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Abstract

In this paper, we present an algorithm for a chain complex C' and its differential given by a connection
matrix A which determines an associated spectral sequence (E",d"). More specifically, a system spanning E"
in terms of the original basis of C' is obtained as well as the identification of all differentials d, : £, — E;_,.
In exploring the dynamical implication of a nonzero differential, we prove the existence of a path joining the
singularities generating Ej and Ej_, in the case that a direct connection by a flow line does not exist. This
path is made up of juxtaposed orbits of the flow and of the reverse flow and which proves to be important

in some applications. !

1 Introduction

The role played by algebraic-topological tools in the study of dynamical systems has always been quite signifi-
cant. This is illustrated by classical topics such as Lusternik-Schnirelmann theory as well as Morse theory but
also by more recent contributions such as the theory developed by Conley [Co].

A key concept for Conley’s theory is the notion of Morse decomposition: by using appropriate attractor-
repeller pairs this provides a decomposition of an invariant set inside a flow into smaller and smaller components.
The basic idea is that if one can understand the smallest invariant sets in the flow one can then pursue the
understanding of slightly more complex ones which consist of attractor-repellers pairs given by a pair of invariant
sets of the first type together with all the flow lines joining them. The process continues with the next complex

invariants sets and so on by taking into account “longer” and “longer” flow lines.
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From an algebraic-topological point of view this process resembles very much that which is encoded alge-
braically by the concept of spectral sequence. After their introduction by Leray in the ’50’s, spectral sequences
have been used extensively in homological algebra, algebraic topology and geometry as an efficient tool of
computation. A version of this concept is defined in the presence of a chain complex (C,0) endowed with an
increasing filtration FPC so that O(FPC) C FPC (and we assume here F~1C = 0). The associated spectral
sequence is (a generally infinite) sequence of chain complexes (E",d") so that, roughly, each stage contains
information about longer and longer parts of the differential: the differential d° in the complex at the first
stage is the part of 0 which does not decrease filtration, d' concerns the part of d which reduces filtration by
no more than 1 and so on. Moreover, H(E",d") = E"+1.

The two points of view come together in the presence of a flow together with an associated Lyapunov
function or action functional which provides an appropriate filtration. The simplest such case is that of the
negative gradient flow associated to a Morse function on a finite dimensional manifold when the level sets of the
function provide a filtration of the associated Morse complex. More refined spectral sequences appear in Morse
theory, see [C3], as well as, in Floer theory, see [BaC|. The key point here is that these spectral sequences are
no more only tools of computations but they are interesting objects in themselves: their higher differentials
encode algebraically significant information on “long” trajectories of the system. Therefore, it is important to
understand as well as possible the dictionary algebra-geometry in this setting. The purpose of this paper is
precisely to start to explore systematically this issue.

Two main issues are addressed. The first concerns the detection of cycles. More precisely, in practice, the
generators of the complex C mentioned above are very specific: singularities in the Morse case (or periodic
orbits in the Floer case for example). The domain of d", E", is a certain quotient of a subgroup of C. Elements
in this domain are represented by elements of C' - called (r — 1)- cycles - whose appropriate classes are in the
kernels of all previous differentials d®, s < r. Finding a system of (r — 1)-cycles that span E" in terms of the
original basis of C' is, in practice, a non-trivial matter but it is a necessity in applications, for example, in
investigations related to spectral numbers in symplectic topology, see [L]. An algorithm, which we refer to as
the sweeping method, which produces such a system is provided in the paper. In Theorem 1.1 this is made
explicit, that is, the E" are determined as well as the identification of long differentials.

An application of this algorithm concerns a second very natural problem: assuming that in such a “dynamical
spectral sequence” one can identify a long differential what geometric consequences can one infer ? Is it true
that there are “long orbits” relating some invariant set to another, distant one ? This is important because, in
applications, long orbits have high energy in the sense that the variation of the action functional along such an
orbit is big and detecting high energy orbits is significant geometrically, see [BaC]. It is not hard to see that
this can not be true in general. However, it is shown here that there is a path joining the two invariant sets
which is made out of curves geometrically coinciding with flow lines where some of the arcs in this path reverse

the flow - we call this the Zig-zag Theorem.
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Figure 1: Connection Matrix.

1.1 The Spectral Sequence for a Morse Complex

Let M be an n-dimensional compact Rimannian manifold and D(M) = {M,};, a Morse decomposition® of
M. In this article, we consider the case in which a filtered Conley chain complex with finest filtration is in
fact a Morse complex. That is, each Morse set, M, is a non-degenerate singularity of the gradient flow ¢ of a
Morse function f: M — R.

