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Abstract

In this paper, we consider an algorithm for a chain complex C' and its differential given by a connection
matrix A over Z which determines an associated spectral sequence (E",d"). More specifically, a system
spanning E" in terms of the original basis of C' is obtained as well as the identification of all differentials

dr.t

1 Introduction

Algebraic-topological tools have been extensively used in dynamical systems. These homological and homo-
topical methods have been applied in the theory developed by Conley [Co].

An important concept in Conley’s theory is the notion of Morse decomposition: A Morse decomposition
of M is a collection D(M) = {Mp};"; of mutually disjoint compact invariant subsets of M such that that if
¥ € M\ UpL, M, then there exists p < p’ with v € C(Mp, My). In other words, D(M) contains the recurrent
behavior of the flow. A subset of M which belongs to some Morse decomposition is called a Morse set.

In this article, we consider M an n-dimensional compact Riemannian manifold, D(M) = {M,};L; a Morse
decomposition of M and a filtered Conley chain complex with finest filtration {F,}. In this case, each Morse
set, My, is a non-degenerate singularity of the gradient flow ¢ of a Morse function f: M — R.

As in [CdARS] we consider a Morse chain complex with connection matrix A. We now consider this chain
complex over Zs and its associated spectral sequence. By using the Z, connection matrix it is possible to obtain
a sweeping algorithm which characterizes the stabilization process of the spectral sequence. To achieve this we
will sweep the connection matrix.

Note that the r-th auxiliary diagonal of A which intersects A, has entries Apyi_, p41 that represents the

number of intersections mod 2 between the unstable and stable spheres determined by the connections between
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unstable and stable manifolds of M,y1 and M,41_, for p € {r,...,m — 1}. Clearly, if the (p + 1)-st column
intersects the submatrix Ay, then M, and Mp;1_, are respectively singularities of Morse index k and k — 1
which we denote by hj and hy_1. These singularities are in filtration F, \ F,,_1 and F,_, \ F,_,_1 respectively.
Hence we say that the pair (hg, hig—1) has gap r. In summary, the r-th auxiliary diagonal when intersected
with Ay is registering information of numerically consecutive singularities of Morse indices k£ and k — 1 with
gap r. We will use the same notation to indicate an elementary chain of C.

It will be helpful to associate to the (p+1)-st column of A the elementary chain hy, such that hy, € F,\ F,_1?.

We want to explore the algebraic-topological tool called spectral sequence in the context that we described
above. Our goal is to explain how the connection matrix A determines the spectral sequence, i.e, how it
determines the spaces E” and how it induces the differentials d".

Let C = {C%} the Zs-module generated by the singularities and graded by their indices, i.e.,

Cv= P Zax)
xEcrity, f

where critg(f) is the set of index k critical points of f.

The connection matriz A : C — C associated to D(M) is defined as the differential of the graded Morse
chain complex C' = Zy(critf), i.e., determined by the maps Ay : Cy — Ck_1 via

Ap(x) = > alz,y)).
yEcrity_1 f

where a(z,y) is the number of connecting orbits counted mod 2 for non degenerate singularities  and y of
indices k and k — 1 respectively. Moreover A is an upper triangular matrix with Ao A = 0.

We use the same notation for the map Ay as for the associated submatrices of A. See Figure 1.

Cr1 Cy, Chi1 Ct2

Cr_o 0 0

O

Cr 0

O+

Cr 0

ak+2
Ch 0

Figure 1: Connection Matrix.

It need not be the case that the columns of the matrix A be ordered with respect to k. We only require

that the map Ay, be filtration preserving.

2Note that the numbering on the columns are shifted by one with respect to the subindex p of the filtration F,.



We denote this filtered graded Morse chain complex by
(07 A) = (ZZ <Critf>7 A)

We will use the notation of the boundary operator 0 and its matrix A interchangeably.

Given a chain complex (C,d) endowed with an increasing filtration FPC so that 9(FPC) C FPC (and we
assume here F'~'C = 0). The associated spectral sequence is (a generally infinite) sequence of chain complexes
(E™,d") so that, roughly, each stage contains information about longer and longer parts of the differential: the
differential d° in the complex at the first stage is the part of O which does not decrease filtration, d' concerns
the part of @ which reduces filtration by no more than 1 and so on. Moreover, H(E",d") = E"+1.

A bigraded module E" over a principal ideal domain R is an indexed collection of R-modules E7  for
every pair of integers p and ¢. In this article we work with R = Z, and hence the bigraded modules E" are
actually vectorial spaces over Zs. A differential d” of bidegree (—r,r — 1) is a collection of homomorphisms

d" : Epq — Ep_rqir—1 for all p and ¢, such that d” o d” = 0. The homology module H(E") is the bigraded

module
T . T I
)28 (Er) _ Kerd" : Ep,q — Bprgtr—1
p.q - T . T "
Imd": EJ,, .1 — E),

A spectral sequence {E",d"}, r > 0, is a sequence of chain complexes where each chain complex E" is the

homology module of the previous one, i.e.,
e L7 is bigraded module, d" is a differential with bidegree (—r,r — 1) in E7;
e For r > 0 there exists an isomorphism H(E") ~ E™ 1.

