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Abstract

Longitudinal item response data are characterized by examinees that are assessed
at different time points or measurement occasions such that time-specific measure-
ments are nested within examinees (Singer & Andrade (2000)). Besides the usual
nesting of response observations within examinees, the time-specific latent traits
are also nested within examinees, see Andrade & Tavares (2006) and Andrade &
Tavares (2005). In the well-known hierarchical modeling approach, the complex
dependencies due to the nested structure of the data are commonly modeled by in-
troducing random effects such that observations and latent traits are conditionally
independently distributed. However, the implied compound symmetry structure is
often not sufficient to model the complex time-heterogenous dependencies.

Therefore, a Bayesian general multivariate item response modeling framework is
proposed that accounts for the complex within-examinee latent trait dependencies.
Flexible parametric covariance structures are considered to model specific within-
examinee dependencies. Furthermore, it can handle many measurement occasions,
different item response functions, and different latent trait population distributions,
and generalizes the modeling framework of Andrade & Tavares (2005).

Due to identification rules and restricted parametric covariance structures, a con-
ditional modeling approach is pursued to specify proper priors for the unrestricted
parameters and to implement an efficient MCMC algorithm, by conditioning on
baseline population parameters. The study is motivated by a large-scale longitudi-
nal research program of the Brazilian Federal government to improve the teaching
quality and general structure of schools for primary education. It is shown that
the growth in math achievement can be accurately measured when accounting for
complex dependencies over grades using time-heterogenous covariances structures.
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1 Introduction

Longitudinal data are characterized by sample units that are followed along
different time points such that time-specific observations are nested within
the sample units (Singer & Andrade , 2000). This principle also holds for
longitudinal item response theory (LIRT), where the data consist of response
patterns of different examinees responding to different tests at different mea-
surement occasions (e.g. grades). Typically, in LIRT, besides the usual nesting
of response observations within subjects, within-examinee dependency is to be
expected since time-specific latent traits are nested within the examinee (An-
drade & Tavares , 2006).

Various longitudinal item response models have been proposed to handle
the nesting of time-variant measurements in subjects. The popular mixed-
effects regression modeling approach is often considered, where the subjects
are treated as random effects to model the between-subject and within-subject
variances. Conoway (1990) proposed a Rasch LIRT model to analyze panel
data and proposed a marginal maximum likelihood method (Bock & Aitkin
, 1981) for parameter estimation. Liu & Hedeker (2006) developed a compa-
rable three-level model to analyze LIRT data for ordinal response data. Eid
(1996) defined a LIRT model for polytomous response data. Douglas (1990)
analyzed longitudinal response data from a quality of life instrument using a
joint model, which consisted of Cox and the graded item response response
model.

In the mentioned work, the common assumption is made that the time-variant
measurements are conditionally independent given the subject’s time-invariant
mean latent trait level. The time-specific latent traits are assumed to be inde-
pendently normally distributed around the subject’s mean value. However, in
practice the within-subject latent trait dependencies are often not completely
modeled and the model errors are still correlated over time. Furthermore, the
basic assumption of conditional independence given the random subject effects
leads to a simple compound symmetry covariance structure for the errors. This
covariance structure, consisting of just two variance-covariance parameters, as-
sumes equal variances and covariances over time, which is most often not very
realistic.

Andrade & Tavares (2006) proposed a logistic three-parameter model for lon-
gitudinal dichotomous responses with a multivariate normal population dis-
tribution for the latent traits and different covariance matrices to model the
within-examinee dependency. They fitted the model using marginal maximum
likelihood estimation. In their modeling framework, the latent traits covariance
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structure models the between-subject and within-subject variances, where the
variances are allowed to vary over time. This model has two serious restric-
tions; the covariance structures are assumed to be time-homoscedastic and
the number of time-points is restricted to three. The limitation in the number
of time-points is due to the fact that multivariate integrals are evaluated us-
ing Gauss-Hermite quadrature techniques. Schilling & Bock (2005) suggested
adaptive quadrature or Monte carlo integration methods, depending on the
number of time-points, but this will still limit the model to Gaussian latent
trait distributions.

Motivated by the complex structure of a large-scale longitudinal assessment
study conducted by the Brazilian Federal government, a more general LIRT
model is proposed for multivariate dichotomous response data, which can han-
dle time-heterogenous latent trait correlations. At each time-point or measure-
ment occasion, the multivariate response observations are assumed to measure
a time-specific latent trait. At the level of observations, the time-specific la-
tent trait is considered to be a random effect. The dichotomous response ob-
servations are assumed to be conditionally independently distributed given
the random effect. The time-specific latent traits are assumed to be nested
within the subject. However, the subjects are not treated as random effects.
Instead, the time-specific latent traits are assumed to be multivariate normally
distributed, where different covariance structures can be used to capture time-
invariant and time-variant dependencies. In this general flexible framework,
the errors at the time-specific latent trait level are allowed to correlate and dif-
ferent variance-covariance structures are proposed to capture the time-specific
between-subject variability and time-heterogenous longitudinal dependencies
between latent traits. An important aspect is that the covariance matrices
considered allow for time-heterogenous variances and covariances.

