LIMIT CYCLES OF THE GENERALIZED POLYNOMIAL
LIENARD DIFFERENTIAL EQUATIONS

JAUME LLIBRE, ANA CRISTINA MEREU AND MARCO ANTONIO TEIXEIRA

ABSTRACT. We apply the averaging theory of first, second and third order to
the class of generalized polynomial Liénard differential equations. Our main
result shows that for any n,m > 1 there are differential equations of the form
Z+ f(x)z+g(z) = 0, with f and g polynomials of degree n and m respectively,
having at least [(n + m — 1)/2] limit cycles, where [-] denotes the integer part
function.

1. INTRODUCTION

The second part of the Hilbert’s problem is related with the least upper bound
on the number of limit cycles of polynomial vector fields having a fixed degree. The
generalized polynomial Liénard differential equations
(1) i+ Fe)i+ §(z) =0,
was introduced in [11]. Here the dot denotes differentiation with respect to the
time ¢, and f(z) and g(x) are polynomials in the variable x of degrees n and m
respectively. For this subclass of polynomial vector fields we have a simplified
version of Hilbert’s problem, see [12] and [22].

In 1977 Lins, de Melo and Pugh [12] studied the classical polynomial Liénard dif-
ferential equations (1) obtained when g(z) = x and stated the following conjecture:
if f(z) has degree n > 1 and §(x) = x, then (1) has at most [n/2] limit cycles.

They also proved the conjecture for n = 1,2. The conjecture for n € {3,4,5} is
still open. For n > 6 this conjecture is not true as it has been proved recently by
Dumortier, Panazzolo and Roussarie in [5].

Many of the results on the limit cycles of polynomial differential systems have
been obtained by considering limit cycles which bifurcate from a single degenerate
singularity, that are so called small amplitud limit cycles, see [14]. We denote by
H (m,n) the maximum number of small amplitude limit cycles for systems of the
form (1). The values of H(m,n) give a lower bound for the maximum number
H(m,n) (i.e. the Hilbert number) of limit cycles that the differential equation (1)
with m and n fixed can have. It is unknown the finitude of H(m,n) for every
positive integers m and n.

The few cases in which the Hilbert numbers H(m,n) are known are described
inside the Table 1.
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TABLE 1. The values of H(m,n) or H(m,n) for the Liénard sys-
tems in function of the degrees m and n.

n
I Jr[2]3[4]5]6[7]8[9]10[11]12]13] .. [48][49]50]
Lo 1]2]2[3[3[/4[4]5[5][6][6]...]24[24]—
2 |11 2|33 |4|5[5|6 |7 | 7|89 ]32]33|—
3o|[1*|3*|2|4]4]6/6]6]|8|8|8|10/10]...|36|38]38
4 123 |4]4]6|7[8/9|9 10111213
52134 |6]6/[8/9[10[11
6 |[3]4)6[7]|8|8/|9
T3]5]6[8]99/9
m || 8 4 1516|910
9 |[4]6|8[9]|11
105 |7]8]10
1| 5| 7|8]11
12 6 | 8 | 1012
136 |9]10]13
20|10 | 13| 14 | 17
48 | 24 | 32| 36
49 || 24 | 33 | 38
50 L || |38

(i) In 1928 Liénard [11] proved if m = 1 and F(z) = [ f(s)ds is a continuous
odd function, which has a unique root at x = a and is monotone increasing
for z > a, then equation (1) has a unique limit cycle.

(i) In 1973 Rychkov [21] proved that if m = 1 and F(z) = [ f(s)ds is an odd
polynomial of degree five, then equation (1) has at most two limit cycles.

(iii) In 1977 Lins, de Melo and Pugh [12] proved that H(1,1) =0 and H(1,2) =
1.

(iv) In 1998 Coppel [4] proved that H(2,1) = 1.

(v) Dumortier, Li and Rousseau in [8] and [6] proved that H(3,1) = 1.

(vi) In 1997 Dumortier and Chengzhi [7] proved that H(2,2) = 1.

(vii) In 2002 Wang and Jing [24] proved que H(3,2) = 3.

Up to now and as far as we know only for these five cases ((iii)-(vii)) marked
with asterisks in Table 1 the Hilbert numbers H(m,n) are known.

Blows, Lloyd and Lynch, [1], [15] and [17] have used inductive arguments in
order to prove the following results.

(I) If g is odd then I;TA(m,n) = [n/2].

(IT) If f is even then H(m,n) = n, whatever g is.
(IIT) If f is odd then H(m,2n+ 1) = [(m — 2)/2] + n.
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(IV) If g(x) = « + ge(z), where g, is even then H(2m,2) = m.

Christopher and Lynch [3], [18], [19], [20] have developed a new algebraic method
for determining the Liapunov quantities of system (1) and proved.

(V) H(m,2) =[(2m +1)/3].
(VI) H(2,n) = [(2n+1)/3].
(VII) H(m,3) =2[(3m +2)/8] for all 1 < m < 50.
(VIIT) H(3,n) = 2[(3n +2)/8] for all 1 < m < 50.
(IX) The values of Table 1 for H(4,k) = H(k,4), k = 6,7,8,9 and H(5,6) =

H(6,5).

In 1998 Gasull and Torregrosa [9] obtained upper bounds for H(7,6), H(6,7),
H(7,7) and H(4,20).

