BIFURCATION OF PERIODIC SOLUTIONS FOR C®> AND (¢
VECTOR FIELDS IN R* WITH PURE IMAGINARY
EIGENVALUES IN RESONANCE 1:4 AND 1:5

JAUME LLIBRE AND ANA CRISTINA MEREU

ABSTRACT. In this paper we study the bifurcation of families of periodic orbits
at a singular point of a C5 and C differential system in R* with eigenvalues
+ai and +37 with resonance 1 : 4 and 1 : 5 respectively. From the singular
point of the C® vector field with resonance 1 : 4 can bifurcate 0, 1, 2, 3, 4, 5 or 6
one-parameter family of periodic orbits. For the C8 vector field with resonance
1 : 5, the maximal number of families of periodic orbits that bifurcate from
this singular point is 40. The tool for proving such a result is the averaging
theory.

1. INTRODUCTION AND STATEMENT OF THE RESULTS

The purpose of this paper is to study the bifurcation of periodic solutions at a
singular point p of C° (respectively C% ) differential system in R* with eigenvalues
+ai, 07 in resonance 1 : 4 (respectively 1 : 5).

Of course doing a translation of the coordinates we can assume that the singular
point p is at the origin of coordinates, and doing a rescaling of the time variable
without loss of generality we can suppose that « = 1 and 8 = 1/4 (respectively
a=1and §=1/5).

Since we shall use the averaging theory of first order, we need to choose carefully
the class of differentials systems to study. Thus we deal with the following class of
C5 differential systems

T = -y +e3A; + 24y +eAs + Ay + Zg,,
(1) Y= x +e3By +e2By+¢eBs+ By +§5,

t= —tw +&3C, +£%0y4+eC5+ Cy+ Cs,

W= 1z 43Dy + €Dy +eD3 + Cy + Ds,

and of CY differential systems

= ) +E4A1 + €3A2 + E2A3 + €A4 + A5 + ZG,
x +€4Bl + 5332 =+ 6233 + EB4 =+ B5 + §67
w +e*Cy +&3Cs + €203+ eCy + Cs + C,
z +E4D1 + €3D2 + 62D3 + ED4 + A5 + 567

(2)
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where
i Gk,
A, = E Aijpx'y 27w,

i+j+k+l=r

B, = Z bijrr'y? 2Fwl,
i+j+ktl=r

C, = Z cijklxiyjzkwl,
itjtkti=r

D, = Z dija’y! 2Fwt,
i+j+ktl=r

for r =1,2,3,4,5. The functions Ay, By, Ci and Dy, k = 5,6 denote the Lagrange
error in the terms of fifth and sixth order, of the Taylor series expansion of these
C5, and C6 differential systems respectively.

Theorem 1. For e # 0 sufficiently small, the following statements hold.

(a) The mazimum number of limit cycles of the C° differential systems (1)
bifurcating from the origin is at most 6 if the displacement function at
order € is not identically zero.

(b) There are examples of systems (1) having 0, 1, 2, 3, 4, 5, or 6 limit cycles
bifurcating from the origin.

Theorem 2. For ¢ # 0 sufficiently small, the maximum number of limit cycles of
the C8 differential systems (2) bifurcating from the origin is 40 if the displacement
function at order € is not identically zero.

The proofs of Theorem 1 and Theorem 2 are based on the first order averaging
method. We will present this method in Section 2, in the form obtained in [2].
The first step in the study of systems (1) and (2) is transform the systems into one
which is in the standard form for averaging. This is possible by a change of variables
which is related to the first integrals of the systems. A difficult problem will be
the estimation of number of isolated zeros of some 3-dimensional function with 3
variables, or, equivalently, of the number of equilibrium points of the averaging
system.

The proof of statement (a) of Theorem 1 will be the subject of Section 4 and the
proof of statement (b) of Theorem 1 will be the subject of Section 5.