In general we will omit reference to ¢ in this section since its role will be important when considering more
general Morse sets of a Morse decomposition. In our case, when the Morse set is a singularity of index k, the
only ¢ such that E} , is nonzero is ¢ = k — p. Hence, it is understood that FE} is in fact E

For a filtered graded chain (C,9) complex we can define a spectral sequence

Ey =Z)[(Z) =1 + 02} _,)

where,

Z, ={ce F,C| dc € F,_.C}.

Hence, the module Z consists of chains in F,C' with boundary in F,_,C. This makes it natural to look at
chains associated to the columns of the connection matrix to the left of and including the (p 4+ 1)-st column.
This guarantees that any linear combination of chains respects the filtration. Furthermore, since the boundary
of the chains must be in F},_,C we must consider columns or linear combinations that respect the filtration
and that have the property that the entries in rows ¢ > (p — r 4+ 1) are all zeroes. Hence, the significant entry
in the connection matrix is determined by the element on the r-th auxiliary diagonal on the (p — r + 1)-st row
and (p + 1)-st column.

However, as r increases, the Zs-modules Ej change generators. In practice, the generators of the complex C

mentioned above are very specific: singularities in the Morse case. The domain of d", E”, is a certain quotient



of a subgroup of C. Elements in this domain are represented by elements of C' whose appropriate classes are in
the kernels of all previous differentials d°, s < r. Finding a system that span E" in terms of the original basis of
C is, in practice, a non-trivial matter but it is a necessity in applications, for example, in investigations related
to spectral numbers in symplectic topology, see [L]. An algorithm, which we refer to as the sweeping method,
which produces such a system is provided in the paper. More specifically, we make use of a recursive sweeping
method in Section 2 and our main result connects this algebraic change of the generators of the Zs-modules
of the spectral sequence to a particular family of changes of basis over Zy of the connection matrix A. This
method singles out important nonzero entries, which we will refer to as primary pivots and change of basis
pivots, of the r-th auxiliary diagonal of A" in order to define a matrix A™*!. At each step, A"*! is a change of
basis of A”. Hence, all A™ "represent" in some sense the initial connection matrix (that is, they all represent the
same linear transformation). We will also show how the r-th auxiliary diagonal of A" induces d”. In Theorem

1.1 the E™ are determined as well as the identification of long differentials.

Theorem 1.1. The matrices A" obtained from the sweeping method applied to A determine the spectral se-

quence (E;,d’”). Moreover if E, and E,_, are both nonzero, then the map d;, : E; — Ej_ . is induced by A",

p—r —r

i.e, it is multiplication by the entry A7, ., ., whenever it is either a primary pivot, a change of basis pivot

or a zero with a column of zero entries below it.

For clarity we subdivide Theorem 1.1 in Sections 3 and 4 into Theorem 3.3 and Theorem 4.2.

The key point here is that these spectral sequences are no more only tools of computations but they
are interesting objects in themselves: their higher differentials encode algebraically significant information on
“long” trajectories of the system. Therefore, it is important to understand as well as possible the dictionary
algebra-geometry in this setting. The purpose of this paper is precisely to start to explore systematically this

issue.

2 Sweeping Method

In this section we present the sweeping method, which constructs recursively a family of matrices A" for r > 0,
where A% = A, by considering at each stage the r-th auxiliary diagonal. This family of matrices will be used
to determine the spectral sequence (E",d").

We remark that the sweeping method as well as all other theorems in this article do not require that the
columns of the matrix A be ordered with respect to k, or equivalently, that the singularities hj be ordered with
respect to the filtration. Without loss of generality we will assume the singularities to be ordered with respect
to the filtration so as to simplify the notation and permit the indices which refer to the columns to increase
incrementally by one. Otherwise, in a more general setting we must introduce a subsequence notation for the
columns in order to consider the intersection of the auxiliary diagonals only with the index k£ columns. For
clarity, in our examples we also maintain the singularities ordered with respect to the filtration.

For a fixed auxiliary diagonal r the method described below must be applied for all £ simultaneously.



A - Initial step

1. Consider all columns hy, together with all rows hj—1 in A. Let Ay, . be the entries in A where the
i-th row is hi_1 and the j-th column is hg.
Let &; be the first auxiliary diagonal of A which contains nonzero entries Ay, ;, which will be denoted
as index k primary pivots. It follows that for each nonzero Ay, ; on ; the entries Ay, . for s > i are
all zero. These entries must be zero otherwise they would have been detected as primary pivots on
a ¢ auxiliary diagonal for £ < &;.
We end this first step by defining A% as A with the index k primary pivots on the &;-st auxiliary

diagonal marked.

