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Abstract

The multiple group IRT model (MGM) proposed by [4] provides a useful
framework for analyzing item response data from clustered respondents. In
the MGM, the selected groups of respondents are of specific interest such
that group-specific population distributions need to be defined. An usual
assumption for parameter estimation for this model, is to assume that the
latent traits are random variables which follow possibly different symmetric
normal distributions. However, many works suggest that this assumption
does not apply in many cases. Furthermore, when this assumption does not
hold, parameter estimates tend to be biased and misleading inference can re-
sult. Therefore, it is important to model the distribution of the latent traits
properly. In this paper we present an alternative latent traits modeling, for
multiple group framework, based on the so-called skew-normal distribution,
see [27]. We name it SMGIRT model (skew multiple group IRT model). It
extends the approach proposed by [1], [4] and [23] (concerning the latent trait
distribution). We use the centred parameterization, which was proposed by
[20]. This approach ensures model identifiability as pointed out by [10]. We
propose and compare, concerning convergence issues, two MCMC algorithms
for parameter estimation. A simulation study was performed in order to as-
sess parameter recovery for the proposed model and the selected algorithm
concerning convergence issues. The results reveals that our proposed algo-
rithm recovers properly all model parameters. Furthermore, we analyzed a
real data set which presents indication of asymmetry concerning the latent
traits distribution. The results obtained by using our approach confirmed
the presence of negative asymmetry of the latent traits distribution. More-
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over, our model outperforms the usual symmetric normal MGM, leading to
different conclusions concerning parameter estimation.

Keywords: Ttem Response Theory, centred skew-normal, bayesian
estimation, model identifiability, multiple group model, MCMC algorithms

1. Introduction

In educational assessment, clinical trials, bioassays among other fields,
it is common to observe examinees (subjects) from different groups. Com-
monly, groups can be characterized by gender, grade, social level, and so on.
It is typically the case that group heterogeneity can reflect varying individual
behavior. Therefore, it is important to take such heterogeneity into account.
Attention will be focused on applications where the number of groups is lim-
ited and/or there is a specific interest in the sampled groups. The popula-
tion distribution representing the clustered respondents completely specifies
the distribution of respondents in each group, and no assumptions will be
made about groups that are not selected. Then, inferences can be made
with respect to the sampled groups but not at some higher levels of groups
population.

[4] developed an IRT model where each group has a specific latent trait
distribution. This multiple group model (MGM) has an additional set of
parameters: multiple population parameters, which characterize the latent
population distributions. A typical assumption for parameter estimation on
this model, is to assume that the latent traits are random variables which
follow a possibly different symmetric normal distributions (with possible dif-
ferent population parameters). However, this assumption can be unrealistic.
For example, [5] shows that for many psychometric data sets the normality
assumption of the latent traits distribution does not hold and it is considered
only by convenience. The works of [8] and [9] also present data sets where
the normality and even the symmetry assumptions are questionable. Such
assumptions are also questioned by [6]. Another example can be found in
[23]. Lack of normality of the latent traits distribution is related to the pres-
ence of at least one of the following characteristics: asymmetry, heavy tails
and a kurtosis different from that of the normal distribution.

On the other hand, many works in the literature present evidence that
lack of normality of the latent traits distribution can lead to biased estimates.
One of the first works is [12], where it is shown, for dichotomous models,



that misspecification of the ability distribution can have significant impact
in both item parameters and latent trait estimates. The marginal maximum
likelihood (MML) method is considered (see [29]), to estimate the item pa-
rameters. Also, [13] obtained similar conclusions for these models, not only
concerning departures from normality of the latent traits distribution, but
also concerning lack of latent traits unidimensionality. They provided strong
evidence that the absence that lack of normality for the latent traits can lead
to biased item parameter estimates. Results obtained by [14], [15] and [16]
for the nominal response models indicated that the latent traits distribution
accounts for a reasonable percentage (around 40%) of the variability in the
accuracy of item parameter estimates. Moreover, as outlined in [7], when the
shape of the latent traits distribution (normal distribution, for example) is
appropriate but the hyperparameters do not match, biased results can oc-
cur. Furthermore, even though suitable choices of prior distributions of the
item parameters can attenuate the bias induced by the lack of some of the
aforementioned assumptions, the impact of non-normality of the latent traits
distribution is still significant, see [17], [18] and [19], for example.

The main goal of this work is to use a skew-normal distribution to model
the latent traits in an IRT multipel group framework. We consider the cen-
tred parameterization (CP) of this distribution (see (4)), defined by [20],
given that this parameterization ensures model identifiability, as established
by [10]. Under this framework, it is possible to account for asymmetric behav-
ior of the latent traits distribution in a straightforward way. In addition, we
develop a MCMC framework to estimate all parameters concurrently based
on an augmented data scheme with a Metropolis-Hastings within Gibbs sam-
pling algorithm. Finally, some model fit assessment tools are considered to
compare our model with the usual one (two parameter probit model with
symmetric normal distribution for the latent traits). Our model extends the
models proposed by [4], [1] and [23] (in terms of the latent trait distribution).