A joint estimation procedure is proposed, where an MCMC algorithm is devel-
oped for estimating simultaneously all model parameters. A full Gibbs sam-
pling (FGS) algorithm is developed, which avoids the use of MCMC meth-
ods that require adaptive implementations, like the Metropolis-Hastings al-
gorithm, to regulate the convergence of the algorithm. Furthermore, Sahu
(2002) and Azevedo et al (2011) have shown that a FGS algorithm tends to
perform better, in terms of parameter recovery, than a Metropolis-Hastings
within Gibbs sampling algorithm when dealing with IRT models. The pro-
posed MCMC algorithm recovers all parameters properly and accommodates
a wide range of variance-covariance structures. The modeling framework is
extended with various Bayesian model-fit assessment tools to enable a full
Bayesian analysis of longitudinal item response data. Among other things,
a Bayesian p-value is defined based on a suitable discrepancy measure for a
global model-fit assessment and it is shown how Bayesian residuals can be
used to evaluate the normality assumptions.



This paper is outlined as follows. After introducing the Bayesian LIRT model,
the full Gibbs sampling method is given, which can handle different variance-
covariance matrices. Then, the accuracy of the MCMC estimation method as
well as the prior sensitivity are assessed. Subsequently, a real data study is
presented, where the data set comes from a large-scale longitudinal study of
children from the fourth to the eight grade of different Brazilian public schools.
One of the objects of the study is to analyze the student achievements across
different grade levels. The model assessment tools are used to evaluate the fit
of the model. In the last section, the results and some model extensions are
discussed, which includes the implementation of a guessing parameter.

2 The Model

One or more tests are administered to different examinees at different points
in time. At each time point ¢, ¢t = 1, ..., T, there are n; examinees and each test
has [; items. The tests have common items and the test design can be typed
as an incomplete block design. For a complete design, n, = n, Vt and the total
number of items equals I = Y°/_,. Dropouts and inclusion of students during
the study are allowed.

The following notation will be introduced. Let 6;; represent the latent trait
of examinee j (j = 1,...,n,) at time-point or measurement occasion ¢ (t =
1,....7), 0; = (01,...,0;7)" the vector of the latent traits of the examinee
J,and O = (01,...,07)" the vector of all latent traits. Let Yij: represent
the response of examinee j to item i (i = 1,....1), Y ;v = (Yijt,..., Y1)
the response vector of examinee j, Y ; = (Y*,,...,Y" )t the response vec-
tor of all examinees, Y = (Y ,...,Y" )t the entire response set and
(i, Y0, ¥', y")" the corresponding observed values, at time-point . Let ¢,
denote the vector of parameters of item i, ¢ = (¢},...,¢%)t the whole set of
item parameters, and 717y the vector with population parameters.

A general LIRT model will be proposed that consists of two stages. At the first
stage, a time-specific two-parameter IRT model is considered for the measure-
ment of the time-specific latent traits given observed dichotomous response
data. The item-specific response probabilities are assumed to be indepen-
dently distributed given the item and time-specific latent trait parameters.
At the second stage, the subject-specific latent traits are assumed to be mul-
tivariate normally distributed with a time-heterogenous covariance structure.
The general LIRT model is stated by:
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where F'(.) stands for a convenient cumulative distribution function with pa-
rameters ¢. The above framework includes the one-, two- and three- parame-
ter model using a probit, logit, log-log, Student t, skew probit, or skew probit
link function. In addition, at stage two, other latent traits distributions can
be considered such as the multivariate Student-t, multivariate skew normal,
multivariate skew Studen-t and finite mixture of multivariate normals.

Furthermore, Nr(pg, ¥g) denotes a T-dimensional normal distribution with
mean vector py and covariance matrix Wg. The within-subject dependencies
among the latent traits are modeled through the covariance matrix Wqy. Let

Mo, Y110y Y128) - -- ViT(0)
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po=| | Wo=| " . . ; (3)
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where g = (uh, v(Ve)")!, v(¥g) = vecd(Wy), vecd(.) stands for the different
elements of Wy. Note that a multivariate normal distribution with a flexible
variance-covariance structure is considered to model the within-subject latent
dependencies.

This flexible LIRT model, combined with MCMC estimation methods, can
accommodate incomplete designs, latent growth curves, collateral information
for latent traits, informative mechanisms of non-response, mixture structures
on latent traits and/or item and population parameters, and flexible latent
trait distributions, among other things. In addition, prediction of latent traits
between observed time-points and of future time-points are easily obtained
due to the conditional structure of the multivariate normal distribution. Also,
model fit assessment tools such as p-values based on posterior predictive dis-
tributions and discrepancy measures can be easily implemented.