2. Consider the matrix Aé* and let Aii ; be the entries in Aét where the i-th row is hy_1 and the j-th
column hy. Let & be the first auxiliary diagonal greater than & which contains nonzero entries
Ail e We now construct a matrix A2 following the procedure:

Given a nonzero entry Ai17 on the &-th auxiliary diagonal of A%

(a) if there are no primary pivots on the i-th row and the j-th column, mark it as an index k primary

S

pivot and the numerical value of the entry remains the same, i.e., Aijj = Ay -

(b) if this is not the case, consider the entries in the j-th column and in the s-th row with s > i in
AL

(b1) If there is an index k primary pivot in an entry in the j-th column and in a row s, with s > i,

&1
kij*

then the numerical value remains the same and the entry is left unmarked, i.e., Ai’f,j =A
(b2) If there are no primary pivots in the j-th column below Ai;j then there is an index k
primary pivot on the i-th row, say in the t-th column of A%, with ¢t < j. In this case the
entry remains the same, however the entry Ai‘w_ is marked as a change of basis pivot, i.e.,
AP =AY
Note that we have defined a matrix A% which is actually equal to Aét except that the &-th

diagonal is marked with primary and change of basis pivots. See Figure 2.

B - Intermediate step

In this step we consider a matrix A" with the primary and change of basis pivots marked on the &-th
auxiliary diagonal for all £ < r. We will now describe how A™1 is defined. If there is not exist a change
of basis pivot on the r-th auxiliary diagonal we go directly to step B.2, that is, A™! = A" with the

(r + 1)-st auxiliary diagonal marked with primary and change of basis pivots as in B.2.

B.1 - Change of basis

Suppose A} is a change of basis pivot on the r-th auxiliary diagonal. Since we have a change of bases
iJ
pivot in the i-th row, then there is a column, namely {-th column, associated to a k-chain such that A} |

is a primary pivot. Then perform a change of basis on A" by adding the ¢-th column of A”™ to the j-th
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Figure 2: Auxiliary diagonals &; and &s.

column of A", in order to zero out the entry A} = without introducing nonzero entries in A7  for s > 1.
’ y ki j g ks, j

The notation h,(f) indicates the elementary k-chain associated to the /-th column of A.

Once this is done, we obtain a k-chain associated to the j-th column of A™*!. It is a linear combination
over Zs of the t-th hy columns of A" and the j-th column of A" such that AZ*} = 0. It is also a linear

combination of hy columns of A on and to the left of the j-th column.

Observe that if the ¢-th column of A" is an hj column, it corresponds to a linear combination over Zs

_ £ _
al(f)”" = Z cﬁ’rhgf) of hy, columns of A where the k-th hy column is the first column in A associated to a
=k

k-chain. The notation of cr,(f)’r indicates the Morse index k and the /-th column of A”. Hence if the j-th

column of A" is an hj, column, it will be

J t
A7 = SO AT = A T TR T
=K =K

O_I(Cj),r o_’(ct),r
It is clear that the first column of any A can not undergo any change of basis since there is no column
to its left.

Once the above procedure is done for all change of basis pivots of the r-th diagonal of A™ we can define

a change of basis matrix.

Therefore the matrix A”t! has numerical values determined by the change of basis over Zs of A". In



particular, all the changes of basis pivots on the 7-th auxiliary diagonal A" are zero in A"*!. See Figure
3 and 4.
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Figure 3: Sweeping method: A”".

B.2 - Marking the (r + 1)-th auxiliary diagonal of A"+!
Consider the matrix A™*! defined in the previous step and we will mark the (r + 1)-st auxiliary diagonal
with primary and change of basis pivots as follows:
Given a nonzero entry Ap'!
1. if there are no primary pivots on the i-th row and the j-th column, mark it as an index k primary
pivot.
2. if this is not the case, consider the entries in the j-th column and in the s-th row with s >4 in A"*1,

(b1) If there is an index k primary pivot in the entries in the j-th column below A’,;+J1 then leave the
entry unmarked.

(b2) If there are no primary pivots in the j-th column below A;*’Jl then there is an index k primary
pivot on the i-th row, say in the ¢-th column of A™!, with ¢t < j. In this case mark it as a

change of basis pivot. See Figure 4.

C - Final step

We repeat the above procedure until all auxiliary diagonals have been considered.



O O

0_}(2,17«“ @0 1

ot 0 0 10
gD 0 0 () 0o 1

Ui(gs_+13)m+1 0 0 0 O@

ot 0 0 0 0 0

Figure 4: Sweeping method: A1

Example 2.1. Let A be as in Figure 5. Applying the sweeping method to A we obtain the matrices A', A2,
A3 A% A5 AS AT A8 and A° given by Figures 6, 7, 8, 9, 10, 11, 12, 13 and 1/ respectively.

We now describe basic properties of the A™’s produced by the sweeping method and will be used in the
proof of the main theorems. More specifically our attention will be directed towards characterizing properties
associated with the primary and change of basis pivots which are essential in determining the spectral sequence.
Many of the proofs are analogous to the ones in [CdRS].

It is easy to see that all A™’s are upper triangular and A" o A™ = 0 since they are recursively obtained from
the initial connection matrix A by change of basis over Zs.

Note that, as in [CdRS], if the entry A} has been identified by the sweeping method as a primary

p—r4+1,p+1
pivot or a change of basis pivot then Af b =0 foralls >p—1r+ 1.
Moreover, Proposition 2.2 asserts that we can not have more than one primary pivot in a fixed row or

column. Moreover, if there is a primary pivot in a row ¢ then there is no primary pivot in column 4.

Proposition 2.2. Let {A"} be the resulting family of matrices produced by the sweeping method applied to a

connection matriz A. Given any two primary pivots Ay and AL , we have that {i,5} N {m, £} = 0.