In 2006 the values of Table 1 for f[(m, n) = lfl(n7 m), forn =4, m =10,11,12,13;
n=>5m=6,7,89; n =6, m =56 were given in [23] by Yu and Han.

We shall study how many limit cycles H(m, n) can bifurcate from a linear center
to the generalized polynomial Liénard differential equations (1) using the averaging
theory. In fact we only compute lower estimations of H (m,n). More precisely we
compute the maximum number of limit cycles H, (m,n) which bifurcate from the
periodic orbits of the linear centre & = y, y = —z, using the averaging theory of
order k, for k = 1,2, 3.

The goal of this paper is to provide estimations of H (m,n) for all myn > 1
computing Hy(m,n) for k = 1,2,3. Of course Hy(m,n) < H(m,n) < H(m,n).
Note that up to now there were no lowers estimations for H(m,n) when

(a) m=4and n > 13, or m > 20 and n = 4,
(b)y m=5andn>9,orm>9and n=>5,
(¢c) m=6andn>7,orm>7andn=6,
(d) m,n>T1.

After our results we will have lowers estimations of H(m,n) for all m,n > 1.
From these estimations we obtain that Hy(m,n) < H(m,n) for k = 1,2,3 for the
values which H(m,n) is known.

First we take in (1)

fx) = ef(z),

9(x) = z+eg(),

where f(z) and g(x) are polynomials of degree n and m respectively, and ¢ is a
small parameter. Thus equations (1) is equivalent to study the following class of

polynomial Liénard differential systems

T = Y,
(2) g = —x—e(fla)y+g(x)).

With the first order averaging method we will prove the following result.

Theorem 1. If f(x) and g(z) are polynomials of degree n and m respectively, with
m,n > 1, then for |e| sufficiently small the maximum number of limit cycles of
the polynomial Liénard differential systems (2) bifurcating from the periodic orbits

of the linear center © =y, y = —x, using the averaging theory of first order is
Hy(m,n) = [n/2], see Table 2.
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TABLE 2. Values of Hy(m,n).
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Now we consider in (1)
f() efilx) + €2 fa(2),
i) = z+eq(x)+ege(n),
where f; and g; are polynomials of degree n and m respectively, with n,m > 1 for

i =1,2 and || is a small parameter. Then equation (1) becomes the following class
of polynomial Liénard differential systems

3) o
Y —z —e(fi(@)y + g1 (2)) — 2 (fa(@)y + g2()).

Theorem 2. If f(x) and g(z) are polynomials of degree n and m respectively, with
m,n > 1, then for ¢ sufficiently small, the mazimum number of limit cycles of the
polynomial Liénard differential systems (3) bifurcating from the periodic orbits of
the linear center & = y, y = —x, using the averaging theory of second order is
Hy(m,n) = max{[(n — 1)/2] + [m/2], [n/2]}, see Table 3.

Note that max{[(n — 1)/2] + [m/2], [n/2]} = [n/2] when m = 1.

Now we consider in (1)

f(x) efi(z) + & fa(z) + €% f3(2),

i(x) = x+egi(z)+ega(z) +egs(a),
where f; and g; are polynomials of degree n and m respectively, with n,m > 1 for
i =1,2,3 and ¢ is a small parameter. Then equation (1) becomes the following
class of polynomial Liénard differential systems

T =y,
@y = (@t a@) - 2@y + 0(@) — a0y + gs(@)).
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TABLE 3. Values of Hy(m,n). The numbers in boldface of this
table improve the corresponding numbers of Table 2.

n

1 T1J2]3]4]5]6[7[8]9]10]11][12[13] .. [48][49]50]
rTToJ1J1[2]2[3[3[4]4][5[5]67]6 24124 [ —
2 1|1 |2|2|3|3|4|4|5|5|6/|6]|7]|-|24]25|—
311223 |3[4|4|5|5|6/|6|7]|--|24/25|—
412|2|3|3|4|/4|5|5|6/[6|7|7|8]|---]25/26|—
512233 |4|4|5|5|6|6/|7|7]|38 25 | 26 | —
6 |3|3|4/4|5|5|6|6|7|7|8|8|9]| - |26|27|—
713|3|4/4|5|5|6|6|7|7|8|8|9]--|26|27|—

mi8 | 4|45 |5 |6|6|7|7|8|8|9|9]|10| - |27|28|—
9|4|4|5 5|6 6|7 |7|8|8|9|9 10| |27/ 28|~
10(5(5|6|6|7|7[8|8[9|9]|10/10[11|--- 28|29 —
1|55 |6|6|7|7(8|8[9|9]|10/10|11|--- 28|29 —
12166 | 7|7 |8|8[9|9[10/10|11|11|12|--- 29|30 —
13/6|6|7|7|8|8|9|9|10{10|11|11[12|---|29|30|—
48 124 |24 |25 (25|26 |26 |27 (27|28 (2829|2930 - |47 |48 | —
49 |24 |24 |25 (25|26 |26 |27 (27|28 (2829|2930 - |47 |48 | —
LU | S P O A A I

Theorem 3. If f(z) and g(x) are polynomials of degree n. and m respectively, with
m,n > 1, then for |e| sufficiently small, the mazimum number of limit cycles of
the polynomial Liénard differential systems (4) bifurcating from the periodic orbits
of the linear center & = y, y = —x, using the averaging theory of third order is
. -1
Hz(m,n) = {TW;} , see Table 5.