2.1 A Restricted Unstructured Covariance Structure

The latent variable framework will require a reference time-point to identify
the latent scale. To accomplish that, the latent mean and variance of the first
time-point will be fixed to zero and one, respectively. Secondly, an incomplete
test design is required such that common items are administered at different
measurement, occasions. In this way, a common latent scale is defined across
measurement occasions.

The restrictions on the parameters of the latent trait distribution of the first
time-point complicate the specification of priors. In this latent variable frame-
work, a novel prior modeling approach will be followed to account for the re-
stricted covariance structure. Following McCulloh, Polson & Rossi (2000), a
parametrization of the latent trait’s covariance structure is considered. There-
fore, the following partition of the latent traits structure is defined,
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covariance structure is partitioned as,
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From properties of the multivariate normal distribution, Rencher (2002), it
follows that
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As a result, the Hg.Tfl) are conditionally multivariate normally distributed
given the first component 6;;, with an unrestricted covariance matrix. Equa-

tion (7) defines a linear multivariate regression model with independent vari-

able (61 — pg, ), intercept ,u,é 2 , and regression parameters 'gb (') The ma-

trix Wo(r_1) is an unstructured covariance matrix without any identifiability
restrictions, see Singer & Andrade (2000). As a result, the common model-
ing (e.g., using an Inverse-Wishart prior) and estimation approaches can be
applied for Bayesian inference, veja Gelman et al (2004).

For estimation purposes, the conditional distribution of the latent variables is
expressed as

9§?_1)|9ﬂ = ¢_1/2¢9(T_1) (051 — po,) + & = (8)

where

Yo = (V0,00 A0, o) (9)

In this way, the covariance and variance parameters,

(Yor-1): Porr—1)" (10)

define an one-to-one relation with the free parameters of the original covariance
matrix Wy. As a result, the estimates of the population parameters (¢, pp)
can be obtained from the estimates of Equation (10). The latent variable dis-
tribution of the first measurement occasion will be restricted to identify the
model. This is done by re-scaling the vector of latent variable values of the
first measurement occasion to a pre-specified scale in each MCMC iteration.
The latent variable population distribution of subsequent measurement occa-
sions are conditionally specified according to Equation (8), given the restricted
population distribution parameters of the first measurement occasion. Subse-
quently, the covariance parameters of the latent multivariate model are not
restricted for identification purposes, which will facilitate a straightforward
specification of the prior distributions.



2.2 Restricted Covariance Pattern Structures

The unstructured covariance model for the latent variables measured at dif-
ferent occasions will allow one parameter for every unique covariance term.
There are no assumptions made about the nature of the residual correlation
between the within-subject latent measurements over time. For unbalanced
data designs, small sample sizes with respect to the number of subjects and
items, and many measurement occasions, the unstructured covariance model
may lead to unstable covariance parameter estimates with large posterior vari-
ances. Furthermore, specific covariance pattern models can provide insight in
the residual correlation between latent measurements over time and account
for unexplained latent dependencies to improve the fit of the model.

By correctly modeling the subject-specific correlated residuals across mea-
surement occasions, more accurate statistical inferences can be made from the
mean structure. Here, time-heteroscedastic covariance structures are consid-
ered to model more complex patterns of latent residuals over time., where
population variances of latent measurements can be differ over time-points.

Among others, Hedeker & Gibbons (2006) and Fitzmaurice et al (2008) have
shown that the analysis of longitudinal multivariate response data require
more complex covariance structures to capture the often complex dependency
structures. Here, different covariance pattern models will be considered. For
all cases, the sampling design is allowed to be unbalanced, where subjects
can vary in the number of measurement occasions and response observations
per measurement. The measurement times can vary over subjects and are not
restricted to be equally spaced over subjects.

2.2.1 First-order heteroscedastic autoregressive model

The correlations between subject’s latent traits may decrease, when distances
between instants of evaluation increase for example. One of the most popular
covariance structures to capture such a decrease in correlation is the first-order
autoregressive, AR(1), which is given by,

Yy, Ve, \/7T92P9 /e, ¢9Tpgll ]
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where g = (g, , ..., Vo,)", 1, € (0,00) and py € (—1,1).

2.2.2  Heteroscedastic uniform model

This covariance structure allows for time-heteroscedastic variances over occa-
sions, but time-homogenous correlations overtime. The occasion-specific vari-
ance terms are used to construct the covariance terms but cancel out time-
specific correlation effects. The heteroscedastic uniform covariance matrix is
given by,
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2.2.8 Heteroscedastic Toeplitz model

In some settings, the covariance between subject’s latent traits of two noncon-
secutive instants will be equal to zero. This might be suitable when correlations
decay quickly due to relatively large time-spaces between non-consecutive mea-
surement occasions. This covariance pattern relates to the first-order moving-
average process of latent traits, and is represented by,

Y ¢9k1 ¢0k2p9k we% \/?ﬁTQk ¢93kp9k ... 0
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2.2.4 Hankel model

Opposite to a heterogenous toeplitz model, time-heterogenous variances and
correlations are specified while assuming a common covariance term. The vari-
ance terms specify the time-heterogenous correlations using a common covari-
ance term across occasions and measurements. Subsequently, relatively high



time-specific latent trait variances will specify a low correlation between them.
The Hankel covariance structure is represented by,
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2.2.5 First-order autoregressive moving-average model

As the first-order autoregressive AR(1) structure, correlations between sub-
ject’s latent traits decrease as long as the distances between the instants of
evaluation increase. However, the decrease is further parameterized due to the
additional covariance parameter vy.