The proof of Theorem 2 will be the subject of Section 6. In this proof, in order
to find the estimation of number of equilibrium points of the averaging system, our
main tools will be the resultant of the two polynomials and the Bezout Theorem.
This tools are introduced in Section 3

2. FIRST ORDER AVERAGING METHOD FOR PERIODIC ORBITS

The aim of this section is to present the first order averaging method as it was
obtained in [2]. Differentiability of the vector field is not needed. The specific
conditions for the existence of a simple isolated zero of the averaged function are
given in terms of the Brouwer degree. In fact, the Brouwer degree theory is the key
point in the proof of this theorem. We remind here that continuity of some finite
dimensional function is a sufficient condition for the existence of its Brouwer degree
(see [7] for precise definitions).
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Theorem 3. We consider the following differential system
(3) #(t) = eF(t,x) + *R(t, x,¢),

where F:Rx D — R", R:Rx D x (—¢ef,e5) = R™ are continuous functions, T~
periodic in the first variable, and D is an open subset of R™. We define f : D — R"
as

T
(1 F6) =5 | Plasas

and assume that

(i) F and R are locally Lipschitz with respect to x;
(ii) for a € D with f(a) = 0, there exists a neighborhood V of a such that

f(2) #0 for all z € V\ {a} and dp(f,V,0) # 0.

Then, for |e| > 0 sufficiently small, there exists an isolated T—periodic solution
(-, €) of system (3) such that p(-,€) — a ase — 0.

Here we will need some facts from the proof of Theorem 3. Hypothesis (i) assures
the existence and uniqueness of the solution of each initial value problem on the
interval [0,7]. Hence, for each z € D, it is possible to denote by z(:,z,¢) the
solution of (3) with the initial value z(0,z,¢) = z. We consider also the function
¢:D x (—es,er) — R™ defined by

T
(5) ((z6) = / [eF(t, 2(t, 2,€)) + E2R(t, 2(t, 2,€), €)] d.
0
From the proof of Theorem 3 we extract the following facts.

Remark 1. Under the assumptions of Theorem 3 for every z € D the following
relation holds
(T, z,e) —x(0,2,¢) = ((z,¢).

Moreover the function ( can be written in the form
((2,6) =ef(2) + O(?),

where f is given by (4) and the symbol O(e?) denotes a bounded function on every
compact subset of D x (—ey¢,ef) multiplied by 2. Moreover, for |e| sufficiently
small, z = ¢(0,¢) is an isolated zero of ((-,¢).

Note that from Remark 1 it follows that a zero z of the function ((z,¢) provides
initial conditions for a periodic orbit of the system of period T. We also remark
that f(z) is the displacement function up to terms of order e. Consequently the
zeros of f(z) when f(z) is not identically zero also provides periodic orbits of period
T.

For a given system there is the possibility that the function ( is not globally
differentiable, but the function f is. In fact, only differentiability in some neigh-
borhood of a fixed isolated zero of f could be enough. When this is the case, one
can use the following remark in order to verify the hypothesis (ii) of Theorem 3.

Remark 2. Let f: D — R™ be a C* function, with f(a) =0, where D is an open
subset of R™ and a € D. Whenever a is a simple zero of [ (i.e. the Jacobian of f
at a is not zero), then there exists a neighborhood V' of a such that f(z) # 0 for all
z €V \{a}. Then dp(f,V,0) € {-1,1}.



4 JAUME LLIBRE AND ANA CRISTINA MEREU

3. THE RESULTANT AND BEZOUT’S THEOREM

In this section we present a brief summary on the resultant and on the Bzout‘s
theorem. Both will be used later on for proving the theorem 2.

3.1. The resultant of two polynomials. Let the roots of the polynomial P(x)
with leading coefficient one be denoted by a1, ¢ = 1,2, ...,n and those of the poly-
nomial Q(z) with leading coefficient one be denoted by b;, j = 1,2,...,m. The
resultant of P and @, Res[P,Q)], is the expression formed by product os al the
differences a; — b;, ¢ = 1,2,...,n, 7 = 1,2,...,m. In order to see how to compute
Res[P, Q], see [6].

The main property of the resultant is that if P and @ have a common solution,
then necessarily Res[P, @] = 0.

Consider now two multivariable polynomials, say P(X,Y) and Q(X,Y’). These
polynomial con be considered as polynomials in X with polynomial coefficients in Y.
Then the resultant with respect to X, Res[P, @, X|, is a polynomial in the variables
Y with the following property. If P(X,Y) and Q(X,Y) have a common solution
(Xo,Y0), then Res[P, @, X](Yy) = 0, and similarly for variable Y. In particular, if
the polynomials depending on one variable,

p(X) = Res[P,Q,Y],
q(Y) = Res|[P,Q, X],
have finitely many solutions (i.e. they are not the zero polynomial), then the
polynomial system
P(X,Y)=0, Q(X,Y)=0

has finitely many solutions.