It seems that the numbers H(m,n) can be symmetric with respect m and
m. Some studies is this direction are made in [16]. We remark that in general

Hy(m,n) # Hy(n,m) for k = 1,2, but Hs(m,n) = Hs(n,m).
2. PROOF OF THEOREM 1

For proving Theorem 1 we shall use the next result.

Theorem 4. (First order averaging method [2]). We consider the following differ-
ential system

(5) i(t) = eFy(t,z) + e R(t, x,¢€),

where F : Rx D — R", R: R x D x (—¢5,e5) — R" are continuous functions,
T —periodic in the first variable, and D is an open subset of R™. We define Fig :
D — R"™ as

T
(6) Fro(2) = % /0 Fu(s, 2)ds,

and assume that
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TABLE 4. Values of Hz(m,n). The numbers in boldface of this
table improve the corresponding numbers of Table 3.

n

1 JTr[2[3]4[s[6[7[8]9[10[11[12]13] .. [48[49]50 ]|
T fTo[1]1]2]2[3[3[4[4]5][5[6]6 24 (24—
2 11223 |3|4][4|5|5|6]|6]7 24 |25 | —
31223 |3|4|4|5|5|6/|6]|7]|7 25|25 | —
4223344 |5]|5|6|6]|7|7]38 25 |26 | —
5123 |3|4|4|5|5|6|6|7|7|8]38 26 | 26 | —
6 |[3 3|44 |55 |6[6|7|7[8|8]9 26 |27 | —
713|445 |5|/6|6|7|7|8|8|9]9 27 |27 | —

m(8 (44|55 |6|6/|7|7[8[8[9]9|[10]--|27|28]—
9|45 |56 |6 |7 |7|[8[8|9]|9|10[10]---|28|28|—
1055|6677 [8|8[9[9|10/10[11]---|28|29|—
15|66 |7|[78|[8|9[9[1010[11[11|---|29|29|—
120066 | 7|7 8899 [10]10[11]11]12]---]29|30|—
1B6|(7 7|8 |8[9]9|10/10]11[11]|12]12|---|30|30|—
48 24| 24 | 25|25 [ 26|26 |27 |27 |28 (28|29 |29 |30 |--- |47 |48 | —
49 |24 |25 | 25|26 (26 |27 | 27|28 28|29 (29|30 |30 |- |48 48| —
L | A A A O A A A O

(i) F1 and R are locally Lipschitz with respect to x;
(ii) for a € D with Flo(GLZ 0, there exists a neighborhood V' of a such that
Fio(2) #0 for all z € V\ {a} and dp(F1o,V,0) # 0.
Then, for |e| > 0 sufficiently small, there exists an isolated T—periodic solution

(-, ¢) of system (5) such that p(-,€) — a as e — 0.

In order to apply the first order averaging method we write system (2) in polar
coordinates (r,0) where x = rcosf, y = rsinf,r > 0. In this way system (2)
is written in the standard form for applying the averaging theory. If we write

flx) = Zaimi and g(z) = Zbixi7 then system (2) becomes
=0 =0

n m
r = —¢ < g a;r 1 cos’ Osin’® 0 + g bir' cosi9s1n0> ,
i=0

=0

(7)

=0

n m
f = —1-°% (Z a7 cos™™ fsinh + Z bir' cos™ 9) .
r
i=0

Now taking € as the new independent variable system (7) becomes

d LN : N
dig =¢ (; a;r" ! cos’ Hsin® 6 + ; b;r* cos® 0 sin 0) +0(e?),
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and
Fio(r) / (Z a;r" ! cos’ fsin® 0 + ) byr’ cos’ fsin 9) do.
i=0
In order to calculate the exact expression of Fjy we use the following formulas

cos sin = 0, =0,1,..
2T cos?k L g sin® Odg 0, k=0,1
fo% cos?k 0sin®0dd = a0, # 0, k=0,1,...
fOZTr cos® 0 sin 6d6 = 0, k=0,1,..
Hence
1 g ,
(8) Fio(r) = 3 Z aor' .

i=0
i even
Then the polynomial Fio(r) has at most [n/2] positive roots, and we can choose

the coefficients a; with ¢ even in such a way that Fio(r) has exactly [n/2] simple
positive roots. Hence Theorem 1 is proved.l

3. PROOF OF THEOREM 2
We shall need the following result

Theorem 5. (Second order averaging method [2]). We consider the following dif-
ferential system

(9) @(t) = eFy(t,x) + 2 Fy(t, ) + 3 R(t, x, €),
where F1,Fo :Rx D — R", R:Rx D X (—¢ef,ef) — R" are continuous functions,
T —periodic in the first variable, and D is an open subset of R". We assume that
(i) Fi(t,-) € CY(D) for allt € R, Fy, F», R and D,F, are locally Lipschitz
with respect to x, and R is differentiable with respect to .
We define Fig, Foo : D — R™ as

Fip(z / Fi(s,z)d

(10) Fg()(z):;/OT [DZFl(s,z) /0 Fy(t, 2)dt + Fy(s, 2) | ds,

and assume moreover that
(ii) for V.C D an open and bounded set and for each e € (—ey,e7)\ {0}, there
exists a. € V such that Fio(a:)+eFa(a:) =0 and dg(Fio+eFz,V,0) # 0.
Then, for |e| > 0 sufficiently small, there exists a T—periodic solution ¢(-,€) of
system (9).
m