This covariance matrix, denoted as ARMA(1,1), represents an extension of
an AR(1) structure since allows a more flexible modeling of the time-specific
correlations. The ARMA(1,1) covariance matrix is represented by,
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2.2.6 Ante-dependence model

The last covariance structure model that will be considered is specifically use-
ful when time points are not equally spaced and/or there is an additional
source variability present. The ante-dependence model implies that the corre-
lations decrease as long as the distance between time-measurements increase.
This structure has more parameters than the ARMA(1) and supports a more
dynamic modeling of covariance patterns. It is represented by,
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3 Bayesian inference and Gibbs sampling methods

The marginal posterior distributions comprise the main tool to perform Bayesian
inference. Unfortunately, it is impossible to obtain closed-form expressions of
the marginal posterior distributions. An MCMC algorithm will be used to ob-
tain samples from the marginal posteriors, see Gamerman & Lopes (2006).
More specifically, we will develop a full Gibbs sampling (FGS) algorithm to
estimate simultaneously all parameters.

MCMC methods for longitudinal and multivariate probit models have been
developed by, among others, Chib & Green (1998), Chib & Carlin (1999),
Imai & van Dyk (2005), and McCulloh, Polson & Rossi (2000). A particular
problem in Bayesian modeling of longitudinal multivariate response data is the
prior specification of covariance matrixes. When covariance parameters are not
functionally dependent, an Inverse-Wishart distribution is the most suitable
option, see Tiao & Zellner (1964). When this is not the case, the specification
of an appropriate prior becomes complicated. In the present case, identification
rules impose restrictions on the latent trait distribution. Therefore, the prior
distribution for Wy should take this restriction and other functional depen-
dencies into account. To accomplish that, the covariance structure is modeled
conditionally given the population parameters of the first measurement occa-
sion. Following McCulloh, Polson & Rossi (2000), this approach supports a
proper implementation of the identifying restrictions and a full Gibbs sampling
implementation.

We will consider prior distributions which lead to conditional conjugate fami-
lies, see Gelman et al (2004) and Gelman (2006). According to the approach
presented in Section 2, the parameters of interest are (pg, 1o, , Yor_1y, orr_1))"-

Conjugate priors are specified as,
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where IG(vp, ko) stands for the inverse-gamma distribution with shape pa-
rameters vy and scale parameter kg, [Wr_i(veg, ¥g) stands for the inverse-
Wishart distribution with degrees of freedom g and dispersion matrix Wy.

The prior for the item parameters is specified as

P (Ci = (as bi) | pe, \IIC) X exp (—0.5 (Ci _ ”c)t \1151

X (Ci - Hc) ) 1 (a;>0), (21)

where p. and W are the hyperparameters, and 1 the indicator function. The
hyperparameters are fixed and often set in such a way that they represent
reasonable values for the prior parameters.

In order to facilitate an FGS approach, and to account for missing response
data, an augmented data scheme will be introduced, see Albert (1992). An
augmented scheme is introduced to sample normally distributed latent re-
sponse data Z, given the discrete observed response data; that is,

Zijt|(9jt7 Ci, Yz’jt) ~ N(aiejt - bi7 1)7 (22>
where Yj; is the indicator of Z;;; being greater than zero.

To handle incomplete block designs, and indicator variable I is defined that
defines the set of administered items for each occasion and subject. This in-
dicator variable is defined as follows,

1, item ¢ administered for examinee j at time point ¢
0, missing by design,

The not selective missing responses due to uncontrolled events as dropouts,
inclusion of examinees, nonresponse, or errors in recoding data are marked by
another indicator, which is defined as,

12



1, observed response of examinee j at time point ¢ on item 4
Vijt = _ 24)
0, otherwise,

It is assumed that the random missing data are missing at random (MAR),
such that the distribution of patterns of missing data does not depend on the
unobserved data. When the MAR assumption does not hold and the missing
data are non-ignorable a missing data model can be defined to model explicitly
the pattern of missingness. In case of MAR, the observed data can be used to
make valid inferences about the model parameters.