This article is organized as follows. In Section 1, we presented a literature
review and the goals of this work. In Section two, we present the model and
study aspects concerning its identifiability. In Section 3 two MCMC algo-
rithms are developed to fit the model. In Section 4 we perform a simulation
study and in Section 5 we conduct a real data analysis. Finally, in Section 6
we present some conclusions, comments and suggestions for future research.
The main conclusion is that the model proposed can be useful in dealing with
multiple groups IRT data.



2. The Multiple Group Model with centred skew normal latent
trait distributions

In this paper, we deal with situations where one or more different tests are
administered to the (randomly selected) examinees of each group. The tests
have common items and the structure can be recognized as an incomplete
block design, see [35]. We will assume that each group has a reasonable
number of subjects. In summary, we are dealing with a set of n examinees
clustered in K groups, with n; examinees in group k, and n = Zszl ng. The
examinees within group k answer [ items, and Zszl I < I, where I is the
total number of items.

The following notation will be introduced: 6j; is the latent trait of ex-
aminee j (j = 1,...,ng,) belonging to group k£ (k = 1,...,K), 0, =
(0;1,...,0;5)" is the vector of latent traits of the examinees of group k,
and 0 = (01,...,0 )" is the vector with all latent traits; Y;; corre-
sponds to the response of examinee j, of group k to item ¢ (i = 1,...,1),
Y v = (Yijk,---,Yrjx)' is the response vector of examinee j in group k,
Y=Y, .. ,Ylk,g)T is the response vector of all examinees of group
LY. = (Y, . .. ,YILk')T is the whole response set and (y),...,yJ, )"
are the observed values; (, is the vector of parameters of item i, { =
(¢{,...,¢])" is the whole set of item parameters, 1, is the vector with
the population parameters k£ and 1, = (n;rl, e ,ngK)T is the whole set of
population parameters.

When modeling the grouping structure of subjects using group-specific
normal population distributions for the latent traits, the SMGIRT model can
be seen as a natural extension of the two-parameter (probit) item response
multiple group model, which is represented by,

Vi | (031:¢) ~ Bernoulli(Py)
Pijr = P(Yije = 1| 01, ¢;) = P(aibje — b;) (1)
9jk|"79k ~ SNC(NQM ng> ’YQk)a (2)

where ®(.) stands for the cumulative normal function. In this parametriza-
tion, the difficulty parameter b; = a;b] is a transformation of the commonly
used difficulty parameter denoted as b;. In addition, i, = (ugk,agk,fygk),
SNe(pa,, 05,,76,) stands for a skew normal distribution under the centred
parameterization, with mean p, , variance ogk and asymmetry coefficient vy, .
For more details concerning the SN¢(., ., ., ) distribution see [1], [2] and [3].
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As in the the MGM with symmetric normal distribution, to ensure model
identification, it suffices to assume that:

Oj ~ NAC(O,L”}/QI),
ejk: ~ NAC(#QkaO—gw’}/@k)a k:27---aK7 (3)

with a suitable linking design in terms of the administered tests, that is, the
tests need to have some structure of common items. For more details see [3],
[1] and [8].

Therefore the metric (scale) is defined and the model (1) is identified. This
happens because model (1) is no longer invariant to location-scale transfor-
mations, given that the expected value and the variance of the latent distri-
bution of the reference group (in this case, group 1) are fixed and also due
to the linking design. This ensures that the metric for the latent traits is
well defined. Furthermore, as stated in [22], [31], [21] and [20], the centred
parameterization (CP) is more appropriate for inference purposes, model
interpretation and parameter estimation than the direct parameterization
(DP). More specifically, as mentioned in [21], page 588, the CP presents the
following features: it removes the singularity of the information matrix at
Ao, = 0, the estimates obtained from CP are less correlated than those of
DP and the likelihood shape is generally much improved. Other details can
be found in [10].

On the other hand, it is possible to prove (see [3] and [10]), that the
density of the skew-normal distribution under the CP is given by:

o2 \Joz?
f(ejk|"79k) = 2 O ¢ gk 70

- - Y — Mo, + USk 146,
2
0'9. o
x @A |y — po, + —P=p1s,
O'gk O.gk
= 2w67€1¢ (Wef (y - g@k)) o P‘(CU;; (y - £9k))] ’ <4>

which presents the stochastic representation due to Henze (1976) with pa-
rameters &, w and A where,



Szu_a,uek and w:O'gk.

g, 0P

Finally, in terms of centred parameters pyg, , 09, and -y, we have

1/3
Sﬂk = Mo, _Uek/YGk/ S,
/ 2/3
Wek = O_ok 1 + ’}/6']{ 527 (5>
71/33
Ao, = O where
Vsl - 1)
2 s
— ()3 6
s = (1) (©

It is also relevant to notice that the density given by (4) does not de-
pend on the particular stochastic representation considered, either Sahu’s or
Henze’s (see [26] and [24], respectively).

Figure 1 depicts some densities given by (4), for different values of Ay,
(76, )- The centred skew-normal distribution is parameterized by the skewness
coefficient (7y) instead of the asymmetry parameter (\g). The parameter
9 has a straightforward interpretation, so that the closer it is to -1 or 1,
the higher is the negative or the positive asymmetry of the latent traits
distribution. Also, it is generally considered that if 7y € (—0.13,0.13) the
asymmetry is not significant. Hence, it is clear that this limitation makes it
simpler, for example, to define priors for ~,.

