero of system (8).

Our second main result on the periodic solutions of the damped pendulum with
small perturbation (3) is the following

Theorem 4. Assume that the function f of the damped pendulum with small per-
turbation with equations of motion (2) is smooth and independent of t, then for
e # 0 sufficiently small and for every simple zero r§ # 0 of the equation (8), the
damped pendulum with small autonomous perturbation (3) has a periodic solution
x(t,e), such that for allt € R, |(x(t,¢),z(t,€))| — r{, when e — 0.
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Theorem 4 is proved in section 4. Its proof is based in the averaging theory for
computing periodic solutions, which has been explored in section 3.

We provide an application of Theorem 4 in the following corollary, which will be
proved in the section 6.

Corollary 5. If f(z,%) = c1x + coi + c32® + c4d® with c1,c3 € R, c3 < b and
cy > 0, then the differential equation (3), for e # 0 sufficiently small, has one
periodic solution x(t,z) such that

2 b— (6]

(@t ()] = =y

3

when € — 0.

3. AVERAGING THEORY

We present in this section a basic result known as First Order Averaging The-
orem. For a general introduction to averaging theory see for instance the book of
Sanders and Verhulst [4].

We consider the differential equation
(9) X =cF(s,X)+e2R(s,X,e)
where the smooth functions F1 : Rx U — R” and R: Rx U X (—¢yf,e5) — R™ are

T-periodic in the first variable and U is an open subset of R"™.
We define the averaged system associated with system (9) as

(10) Y(t) =efi(Y(s)),
where f; : U — R" is given by

T
(11) f(2) = /0 Fi(s, Z)ds.

We present, in the following theorem, the conditions for the singularities, of the
system (10), be associated with the periodic solutions of the differential system (9).

Theorem 6. Assume that for a € U with fi(a) = 0, there exist a neighbourhood
V of a such that f1(Z) # 0 for all Z € V — {a} and det(dfi(a)) # 0. Then, for
le] > 0 sufficiently small, there exist a T-periodic solution X (t,e) of the system (9)
such that X (0,e) — a as e — 0.

Theorem 6 can be announced with weaker hypothesis using Brower degree. For
a proof of Theorem 6 see [5].

4. PROOF OF THEOREM 1

In order to use the Theorem 6 in the proof of Theorem 1, we have to modify the
equation (3). Let’s take y = 4. If we denote

=) 4~( D) o= (i)

then the equation (3) can be written in a matrix form
(12) x = Ax +eF(t,x).
We define a new variable y(t) € R? by
¥(t) = e~ ix(o),
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where e4? is the matrix of fundamental solution of the unperturbed differential

system (12), i.e., e = 0. Note that y(0) = z(0).
The system (12) is written in the new variable y as

(13) y= sefAtﬁ'(t,y),

with F(t,y) = F(t,e?ty).
Now, we are ready to prove the Theorem 1.

Proof of Theorem 1. Assume that the smooth function f(¢,x) is T-periodic in ¢,
then the smooth function F(t,y) is also T-periodic in t. We shall apply Theorem
6 of the section 3 to the differential equation (13). We note that equation (13) can
be written as equation (9) taking

X=y, s=t F(t,y)=e AF(t,y) and R(ty,e)=0.
Given z = (79, y0) € R?, we define the averaged function f; : R? — R?2
T
fi(z) = / Fy(s,z)ds.
0

Proceeding with calculations we have

bsin(2Tw b bsin?(Tw T sin(sw) f(s, ez
fl<z><<bs <2T>_b_T)x0+bs (1), [ )l

N 4w 2 202 0T w o
bsin?(T bsin(2T b7 T
MIO + _bsin(2Tw) _ T Yo + / cos(sw) f(s,e*z)ds |,
2 4w 2 0

= (F1(2), F2(2)) -

Then, by Theorem 6 we have that for every simple zero (xf,ys) € V of the
system (5), there exist a periodic solution y(¢,¢) of the system (13) such that

yv(0,e) = (z(,y;) when e — 0.

It has proved the existence of a periodic solution x(¢,g) = (z(t,€),y(t,€)) of the
system (12) and consequently of the equation (3). As x(0) = y(0) it follows that

(o)~ G-

when € — 0. Hence Theorem 1 is proved.

5. PROOF OF THEOREM 4

Rescaling the time by 7 = wt, the equation (3) becomes
(14) 2" =—x+ef(t,r,2)

where now the prime denotes derivative with respect to the new time 7 and

flt,z,z") = é (—bwa' + f(t,z,wz’)) .
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In order to use the Theorem 6 in the proof of Theorem 4, we have to modify the
equation (3). Take y = 2/, then the second order differential equation (14) can be
written as the system os first order differential equations

/

r =Y,

15 _
(15) Y =—z+ef(t,x,y).