Under the above assumptions, the joint distribution of (Z’, V")’ (conditioned
on all other quantities) is given by

E’i

p(z...7 'l)’:_l/, Cu 0..7 ?79 (8
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Given the augmented data likelihood in Equation (25) and the prior distri-
butions in Equations (2), (21), (17), (18), (19), and (20), the joint posterior
distribution is given by:

p(0., ¢, ko, Yor—1); Cor-1|z..y.)xp(z.10..¢y. )p(6. |n,)
X p(Clre, ¥e)p(ne)- (26)

This posterior distribution (26) has an intractable form but, as shown in the
Appendix, the full conditionals are known and easy to sample from. Let (.)
denote the set of all necessary parameters. The full Gibbs sampling algorithm
is defined as follows:

(1) Start the algorithm by choosing suitable initial values.
Repeat steps 2-10.
2) Simulate Z,j; from Z;; | (), t=1,..,T,i=1,..,1,j7=1,...n.
3) Simulate 8; from 6; | (.),j=1,...,n
4) Simulate ¢; from ¢, | (1), 1 =1,...,L.
5) Simulate pg from pg.
6) Simulate vy, from wp, | (.).
7) Simulate $gr_q) from gr_qy | ().
8) Simulate ‘I’g(T_l) from \I’g(T_l) | ( )
9) Compute the unstructured covariance matrix Wo(r_1y + ¢9(T71)’¢)t0(T_1).

(
(
(
(
(
(
(
(
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(10) Compute specific covariance pattern model parameters given sampled
unstructured covariance parameters.

To handle the restriction ug, = 0, the expression in Equation (6) is used to

simulate y,,(gT_l). To simulate (pg,, Vg, ), the following decomposition is used,

p(8]n) = p(8'" " ng)p(0;1|m5,).

To identify the model, the scale of the latent variable of measurement occasion
one is transformed to mean zero and variance one. It is also possible to restrict
the parameters (g, , 1y, ) to specific values.

In Step 9, MCMC samples of Wg(r_;) are drawn from an inverse Wishart
distribution, and each sampled covariance matrix is restricted to be positive
definite. Now, the following relationship can be defined,

det(Wo) = det(ty, )det (Wg' " — g by apg ™™V = iy det(Worr ),

using Equation (4) and a property of the determinant of block matrices. As
a result, the det(Wy) is larger than zero since the determinant of Wor_y) is
larger than zero and vy, is not equal to zero. This implies positive definite
samples of Wy.

In this MCMC implementation, different covariance patterns can be consid-
ered, which are treated as restricted versions of the most general restricted
unstructured covariance matrix. That is, in each MCMC iteration, a specific
covariance pattern model parameters is computed using the sampled unstruc-
tured covariance parameters. This is based on the notion that the different co-
variance patterns are nested in the most general unstructured pattern. There-
fore, in MCMC Step 10, parameters of a specific covariance structure are
computed. The simulated covariance matrices will be positive definite, since
they are based on a positive definite unstructured covariance matrix. The
selection of the most optimal covariance structure will be accomplished us-
ing Bayesian measures of model complexity as in Spiegelhalter et al (2002),
pseudo-Bayes factors as in Kass & Raftery (1995), or using reversible Jump
MCMC algorithms, see Azevedo (2008).

4 Simulation study

Convergence properties and parameter recovery will be analyzed using simu-
lated data. The following hyperparameter settings were used in the simulation
study:

14



,qu = OT_1 s \I’,(/, = TIT_1 (27)
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and the hyperparameters for the item parameters were specified as: p1¢ = (1,0)
and ¥, = diag(0, 5; 3.0).

4.1  Convergence and autocorrelation assessment

Following Gamerman & Lopes (2006), the convergence of the MCMC algo-
rithm was investigated by monitoring trace plots generated by three different
sets of starting values, and by evaluating Geweke’s and Gelman and Rubin’s
convergence diagnostics.

Responses of n = 1000 examinees were simulated for three measurement oc-
casions. At each occasion or time point, data were simulated according to a
test of 24 items. There were six common items between test one and two, and
six between test two and three. For each examinee, in total 60 items were
administered.

The latent traits were generated from a three-variate normal distribution with
tg = (0,1,2). The within-subject latent traits were assumed to be correlated
according to an AR(1) covariance structure, where ¢y = (1,0.9,0.95) and
pe = 0.8. This implies a latent growth in the mean structure, variable latent
variance across time, and a strong within-subject correlation over time.

Following DeMars (2003), the sampled latent traits were transformed to the
scale of the simulated latent traits according to

v =Chol (¥g,) Chol (Se,)”" (e;k_ _ ak) + s,

where O;k_ are the transformed latent traits, ) and Sy, are the sample mean
vector and covariance matrix, respectively, and Chol stands for the Cholesky
decomposition.