As a final comment, we can mention that in the literature, other item
response functions (IRFs) such as the skew-probit, logit, or log-log are con-
sidered as well as other latent trait population distributions. To include
this flexibility in response functions and latent trait distributions, a gen-
eralized MGM is defined as a mixture (indexed | = 1,...,L) of different
response functions based on different cumulative distribution functions (in-
dexed h = 1,..., H), and different latent trait distributions across items and
groups of subjects. Then, the success probability is stated as

L H
Py = P(Yij = 1| 031, Cov) = > [ Fon (6jx: i) (7)

=1 h=1
ejk’nek ~ D(ne), (8)
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Figure 1: Skew-normal plots for different values of Ag (7p).

where F'(.) represents a cumulative distribution function with parameters
v. D(.) represents a continuous population distribution function, where n,
denotes the population parameters.

This modeling framework comprehends the well-known one-, two- and
three-parameters item response models using probit, logit, log-log, Student’s
t, skew probit, or skew-probit link function, among others. In addition,
the latent trait population distribution can be characterized by a normal,
Student’s t, skew normal, skew Student’s t or finite mixture of normals,
among others. Note also that extensions to nominal and ordinal response
data can be made by defining a different response model at level 1 of the
MGM. In the same way, the MGM for mixed response data will contain
response models for discrete binary and polytomous response data.

Following, we present a Bayesian approach for parameter estimation.

3. Bayesian estimation and MCMC algorithms

Bayesian inference is based on the posterior distribution of the model pa-
rameters, which is proportional to the product of the likelihood and a prior
distribution. Unfortunately, it is not possible to obtain the posterior dis-
tributions, analytically, for any IRM. However, MCMC algorithms provide
empirical approximations for them, under some conditions, see [30] for exam-
ple. An augmented data scheme is introduced to sample continuous normally



distributed item response data, denoted as Z, given discrete observed item
response data, denoted as y. Following [28],

Zijk | Ok, €y Yije) ~ N(abj, —b;, 1), 9)

where Y;;;, is the indicator of Z;;;, being greater than zero.

To handle an incomplete block design, an indicator variable I is defined
that defines the set of administered items according to the design. For each
administered item response the corresponding information is recorded. This
indicator variable is described by,

1, if item i is administered for examinee j of group k

Liji = { 0, if missing by design o

The indicator matrix I describes the patterns of missing data that is delib-
erately allowed to be missing. These missing data are missing by design.

In the same way an indicator variable can be defined to describe the
missingness due to uncontrolled events as nonresponse or errors in recoding
data. The missing data indicator variable is defined as,

Vi 1, if response of examinee j of group k on item i is recorded (11)
@k = 0, if response is missing

Indicator variables V' = (Vi11,. .., Vin, k) refer to observed data that could

be missing.

In case of MAR, the missing indicator matrix, V, and the augmented
response data are conditionally independently distributed.

The object is to derive the conditional posterior density of (6 ,{,mg). It
follows that the posterior distribution of (0, {,my) is given by

L(6.,¢,ng,6lz y ,v.) < pz. |y ,v.,0.,¢mn6)pv.|0.¢,09)
(z

K ng

o H H H exp {—O, 5(zijk — aibj, + bi)Q}
k=1 j=1i€l;

X H(Zijkayijk)7

(13)

where 2z = (211,...,21,)" and Zj;, is the subset of items presented to (or
answered by) examinee j from group k (they are related do the Vj;z, which
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are known). On the other hand, the prior distribution of the parameters is
assumed to be

p(6... ¢ mglme, mm) = {H Hp(%!nek)} {Hp(Ci|nC>} {Hp(neklnn)} ,

k=1j=1

(14)

where, n¢ e 15, are the hyperparameters associated with ¢ and my, respec-

tively. Moreover, we are assuming independency between items and popula-
tion parameters.

The prior distribution of the latent trait given by (4) can be written as
p(¢;) oc exp [—07 5(¢; — NC)T‘I’C_1<CZ' - N()] ll(ai>0)‘ (15)

For the transformed population parameters, we consider the following
prior density:

1 YA
p<€9k7w9k7)‘9k) = p(£9k7w9k)p(>\0k> x W_Bk <1 + dgpkz) ) (16>
where,
1
p(€9k7w9k) x -, (17)
We,

g <1+2ig)_ s (1)

From equation (16) we can obtain an approximation to the Jeffreys prior

(considering d = % and ¢? = ”72) and the prior induced by dg, ~ U(—1,1)

(making, d = 2 e ¢? = %) For simplicity, these two priors will be called

Jeffreys prior and Uniform prior. Another choice is based on the following
joint prior density:

p(@k » Woy s )\ak) = p(fﬁ'k )p(w9k )p()‘9k>7 (19>
considering,
ﬁek ~ N(H’fa? 0_29)7 (20)
wgk ~ IG<aw97 BUJQ)7 (21>
/\Gk ~ N(MA@? O—g\g)' (22)

9



where IG stands for the inverse-gamma distribution. In this way, considering
the augmented likelihood (13) and the priors (15) and (16), we have that the
posterior distribution of (Z_,0_,¢,n,) is given by:

P(Z..0.,¢n9ly. . ne.mm) < p(Z.10.,¢,y.)p(6.1ms)p(C|ne)p(ngl 1)

k=1 j=14€l;;

p(Cz)} {Hp(§9k7w9k7 /\9k>}
k=1

k=1j=1

X

X

d
K 1 )\3}6 p)
11+
he1 YO dip

The posterior distribution, under the prior density (19), can be seen in
Appendix equation (38). Due to the augmented data scheme, the full con-
ditional distributions of the item parameters and of the augmented data
themselves are known and easy to sample from. However, for the latent
traits and population parameters conditionals are not simple to sample from.
Therefore we need to use auxiliary algorithms to sample from such distribu-
tions. We consider the Metropolis-Hastings within Gibbs sampling algorithm
(MHWGS), see [32] and [33]. However, we are using the augmented data
likelihood instead of the original likelihood. Then, we call our algorithm
ADMHWGS (Augmented data Metropolis-Hastings within Gibbs sampling),
as in [1].

X

To implement the Metropolis-Hastings steps we need to consider suitable
proposal densities, see [30], for both latent traits and population parameters.
To the latent traits we consider:

10

LTI IT pCeinlse: G i) {H 11 2(0;x1m5,)

K ng
—ny ejk - 59;c ij — 55%
Hwek ]Z[¢( Wo,, >¢){< Wo, ):|}

Hexp [_07 5(Cz - “C)T\I’C_l(Ci - IJ’C)] ]l(ai>0)}

}

(23)



T0510570) = N(65V, o), (24)

where, J;(.) stands for the proposal density at the iteration ¢. For the popu-
lation parameters we consider:

RENET) = NET, o), (25)
Jt(wl(:) w,(f_l)) = Log-Normal(w,(:_l),ag), (26)
TOVINTY) = N o). (27)

Denoting (.) the set of all other parameters, the proposed algorithm
(ADMHWGS), for t = 1,2,...,B,..., M, where B is the burn-in and M is
the generated sample size, simulates iteratively all unknown quantities in
the following order:

e Start the algorithm by choosing suitable starting values;

Simulate Z;;;, from Z;x|(.), k=1,...,K,j=1,...,ng and i € Lj;;

Simulate 0, from 0;|(.), k=1,..., K ej=1,... n;

Simulate ¢; from ¢;|(.), ¢ € Ljy;

Simulate &, from & |(.), k=1,..., K;

Simulate wy, from wy, |(.), k=1,..., K;

Simulate A, from Ag |(.), k=1,..., K.

On the hand, we can consider the usual hierarchical representation of the
centred skew normal distribution, (see [1]), that is:

Oir = &o,, + wo, (59kij +4/1— 5(3ij1€> ; (28)

where, Hj;, ~ HN(0,1), Qi ~ N(0,1), Hjx, LQjx, Vj, k. We can also rewrite
(28) as:

0]k|(h]k7 n@k) ~ N(fek + TQkhﬂm ggk)7 (29>
Hy ~ HN(0,1), (30)

11



where,

To, = We, 00,

Considering now the population parameters, we can notice that the prior
(18) can be rewritten as follows:

2
d d
Ty ~ gamma(§,§). (32)

Thus, the prior (16) can be rewritten as,

1 Y75 e d
(Ao, s €y > Woy s tre) X w—ekexp <—§ 9;2 ) iy exp <—§tk) : (33)

Considering the aforementioned reparametrization, we have,

1 17ote | a1y d
P(0r> o, oy s L) O JeXp (—— 29’“ ) t,> exp (_gtk) . (34)
k

Equation (34) is a joint priori for the parameters (&, , 79,5, ) and the
latent variables Tj. On the other hand, we may notice that equation (29)
can be viewed as a regression model with the response variable 0, intercept
&, and slope 7p,. Therefore, analogously to what was made for the item
parameters, we can consider a bivariate normal distribution as prior distri-
bution for the vector (&, ,7g,) ", which we will denote by Bq, » and an inverse
gamma prior for parameter ¢; . That is,

By, ~ N (mg, %), (35)
§3k ~ IG(O‘<9’5<9)> (36>

where,

12



€9k > ( Heg ) ( 0'? pgg o2 )
—= s = e 29 = 0 9"~ To .
Bek < T6) Ho Herg P 029072.0 072'9

We will assume the following structure for the joint prior distribution of
the parameters:

p(6. k. mgtlne,mm) = {Hﬂp(é’jkmek)}{l—[ﬂp(hjk)}

k=1j=1 k=1j=1

{Hp(Ci‘nC)} {Hp(nek!nn)}
{Hp(tk)} , (37)

where, h_ = (hy,...,h, )" and t = (t1,...,tx)". The prior distributions
to the latent traits and the variables h are given by (29) and (30), respec-
tively. To the item parameters, we will consider the prior (15) as before. For
the population parameters, we can consider either the joint prior (34) or the
prior distributions (35) and (36). Depending on the prior distribution cho-
sen the posterior distribution will be different. They are given in Appendix
(equations (39) and (40)). It is important to observe that, the hierarchical
representation makes it possible to obtain the complete conditional distri-
butions with known forms, to all parameters. Therefore, it is possible the
using of the full Gibbs sampling algorithm. This algorithm is called ADGS
(augmented data Gibbs sampling)

For each one of the two posterior distributions we will have the following
algorithm:

X

X

Start the algorithm by choosing suitable initial values;