3.2. Bezout’s theorem. The intersection of a variety of degree m with a variety
of degree n in complex projective space is either a common component or it has m.n
points when the intersection points are counted with the appropriate multiplicity.
For more details, see [4]

4. PROOF OF STATEMENT (a) OF THEOREM 1

The proof of the theorem 1 is based on the first order averaging method presented
in the section 2. In order to apply this result we will change the variables to
transform the system (1) into one which is in the standard form for averaging.
Thus following ideas of [3] we do the change of variables

(6) x:rcoséhyzrsine,zchos(T),szsin(el—S),

the system (1) becomes

o= ¥ e’y terg+ry+rs,

6 = 1+1(a391 + €209 + 63 + 04 + 05),
(™ R = &R\ +Ro+eRs+ Ryt R,

5§ = %(5351 +¢e%sy + €53 + 84+ 85),

where r, = 1 (r,0, R, s), 0, = 0(r,0, R, s), R, = Ri(r,0, R, s) and s = si(r,0, R, s)
for £k = 1,2,3,4 are homogeneous polynomials of degree k in the variables r and
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R with coefficients functions in the variables # and s, and r5 = r5(r, 0, R, s),
05 = 05(r,0,R,s), Rs = Rs(r,0, R, s) and s5 = s5(r, 0, R, s) are homogeneous poly-
nomials of degree 5 in the variables r and R with coefficients bounded functions in
the variables (r,0, R, s) in a neighborhood of the origin.

We remark that this change of variables is not a diffeomorphism when r = 0 or
R = 0. So we must restrict our study on the limit cycles of system (1) to the region
of the space where r > 0 and R > 0.

Now taking 6 as the new independent variable and doing the rescaling
(8) (r,R) — (F=¢er, R =¢R),

system (7) becomes

d
dig = _EBFl (97 T, R’ S) + 0(84)’
d

(9) CT]; = —*Fy(0,7, R, s) + O(e"),
dS 3 4
5 = B0 R )+ 0,

where we have denoted 7 and R again by r and R.

This system already is into the normal form (3) for applying the averaging theory
with = (r,R,s) and ¢ = #. The functions Fy(0,r, R,s) for k = 1,2,3 are 8r—
periodic in the variable 6 since they depend on 6 through cos 8, sin 6, cos((6 +s)/4)
and sin((6+s)/4). Moreover the functions F (6, r, R, s) are by construction C'. The
functions which appear in O(g?) can be not periodic in 6 but they are continuous
due to the fact that they come from the terms of the Lagrange error in the expansion
of the Taylor series, but in a bounded neighborhood of the origin they are as close
to a periodic one as we want and the arguments used in the proof of Theorem 3
also apply.

Our next step is to find the corresponding function (4). If we denote by

1 8m
(f17f27f3)(7’7R,S):7/ (F13F27F3)(07T7R7S)d93
0

8m
then
1 2 2 - 4
= Tﬁ((ao + a1r? + aaR?)r + (a3 cos s + ag sin s)RY),
1
(10) Ja= TGR(bO + b17% + by R? + (b cos 5 + by sin s)rR?),

1
f3= _Z(CO + c17% 4 o R? + (—by cos 5 + bz sin s)rR?),



6 JAUME LLIBRE AND ANA CRISTINA MEREU

where

ao = 8(a1000 + bo100),

a1 = 2(a1200 + 3aso00 + 3bosoo + b2100),

as = 4(a1002 + a1020 + bo1o2 + bo120),

a3 = agpoo4 — o022 + aoo40 — boo1z + boos1,

a4 = —ago13 + 0031 — booos + booz2 — boo4o,

bo = 8(coo10 + dooo1),

b1 = 4(co210 + 2¢2010 + 2do201 + 2d2001),

bz = 2(coo12 + 3co030 + 3dooos + doo21),

b3 = —co103 + co121 — c1012 + c1030 — do112 + do130 + d1003 — d1021,
bs = co112 — 0130 — €1003 + C1021 — do103 + do121 — d1012 + d1030,
co = 8(—coo01 + doo10),

c1 = 4(—co201 — c2001 + do210 + d2010),

2 = 2(—3co003 — Co021 + dooi2 + 3doo30),

It is easy to check that all the coefficients ag, by, b1, co, c1, co and d; are
independent, i.e. they can be chosen arbitrarily playing with the coefficients a;;,
bijkh cijrt and dijkl of the initial system (1)