If we write fi(x Zaw falz chaj g1 (x be and go(x) =

Z d;z’, then system (3) in polar coordinates (r,#), » > 0 becomes
i=0
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n m
r= - (Z a;7* Tt cos® Osin 0 + Z b;rt cos® 0 sin 9) —

i=0 i=0
n m
g? <Z c;ir't cos’ Osin? 0 + Z d;r* cos' 8 sin 9) ,
i=0 =0
. £ n . . i . .
= —1-—- <Z a;7" T cos™ Osin 6 + Z biricostThO | —

=0 =0

2 n m
£ . ] . . ]
— ( g ¢ cos™t Osin O + E d;rt cos'™t! 9) .
r

=0 =0

(11)

Taking 0 as the new independent variable system (11) writes

% = EFl(a,T) —|—€2F2(0,7’) + 0(53)7

where

Fi6,r) = Z a;r" T cos? Hsin? 6 + Z b;r cos® Osin 0,
=0

% 1=0

F(0,r) = <Z ¢ cos? Osin? 0 + Z d;r* cos® 0 sin 9) —
i=0

i=0
n ' m 2
rsin 6 cos (Z a;r* cos' 0sin 6 + Z bri ! cos? 9) .
i=0 i=0
The next step is to find the corresponding function (10). For this we compute

d n m

%Fl @,r) = 'ZO (i + 1)a;r* cos’ fsin” O + ; ibsri ! cos® B sin b,
1= -

0
and / Fi(¢,r)d¢ which is equal to
0

aqr? (11 8in 6 + g sin(30)) + ...

Faprttt (ml $in 6 + g sin(36) + ... + aqiga ) sin((l + 2)9) +
aor (108 + oo sin(20)) + ...

+apr?Tt (que + agpsin(20) + ... + Qugay, sin(b + 2)9)

bo(1 —cosf) + ... + by,r™ (mi—l(l — cos™ ™! 9)) ,

where [ is the greatest odd number less than or equal to n, b is the greatest even
number less than or equal to n, and a;; are real constants exhibited during the com-

putation of fo‘g cos? ¢sin? ¢ d¢ for all 4, 5. We know from (8) that Fjq is identically
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zero if and only if a; = 0 for all ¢ even. Moreover

fo%rcosi&sin3 0do = 0, i=0,1,..
[27 cost fsin? fsin((2k +1)0)dd = 0, ik=0,1,..
fo% cos?t1 @ sin” Hde = 0, i=0,1,..
fOQW cos?* 0 sin® 0df = Ay #0, i=0,1,..
f;ﬂcosiﬁsinﬂde = 0, i=0,1,..
[27 cos? fsinBsin((2k + 1)0)dd = BEFL£0, i,k=0,1,...

fOQW cos?' 1§ sin @ sin((2k + 1)0)dd

27
~/0

k l

i1 Y L
Z Z —%aibﬂ”” / cos' It 9 sin? Hdo+
=2 i1 7 0
jeven i odd

Il
o

i k=0,1,..
So

d

6
%Fl(e’r)./o F10(¢,T)d¢‘| dG:

k l 2
Z Z jaibrti / cos’ fsin @ (a“ sinf + ... + Qg sin((7 4+ 2)9)) df =
j=2 i=1 0
jeven i odd

T(dloalbo + (6412@1[)2 + d30a3b0)7”2 + ... + Z &ijaibjr“’k_l),

i+ji=l+k
where &y = — 1 A1 4 (@uiB + a9iB% + .. + s, B, for all 4, j and
iy = ]+Z i+j+1 J 1105 2105 #z j 5 5]
k being the greatest even number less than or equal to m.
Moreover
2m b ) 2m )
Fy(0,r)dd = Z cirt Tt / cos' 0 sin? 0df+
0 ) 0
1 =0
i even
k l 2m
Z Z 2r' 7 a;b; / cos" It 9 sin? 0dl =
. ) 0
7=0 i=1

jeven ¢ odd

A000T+...+Abchb+1+2 (A2a1b0r+A4 (a3b0+a1b2)r3+...+Al+k+1rl+k Z aibj) .
i+j=l+k
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Then Fyy(r) is the polynomial

(13) T(Pmalbo + (p12a1bz + p3oasbo)r? + (praaibs + pa2aszbs + psoasbo)rt+
ot plkalbkrl"'k_l + Aoco + Ascar? + ...+ Abcbrb),

where p;; = & + 24,441 for all 4,5. Note that in order to find the positive
roots of Fyy we must find the zeros of a polynomial in 72 of degree equal to the

I+k—1 b b l+k—1_ [n—1] [m
max 2,2}.Wehavethat2[2} and 5 [ 9 ]JF[Q}'SQG
Table 5.

TABLE 5. Values of (I + k — 1)/2 in relation to integer part function.