Figure 1 represents trace plots of latent trait population parameters for oc-
casions two and three. The population parameters of time point one were
fixed for identification. Figure 2 represents trace plots of parameters of two
randomly selected items. Sampled values were stored every 30th iteration.
The MCMC sample composed by storing every 30th value showed negligible
autocorrelation. Posterior density plots (not shown) using the sampled values
showed that symmetric behavior of the posteriors, which support the posterior
mean as a Bayesian point estimate.
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In each plot, three different chains are plotted, which correspond to three dif-
ferent initial values. From a visual inspection it can be concluded that within
100 (thinned) iterations each chain of simulated values reached the same area
of plausible parameter values. Each MCMC chain mixed very well, which in-
dicates that the entire area of the parameter space was easily reached. The
Geweke diagnostic, based on a burn-in period of 16,000 iterations, indicated
convergence of the chains of all model parameters. Furthermore, the Gelman-
Rubin diagnostic were close to 1.00, for all parameters. In general it can be
concluded that convergence can be established easily without requiring infor-
mative initial parameter values or long burn-in periods.
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Fig. 1. For different starting values, trace plots of the simulated values of the pop-
ulation parameters.

4.2 Parameter recovery

The linked test design contains 60 items such that 120 item parameters need
to be estimated and 3,000 person parameters. The general population model
for the person parameters lead to an additional set of 5 parameters. De Ayala
& Bolesta (1999) suggest to consider around 1,200 subjects per item to obtain
accurate parameter estimates. Here, 1,000 responses per item were simulated
since the specification of a correct prior structure of the LIRT becomes more
important when less data are available. Furthermore, the characteristics of the
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Fig. 2. For different starting values, trace plots of the simulated values for parameters
of item 4 and 33.

real data study described further on, will resemble those of the simulated data
study.

Different statistics were used to compare the results: correlation (Corr), mean
of the standard error (MSE), the squared bias (SBias), the variance (Var)
and the root mean squared error (RMSE). To evaluate the accuracy of the
MCMC estimates, a total of ten replicated data sets were generated, which
was based on Azevedo & Andrade (2010) and De Ayala & Bolesta (1999).
For the item and latent trait parameters, average statistics were computed
by averaging across data sets, and items and persons, respectively. Accurate
results are related to high values of the correlation and small values for the
other statistics.

Table 1 represents the results for the latent traits and item parameters. The
estimated values of the statistics indicate that the MCMC algorithm recov-
ered all parameters properly. Furthermore, the estimated posterior means of
the discrimination and difficulty parameters were also close to the true values.
Similar conclusions can be drawn about the estimates of the latent trait pop-
ulation parameters, see Table 2. The estimated posterior means are close to
the true values, and the biases are relatively small. Therefore, we can conclude
that the MCMC algorithm recovered all parameters properly. In addition, the
results obtained by using other values for the hyperparameters for the prior
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distributions of the population parameters were very close to that ones pre-
sented. This indicate that the model is not sensitive to the choice of the prior
distributions.

Table 1

Replication study: Results for the estimated latent trait and item parameters.

Parameter Statistic
Corr SE SBias Var RMSE
Latent trait 994 280 022 .080 319
Discrimination  .983 .094 .001 .010 105
Difficulty 999 121 .004 .020 154
Table 2
Replication study: Results for the estimated latent trait population parameters.
Parameter Statistics
M. Est. SE SBias Var RMSE
o, 994 046 < .001 < .001 .026
o, 1.998 .079 .002 .002 .063
(PR .896 .079 .003 .003 076
Vo, 1.001 .110 .007 .005 113
Po 797 012 < .001 < .001 .008

5 The Brazilian School Development Study

The data set analyzed stems from a major study initiated by the Brazilian
Federal Government known as the School Development Program. The aim
of the program is to improve the teaching quality and the general structure
(classrooms, libraries, laboratory informatics etc) in Brazilian public schools.
A total of 400 schools in different Brazilian states joined the program. Achieve-
ments in mathematics and Portuguese language were measured over five years
(from fourth to eight grade of primary school) from students of schools selected
and not selected for the program.

The study was conducted from 1999 to 2003. At the start, 158 public schools
were monitored, where 55 schools were selected for the program. The sampled
schools were located over six Brazilian states with two states in each of the
Brazilian regions (North, Northeast, and Center West). The schools had at
least 200 students enrolled for the daytime educational programs, were located
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at urban zones, and offered an educational program to the eighth grade. At
baseline, a total of 12,580 students were sampled. From 2000 to 2003, the
cohort consisted of students from the baseline sample who were approved to
the fifth grade and did not switch schools. Students enrolled in the fifth grade
but coming from another school, and students not assessed in former grades
constituted a second cohort, which was followed the four subsequent years.
Other cohorts were defined in the same way. The longitudinal test design
allowed dropouts and inclusions along the time points. Besides achievements,
social-cultural information was collected. The selected students were tested
each year.

In the present study, mathematic performances of 1,500 randomly selected
students, who were assessed in the fourth, fifth, and sixth grade, were consid-
ered. A total of 80 test items was used, where 23, 26, and 31 items were used
in the test in grade four, grade five, and grade six, respectively. Five anchor
items were used in all three tests. Another common set of five items was used
in the test in grade four and five. Furthermore, four common items were used
in the tests in grade five and six.