By Theorem 3 and the zeros (rg, Ry, so) of

(11) (flaf2>f3)(r7RaS):(0,070)7
such that

df1/0r 0fi/OR 0f1/0s
(12) det | O0f2/0r Ofs/OR 0f2/0s | (ro, Ro,s0) # 0,
Ofs/0r Ofs/OR 0fs/0s

provide periodic orbits of system (9) for every ¢ sufficiently small. Due to the change
of variables (8) these periodic orbits are periodic orbits of system (1) tending to
the origin when ¢ — 0. So they provide families of periodic orbits of system (1)
bifurcating from the origin.

The next result shows that at most we shall obtain 6 family of periodic orbits
bifurcating from the origin of system (1) using the theory of averaging of first order
described in the Section 2.

Proposition 4. System (11) with the functions f;, i = 1,2,3 given by (10) can
have 0, 1, 2, 3, 4, 5, or 6 isolated solution (ro, Ry, so) satisfying (12).

Proof. To look for the solutions of system (11) with » > 0, R > 0 and s € [0, 27)
is equivalent to look for the solutions A = r/R > 0, B =R > 0, u = coss and
v = sin s of the system

g1 = A(ag + a1 A2 B? + asB?) + (azu + aqv) B = 0,
gg = bo + b1A282 + 6232 + (bgu + b4U)AB3 = 0,

g3 = Co + 01A232 =+ 0232 + (bg’l) — b4u)AB‘3 = 0,
ga=u?+0v2—-1=0.

(13)

Solving the first three equations with respect to (B, u,v) we get a unique solution
given by

14 B— Bl - vV Bgul - vV Bg’Ul
(14) =V By YT o VT T o
2 ABj ABj
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where
By = —A2a0(b§ + bi) + a4(b300 + bob4) + ag(bobg — b400>,

Bg = —a3b2b3 - a4b2b4 + A4a1(b§ + bi) + A2(a2(b§ + bi)—
a4(b1bs + bscr) + ag(—bibs + baci)) — asbzca + agbaca,

Uy = (A4(a1b0b3 — a0b1b3 — a1b400 + a0b401) + a4(b200 — b002)+
A?(asbobs — agbabs + asbico — asbsco — asbocr + agbacz))),

v = (A4(a1(b0b4 + 6300) — ao(blb4 + bgcl)) + ag(beCO + boCQ)+
A2(02b0b4 — a0b2b4 — a3b100 + a2b300 —+ a3b001 — aobgcg))).

Clearly the solution (14) is well defined if and only if By By > 0. If B1 By > 0 then
substituting (14) in the fourth equation of (13), we obtain a polynomial of the form

(15) d1o A 4 dyg AY 4 dg A® + dg A® + dy A* 4 do A + d.

Since it is a polynomial of degree 6 in the variable A2, this polynomial can have at
most 6 positive roots. Each one of these roots determines at most a unique solution
(B,u,v) using (14). Since the coefficients of the polynomial (15) can be chosen
arbitrarily playing with the initial coefficients of system (1), it follows that system
(13) can have 0, 1, 2, 3, 4, 5 or 6 solutions if B1By > 0, and the proposition is
proved under this assumption. O

By Proposition 4 we get that the averaging method of the section 2, applied in
the way that we did, can provide at most 6 family of periodic orbits bifurcating
from the origin.

We must mention that from Remark 1 (see section 2) the averaged function
(f1, f2, f3) provides for e sufficiently small the dominant terms of the Poincaré
map, so it controls if ¢ sufficiently small the periodic orbits, and consequently the
number of families of periodic orbits bifurcating from the origin of the differential
system (1). So Theorem 1 is proved.

5. PROOF OF STATEMENT (b) OF THEOREM 1

In this section we go to explicit an example of a differential system (1) having
exactly 6 families of periodic orbits bifurcating from the origin. In the similar way
we would be able to provide examples with 0, 1, 2, 3, 4 or 5 families of periodic
orbits bifurcating from the origin.