Given non degenerate singularities z and y of indices k and k — 1 respectively the set of connecting orbits
is finite. By orienting the unstable and stable manifolds respectively we define the intersection number n(zx,y)
as the number of connecting orbits counted with orientation. In order to count orbits with orientation choose
a regular value c of f with f(y) < ¢ < f(x) and n(z,y) is the number of intersections of the spheres S¥~! =
Wu(x) N f~1(c) and S*7F = W*(y) N f~1(c).

Let C = {C} the Z-module generated by the singularities and graded by their indices, i.e.,

Cr= P z@)

zEcrity f
where critg(f) is the set of index k critical points of f.
The connection matriz A : C — C associated to D(M) is defined as the differential of the graded Morse
chain complex C' = Z{critf), i.e., determined by the maps Ay : Cy — C_1 via
Ap(x)= > n(zy)y)
yEcrity_1 f

where n(z,y) is the intersection number. Moreover A is an upper triangular matrix with Ao A = 0.

We use the same notation for the map Ay as for the associated submatrices of A. See Figure 1.

2 A Morse decomposition of M is a collection D(M) = {Mp}pL, of mutually disjoint compact invariant subsets of M such that
that if v € M \ Up_, Mp, then there exists p < p’ with v € C(Mp, My). In other words, D(M) contain the recurrent behavior of

the flow. A subset of M which belongs to some Morse decomposition is called a Morse set.



It need not to be the case that the columns of the matrix A be ordered with respect to k. We only require
that the map Ay, be filtration preserving.
We denote this filtered graded Morse chain complex by

(C, A) = (Z<Critf>v A)

We will use the notation of the boundary operator 0 and its matrix A interchangeably.

Note that the r-th auxiliary diagonal of A which intersects A has entries Apy;_, »41 that represents the
intersection number of the unstable and stable spheres determined by the connections between unstable and
stable manifolds of My, and M,41_, for p € {r,...,m — 1}. Clearly, if the (p + 1)-st column intersects the
submatrix Ay, then My, and My i_, are respectively singularities of Morse index & and k — 1 which we
denote by hy and hy_;. These singularities are in filtration F), \ F,_1 and F,_, \ F,_,_1 respectively. Hence
we say that the pair (hg, hx—1) has gap r. In summary, the r-th auxiliary diagonal when intersected with Ay
is registering information of numerically consecutive singularities of Morse indices k and k£ — 1 with gap . We
will use the same notation to indicate an elementary chain of C.

It will be helpful to associate to the (p + 1)-st column of A the elementary chain hj such that hy €
F,C\ F,_1C3.

In this article we will explain how the connection matrix A determines the spectral sequence, i.e, how it
determines the spaces E” and how it induces the differentials d".

A bigraded module E" over a principal ideal domain* R is an indexed collection of R-modules E; , for
every pair of integers p and ¢. A differential d" of bidegree (—r,r — 1) is a collection of homomorphisms

d" : Epq — Ep_rg4r—1 for all p and g, such that d” o d” = 0. The homology module H(E") is the bigraded

module
T . T i
H,,(E") = Kerd": B}, — By gir1
D.q = T .
Imd" : Ep+r,qfr+1 - Ezqu

A spectral sequence {E",d"}, r > 0, is a sequence of chain complexes where each chain complex E" is the

homology module of the previous one, i.e.,
e L7 is bigraded module, d" is a differential with bidegree (—r,r — 1) in E";
e For r > 0 there exists an isomorphism H(E") ~ E™*1,

In general we will omit reference to ¢ in this section since its role will be important when considering more
general Morse sets of a Morse decomposition. In our case, when the Morse set is a singularity of index k, the
only ¢ such that £ , is nonzero is ¢ = k — p. Hence, it is understood that £, is in fact E} o p

For a filtered graded chain (C,9) complex we can define a spectral sequence

Ey =70 [(Z) -1 + 02, _1)

where,

Z, ={ce F,C| dce€ F, .C}.

3Note that the numbering on the columns are shifted by one with respect to the subindex p of the filtration F.
4In this article we work with R = Z



Hence, the module Z] consists of chains in F},C' with boundary in Fj,_,C. This makes it natural to look at
chains associated to the columns of the connection matrix to the left of and including the (p + 1)-st column.
This guarantees that any linear combination of chains respects the filtration. Furthermore, since the boundary
of the chains must be in F},_,, we must consider columns or linear combinations that respect the filtration and
that have the property that the entries in rows ¢ > (p —r + 1) are all zeroes. Hence, the significant entry in the
connection matrix is determined by the element on the r-th auxiliary diagonal on the (p — r + 1)-st row and
(p + 1)-st column. This will be made precise later.