Proof: The only non trivial case which needs to be considered is when k& = k + 1 and we have to prove
that in this case j # m. Suppose there exists a primary pivot on the j-th column and another on the j-th row
of A", i.e., Azm_ and AZ-&-IM are primary pivots. Hence, Azm =0 for all s >4 and AZHS,[ =0 for all s > j.

Let 0" 67 and al(ﬁ’f be chains associated to the j-th, the i-th and the ¢-th columns of A" respectively.

4 1 £+1 1 242 1 4 1 £+4 1 £+5 1
(1 RNl (EHDrdL (4941 )+ (o)t

r+1
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Since AT o A" =0, V; = {U,c 1 a,(f)’ k+1 "'} cannot be an interval because A’“(Vl) # 0. Therefore, there

must exist o'(J 2)r

associated to the jo-th column of A", such that 0(72 + ak Ay #F0and A,  #0.
.52 J2.t
Note that j; < j, since J;JZ)’T #* Ul(j)’ and all entries below a primary pivot are zero.
The entry A} i cannot be a primary pivot, since the i-th row already has a primary pivot. Thus, the
primary pivot of the jo-th column must be below the entry A} L i.e, there exists ol(jf)l’r associated to the is-th

row of A", iy > i, such that Azizm is a primary pivot. Therefore, A} = 0 for all s > i5. See figure 15.

i),r i9),r j2),r 7),r 0),r
o ot A op ol

7 By Bk

(i2),r \ﬁ?f’"‘
agj. .
k=1 k’y2>

0_](32)‘7 AZHQ ’
UJ(V”‘T <\A2+1 ,4/>
0),r
k+1

Figure 15: Impossibility of primary pivots in the j-th row and in the j-th column simultaneously.

Once again, since A" o A” = 0 and A"(V2)? # 0 for V5 = {J,(ff)l’r,a,(f) k?_’l} then V, cannot be an
(Js),r

interval, i.e., there exists o’

A};H]‘M # 0.
We must show that Ulijg)’r # U,ij)’ By the construction of o} ()" e have that AT_ . # 0 where iz > i.

on the js-th column of A" such that o*" # o/, js < j, Af 0 and

Thus, if j3 were equal to j we would have the entry AT ;é 0 below the primary pivot AT . This contradicts
the fact that Ay =0 for all s > .

Repeating the above steps and always using the fact that A" o A” = 0 we eventually run out of rows or
columns to continue the above arguments. See figure 16. If there are no more hi columns we will have an
interval V with A(V)? # 0 which contradicts the fact that A" o A” = 0. On the other hand, if there are no
more hy_1 columns we will have a nonzero entry in A" below the r-th auxiliary diagonal which is neither a
primary pivot nor an entry above a primary pivot. It contradicts the fact that the only nonzero entries in A"

below the r-th auxiliary diagonal are primary pivots and entries above primary pivots.
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Figure 16: Construction of a finite sequence of singularities to insure no intervals A”(V) in A” with A™(V)? = 0.

3 The Modules E] of the Spectral Sequence

In this section, we show how the Zy-modules £ are determined when we apply the sweeping method to the
matrix A. The primary and change of basis pivots of A" produced by the sweeping method play an important
role in determining the generators of Z7. In order to simplify notation, reference to the index & in the matrix
A} will be omitted whenever it is not necessary.

Recall that

By = Z;/(Z,71 4 02500)

where,

Z, ={ce F,C| dc e F,_,.C}.

Each hj, column of the connection matrix A represents connections of an elementary chain hy of Cy to an
elementary chain hy_q of Cy_1.

The Z-module Z;,k_p = {c € F,Cy;0c € F,_,Ci_1} is generated by k-chains contained in F},, with bound-
aries in F,_,. This corresponds in the matrix A to all the hj columns to the left of the (p + 1)-st column or
linear combinations of these hj, columns, such that their boundaries (nonzero entries) are above the (p—r+1)-st
row>.

Similarly Z;:i,kf(pfl) ={ce F,_1Cy;0c € F,_,Cy_1} corresponds in the matrix A to all the hy columns
to the left of the p-th column or linear combinations of these h; columns such that their boundaries are above
the (p — r + 1)-st row.

Finally,

6Z;—;r1—1,(k+1)—(p+r—l) =0{c€ Fpt—1Cyy1:0c € F,C}

is the set of all the boundaries of elements in Z" which corresponds in the matrix A to all

ptr—1,(k+1)—(p+r—1)’
the hy columns to the left of the (p + 1)-st column (or equivalently all hy rows above the (p+ 1)-st row) which

3The expressions "above the row" and "to the left of the column" shall include the row or column in question, whereas the

expressions "below the row" and "to the right of the column" shall not include the row or column in question.
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are boundary of hp41 columns that are to the left of the (p 4+ r)-th column.
The index k singularity in F), \ Fj,_1 corresponds to the k chain associated to the (p + 1)-st column of A.
Hence we denote this singularity by h,(cp +,

The Proposition 3.1 establishes a formula for Z;’k_p.