[(n [ m [ 1] k | (l+k—-1)/2 ‘ [(n—1)/2] + [m/2] ‘
odd |even | n | m (n+m-—1)/2 (n—1)/24m/2
even | even | n-1 | m n—14+m-—1)/2 (n—=1)=1)/24+m/2
odd | odd | n | m-1 (n+m—-1-1)/2 (n—=1)/24+ (m—1)/2
even | odd [n-l1 |m-1|{(n—14+m—-1-1)/2|(n—1)—1)/24+(m—1)/2

We conclude that Fyg has at most max{[(n —1)/2]+[m/2], [n/2]} positive roots.
Moreover we can choose the coefficients a;,b;,c, in such a way that polynomial

(13) has exactly max{[(n — 1)/2] + [m/2], [n/2]} simple positive roots. Hence the
theorem follows.H

4. PROOF OF THEOREM 3

The proof of Theorem 3 is based in the next result.

Theorem 6. (Third order averaging method in dimension 1 [2]). We consider the
following differential system

i(t) = eFy(t,x) + 2 Fy(t, ) + 3 F3(t, ) + e* R(t, x, €),

where Fy,Fy3,F3 : RxD — R, R: Rx D x(—¢s,e5) — R are continuous functions,
T —periodic in the first variable, and D is an open subset of R. We assume that
(1) Fl(t, ) € OZ(D), Fg(t, ) S Ol(D) fOT’ allt S ]R, Fl, FQ, Fg, R, D?rFl,DTFQ
are locally Lipschitz with respect to x, and R is twice differentiable with
respect to €.
We take Fio, Fao : D — R given by (10) and

Pl =7 [ [5 5 A0 2)7 + 55 5 )l 2)
0Fy

+E(S’ 2)(y1(s, 2)) + Fs(s, z)} ds,

where

y1(s,2) = /05 Fi(t,2)dt, ya(s,2) = /Os [%il(uz) /Ot Fy(r,z)dr + Fg(t,z)] dt.

Moreover, assume that
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(i) for V.C D an open and bounded interval and for each € € (—es,e5) \ {0},
there exists a. € V such that Fig(a.) + eFs(ac) + e2F30(ac) = 0 and
dp(Fio + eFao + £2F3, V,0) # 0.

Then, for |e| > 0 sufficiently small, there exists a T—periodic solution (- &) of
system (14).

If we write f1(x Zax fo(z Zczx fa(z Zpllﬂ g1(x Zm:b iv
=0

Zd z' and gs(x qu then an equivalent system to (4) will be
found by changlng to polar coordlnates (r,0) we get

i= —sinf(eA+e*B+£°0),

15 :
(15) b= —1-SYcay2B P,

where

n m

A= Z a;7" Tt cos’ Osin 6 + Z b;r’ cost 6,
= i=0
n m

B = Z ¢;r Tt cost Osin 0 + Z d;r" cos' 0,
= i=0
n m

C = Zpﬁ”l cos’ fsin 6 + Z q;ir" cos' 0.
i i=0

Taking 6 as the new independent variable system (15) becomes

A2 i
A psing 1 e? (Bsing - A cos0sind

df r
3 2 . .
3 <A cos 2051119 _ 2ABcosfsing +Csin9> ’

r r

(16)

We know by (8) that Fig is identically zero if and only if a; = 0 for all 4 even,
and by (13) we obtain that Fyg is identically zero if and only if the coefficients a;,
b; and c¢;, satisfy

1
(17) CM = Af Z piJ a; bj
P liti=n+1
iodd, j even
where p is even, A, and p; ; are given in section 3.
In order to apply Theorem 6 we need to compute the corresponding function

(14). So the proof of Theorem 3 will be an immediate consequence of the next
auxiliary lemmas.

Lemma 7. The corresponding functions y1(6,r) and y2(0,7r) of Theorem 6 are
expressed by (12) and

yg(e,r) = Co+Cir+ CQ’I“2 + ...+ CXI“)‘,
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where A\ = max{2n + 1,2m — 1} and

0 0 0
Cgk+1 = Z Ci; i + Z d”blbj + E eijaibﬂ—i—
itjt=2k i j=2k+2 it j=2k+1

k41
Z f?jaiaﬂ? + daps1 + cor + Z bib; <Z a%; 11 cos(2i + 1)0) +

i+j=2k i+j=2k+2 i=0
k+1
Z aiaj —+ Z bqb] —+ Z aibjﬂ —+ d2k+1 <Z agi+2 COS(Q’i —+ 2)9) —+
i+j+=2k i+j=2k+2 i+j=2k+1 i=0
k+1
Z a;b; (Z ab;q sin(2i + 1)9) +
i+j=2k+1 i=0
k+1
Z a;bj + Z a;a;0 + cap <Z ad; 4o Sin(20 + 2)9)) )
i+j+=2k+1 i+j=2k =0
Cgk = Z c}jaiaj + Z dlljblb] + Z e}jaibje—&—
i+j+=2k—1 i+j=2k+1 i+j=2k
k+1
Z a;a; + Z bibj + Z aiij (Z bgiJrl COS(Q’L' + 1)9) +
i+j=2k—1 i+j=2k-+1 i+j=2k i=0
k+1
> biby (Z b9 cOS(2i + 2)9) +
i+j+=2k+1 i=0
k+1
Z aibj + cop—1 + Z a;b;0 (Z b%i-&-l sin(24 + 1)9) +
i+j=2k i+j=2k i=0
k+1
> ab (Z b3 sin(2i + 2)9)) ,
i+j+=2k i=0
where aIQZ-Jrl, aéi+2, blziJrl, al2i+2, céj, déj, eéj, ilj are real constants forl =1,2 and
A
k=0,1,..., 5"

The proof of Lemma 7 follows easily doing some tedious computations.