Simulate Z;j;, from Z;j|(.), k=1,...,K,j=1,...,np and i € [j;

Simulate hj, from Hj,|(.), k=1,...,K and j =1,... ny;

Simulate 0j;, from 0;;|(.), k=1,...,K and j = 1,...,ng;

Simulate ¢; from ¢;|(.), ¢ € Lj;

13



e Simulate t;, from Ty|(.), k = L K

e Simulate &, from &, |(.), k=1,..., K;
e Simulate 7y, from 7, |(.), k=1,..., K;
e Simulate ¢ from ¢j |(.), k=1,..., K;

if we consider the posterior distribution (39). On the other hand, if we
consider the posterior distribution (40), we have the following algorithm:

e Start the algorithm by choosing suitable initial values;

Simulate Z;;;, from Z;|(.), k=1,...,K,j=1,...,ng and i € Lj;;

Simulate hj, from Hj,|(.), k=1,...,K and j =1,...,ny;

Simulate 6, from 6,;|(.), k=1,...,K and j =1,...,ng;

e Simulate ¢; from (;|(.), ¢ € Lj;
e Simulate 3, from B, |(.), k=1,..., K;
e Simulate ¢ from ¢j |(.), k=1,..., K.

For more details see the Appendix.

4. Simulation study

In this section we conducted a simulation study in order to asses con-
vergence issues and the accuracy of parameter estimates based on the two
proposed algorithms. First, we discuss convergence aspects and, after that,
we will evaluate the accuracy of the parameter estimation for the MCMC
algorithm with better convergence proprieties. To accomplish for that we
simulated a set of response based on the following structure:

e test 1: 20 items;
e test 2: test 1 4+ 20 other items;
e test 3: the last 20 items of test 2 + 20 other items;

e test 4: the last 20 items of test 3 + 20 other items.

14



The item parameters were fixed in the following intervals: a; € [0.7,1.4]

and b € [—2,4]. The latent traits were simulated from independent skew nor-
mal distributions under CP with means p, = (0,1,1.4,2)", standard devia-
tion oy = (1,0.88,0.62,0.77) T and asymmetry coefficients v, = (0,0.14,0.5, —0.5) "
for groups 1,2,3 and 4, respectively. The number of subjects per group were
(ny = 556,ns = 556,n3 = 401,ny = 294). We tried to mimic the results
obtained by [8], once that will analyze the same data set. The values of
the asymmetry parameter were chosen in order to consider symmetry, weak
asymmetry, left strong asymmetry and right strong asymmetry.
For the item parameters we considered (1, 0) as a vector mean and diag(0.5,9)
as the covariance matrix. For the population parameters we considered
the Jeffreys prior. For this simulated data set, we generated three chains,
based on different set of starting values, for each one of the algorithms. The
Gelman-Rubin statistics ranged from 1.00 to 1.02 for both algorithms. Also,
an inspection of trace plots indicated that the chains mixed very well for
both algorithms, see Figures 2 and 3. Also, the correlograms (not shown)
revealed that the samples produced by storing values at every 30-th iteration
is enough to produce samples with negligible autocorrelations.

Furthermore, we compared the two algorithms concerning the effective
sample size (ESS), see [25]. Table 1 presents the values of the ESS and
ESS per minute. We can see that, in a general way, the AGDS algorithm
presented better results than the ADMHWGS algorithm.

Table 1: ESS and ESS per minute for the two algorithms

ADMHWGS ADGS
Prior ESS ESS/m ESS ESS/m Ratio
1 4474178 25.228 4771.270  36.361  1.441
2 4549.746  20.190 4724984 36.014 1.784
3 0054.523  32.316 4955.711 35.533 1.010
4 4569.048  27.968 5103.164 23.491 0.840

Concerning parameter recovery we generated other R = 10 replicas (data
sets), for each one of the situation defined by crossing the levels of different
factors. These factors were (with the levels within parenthesis): number of
examinees per group (NE) (1500, 3000), number of items per group (NI) (20,
40), number of common items (NCI) (25%, 50%), prior (P) (priorl, prior2,
prior3, priord). The priors 1 to 4 are, in fact, sets of priors. For simplicity,
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Figure 2: Trace plots for the population parameters: ADMHWGS algorithm. Legend: (o
set 1, A set 2, ¢ set 3, — true value)

these will be named priors only (without mention that they are sets of priors
explicitly). These sets differ only in terms of the priors for the population
parameters. That is, the prior 1 and 2 are equivalent to the Jeffreys prior
and uniform prior for the population parameters, respectively. On the other
hand, the priors 3 and 4 are the conjugate priors, see equations (35) and
(36), respectively. In the last case, were fixed hyperparameters in order to
obtain (E(ue,) = E(vp,) = 0 and E(oy,) = 1) and (Var(uy,) = Var(og,) =
Var(vg,) = 1), considering the prior 3, and same averages with (Var(ug, ) =
Var(oy, ) = Var(vs,) = 10), considering the prior 4. In addition, we defined
another factor called asymmetry of the reference group (ARG) (0; 0,6 € -0,6).
The other population parameters were fixed as follows: the means and the
standard deviations were fixed in p, = (0,—1,1)" and oy = (1,0.8,1.2)" for
the groups 1, 2 e 3, respectively. The asymmetry coefficients for the groups 2
and 3 were fixed in 7y, = 0.6 and vy, = —0.6. Table 2 presents values for the
population parameters chosen for each group in each level of ARG factor.
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Figure 3: Trace plots for the population parameters: ADGS algorithm. Legend: (o set 1,
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Table 2: Population parameters chosen for each group and each level of the ARG factor