In an exploratory analysis, the Multiple Group Model (MGM), described in
Azevedo et al (2011), was used to estimate the latent student achievements
given the response data. The MGM for cross-sectional data assumes that stu-
dents are nested in groups and latent traits are assumed to be independent
given the mean level of the group. The specific within-subject dependencies
due to the longitudinal nature of the study is ignored. Pearson’s correlations,
variances, and covariances were estimated among the vectors of estimated la-
tent traits corresponding to grade four to six. The estimates are represented
in Table 3.

The results show significant between-grade dependencies. That is, the la-
tent traits are not conditionally independently distributed over grades given
the grade-specific means. The estimated variances increased after grade four,
which indicates the presence of time-heterogenous variances. Furthermore,
given the estimates of covariances, time-heteroscedastic covariances and time-
decreasing correlations are to be considered to account for within-subject
(between-grade) dependencies among latent traits. Therefore, the LIRT model
was estimated using the AR(1) covariance structure, among others, to account
for the specific dependencies.

The general LIRT model with different covariance structures was used to
model the response data. First, attention was focused on selecting the op-
timal covariance structure. Second, a more detailed model fit assessment was
carried out using the selected covariance structure. Different model selection
criteria were used to identify the most suitable covariance structure. Table
4 represents the estimated number of parameters, AIC, BIC, and DIC, for

19



Table 3
Estimated posterior variances, covariances, and correlations among estimated latent
traits are given in the diagonal, lower and upper triangle, respectively

Grade four Grade five Grade six

Grade four 1.000 723 .629
Grade five .659 1.152 .681
Grade six .540 .641 1.071

each covariance structure. The information criteria are represented such that
a smaller value corresponds to a better model fit. Although the differences are
relatively small, the heterogenous uniform covariance structure describes best
the latent dependency structure.

gjliiiig the optimal covariance structure: Estimated Bayesian information criteria
Model PD E(AIC) E(BIC) E(DIC)
Uniform 3484.07 147603.06 148331.89 150935.13
Toeplitz 3486.19  147607.58  148336.41 150941.77
AR(1) 5350.19  156834.32  157563.15  162032.51
ARMA(1.1) 3488.93  147618.15  148346.98  150955.08
Hankel 3489.30  147612.24  148341.07  150949.54

Ante-dependence  3485.94 147609.86 148338.70 150943.80

Different model fit assessment tools, based on posterior predictive densities of
different quantities were used to evaluate the LIRT model with a heteroge-
nous covariance structure. The p-value based on a chi-squared distance, and
predictive distributions of latent scores and Bayesian latent residuals were
considered, see for more details about the posterior checks Azevedo (2008)
and Azevedo et al (2011).

The Bayesian p-value was p = .482, which indicates that the model fitted
well. In addition, the observed scores fall almost all within the credible in-
tervals for each grade, except for observed scores equal to 20 in grade four,
see Figure 3. Figure 4 represents an estimated quantile-quantile plot of the
latent trait residuals of each grade. In general, from visual inspection follows
that the assumed normal probability distribution in each grade seems to be
appropriate.

Table 5 represents the population parameter estimates and 95% credible in-
tervals of the three grade levels while accounting for a uniform heterogenous
correlation structure among latent traits. A significant growth in latent trait
means was detected given the non-overlapping credible intervals. As expected,
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the mean growth of math achievement over grade years is significant. The
within-grade variability is relatively small, but the between-grade correlation
is significant. Each within-examinee latent growth was computed, while ac-
counting for the complex dependencies, which showed a comparable pattern
compared to the mean latent growth over grade years.

Table 5
Population parameter estimates and 95% credible intervals

Mean Variance
Grade Mean SD CI 95% Mean SD CI 95%
four (Reference) 0 - - 1 - -
five 242 042 [.159,.327] 1.038 .079 [.890, 1.195]
six 760 050 [.672,.866] 972 082 [.821,1.144]
Correlation

- 0.864 .009 | .847, .881]

Finally, Figures 5 and 6 represent the posterior means and 95% credible in-
tervals of the item discrimination and difficulty estimates, respectively. The
discrimination parameter estimates are relatively low, where approximately
50% of the items have sufficient discriminating power. In addition, by com-
paring the difficulty parameter estimates with the population mean estimates,
it follows that the tests were relatively easy, since most of the difficulty val-
ues are below zero. To obtain more accurate estimates of latent growth of
well-performing and excellent examinees, more difficult test items are needed.
The relatively easy items led to skewed population distributions (see Figure
3), where a lot of students performed very well, which makes it difficult to
accurately measure the math performances of these students. However, note
that the within-examinee dependency structure over time contributes to an
improved estimate of subject-specific latent trait, since it supports the use of
information from other grade years to estimate the achievement level.
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Fig. 5. Posterior means and HPD interva Is for the discrimination parameters

Difficulty parameter




6 Conclusions and Comments

A longitudinal item response model is proposed, where the within-examinee la-
tent trait dependencies are explicitly modeled using different covariance struc-
tures. The time-heterogenous covariance structures allow for time-varying la-
tent trait variances, covariances, and correlations. The complex dependency
structure across time and identification issues lead to restrictions on the co-
variance matrix, which complicates the specification of priors and implemen-
tation of an MCMC algorithm. By conditioning on a reference or baseline
group, an unrestricted unstructured covariance matrix was specified given the
baseline population parameters. Furthermore, the restricted structured covari-
ance models were handled as restricted versions of the unstructured restricted
covariance model, which was explicitly used in the developed MCMC method.