2m 1 82F1
2 Or?

Lemma 8. The integml/ (5,7)(y1(s,7))?ds is the polynomial
0

(18) 7(Dg + D17 + Dor? 4 ... + D,r")

n+2m—-1 if m>n+1 and m orn even,
n+2m—2 if m>n+1 and m andn odd,
3n+1 if m<n4+1 and n even,
3n if m<n4+1 and n odd,

where k =

and
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1 1
‘DX = Z ﬁijka/iajak; + Z '}/Ukalbjbk"r
it+j+k=x—1 i+j+k=x+1
E 1
5ijkaiajbk,
i+j+k=x

for x =0,1,...,k where ﬂ}jk, ’yiljk, 6i1jk are real constants.

Proof. We will denote

0?Fy
gyz (8:7) = ha(r) + ha(r),
where
hi(r) = Z i(i 4+ 1)a;r* ™1 cos’ fsin 6,
i=1
ha(r) = Z i(i — 2)bir* "2 cos' Osin 0,
i=2
and
(y1(s,7)* = g (r) + 201 (r)g2(r) + g5 (r),
with
91(r) = s1(r) + s2(r),
where
s1(r) = a17? (a11 sin 0 + gy sin(36)) + ...
+aprttt (all sin 6 + awg; sin(30) + ... + a3y sin((l + 2)9) )
s2(r) = agr (a108 + agpsin(260)) + ...
+0,b7*b+1 (albe —+ a9y Sln(29) + ...+ Q(¥)b sin(b + 2)9) 3
and
1
= 1— " ———(1—cos™ " 9) ).
92(7) bo(1 —cosf) + ...+ byr (m n 1( cos 9))
Then
9*Fy )
52 (57 Wi(s,m)" = I (r) (g1(r) + 201(r)g2(r) + 63(r) +
ha(r) (g7 (r) + 291(r)g2(r) + g3(r))
From
fo% cos? fsin? @ sin(p16) sin(p26)do = Mi(2i,p1,p2) 0, p1,p2 odd,

fo% cos?*1 9 sin? O sin(p10) sin(p26)do 0, p1, po odd,

for i =1,2,... we have that

! I b
fozﬂhl(r)sl(r)zde = Z Z Z Lnaiajagr’™ IR
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k+2 J+2
where ¢l = Y > 6k i+ Davpsts j0veatr, Mi(i, 1, p2), with
pr=1 p =1
p odd p1 odd
sk~ 1 ifpr=prandj=Fr,
proz 2 itpr#FprorjFk.
Thus Hy(r) = fo% hi(r)s1(r)?df is a polynomial in r of degree 3n — 1 if n even,
and 3n if n odd.
Knowing that

fo% cos’ fsin” O sin(p,0)0do = M>(i,p1,0) #0, p1 odd,
fozﬂ cos? @sin” O sin(p,0) sin(p20)dd = 0, p1 odd, pa even,
fo% cos? 1 fsin? @ sin(p10) sin(p20)dd = Ms(2i, p1, p2) # 0, p1 odd, p2 even,

for i =1,2,... we have that

b l n
f02ﬂ 2h1(r)s1(r)s2(r)dd = Z Z Z ijkaiajakri_lrjﬂrkﬂ—i—
k=0 j=1 i=1
k even j odd

l l
3 i—1,.7+1, k+1
> X X Chmear T,
k=0 j=1 i=1
keven jodd ¢odd

k+2 j+2
where (f‘jk = Z Z 2i(i + 1)ap12+1ja922+2kM>\(z',pl,pg), A=23.
pr=1 p2=0
p1 odd  p2 even

Thus the degree of the polynomial Hs(r)
From

fo% 2hy(r)s1(r)s2(r)df in r is 3n.

foh cos’ O(sin? 0)0%d0 = My(i,0,0) # 0,

fOZTr cos? fsin? @ sin(p16) sin(p26)do

M5(2Z.ap17p2) 7& 07 P1, p2 €ven,

fo% cos?*1 9 sin? § sin(p,0) sin(p26)dh

0, P1, P2 €vell,

foh cos’ fsin’ 0 sin(p10)0d0 = Ms(i, p1,0) #0, p1 even,
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for i = 1,2, ... we have that
b b n
2 s .
fo T hl(’r’)S%(T)dQ = Z Z Z C;ljkaiajakrl 17"7+17‘k+1—|—
k= j=0 i=1
k even j even

b n
> > > CpaiajaprT e T EL
k= j=1 i=2
k even jeven ieven

b b n
6 i—1,j+1, k+1
E Z Z Cipaiajapr' ™I AT
k=0 j=0 i=1
k even  j even
k+2 J+2
A ik (s . _
where () = Z E O (i + 1)ap12+zjap22+2kM>\(z,phpg), A=4,56
p1=0 p2=0

p1 even  pz even

with 7% as above. Thus Hs(r) = OQW hy(r)s3(r)d0 is a polynomial in r of degree

3n + 1 if n even, and 3n — 1 if n odd.
Knowing that

fo% cos’ fsin? sin(p10)dd = 0, p=1,2 ..
27 cos? f(sin® 0)0df = Mz(,0,0) #0,

fOQﬂ cos® 1 6 (sin? §)6dh

I
[=)