Let us consider the differential system (1)with particular form:

&= —y+0.344182x — 0.6900562y” + 0.250w> — 2w? + As,
) Y= fBs -
= —iw-+0.0403y%z + 0.2862w* + Cs,

W= 1z—0.288z+ 0.223y%z + 0.682zw* + Ds,

hen system (13) has the following six solutions

1
(A, B,u,v) = {(V/2,1.1167,0.82362, —0.567142), (ﬁ’ 1.6617,0.831031, —0.556226),

1
(\/57 0.887898,0.726328, —0.687348)(ﬁ, 1.43345,0.653175, —0.757207),
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1
(2,0.755425,0.591271, —0.806473), (5, 1.23754,0.133657, —0.991028) }

6. PROOF OF THEOREM 2

We do the change of variables

(17) a::rcos&y:rsine,z:Rcos<9—gS),szsin(e—gs),

and system (2) becomes

¥ o= etry+edrg+elrg Fery + s + 76,

6 = 1+ }(5491 + &30y + €203 + 04 + 05 + 65),
(18) R = 54R1r+ 3Ry + 2R3 + eRy + Rs + R,

5 = l((5451 + &35y + €283 + €54 + 55 + S6),

R
where r, = r(r,0, R, s), 0, = O0(r,0, R, s), R, = Ri(r,0, R, s) and s, = si(r,0, R, s)
for kK = 1,2,3,4,5 are homogeneous polynomials of degree k in the variables r
and R with coefficients functions in the variables 6 and s, and r¢ = r4(r, 6, R, s),
06 = 0s(r,0, R, s), Rg = Rg(r,0, R, s) and sg = s¢(r, 0, R, s) are homogeneous poly-
nomials of degree 6 in the variables r and R with coefficients bounded functions in
the variables (7,60, R, s) in a neighborhood of the origin.

Taking 6 as the new independent variable and doing the rescaling (8) system
(18) becomes

% —  _F(0,1, R, s) + O(),
(19) CfT? = —'R(0,r R, )+ O(e),
ds 4 5
% = F3(0,7, R, s) + O(%),

where we have denoted 7 and R again by r and R.

Using the same arguments than in the proof of Theorem 1 we see that system
(19) satisfies the assumptions of Theorem 3 in a ball D centered at the origin. If
we denote by

1

107
(f11f27f3)(TvRas):m/0 (F17F27F3)(03T3R75)d07

1

fi= ) (r(ao +a1r? + agr* + azR? + a4r?*R? + a5 R*)) + (ag cos s + ay sin S)R5),
1

fa = @R(bo + 172 + bort + b3 R% + byr? R? + bs R* + (bg cos s + by sin s)rR3),

5
f3= ~5 (co+c1r? + cor® + csR* + car?R? + cs R* + (—by cos s + by sin s)rR?),
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where

ag = 16(a1000 + b0100),

a1 = 4(a1200 + 3az000 + 3bo300 + b2100),

az = 2(a1400 + az200 + 5as00 + 5bos00 + b2300 + ba100),

az = 8(a1002 + @1020 + bo102 + bo120),

ay = 2(a1202 + a1220 + 3azo02 + 3az020 + 3boz02 + 3bo320 + ba1o2 + b2120),
as = 2(3a1004 + a1022 + 3a1040 + 3bo104 + bo122 + 3bo140),

ag = apo14 — @oo32 + 0050 + booos — boo23 + boo41,

a7 = a5 — @023 + aooa1 — booi4 + boos2 — booso,

bo = 16(coo10 + dooo1 ),

b1 = 8(coz210 + c2010 + doz01 + d2001),

by = 2(3co410 + 2210 + 3ca010 + 3dosor + da201 + 3dao01),

bz = 4(coo12 + 3coo30 + 3dooos + dooz1),

by = 2(co212 + 3co230 + 2012 + 32030 + 3do203 + do221 + 3d2003 + d2o21),

bs = 2(coo14 + o032 + 5coos0 + 5dooos + doozs + dooar ),

b = —co113 + Co131 + C1004 — C1022 + C1040 + do104 — do122 + do140 + d1013 — d1031,
b7 = —co104 + Co122 — Co140 — C1013 + C1031 — do113 + do131 + d1004 — d1022 + d1040,

co = 16(coo01 — doo10)s
c1 = 8(co201 + €2001 — do210 — d2010),

c2 = 2(3co401 + 2201 + 1001 — 3doaio — da210 — 3da010),

c3 = 4(3co003 + co021 — doo12 — 3d0030),

¢4 = 2(3c0203 + o221 + 3c2003 + 2021 — do212 — 3do230 — d2012 — 3d2030),
¢5 = 2(5¢0005 + Coo23 + cooa1 — doo1a — doos2 — Bdooso),

Proposition 5. System (11) with the functions f;, i = 1,2,3 given by (20) has at
most 40 isolated solutions (ro, Ro, so) satisfying (12).