In polar coordinates

r=rcos(p), 1?=2a%+y>?

y =rsin(p), tan(p) =
with 7 > 0 and 0 < ¢ < 27, the system (15) becomes

' = esin(p)g(r, ),

o= 1+ ccosle)g(r ).
r

(16)

where g(r,¢) = f(r cos(p),rsin(p)).

Using ¢ as the new independent variable, the system (16) becomes

dr_ ersin(p)g(r,¢)
dp  ecos(p)g(r,) — 1’

Expanding the above expression in Taylor’s series near € = 0, we have

(17) ;l—r = —esin(p)g(r, ) — £” tan(yp)

5 Z (COS(<P)9(T5 90)) En72'

Tnfl
n=2

Now, we are ready to prove the Theorem 4.

Proof of Theorem 4. Assume that the smooth function f(¢,z, &) doesn’t depend of
the variable ¢, i.e, f(t,z,&) = f(x,2), then the smooth function g(r, ¢) also doesn’t
depend of the variable ¢ t. We shall apply Theorem 6 of the section 3. We note
that the equation (17) can be written as equation (9) taking

X=r s=¢, F(pr)=—sin(p)g(r,¢) and

R(p,r,e) = —tan(p) Z Mgnf27

Tnfl
n=2

Observe that the function Fj(p,r) is 2r—periodic in ¢, then the hypothesis, about
equation (9) of Theorem 6, are satisfied.

Given r > 0, we define the averaged function f; : R - R

27

fi(r) = ; Fi(p,r)de.
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Proceeding with calculations we have
2
filr) =— / sin(p)g(r, p)dep,
0
27 B
—— [ sine) (7 costi).rsin(e)) o
0

2
= —/O sin(go)% (=bwr sin(p) + f(r cos(p), wrsin(p))) de,

l_) o 1 2T
_ b, / sin®(p)di — / sin() (r cos(p), wr sin())dy,
a 0 @ Jo
_ 2w
_bor 1 / sinp(r cos(p), wr sin() ) dep,
a aJo
1
= —Eg(r)'

Then, by Theorem 6, we have that for every simple zero r§ for the equation (8),
there exist a periodic solution r(yp, ) of the equation (17) such that

r(0,e) = r; quando e — 0.

It has proved the existence of a periodic solution z(t, ) of the equation (3) such
that

[(&(t,€),2(t,€))| = 15,
for all t € R, when € — 0. Hence Theorem 4 is proved. (Il

6. PROOFS OF COROLLARIES

Demonstragdo do Coroldrio 2. We have that f(t,z, 1) is T-periodic with T' = (p/q)(27/w),
then T' = ¢T is also a period of the function f(¢,z, ). Since sin(27w) = 0, it follows

b7 1"
Fi(z) = ——uz0 — —/ sin(sw) f (s, e*z) ds,
2 w Jo
bT T As
Fa(z) = 5 Yo + cos(sw)f(s,e”%z) ds.
0

Note that the systems (6) is equivalent to the system
Fi(z) =0, Fa(z) =0,

because both equations only differs in a non—zero multiplicative constant. Hence,
applying the Theorem 1, the result of the corollary 2 follows. ([l

Proof of Corollary 3. We have that f(t,x, %) is T-periodic, with T = 27 /w, then
we can apply the Corollary 2. Proceeding with the calculations we get

. b

Fi(z) = ;x,

- br s
‘FQ(Z) = Ey - ;7

with

(w5.) = (0.7)
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as a solution of the system (6). Since
E- N2
ot (@) _ (b_w) |
0z w

it follows that (zf, y3) is a simple zero of system (6). Hence, applying the Corollary
2, the result of the corollary 3 follows. (|

Proof of Corollary 5. Proceeding with calculations we get
3 3

G(r)= Zw mwegr® — (b — ex)wrr,

a polynomial in r, whose zeros are

2 /b—
0 and =+— —02.

w 3¢y
Let’s take

b— C2

* 2
T‘O 304

since

d

—g(rg) = 2wm(b—c2) #0,

To
it follows that r§ is a simple zero of system (8). Hence, applying the Theorem 4,
the result of the corollary 5 follows. O

7. CONCLUSIONS

The averaging theory is a collection of techniques to study the persistence of
periodic orbits of a dynamical system under small perturbations.

In this paper, we present some of this techniques and we use it to give conditions
for the existence of periodic solutions of the equation of motion of the perturbed
damped pendulum. This problem is divided in two cases: non—autonomous pertur-
bation and autonomous perturbation. The same technique is used in both cases,
differing only in the preliminary treatment in each case before apply the first order
averaging theorem.

For the first case, the equation of motion is written as a system of two first order
differential equation, which the independent variable is the time. For the second
case, using polar coordinates, we approximate the equation of motion by a first
order differential equation independent of the time.

We get, in both cases, systems of equations that have their simple zeros asso-
ciated with periodic solutions of the equation of motion of the perturbed damped
pendulum. These relations are explicit in the theorems that we prove here.
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