(p+1),r (p),r—lo.](cp)m—l

Proposition 3.1. 77, = Z2[M(p+1)7rgk " (ﬁ),r—p—l-i-no_](:)m—p—l—kn}

N) where Kk is the
first column in A associated to a k-chain and pU)¢ = 0 whenever the primary pivot of the j-th column is below

the (p — 7 + 1)-st row and p9)< =1 otherwise.

Proof: Note that the a,(fﬂ_&)’r_& is associated to the (p + 1 — £)-th column of the matrix AS. By
definition, p(P+t1=$7=¢ = 1 if and only if the primary pivot on the (p + 1 — £)-th column is above the row
p+1-¢& —(r—¢& =p—r+1. It is easy to verify that chains associated to columns with primary pivots

Consider a k-chain a,(cpﬂfg)wfg, with

below the (p — r + 1)-st row do not correspond to generators of Z ;.

€ €{0,...,p+1— K}, associated to the (p + 1 — &)-th column of A"~¢ such that the primary pivot of the
(p+1—&)-th column of A™~¢ is above (p—7+1)-st row. For the latter primary pivots we show that a,(fﬂfg)’r*g
is a k-chain which corresponds to a generator of Z. It is easy to see that a,(cpﬂfg)’rf5 is in F,C}, for £ > 0.
Furthermore, (r — £)-th step in the sweeping method applied has zeroed out all change of basis pivots below
the (r — &)-th auxiliary diagonal. In other words, all nonzero entries of the (p 4+ 1 — &)-th column of A"~¢ are

(p+1-§),r=¢
k

above the (p+1—¢) — (r — &) = (p — r + 1)-st row. Hence the boundary of o isin F,_,Ck_1.

We now show that any element in Z) is a linear integer combination of u(p“_g)”’_fa,(cp O for ¢ =

0,...,p+ 1 — k. This is done by multiple induction in p and 7.

e Consider F};,_1, where & is the first column of A associated to a k-chain. Let £ be such that the boundary

of B\ isin Fr_y ¢C \ Fu_1_¢1Ch.

1. Z7_, is generated by k-chain in F,,_1C} with boundaries in F,_;_,.Cyr_1. Note that there exists

only one chain h,(f) in F,_1C}). Hence

(a) If & <7 then O\ ¢ F,_y ,Cy_1. Thus, ZI_, =0
(b) If £ > r than 9h\"™ € F_y_,Cj_y. Thus, Z7_, = Zy[h\"]

2. On the other hand, a,(:)’r is a k-chain associated to the x-th column of A". Since there is no change of
basis caused by the sweeping method that affects the first column of Ay, a,(f)’r = h,(:). Furthermore,
p")" =1 if and only if the boundary of h,(f) = a,(:)’r is above the r-th auxiliary diagonal. Hence
(a) Tf & < 7 then p(®)" = 0. Thus Zo[u®)"aU™"] = 0
(b) If € > r then u()" = 1. Thus Zo[u®) "o \™"] = Zo[o\"] = Zo[n{”].

Hence Z7_, =Z» [#(K)’TU,(:)’T].

e Let the & -th auxiliary diagonal be the first in A that intersects Ay. All the columns of A corresponding
to the chains hépﬂ), .. .,h,(:") have nonzero entries above the &;-th auxiliary diagonal, thus, above the

(p— & + 1)-st row of A.
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1. By definition Zgl is generated by k-chains contained in F,C}, with boundary in F},_¢, C—1. Since the
columns of A associated to the chains h,(ep H), ceey h,(:”) have nonzero entries above the (p — &; + 1)-st

row, this implies that the boundaries are in Fj,_¢, Cr_1, i.e.,

75 = ZohPY AL,

2. Since nonzero entries in the columns of A associated to the chains hff'ﬂ), ey h,(:) are all above the
&1-th auxiliary diagonal then o,(cj)’gl = h,(cj), j=#k,...p+1and W& =1, j=k,...p+ 1. Hence,
ZQ [/’L(p+1),51 O-]E‘,p—‘rl)’r? A 7/‘L(H)7N_p+1+£l o-](:)’n_p—i_l—’_fl] = ZZ [hgcp+1)’ ) h.g{:{)]'
Therefore, Zgl _ ZQ[M(p+1),gla’gp+1),T, o Iu(ﬁ),n—p—i-l—i-glO_I(CH),K7;D+1+§1}.
e We assume that the generators of Z;j correspond to k-chains associated to a,(fﬂfﬁ)’”&, E=1,...,p+

1 — k whenever the primary pivot of the (p + 1 — &£)-th column is above the (p — r 4+ 1)-st row. If the
primary pivot of the (p + 1)-st column is below the (p — 7 + 1)-st row then Z = Z;:ll and it is the case
when pP*1)" = 0. Suppose now that the primary pivot of the (p+1)-st column is above the (p—r+1)-st

row. Let b,...,byt1 € Zo and by, = bp“h,(fﬂ) +o b"‘h,i"”) be a k-chain corresponding to an element
of Z, y—p- We know that by, is in F), and its boundary is above the (p — r + 1)-st row. If ¥»*! =0 then

b, € Z;:ll and the result follows by the induction hypothesis. Suppose P! = 1.

Thus we can rewrite b as

by = O',ip—"_l)’r + (bp _ Cngl,r)hl(cp) 4t (bn _ CﬁJrl’r)h;:).