Proof. To look for the solutions of system (11) with » > 0, R > 0 and s € [0, 27)
is equivalent to look for the solutions A = /R > 0, B = R?> > 0, u = cos s and
v = sin s of the system
1)
g1 = Aag + a1 A?B + a3 A*B? + a3 B + a4 A2 B? + a5 B?) + (agu + a7v)B? = 0,
g2 =bo + b1 A’ B + by A*B? + b B + by A B? + b5 B + (AB?)(bu + brv) = 0,
gs = Co + ClAQB + 6214432 + c3B + C4A232 + 0532 + (ABQ)(—bﬂL + b(ﬂ}) =0,
g4:u2—|—112—1:O.

Solving the second and third equations with respect (u,v) we get a unique solu-
tion given by

(22)
= —————(bobg + A2Bbybg + A B2bybg + Bbsbg + A2 B2byb
U AB2(b%+b$)(06+ 106 + 206 + LU3bs + 406+
sz5b6 — b7CO — Asz761 — A4B2b762 — Bb763 — A2B2b704 — B2b765),
-1 2 402 22
V= boby + A< Bb1b7; + A*B=byb; + Bbsby + A2 B=bsb7+

B )
BQb5b7 + bgco + AQBb6C1 + A432b662 + Bbges + A232b664 + szﬁcrg,)

Clearly the solution (22) is well defined if and only if b2+b% # 0. If b2+b% # 0 then
substituting (22) in the first and fourth equation of (21), we obtain a polynomial
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system of the form

(23)
hy

ho

1
W(A%ZBQ(Z% +62) + A'B(a1 (0 + b7)+
6 + 07
(aa(bg + b2) — az(b2br + bsca))) + A% (ao (bg + b3)+

B(a;;(b% + b%) + %B(b% + b%) — a7(b1b7—|—

Bb4b7 + b681 + Bb604))) + aﬁ(—bobﬁ — Bbgb@-

B2b5b6 + b700 + A4BZ(7b2b6 + b762)+

Bb703 + A2B(—b1b6 — Bb4b6 + b761 + Bb7C4) + B2b765)—
az(bob7 + bco + B(bsbr + bges) + B2(bsbr + bgcs))) = 0,

1
B 1 07 (b2 + B2b2 + 2B3b3bs + B*b2+
2Bbo(A*Bby + by + A%(by + Bby) + Bbs) + ¢ + ASB*(b3 + c2)+
2Bcycs + B2c2 3 + 02A6B?’(b1b2 + Bbyby + c1¢2 + Beacey) + 2B2cocs+
2330305 + B4C + A4BQ(b2 + 2Bb1by + Cl + 2cpco+
23(b2b3 + coc3 + 6164) + BQ(b2 + 2bobs + C4 + 26265))4-
AzB(2COC1 + 2B(b1b3 + cic3 + 6084)+
232(b3b4 + b1b5 + c3cq4 + 6165) + B3(2b4b5 — b% - b% + 26465))) =0

In order to prove that the system (23) has finitely many solutions we shall use
the resultant of two polynomials and Bezout theorem (see Section 3). Have that
Res[hl, ho, A] = (6%4(1?1 — 0‘1’4(813d%1d12 + Clzdll(—d%Q + 2d11d13)+

Cll(di’z — 3d11d12d13 + 3d%1d14)) + C%4(C%Bd%1d13+

cAodi1(d3y — 2d12d14 + 2d11dy5) + c11¢12(2d35d14 + di1dizdis—

di2(d35 + 5d11d15)) + c13(cradir (—diadis + 3di1dia)+

c11(digdis — 2d11dig — diydiadia + 4d3 dis))+

i1 (dfs — 3di3(diadiy + dirdis) + 3(diidi, + diydis)))+

d15(013d11 + 013( crzdiidi2 + 011(d12 — 2d11d13))+

dis(cladin — cr163ydin + 31 cladis — ¢y cradis + ¢t dis)+

ci3(ciydindis + crrcia(—diadis + 3dirdis) + 31 (d3g — 2d1adia+
2d11dy5)) + c13(—c3ydiidia + cr163y(diadis — ddiidys)+

ctcrz(—dizdia + 3diadis) + 3 (d3, — 2d13d15)))