The developed Bayesian methods include an MCMC estimation method, and
different posterior predictive assessment tools. In a simulation study, the MCMC
algorithm showed a good recovery of the model parameters. The assessment
tools were shown to be useful in evaluating the fit of the model.

Various model extensions of the LIRT model can be considered. The latent
variable distribution is assumed to be multivariate normal. This can be ad-
justed for example by using a multivariate skewed latent variable distribution
to model asymmetric latent trait distributions. Furthermore, the skewed la-
tent variable approach of Azevedo et al (2011) could be used. The extension
to nominal and ordinal response data can be made by defining a more flexible
response model at level 1 of the longitudinal model. Dropouts and inclusions of
examinees were not allowed in the present data study. A multiple imputation
method could be developed to support this situation, see Azevedo (2008).
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8 Appendix
e Step 1 : Simulate the augmented data by using Z;;:|(.), according to equa-

tion (22).
e Step 2 : Simulate the latent trait, independently, by using,
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0,1(.) ~ Nr(Tg,0;,%s,)

where
gj = Z aibilT -+ Z aizij, + ‘I’;ll,l,g,
S i€l
~1
To =Y I+ 9, | |
€154
(& ZZ‘]‘_ = (Zijla Ce 7ZijT)t. P
e Step 3 : Simulate the item parameters by using ¢;|(.) ~ N(¥¢.¢;, ®e,),

mutually indepedently, where

T t 1\t

. :(H H; +¥; ) :

where 11; is an n x 2 indicator matrix with rows equal to the 0 or 1 vectors
according to the subject j in the time-point ¢ answers or not the item ¢
and “e” denotes the Hadamard’s product, which pointwisly multiples the
elements of matrices of same dimension, see Horn & Johnson (1991).

e Step 4 : Simulate the population mean vector by using

:u91|(') ~ N(ﬁGU ¢u) ,
T—1 ~ e
15" | (poy () ~ N (Frgir—1ys @ )

where

. e _ P . T-1
/'1’9:\1]912014_@01“02(M917M927---7N9T> (/1’917/1’(0 )) ’

j=1
~  ~t(T-1)
= 1 —1\ ! Yu Py
v, = (”‘I’B +‘I’u ) = | ~(r-1) —(T-1) | >
¢u ‘I’u
_ = - - (T—1)\¢
IJ’BZ\I’MMO = (M917M027"'7M9T) (M@NM’B ) )

- T—1) -
Hor—1) = iy Y+ ¢ ¢ (u91 — fig, ) ,
— (T o~ —1) ~¢(T—1)
V-1 = -, ¢ ¢
e Step 5 : Simulate the first time point variance by using 1y, |(.) ~ IG(y, Ro),
where

N+

U1 = 2 )

5051 — pey)? F ko
K1 = .

2
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e Step 6 : Simulate the vector of covariances by using g (r_1) ~ NT,l(/\Iszpr, /\I7¢),
where

0 —1/2 4 — = T-1 T-1 -
‘:bw :%1 / ‘I’9(1T—1) Z (05 ) — llq(9 )> (93'1 - Mel) + \Il'(,bll'l’qpa
j=1

n

1
Uy, = (%11‘1’5&_1) (051 — p,)” + %1) :

j=1
e Step 7 : Simulate the covariance matrix Wor_1y ~ IWrp_; (D, /\17\1,), where

/V\‘Il:n—’_y‘l’a

Uy =Wy + Zn: (9§:T_1) - Ne(:rq)) <9§:T_1) - Ma(TA))t :

J=1

e Step 8 : Calculate the original covariance matrix by using (4) and \Ilng_l) =

Worr—1) + Yo Por—1)-
e Step 9 : Calculate the population variances by using

(Yo, - - - ;%T)t = l/)Z(T_U = Dmg(‘I’e(T—l) + 1/’0(T—1)¢2(T—1)) ) (30)

where Diag extracts the main diagonal of a square matrix.
e Step 10 : Calculate the correlation coefficiente by using

1

P=Tq

. o\ 1/t
17y (‘/’o(T—n * (Yor_1)) 1/2) ; (31)
where g r_y) is given by (30).

The Steps 9 and 10 above, concern the AR(1) matrix. The respective calcula-
tions for the other matrices are straightforward, see Azevedo (2008).
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