However, as r increases, the Z-modules Fj change generators. Our main result will connect this algebraic
change of the generators of the Z-modules of the spectral sequence to a particular family of changes of basis
over QQ of the connection matrix A. We will make use of a recursive sweeping method in Section 2 that singles
out important nonzero entries, which we will refer to as primary pivots and change of basis pivots, of the r-th
auxiliary diagonal of A" in order to define a matrix A™!. At each step, A™*! is a change of basis of A”.
Hence, all A" "represent" in some sense the initial connection matrix (that is, they all represent the same

linear transformation). We will also show how the r-th auxiliary diagonal of A™ induces d".

Theorem 1.1. The matrices A” obtained from the sweeping method applied to A determine the spectral se-

quence (E;, d"). Moreover if E} and E_,. are both nonzero, then the map d;, : Ej, — EJ_ is induced by A",

p—r —r

i-e, it is multiplication by the entry A} .., .1 whenever it is either a primary pivot, a change of basis pivot

or a zero with a column of zero entries below it.

For clarity we subdivide Theorem 1.1 in Sections 3 and 4 into Theorem 3.4 and Theorem 4.7.

In Section 5 we prove a Zig-Zag Theorem on the existence of a path of flow lines in ¢ connecting consecutive
singularities. Given a nonzero entry A, 11 p+1 in A, there exists a connecting orbit joining two singularities.
On the other hand, if A,_, 11 p+1 is zero we will prove in the Zig-Zag Theorem that there exists a path joining

the singularities hy, € F, and hy_1 € F,—, whenever A,_, 41 41 corresponds to d; #0.

Theorem 1.2 (Zig-Zag Theorem). Let (E",d") be a spectral sequence induced by a Morse Conley chain complex

(CA,A) of a flow p where A is the connection matriz over Z. Given a nonzero d” : E]  — E]

b—r.qir—1 there

exists a path of connecting orbits of ¢ joining hy € F, \ Fp—1 to hty—1 € Fp_p \ Fp_r_1.

Let hy € F, and hy_; € Fy_y, with p > s and r > ¢, such that there exist connecting orbits between hy,
and hy_1, hy and hy_, and Ay and hy_;. Furthermore, suppose that there are no singularities between hi and
hi_1. See Figure 2.

A particular case of interest occurs when the map d’ is an isomorphism and corresponds to an entry +1 which
is a primary pivot (or a change of basis pivot) in the connection matrix. Since these maps are isomorphisms,
they imply in algebraic cancellations in the spectral sequence. On the other hand, they also correspond to a
dynamical cancellation of consecutive index singularities hy and hy_; in . By Reineck’s Theorem [R3] there
is a continuation of the flow ¢ to @ which corresponds to the dynamical cancellation associated to the primary

pivot A§7€+1,5+1 = As_¢41,6+1 on the ¢-th auxiliary diagonal of AL
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Figure 2: Perturbed flow % after cancellation.

A choice of path in ¢ admits reversing the flow along the orbit which will cancel hj and hj_; creating a
new orbit connecting hj and hj_; in the perturbed flow . Hence, the orbit connecting hj and hj_; can be
viewed as a bridge responsible for the creation of the orbit connecting hj, and hy_; in @. Since this bridge, i.e.,
the orbit connecting hy and hj_,, ceases to exist in B, this justifies why we allow this orbit to be traversed in
the reverse direction when we construct the path connecting hy and hi_; in the flow ¢. In this particular case
the path in ¢ indicates the birth of an orbit in .

On the other hand, connecting orbits of a flow ¢! which correspond to nonzero d* are associated to a path
of connecting orbits in ¢ by the Zig-Zag Theorem. By the same arguments as above the connecting orbit in
¢* associated to an isomorphism d’ which corresponds to a primary pivot +1 in the connection matrix are
algebraic cancellations in the spectral sequence. Hence they also correspond to a dynamical cancellation of
consecutive index singularities in ¢’. By Reineck’s Theorem there is a continuation of the flow ¢’ to @° which
corresponds to the dynamical cancellations associated to the primary pivot A% _, +1,5+1 on the {-th auxiliary
diagonal of A’. Once again this justifies why we allow this orbit in ¢’ which corresponds to a path in ¢ to be
traversed in the reverse direction.