ARG=1 ARG=2 ARG=3

o, 0 0 0
Group 1 | oy, 1 1 1
Y6, 0 0.6 -0.6
o, -1 -1 -1
Group 2 | oy, 0.8 0.8 0.8
V65 0.6 0.6 0.6
oy 1 1 1
Group 3 | oy, 1.2 1.2 1.2
V05 -0.6 -0.6 -0.6

The values of the item parameters were chosen considering the values of
the population parameters and in order to have items with different discrim-
ination powers and different difficulty levels. We chose less groups than in
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the convergence assessment study related to the time necessary to run all the
replicas. We considered the RMSE (square root of the mean square error)
and the AVRB (average value of the relative bias) to measure the accuracy
of the estimates, based on the estimates obtained with the 10 replicas. In
addition, we considered only the ADGS algorithm (due to the results of the
convergence assessment study).

From an inspection of the Figures 4 to 9 we can conclude that the ADGS
algorithm recovered all parameters properly. In addition, one can see that
there is a slight difference between the results obtained from the different
priors. This difference is much higher for the asymmetry coefficient and in
this case the more accurate results were obtained by using the Jeffreys prior.
Moreover, there is a strong indication that the higher are NI and NCI values
(simultaneously) the more accurate are the results.
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4 4 &1

g S E

5 I o

Z 2 | = R e —

23S =8
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= =2

Ee| E

Ty 58 M\&//j
“ARG=1 ARG=2 ARG=3  “ARG=1 ARG=2 ARG=3

Figure 4: Median of RMSE for the latent traits estimates. Legend: (—o— Prior 1, -A—
Prior 2, —«— Prior 3 and —~®— Prior 4)
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5. Real data analysis

Our data set is part of a major longitudinal educational assessment co-
ordinated by the University of Exeter, England, regarding to Mathematics
achievement. It consists of a sample of 557 second grade students from eight
public schools of the city of Londrina, southern of Brazil. They were sub-
mitted to a test of 40 open items that were corrected as right/wrong. More
details can be obtained in [36]. The whole data set was previously analyzed
by [8] using the symmetric normal MGM. We compared those results with
the ones obtained by using the model proposed in this paper, estimated by
using the ADGS algorithm with the Jeffreys prior. We considered the model
fit assessment tools described in [8] and for model comparison we used the
statistics considered in [1].

From Figures 10 to 19 and Tables 3 to 4, we can see that, in general, the
results from the two models were similar. However, for the second group,
which presented the highest absolute value for the asymmetry coefficient (-
0.805), the results were significantly different. For example, in Figure 16 we
can see that there is a considerable difference between the estimates of the
latent traits of the group 2. Figures 18 and 19 show the smoothed histogram
of the latent trait estimates (we called estimated curves) and the densities
of skew-normal by considering the estimates of the population parameters
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(we called theoretical curves). These Figures suggest that the skew model
models the observed latent trait distributions more properly than the sym-
metric model. Also, the values of the Bayesian p-values for both Pearson
and deveiance residuals discrepancy measures, showed in Figure 13, indicate
the two models fit all almost items properly. However, Item 22 were not well
fitted to the data under the symmetric model, occuring the opposite with the
skew model. In addition, the skew model tends to present higher estimates
for the discrimination parameter comparing with the symmetric model. That
is, under the skew model, the items discriminate examinees with different la-
tent trait values, that they do under the symmetric model.Finally, according
to Table 4, all statistics indicated that our model fitted better the data set.
Therefore, inferences based on our model are more reliable than the ones
obtained by using the symmetric normal model.

****** La-moooe symmetric

I skew

estimate
1
Il
o
1

My Hz Mz Hg ©4 Oz O3 O4 V4 Y2 Y3  Va

Population parameters

Figure 10: Population parameter estimates and 95% credibility intervals (skew and sym-
metric models)
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Table 4: Statistics for model comparisons

—

Model D(¥) D(99) PD DIC EAIC EBIC

Symmetric  58103.00 60073.00 1969.80 62042.60 64012.60 83477.08
Skew 57873.00 59836.00 1962.60 61798.20 63761.20 83154.54

6. Final conclusions and remarks

We presented an multiple group IRT model with a centred skew-normal
assumption for the latent trait distributions. Such approach is more flexible
than the usual onde (by considering symmetric normal distributions) and
more straightforwardly interpretable than the nonparametric ones (in terms
of the density obtained in the final step of the estimation process). More-
over, it leads to an identified model. We developed two MCMC algorithms
for parameter estimation and compared them concerning convergence issues.
The selected algorithm (AGDS, which is a full Gibbs sampling algorithm)
showed to be more efficient in terms of parameter recovery, according to the
simulation study. Our model fitted better the real data set studied than the
standard normal multiple group model. Also, our algorithm indicated that
three groups, present negative asymmetric behavior. In conclusion: our ap-
proach showed to be a promising alternative to the usual ones in analyzing
multiple groups IRT data sets. For future research we intend to study exten-
sions of our model by considering other Item Response Functions, longitudi-
nal data sets and multidimensional tests. It is also called for the investigation
of alternative estimation algorithms.
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8. Appendix

In the following we present more details concerning the resulting pos-
terior distribution (obtained using the density prior (19) and hierarchical
representations) and the MCMC algorithms.