+era(—cl5di dia + ¢odin (diy — 2disdas) + criciy(—diadi, + 2di2di3dis+
di1diadrs) + ¢3ic12(disd?y — 2d353dis — diadiadys + 4di1d3s)—

iy (dYy — 3dizdiadis + 3diadis)+

ci3(cradii (diadia — Adirdis) + c11(—digdia + 2di1disdia + dirdiadis))+
c13(c39di1(—disdis + 3di2dss) + cr1c12(diadizdis — 3di1d3, — 3d3odas
+4dy1di3dis) + 31 (—digdig + diadizdis + dia(2d12d1s — 5di1d135)))))?,

Res[hl, hz, B] = a%gb% + (Li’g(—algbllblz + au(bfz — 2b11b13))+

where

ail =

bis(afsbin — arnadybis + a3iadsbis — adyasbia + ajybis)+

alg(algbllbls + ar1a12(—bi2biz + 3b11b1a) + a3y (b33 — 2b12b1a + 2b11b15))+
13(—adabi1bia + ar1ais(biabia — 4b11b1s) + afjara(—bisbia + 3bi2bis)+
aty (b4 — 2b13bis))

—agbsbe — azbsbr + ACas (b3 + b2) + A*(as (b2 + b2) — az(babs + beca) + ag(—babg + brea))+
AQ(CL5(b% + b%) — a7(b4b7 + bGC4) + ag(—b4b6 + b7C4)) — arbges + agbres,
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aia = —agbsbg — azbsbr + Atay (b3 + b2) + A% (a3 (b + b2) — a7 (biby + bscy) + ag(—bibg + brer))—
arbecs + agbrcs,

a13 = A2a0(b% + b%) - 0,7([)0()7 + bgco) + ag(fbobﬁ + b760),

bin = b2+ A8(b3 + c3) + 2A%(baby + cacy) + 2 + AL (b3 + 2bobs + ¢ + 2cac5)+
A2(2b4b5 — b% - b% + 26405),

bio = 2(bsbs + A®(byby + crca) + A*(babs + biby + cacs + c1cq) + czes + A%(bgby + bibs + czcq + cic5)),
b1z = b3+ 2bgbs + A*(b3 + 2boba + 2 + 2cocz) + 3 + 2A4%(bybs + bobs + c1c3 + cocq) + 2¢ocs,

bia = 2(bobs + A%(bob1 + coc1) + cocs),

bis = b2+ c2,

c11 = ayB?b3 + b2,

c12 = B(a1(b + b2) + agB(—babg + brca) + Blag(bZ + b2) — az(baby + beea))),

c13 = ap(b3 + b2) + agB(—bibg — Bbybs + bycy + Bbrey) + B(as(bZ + b2) + asB(b2 + b2)—
a7(b1b7 + Bb4b7 + bGCl + Bb604)),

c14 = —agB?bsbg — az(bobr + Bbsbr + B2bsbr + bgco + Bbges + B2bges)+
QG(*bObﬁ — Bbgb@ + b7CO + Bb763 + 821)765)7

d11 = B4b% + C%,
dig = 233b1b2 + Bboby + c1¢o + Beaey,

dis = B2%(b3 + 2bgby + 2Bbobs + 2Bbiby + B2b2 + 2B2%bobs + 3 + 2coco + 2B cocs+
2Bcycs + 2Bcycy + B2c3),

dig = B(Qbo(bl + Bb4) + 2cpc1 + 23(b1b3 + cic3 + 0064) + 232(b3b4 + b1bs + c3c4 + 6105)+
33(2b4b5 - bg — b% + 20465)),

dis = b3+ 2Bbo(bs + Bbs) + c3 + 2Bcocs + B2(b3 + 3 + 2cocs) + 2B3(bsbs + c3cs) + BA(b2 + ¢2)

Of course choosing carefully the coefficients of the polynomial system (2), we have
that Res[hi, ha, A] and Res[h1, ha, B] are not the zero polynomial. Therefore, from
Section 3, the system h; = ho = 0 has finitely many solutions. Since hy is a
polynomial of degree 5 in the variables A?B and hy is a polynomial of degree 8 in
the variables A%2B, we have, from Bezout theorem, the system h; = ho = 0 has at
most 40 solutions. This completes the proof of the Theorem 2. (I
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