for i =1,2,... we have that

m b n
f027r hi(r)(s1(r) + s2(r))ga(r)dd = Z Z Z djkaiajbkri_lrjﬂrk,
k=0 j=0 i=1
j even

where k+1 is odd, and ijk = i(i+1)a1;M7(7,0,0). Thus Hy(r) = fo% ha(r)(s1(r)+
$2(1))g2(r)dl is a polynomial in r of degree 2n+m — 1 if m even, 2n+m if n even,
m odd, and 2n +m — 2 if n, m odd.
The equalities
[27cos? 9sin?0d6 = Msg(i,0,0) #0,
f027r cos?t19sin?0dld = 0,

for i =1,2,... imply

SThmggrdo = > 3T ST raibiber Tk,

= =~
<)
=+
=

where ijk = 0;%0(¢ + 1)Mg(4,0,0
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s 1 ifj=k,
FT 2 ifj 4k

Thus Hs(r) = fOZW h1(r)g3(r)df is a polynomial in 7 of degree 2m +mn — 1 if n or m
even, and 2m +n — 2 if n and m odd.
From

fOQTr cos’ @ sin O sin(p10) sin(p20)dd = 0, p1, p2 odd

for i =1,2,... we have that

He(r) = [T ha(r)s3(r)do = 0
From the values of the integrals
fo% cos? O(sin 0)0 sin(p10)do = My(i, p1,0) #0, p; odd,
fozﬂ cos?*1 §(sin 0)0 sin(p160)do = 0, p1 odd,
fo% cos’ fsin @ sin(p10) sin(p20)dd = 0, p1 even, ps odd ,

for i = 1,2,... we have that
l b m
m ha(r)s1(r)ss(r)dl = 2 bia;apr' " 2pi Tipktl
fO ijk J )
k=1 j=0 i=2
kodd jeven ieven
1+2 )
where ?jk = Z i(i—l)aljaplTHkMg(i,pl,O). Thus Hr(r) = [ ha(r)s1(r)sa2(r)d6

p1=1
p1 odd

is a polynomial in r of degree 2n +m — 1 if m even and 2m + n — 2 if m odd.
The formulas

27 cos’ §(sin )62d6 = M(i,0,0) # 0,

f027r cos? §(sin 0)0 sin(p10)do = 0, p1 even,

f27r cos? 1 9(sin 0)0 sin(p,0)do

0 Mi1(i,p1,0) #£0, p1 even,

fo% cos’ fsin @ sin(p10) sin(p20)dd = 0, p1, p2 odd,

for i =1,2,... imply

b b
027r ho(r)s3(r)do = Z Z Z Ciljokbiajakrifzrjﬂrkﬂ—k
k=0 j=0 i=
k even  j even

b m
11 i—2,.j+1, k+1
Do DL Chbiggapr'THIT
k=0 j=0 i=1
keven jeven k odd

m
1
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where
10— 56— Dassans Mo (i, p1, 0
bk = 0i(i — DagjargMio(i, p1,0),
b+2
2 .. .
D= > Ohili - Danjoms, Mi(i,p1,0),
p1=1
p1 even
with

ik 2 ifjA£k, ik, 2 ifj#k, pp #0.
Thus Hg(r) = fo% ha(r)s3(r)do is a polynomial in r of degree m + 2n if n even, and
m+ 2n — 2 if n odd.

From

[2™ cos? fsin 0 sin(p, 0)df Mys(i, p1,0) £ 0,  py odd,

0
fo% cos? 1 @sinfsin(p,0)dd = 0, p1 odd,
J27 cos’ f(sin 0)8d6 = Mi3(i,0,0) #0,
f027r cos? 0 sin 0 sin(p10)d6 = Mi4(i,p1,0) £ 0, p1 even,
fOQTr cos?*1 @sinfsin(p10)dd = 0, p1 even,

for i =1,2,... we have that

m l m
JoTha (M) (s1(r) + s2(Mga(r)dd = > 3" ST (Bbiagbr ity

b m

Zm: Z Z nggkbiajbkrif2rj+lrk+
k=0 j= —

j= 1=1
j even
m l m
14 i—2, .j+1, .k
Yoo Dl D Giwbiagber' IR,
k=0 j= i=1
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where
j+2 .
i(i—1) ) .
2 Z k+ 2 O‘PleMH(Z’Pl;O) for k 4+ i even,
ijk T pP1 =
p1 odd
0 for k + i odd,
i(i—1) .
iljgk = mau]\/hg(z,o,o),
2 -1
14 > k2 apit2 Mia(i, p1,0)  for k + i even,
ijk T p1=0
p1 even
0 for k + i odd.

Thus Hy(r) = fozﬂ ha(r)(s1(r) + s2(r))g2(r)df is a polynomial in r of degree 2m +
n — 1if n even, and 2m +n — 2 if n odd.
From the value of the integral

fo% cos'§sinfdf = 0,

for i = 1,2,... we have that

Hio(r) = f027r ha(r)g2(r)d = 0.

10

T192R ) )
(s,7)(y1(s,7))°ds = ZH,» whose degree is the

2 Or?
i=1
greatest of the degrees of H;. Hence the proof of the lemma follows. B
The proofs of the next three lemmas follow in a similar way to the previous one.