Note that by — J,(CPH)’T = (b — cgﬂ’r)h,(gp) + o (07— cﬂ“”)hgf) € F,_1. Moreover, since hy and
a,(fﬂ)’r have their boundaries above the (p —r+1)-st row then the boundary of b, — a,(fﬂ)’r is above the

(p— 7+ 1)-st row. Hence by, — U,(CPH)’T € Z;:ll. By the induction hypotheses we have that by — U,(CPH)’T =

ap’u(p),rfla.l(gp)vr_l R a%’u(n),rfpf1+KU](€”):T—P—1+N ie,

b = O_I(CPJrl)aT + ap’u(p),r—lo_](cp);rfl NI amu(n),r—p—l—k.‘ca}(j)#*?*1+K.

|
The next lemma will be used in Theorem 3.3.
r—1 r—1
Lemma 3.2. Suppose that 8Zp+r*17(k+1)7(p+%1) ¢ prl,kf(pfl)' Then
r—1 r—1 _ T
2y i g—-1) T 021 )= (prr1) = Zp
. : r—1 r—1 r—1 r—1 :
Proof:  Since 027 i1y i) & 2y 1k ooy then 275 0y F 02000 () (prr1) 18 @
submodule of
Z;,k:—p =7 [‘LL(erl).,7"0,](610Jr1)77‘7 M(p),rflo.’E:P%T*l’ o 7M(K)’T7p71+KU](GN))T7P71+H]
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but it is not a submodule of

T r— ;r—1 —1),r— —1),r—2 K)r—p—1tr (K),r—p—1+k
prll’kf(pfl) = Zy [P 101(;) =D 20,(;’ IR repe 0’(€> P I

Then p®+1" =1 and Z;:% +oz5 7}

ptr—1,(k+ 1)~ (ptr—1) = Zp-

Theorem 3.3. The matriz A" obtained from the sweeping method applied to A determines E,).

Proof: We will prove that

Er A — Z;;kfp
p,K—p r—1 r—1
2 k1) Y OZy e k1) (prr—1)

is either zero or a finite generated Zs-module whose generator corresponds to a k-chain associated to the
(p+ 1)-st column of A".

Note that Ap_, 1y 1 is on the r-th diagonal and plays a crucial role in determining EJ ; .

We now proceed to identify the effect that entries on the r-th auxiliary diagonal of A™ have on determining
the generators of the Zy-modules E.

A nonzero entry on the r-th auxiliary diagonal can be either a primary pivot, a change of basis pivot or it
is in a column above a primary pivot. A zero entry can be in a column above a primary pivot or all entries

below it are also zero.

1. Suppose the entry A7 ., ., has been identified by the sweeping method as a primary pivot. Then

AT

spt1 = 0 for all s > p —r + 1. Therefore, the chain associated to the (p + 1)-st column in A"

corresponds to a generator of Z7 By the sweeping method this chain is a linear combination over

k—p°
Zs of the hy columns of A to the left of the (p + 1)-st column such that the coefficient of the (p + 1)-st

(p+1),r
k

hi column is 1. This chain is o and since the coefficient of the (p + 1)-st hj column is nonzero,

a,(fﬂ)’r is not contained in the generators of Z;:%,kf(pfl)'

Claim 1: If AJ_, ., ., has been identified by the sweeping method as a primary pivot then

r—1 r—1
0Z, v 1 (k1) —(ptr—1) © Zp 1 h—(p-1)"

The generators of Z;;l ( must correspond to (k+1)-chains associated to hy1 columns

r—1,(k+1)—(p+r—1)
with the property that their boundaries are above the (p + 1)-st row and consequently all entries
below the (p+ 1)-st row are zero. Hence the entries of these hgy1 column on the (p+ 1)-st row must,

by the sweeping method, either be a primary pivot or a zero entry. See figure 17.

By Proposition 2.2 the (p + 1)-st row can not contain a primary pivot since we have assumed that

the (p + 1)-st columns has a primary pivot. Therefore, the entries of these hyy1 columns on the

(p + 1)-st row must be zeroes. It follows that 8217):;_17(“1)_@“_1) does not contain in its set of
generators the generator O']E,p D7 The claim follows.

By Proposition 3.1 we have that E , = Z, [a,(fﬂ)’r].
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(p—r+1),r (p+1),r (ptr=2),r  _(ptr—1),r (p+r),r (p+r+1),r
Oj—1 Ok Ok+1 k+1 k+1 k41

(p+r—2),r
Ok+1 r—1

(p4r—1),r
k41

(p+r),r
k+1

(p+r+1),r
Ok+1

: ) -1 -1
Figure 17: 07, 1 (k41)~par—1) € Zp-1 4= p-1)"

2. If the entry A7, ., . is identified by the sweeping method as a change of basis pivot then the sweeping
method guarantees that A;tiﬂ’pﬂ = 0. Furthermore, Ay . = 0 for all s > p—r +1 and, like in the
previous case, the generator corresponding to the k-chain associated to (p 4+ 1)-st column o,(cp O AT
is a generator of Z | .