Hence, inspired by this particular case where the algebra has its dynamical correspondent, we will consider
in what follows more general paths in A” where the traversal in the reverse direction will be allowed along orbits
corresponding to primary as well as change of basis pivots which are not necessarily equal to +1. The motivation
for this is that by the Zig-Zag Theorem certain change of basis pivots correspond to nonzero differentials in the
spectral sequence.

Although in this case it is not clear what a dynamical counterpart to the algebraic behavior is, the Zig-Zag
Theorem indicates a correspondence between orbits in the flow ¢’ associated to a nonzero differential d* of the

spectral sequence to paths in the flow ¢.

2 Sweeping Method

In this section we present the sweeping method, which constructs recursively a family of matrices A" for » > 0,

where A = A, by considering at each stage the r-th auxiliary diagonal. This family of matrices will be used



to determine the spectral sequence (E",d").

We remark that the sweeping method as well as all other theorems in this article do not require that the
columns of the matrix A be ordered with respect to k, or equivalently, that the singularities hy be ordered with
respect to the filtration. Without loss of generality we will assume the singularities to be ordered with respect
to the filtration so as to simplify the notation and permit the indices which refer to the columns to increase
incrementally by one. Otherwise, in a more general setting we must introduce a subsequence notation for the
columns in order to consider the intersection of the auxiliary diagonals only with the index k& columns. For
clarity, in our examples we also maintain the singularities ordered with respect to the filtration.

For a fixed auxiliary diagonal r the method described below must be applied for all £ simultaneously.

A - Initial step

1. Consider all columns hy, together with all rows hj—1 in A. Let Ay, . be the entries in A where the

i-th row is hi_1 and the j-th column is hg.

Let & be the first auxiliary diagonal of A which contains nonzero entries Ay, ., which will be denoted

i
as index k primary pivots. It follows that for each nonzero Ay, ; on & the entries Ay . for s > i are
all zero. These entries must be zero otherwise they would have been detected as primary pivots on
a ¢ auxiliary diagonal for £ < &;.

We end this first step by defining A%t as A with the index k primary pivots on the &;-st auxiliary

diagonal marked.

2. Consider the matrix A% and let A% , be the entries in A& where the i-th row is hj_; and the j-th
column hy. Let & be the first auxiliary diagonal greater than & which contains nonzero entries

Ail ;- We now construct a matrix A% following the procedure:

Given a nonzero entry Ail, _on the &-th auxiliary diagonal of A&
i,

(a) if there are no primary pivots on the i-th row and the j-th column, mark it as an index k primary

pivot and the numerical value of the entry remains the same, i.e., Aijj = Ail -

(b) if this is not the case, consider the entries in the j-th column and in the s-th row with s >4 in
AS

(b1) If there is an index k primary pivot in an entry in the j-th column and in a row s, with s > i,

then the numerical value remains the same and the entry is left unmarked, i.e., Ai"‘ S = Ail r

(b2) If there are no primary pivots in the j-th column below Ailj then there is an index k
primary pivot on the i-th row, say in the ¢-th column of Aér, with ¢t < j. In this case the
entry remains the same, however the entry A%,j is marked as a change of basis pivot, i.e.,
AP =AY

Note that we have defined a matrix A¢2 which is actually equal to Aé! except that the &-th

diagonal is marked with primary and change of basis pivots. See Figure 3.
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Figure 3: Auxiliary diagonals &; and &s.

B - Intermediate step

In this step we consider a matrix A" with the primary and change of basis pivots marked on the &-th
auxiliary diagonal for all £ < 7. We will now describe how A™! is defined. Without loss of generality
we can suppose that there is at least one change of basis pivot on the r-th auxiliary diagonal. If this is
not the case, A" = A" with the (r + 1)-st auxiliary diagonal marked with primary and change of basis

pivots as in B.2.

B.1 - Change of basis

Suppose A;M is a change of basis pivots. Then perform a change of basis on A" by adding a linear
combination over Q of all the hj columns ¢ of A” with k < ¢ < j, where k is the first column of A"
associated to a k-chain, to a positive integer multiple u # 0 of the j-th column of A", in order to zero
out the entry A};M without introducing nonzero entries in Azw_ for s > i. Moreover, the resulting linear
combination should be of the form ﬂ“h;:") +-- -+ﬁj_1h,(€j71) +ﬁjh§€j) where 3¢ are integers for £ = &, ..., j.

The notation h,(f) indicates the elementary k-chain associated to the ¢-th column of A.