29



Using the augmented likelihood (13) and the priori distribution (19), we
have the following posterior distribution for (Z_,0 ,h_,{,m,,t.):

(Z..16..,¢,y..)p(0_|ng)p(¢Ine)p(ng|ny)

LIIT T1 p(ziel0n: Gio wisn) {HHP(%M@J}
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Now, using the augmented likelihood (13) and the prior distribution (37)
we have that:
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if we use the prior (34), or
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if we consider the priors (35) and (36). From the posterior distributions (39)
and (40) we obtain all full conditional distributions, which are known and
easy to sample from, see Appendix. Thus, it is possible to develop a full
Gibbs sampling scheme as follows:

In the following we present a description od the ADMHWGS algorithm
(using the original density):

e Step 1: Simulate the augmented variables Z]k from Z;|(.) ~ N(agt_l)QEZ_l)—
Y 1),

)

dently.

vz V=1, K, j=1,...,nt e i € Ij; indepen-

e Step 2: Simulate 9 de 6,;|(.) independently, by considering:
(a) Simulate Qj(z |9j2_1) ~ N(HJ(.Z_D, ad),
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(b) Accept Hj(}? = 93(';;) with probability

ij(ﬁj(}; 2 9](;)) = min {jok, 1} where,

L0532 S, (072 = 20 [Sicy, (™) + Ly, (a0 b
xp {_% {(65‘271))2 Eieljk(az(t ! ) 2612 K [Zieljk(zi(j?ca(til )+ Zieljk(agt b(t ) )] }}

. _ é‘(15 1)
)
k

Yoy,

(t-1yg  ont=1) £(t-1) -1 (0= U\ ]
exp W (05 7)* =205 &, R R = VI

Ok

X

(41)

Otherwise fix 952 = (9](;:1).

e Step 3: Simulate the item parameters Cgt) from ¢;|(.) ~ N(\/I\’Z)Egt), \T!(C?),
see [11], independently, where

—~ T

&= (0) 29+ wiin,

~ T -1
N CONCR S I
o, = [09-1,]en,

where 1l; ia (n x 2) matrix with the elements, in each line, equal to 1 or
0, according to observe or not the answer of the examinee j from the
group k to the item ¢ and e stands for the Hadamard product, see [34].

e Step 4: Choose either the Steps 4.1 and 4.2 or the Steps 4.3 to 4.5.

(Simulation of the population parameters considering the prior
given by equation (16))

e Step 4.1: Simulate f(gi) de &, |(.), by considering:
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(a) Simulate £7[¢5 " ~ N (&)™, 03)
(b) Accept Sétk) = {é:) with probability

Tk [§§Z_1)7 fé:)} = min {Rgek, 1} where,

g e\ 2 <t>_
eo{ () o i (55

k O

O b [(09—¢
exp{—ézj; (40 }n o[ (4]

“o,, “oy,

Otherwise, fix féi) = @52*1)

Rﬁek =

e Step 4.2: Simulate wé? de wy, |(.) by considering:

(a) Simulate wé:)|wé b Log—Normal(log( (= 1)) as),

(b) Accept wg;) = wék) with probability

(wéi 1), wék)) = min {Rwek, 1} where,

(t> (t) (1) _¢(®)

*)\—n n § —1 0 _f
(™) kexp{—%zjzl( )}H @[Aéi )( )]

k k

e L ([ O50 =5, (t-1) (05— "
(w(t_l))_"k exXp —3 2321 ( - (t 1)k> H { ( - —(t f) )]
“oy

e Step 4.3: Simulate )\étk) de A, |(.) by considering:

(a) Simulate Ay”[A Y ~ N(AS Y, 02),
(b) Accept )\((;2 = )\g;) with probability

Wk(Aéi_l), /\é:)) = min {Rkek, 1} where,
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d 1
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(5 " pg;(
R>\9 - EEA) -
k —

(/\(tfl))Q -1 (t)_€ t)
(1+6£T H ( : <t>0

Ok

Otherwise, fix )\6 = )\(t .

(Simulation of the population parameters considering the priors
given by equations (20), (21) e (22))

e Step 4.4: Simulate féi) de &, |(.) by considering:

(a) Simulate féz)]@ngl (f(t 1, 2),
(b) Accept féz) = é’é:) with probability

(§(t 2 5(*)) min{R&)k,l} where,

1 (%) 2 1 Nk 52 5% ? ng (t) "ﬁ)*fé’:
P T2 (&6, — Heo)” pexp =3 255 oD | S N PV O
k k

o, —

1 (gt=1) 2 R A ? ng ) (050 5“ N
eXpy— 2029 (€9k - lufe) €xXp -3 Zj:l Tt)k szl ) )\ek T
k &

Otherwise, fix 5&? = féz_l).
e Step 4.5: Simulate (wj, ) de wj |(.) by considering:

(a) Simulate (wj )™ (wj )Y ~ Log-Normal(log((w )Y, o3),
(b) Accept (w ) = (wi )™ with probability

m((w,) Y, (wj,)®)) = min {ngk, 1} where,
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Otherwise, fix (wj )® = (w3 )Y,
e Step 4.5: Simulate )\g;) de Ny, |(.) by considering:

(a) Simulate )\éZ)P\gifl) ~ N()\g:l), ad),
(b) Accept )\é? = )\‘(92) with probability

7Tk(>\g;_1), /\g;)) = min {R,\ek, 1} where,
o) ()
exp {0 - b I 0 o) (B8]
k
1) 60O\
exp {2 O = T @ g (28
k

Otherwise, fix Aj) = Ay~

Ry, =

Note: The simulated values for the population parameters (ug,, oo, ,7e,)
are obtained in every iteration from the simulated values of the parameters

(&p,., W, Ag,,) by doing:
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fort=1,2,...,B,..., M, where B is the burn-in and M and the size of the
generated sample and,

®)
M
01 - ?

1+ (Agg)Q

9 \ 13
. = (4_7) .

In the following we describe the ADGS algorithm.

e Step 1: Simulate the augmented variables Z ik de Zigi| (1) ~ (ag )9](2 b_
bgt 1),1)]1(%],“ 2,1, independently V k = 1,...,K, j = 1,...,n; and
1€ ]jk.

e Step 2: Simulate 819 de 0.,](.) ~ NGEVUD 20Dy vk =1 .. K,
Jk J O gk Tik

7 =1,...,n; independently, where:

(t—1) (t 1, (t=1)
~Ni-1) ) (t-1) (=Dpt-1) 59 '+, ik
0 = D ana Do ST 1) ’

i€k i€lik (S, )2
~1
N 1 (t=1)\2
0 - (t=1)\9 + Z(ai )
(§9k ) i€l

e Step 3: Simulate the latent variables H ](Z) de

t t—1 t—1

H-k|<>NHN(Tei o - ) )

J . _ _ )
(a2 4+ ()27 (V)2 + (rg V)2

independently Vik=1,... Kej=1,... n.

e Step 4: Simulate the item parameters Cgt) de ¢;|(.) ~ (\IlC Ez : \/I\lét ),

veja [11], independently, where
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~(t) T _
¢ = (th)> Zz(f.) + ‘IJC lﬂga

v - [(@S?)T(@i..)wllgl}_l,
e, - [e<t>—1n}.ﬂi,

where 1l; ia (n X 2) matrix with the elements, in each line, equal to 1 or
0, according to observe or not the answer of the examinee j from the
group k to the item ¢ and e stands for the Hadamard product, see [34].

Step 5: Choose either the Steps 5.1 to 5.4 or the Steps 5.5 and 5.6.

(Simulation of the population parameters considering the prior
given by equation (34)).

Step 5.1: Simulate the latent variables 7, k(t) de

(t=1)\2
d+1
Ty|(.) ~ Gamma < 1 0, ) + d) ;

2’ (gek)QQOQ

independently V £k =1,..., K.

Step 5.2: Simulate &) de

L= 0 (-1, (ge(t_l))Q
o, l(.) ~ N (n_k Z(gjk — To, hjk)» - )

j=1

independently V£ =1,... K.

Step 5.3: Simulate TH(Z) de 7,|(.) ~ N (ﬁ%)k,(?féi))Q) independently,
where:
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~(t) Z] 1( £9k )
7Oy, t(t> ’

n (t)
Zjil(hjk>2 + ((t—IfW

Ok
(t=1)\2
Tek: ng h(t) 2 tl(:> ’
Zj:l( jk) + m

Ok

Vik=1,.. K

7@ )

e Step 5.4: Simulate (g k) de gg ~ gamma-Inv. (ozggk,ﬁ indepen-

dently, where:

agei - 2 )
~ 1 | 2 (T(t))2t(t)
o —_ = &) O @ 0 k
/ngk - 2 (9]]€ gak Tgk h]k) —|— —_— 1102 ’
j=1
Vik=1,... K.

(Simulation of the population parameters considering the prior
given by equation (35) e (36)).

. =)
e Step 5.5: Simulate 5é? = (5&),7'9(2))T de By, |(.) ~ [ T, £9k, ék)} in-
dependently, where:

-1

[ T -1
A(t) _ (t) t—1 (t) -1
= () (oi) () o]
() (t) )\ L -
€9k = (Hk> <D7(mtk 1)> 0.(k) + 2591#597
t [ t
H.(k) = _1nk- h’.(k)] €

2
(--1)
C
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is a matrix of order ng, Vk=1,..., K.

e Step 6: Simulate ( ()> from

Nk

1 t t t t 2
410 ~16 (% o )3 (0 -6 -0 4 )

j=1

independently V£ =1,... K.

Note: The simulated values of the population parameters (ug, , 0o, , 7, ) are
obtained at every iteration from the simulated values of the parameters

(o, To, 5 o), ) by doing:

t t 3 4 t 2 372
= (@) (3-1) (o))
t
t  _ Wék)

oy 2/3
¢1+ ()" s
1/3

®) ) )

fort =1,2,...,B,..., M, where B is the burn-in and M is the size of the
sample generated,

(t)

.
65;) B (t) 3 (t) 2
t t
)+ ()
(t)
S0 = T
)"
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