Thus we have to analyze the (p + 1)-st row. There are two possibilities:

r—1 r—1 : . : r—1
(a) 5‘Zp+r71’(k+1)7(p+%1) C ZZ7717167(1071)7 i.e, all the boundaries of the elements in Zp+rfl,(k+1)7(p+rfl)

are above the p-th row.

In this case, as before, by Proposition 3.1 E} ;= Z> [Ul(cpﬂ)’r].
r—1 r—1 : H H r—1
(b) 8Zp+r—1,(k+1)—(p+r—l) ¢ Zp—l,k—(p—l)’ i.e, there exist elements in Zp+r—l,(k+1)—(p+r—1) whose

boundary has a nonzero entry on the (p + 1)-st row which is necessarily a primary pivot.

By Lemma 3.2 E;k_p =0.

3. If the entry A7 .., ., is nonzero, but is not a primary pivot nor a change of basis pivot then it must be

T

an entry above a primary pivot. In other words, there exists s > p —r + 1 such that A7 .

pivot. It follows that al(fﬂ)’r is not in Z7, . Thus, Z;:%,k_(p_l) =27y, and hence B, = 0.

1 is a primary

4. If the entry A}, 4 1, is a zero entry we have the following possibilities:

T

(a) There is a primary pivot below A7 ;. i.e, there exists s > p—r+1 such that A7 |

1 is a primary

pivot. In this case the generator corresponding to the k-chain associated to (p+1)-st column Ul(f +r
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( (p+r+1),r
Tlt1 k41

(p—r+1),r (p+1),r
k-1 Ok

p+r—2),r (p+r—1),r
+1 Oky1

( p+r),r
Tk +

(p+r—2),r
Ok+1 r—1

(p4r—1),r
k41

(p+r),r
k+1

(p+r+1),r
Ok+1

. . r—1 r—1
Figure 18: aZp+T—l,(k+l)—(p+r—1) ¢ Zp_Lk_(p_l).

is not a generator of Z and hence Z;:ik_(p_l) =2, 1, 1t follows that E7,  =0.
(b) Af 41 =0for all s >p—r+1. In this case, the generator corresponding to the k-chain associated
to (p + 1)-st column cr](fﬂ)’r in A" is a generator of Z, . Thus we must analyze the (p + 1)-st

row. We have the following possibilities:

. r—1 -1 . . . —1
i. 8Zp+74_17(k+1)_(p+r_1) - Z;_l,k_(p_l), i.e, all the boundaries of the elements in Z;+T—1,(k+1)—(p+7"—1)

are above the p-th row.

In this case, as before, by Proposition 3.1 £ , = Zg[al(cpﬂ)’r].

.. 1 -1 . . . 1

ii. 8Z;+T71’(k+1)7(p”71) ¢ Z;Zfl,kf(pfly i.e, there exist elements in Z;+r71,(k+1)7(p+r71) whose
boundary has a nonzero entry on the (p + 1)-st row. By Proposition 3.1 and Lemma 3.2
Bjiy =0,

5. The entry Ay, . .4 is not in A}. This includes the case where p —r +1 <0, i.e, Aj_, ., .4 is not on

the matrix A”.

The analyzes of E is very similar to the previous one, i.e, we have two possibilities:

(a) There is a primary pivot on the (p 4+ 1)-st column in a auxiliary diagonal 7 < r. In this case the

generator corresponding to the k-chain associated to (p + 1)-st column U,(f DT i not a generator of
-1 _ _
pe—pe Hence ZL7y 4y =2y, and Bpy = 0.

(b) All the entries in A" on the (p + 1)-st column in auxiliary diagonals lower than r are zero, i.e, the
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(p+1),r

generator corresponding to the k-chain associated to (p + 1)-st column o, in A" is a generator
of Z},_,. Then we have to analyze the (p + 1)-st row.

. —1 -1 o . _ (p+1)77‘

i If aZ;+r71,(k+l)7(p+7‘71) - Z;717k7(p71) then, by Proposition 3.1, E = Zs[o}, ]

.. 1 -1 o

ii. If 8Z;+T_17(k+1)_(p+r_1) ¢ Z;_Lk_(p_l) then, by Proposition 3.1 and Lemma 3.2, E} , = 0.

4 The Differentials of the Spectral Sequence

In this section we will show how the sweeping method applied to A induces the differentials d, : £ — Ej_, in
the spectral sequence. We need to analyze the cases where both £ and Ej_, are nonzero since otherwise dj,
is zero. We will denote by x the first column of a connection matrix associated to a k-chain and by % the first

column associated to a (k + 1)-chain.

Lemma 4.1. Let Ej = Zz[U,(fH)’T] and suppose that Aj_ . . is a zero entry with a column of zeroes below

it. Then

1. If ALy vy 18 @ primary pivot, E;:’,;lp =0.

2. If Aj Ly vy 18 @ zero entry with a column of zeroes below it, E;jip =7Zs [U,(CPH)’TH].

Proof: Since A}_, ;41 is zero with a column of zero entries below it then A;tiHJJH = 0 and
thus U,(CPH)"TH € ng_p. It follows that Z7 |, ) & Z;f_p. Moreover, since Ej = Zz[a,(fﬂ)’r] then
we have that 8Z;;T1_17(k+1)_(p+r_1) C Z;:},k:—(p—l)' But the difference between 8Z;;;_17(k+1)_(p+r_1) and
OZy ., (k1)—(p+r) IS that the last one includes the boundary of the (p+ 7+ 1)-st column. See Figure 19. The

element in the (p + 7 + 1)-st column and (p + 1)-st row is Ap .y 4y,

r . . . r r 7‘+1 _
If A 1 pipq1 is @ primary pivot then 0Z7 1y (00 ¢ Z) o pnyand By =0.