We conclude that /
0

27
10F
Lemma 9. The integral / 58—1(5,r)(y2(5,r))d5 is the polynomial
0 T
T
(19) ;(E0+E1r+E2r2+...+Eﬁrﬂ),
n+2m if m>n+1 and n even,
here 1 — n+2m—-1 if m>n+1 and n odd,
WErev' =19 3n+2 if m<n-+1 and n even,
3n+1 if m<n4+1 and n odd,
and
Eoyp1 = Z ijkaiajak + Z 'yfjkaibjbk + Z 5?jbiCj+
itj+k=21—1 i+jHk=21+1 i+j=21
Z nfjaidj + Z U?jkaiajbkﬁ,
i+j=21 i+j+k=2

i even
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By = Z ﬂ?jkaiajak + Z ’Y,-ijaibjbk + Z 51'2jbicj+
i+j+k=21—2 i+j+k=21 i+j=21—1
S ded Y dheanrs Y
i+j=21-1 i+j+k=21-1 i+j=20—-2
i even i even
1=0,1 v h 2 20,02, 2, v, 62 l
forl=0,1,.., 5> where Bijks Vijks Oij» Mijs Vijks Siy are real constants.
, T 10F, , ,
Lemma 10. The integral Ea—(s,r)(yl(sm))ds is the polynomial
0 r
™
(20) ;(FO + Fir + For? + ...+ 1Y),
n+2m if m>n+1 and n even,
where v — n+2m—1 if m>n+1 and n odd,
) 3n+2 if m<n+1 and n even,
3n+1 if m<n+1 and n odd,
and
Fop1 = Z ﬂ?jkaiajak + Z 'Vg’jkaibjbk + Z 6?jbicj+
itj+k=21—1 it+j+hk=21+1 i+j=21
> uhaid;,
i+j=2l
Fy = Z ﬁ?jkaiajak + Z V?jkaibjbk + Z 52‘3jbicj+
i+j+k=21—2 i+j+k=21 i+j=21—1
Z nf’jaidj + Z U?jkaiajbkﬂ + Z
it+j=21-1 i+tj+k=21-1 i+ =202
i even i even
forl=0,1,.., g, where ﬂfjk, ’yfjk, 5%—, nfj, U?jk, g?j are real constants.

27
Lemma 11. The integml/ Fs(s,r)ds is the polynomial
0

T

(21) ?(GO + Gor? + ...+ Gyr?),
n+2m if m>n+1 and n even,

here 1) — n+2m—1 if m>n+1 and n odd,

WEeY =19 3p +2 if m<n-+1 and n even,
3n+1 if m<n+1 and n odd,

and

2
gijaic‘]'ﬂ-,

3
C,L-j(liCj’]T,
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4 4 4
Goy = E Bijraiajax + E Vijkibjbr + E 5ijbicj+
itj+hk=21—2 it+j+k=21 itj=2l1—1

4
E 1;;0idj + pai—2,
=211

forl=0,1,.., 5 where ﬁfjk, ’yfjk, 5;1]-, n?j, U?jk are real constants.

By Lemmas 8, 9, 10 and 11 we obtain

«
Fgo(?“) = ; (MO + Ml’l" + M2T2 + M3T3 + M4’I“4 + ...+ Mg_ng_l + MQTQ) 5

where

M1 = > Binaiajap + Y Vijraibiby + > Sibic;+
itj+h=21-1 i+j k=241 i+j=2l

E mjaidj + E l/ijaiajbkw,
it+j=2 i+j=2
1 even
My = > Bikaibibe + Y Vigraiajag + Y Oijbic

ijth=21 i j+h=21—2 itj=2l-1

+ Z nijaid; + Z Hijk@iQ;Q + Tai—2P21—2+

i+j=21—1 i+j+k=21—2
Z Vijkaiajbk -+ Z pl-jkaicj T+

i+j+k=20-1 i+j=20—2

i even i even

2
Z TijkQiA;QET
i+j+k=2l—2
1 even

for [ 20,1,2,...3 and

n+2m if m>n+1 and n even,

) n+2m—-1 if m>n+1 and n odd,

0= 3n+2 if m<n+1 and n even,

3n+1 if m<n+1 and n odd.
Applying the equalities a; = 0, for all ¢ even and (17), we obtain that My = 0 and
M, = 0 for k odd. Moreover of (17) we obtain ¢, = Z aib;j =0fork >0

i+j=k+1

i odd

J even
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and then M = 0 for k greater than

n+m—2 if n, m odd,
n+m—1 if n odd, m even,
n+m—2 if n, m even,
n+m-—1 if n even, m odd.

Thus
F3o(r) = ar (M2 + Myr? + Mgr* + ...+ My_y1 "2 + MA*QT)\)
where
R SR FTY U SR
i+ji+k=uw, it+j=w—1,
i odd i even
j even jodd
k odd
Z ngjaidj + WwPw-2-
iodd
j even

Consequently F3(z) is a polynomial of degree \ in the variable r2. Then F3(z) has

at most {

n+m-—1

> positive roots, and by Theorem 6 we conclude that this is

the maximum number of limit cycles of the polynomial Liénard differential systems
(4) bifurcating from the periodic orbits of the linear center & = y, y = —x. This
completes the proof of Theorem 3. B
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