T _ T T r _ ( +1),T
Ay iy =0 then 827, o1 o CZr L and, BT = Zafo PP,

Theorem 4.2. If E] and E,_, are both nonzero, then the map d, : E; — Ej

. -
- is induced by oy, i.e,

-Tr

multiplication by the entry Ay ., .1 whenever it is either a primary pivot or a zero with a column of zero

entries below it.

Proof: Suppose that £ and E,_, are both nonzero. We must show in each of the following cases that
Kerdy, _ g
Iméy P

Since we want E; nonzero, from Theorem 3.3, we will lead us to consider three mail cases for the entry
AJ_, 41,10 primary pivot, change of basis pivot and zero with a column of zeroes below it. However, if
A}, +1p+1 18 a change of basis pivot then there exists a primary pivot in the (p — 7 + 1)-st row on a diagonal

below the r-th auxiliary diagonal. It follows by Theorem 3.3 2(b) that £, = 0. Hence, whenever £ and
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Ok+1 k+1
+1),r - - -
o A A

p+1,p+r+1

Figure 19: Difference between 02" +r (k1) (ptr—1) and 07 ot (k+1)— (pr)°

E;_, are both nonzero, the entry A7, ., . in A" is either a primary pivot or a zero with a columns of zero

entries below it.

1. A} _, 11 p+1 is a primary pivot.

If Aj_, 1,41 is a primary pivot, we know by Theorem 3.3 that £ = Zs [U,(CPH)’T]

. Moreover E,_, =
ZoloP T In fact, E7_, could not be zero because this would imply in the existence of a primary

pivot on a diagonal below the r-th auxiliary diagonal. We have the following sequence:

r 6”' r 62““ T
A I SRS S 5 (2)
(a) Suppose Ej., = 0. Then Imdy,, = 0. Moreover, since 6, : Zs[o l(gpﬂ)’r] — Zsloy] - r+1) "] s
Keré’“
multiplication by A;—H—Lp-&-l =1 then Kerég = 0. Hence Tmer . — 0
p+r

(b) Suppose Ej ., [a,(f"’l)’ | — Z[a,i’j__lr+1)’T] is multiplication by

A7 1 pe1 # 0 and hence Kerdy = 0.

# 0. As in the previous case, d, : Z

Since Ej,, # 0, let us consider the three possibilities for A7 ; ., .,. Either it is a primary pivot,
a change of basis pivot or a zero entry with a column of zero entries below it. However, since
A}, 1141 18 a primary pivot, by Proposition 2.2 there is no primary pivot on the (p + 1)-st row.

, . . . - .
Hence A7, 4,11 can not be a primary pivot nor a change of basis pivot. Thus, A7, . ., isa
T

zero and Imdy,, = 0. It follows that 67" =0.

p+r

On the other hand, for both cases above, since A7_, ., ., is a primary pivot then U,(fﬂ)’rﬂ = J,(CPH)’T.

Note that its boundary in the (p —r+1)-st row is A7 1 # 0 and hence it is not above the (p —r)-th

row. It follows that ot +! ¢ Z7t and thus Z)t' = Z7 | and E; T = 0.

2. A7 4,1 =0 with a column of zeroes below it. In this case Kerd] = EJ and g P = Glp )L
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a) If AT is an entry above a primary pivot then we have p®+"t1." = 0 and E”, = 0. Hence
p+1,p+r+l ptr

Imd,,, =0 and thus
Kerd,, .
Imdy . p

On the other hand since pP*7+h" =, Ertt = E7.

b) If AT = 0 with a column of zero entries below it then Imdé”_ . = 0 and
p+1,p+r+1 p+r
Ker(S; _ g
Iméy., . P

On the other hand, it follows from Lemma 4.1 that E}*! = E7.

(¢) ¥ Ap. 1 pirp1 = 1is a primary pivot then there is neither a primary pivot in the the (p + 1)-st row
nor a primary pivot in the (p + r + 1)-st column in a diagonal below the r-th auxiliary diagonal.

Hence £ = Lol and Epyr =12 [t

r Iy Opir r r
Epir ZQ[CT](;D—H)’T] R ZQ[U](C{):E +1), ]<7 (3)
Therefore
Kerd, Z2[a,(€p+l)’T] 0
Im5;+T ZQ[O—](CP+1)’T]
On the other hand, since A}, ., is a primary pivot by Lemma 4.1 E;,}:l_p =0.

(d) ¥ AJ.; p4r41 s a change of basis pivot then there is a primary pivot in the the (p + 1)-st row
in a diagonal below the r-th auxiliary diagonal. Hence Ej = 0 and this case does not need to be

considered.

We have seen that for all cases

T Ea

Kerd, 1l Kerd,
T p,k—p T .

Imdy,, Iméy .,
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