The integer u is called leading coefficient of the change of basis. If more than one linear combination
is possible, we will choose one which minimizes u. Let u be the minimal leading coefficient of a change
of basis. Once this is done, we obtain a k-chain associated to the j-th column of A™!. It is a linear

combination over Q of the ¢-th hy columns k < £ < j of A" plus an integer multiple u of the j-th column



of A" such that A’,;*Jl = 0. It is also an integer linear combination of hj columns of A on and to the left

of the j-th column.
Observe that if the /-th column of A" is an hy column, it corresponds to an integer linear combination

_ £ _
a,(f)’r = Z cﬁ’rhg) of hy, columns of A where the k-th h; column is the first column in A associated to a
l=kK

k-chain. The notation of U,(f)’r indicates the Morse index k and the ¢-th column of A”. Hence if the j-th

column of A™! is an hj, column, it will be

J Jj—1
S 0 AR gy ST 4 g (A R g R ()
~—

=k =k

Rl ol

o oD
or, equivalently,

(uek” + g7 e Y+ (el + qioaeh T+ degpr R

NS (ucg’fl + qg‘—w;j”")h,ij_l) + uc?Thl(cj) 2)
with ¢;" =1 and
I =l g ey €L (3)
Bt =ue g+ gy €2 )
o, -1,
T =l v g T €L (5)
cg’rﬂ = ucg’r eZ. (6)

It is clear that the first column of any Ay can not undergo any change of basis since there is no column

to its left and this explains why ¢ = 1.

e —
Note that ¢; = 0 in QZZ cﬁ’rh,(f) whenever the /-th column has a primary pivot in an row s for s > i.
=1
If the primary pivot of the i-th row is on the ¢-th column then the rational number ¢; is nonzero in

t
q Z cz’rh,(f) and such that
=1
Azi_ﬂl = U'A};i,j + thzi,t =0.

Since u > 1 is unique, then ¢, is uniquely defined.

Once the above procedure is done for all change of basis pivots of the r-th diagonal of A™ we can define

a change of basis matrix.

Therefore the matrix A" has numerical values determined by the change of basis over Q of A". In
particular, all the changes of basis pivots on the 7-th auxiliary diagonal A" are zero in A"*!. See Figure

4 and 5.
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Figure 4: Sweeping method: A”.

B.2 - Marking the (r + 1)-th auxiliary diagonal of A™*!
Consider the matrix A"+! defined in the previous step and we will mark the (r 4+ 1)-st auxiliary diagonal
with primary and change of basis pivots as follows:
Given a nonzero entry AKF;
1. if there are no primary pivots on the i-th row and the j-th column, mark it as an index k primary
pivot.
2. if this is not the case, consider the entries in the j-th column and in the s-th row with s > i in A™+!,

(b1) If there is an index k primary pivot in the entries in the j-th column below AZ*} then leave the
entry unmarked.

(b2) If there are no primary pivots in the j-th column below AZ+J1 then there is an index k primary
pivot on the i-th row, say in the ¢-th column of A™*!, with ¢ < j. In this case mark it as a

change of basis pivot. See Figure 5.

C - Final step

We repeat the above procedure until all auxiliary diagonals have been considered.

Example 2.1. Let A be as in Figure 6. Applying the sweeping method to A we obtain the matrices A', A2,
A3, A4 A5 AS AT and A® given by Figures 7, 8, 9, 10, 11, 12, 13 and 14 respectively.

10
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Figure 5: Sweeping method: A"

As the reader can easily perceive the computation of the family of matrices produced by the sweeping method

is laborious. Hence, throughout this paper we will illustrate several of our results based on this sole example.

2.1 Properties of A"

The propositions in this section describe basic properties of the A™’s produced by the sweeping method and will
be used in the proof of the main theorems. More specifically our attention will be directed towards characterizing
properties associated with the primary and change of basis pivots which are essential in determining the spectral
sequence.

It is easy to see that all A"™’s are upper triangular and A" o A” = 0 since they are recursively obtained from
the initial connection matrix A by change of basis over Q.

It is straightforward to see that if A;M is a primary pivot there can be no linear combination of columns
to the left of the j-th column that added to the j-th column would zero that entry as well as maintaining all
entries Ay equal to zero for s > i. This follows since there are three kinds of columns to the left of the j-th
column. Either the primary pivot is above the i-th row, below it, or the column does have not a primary pivot
in A", In the latter case the column has all entries below the r-th diagonal equal to zero. This is also the
case when the primary pivot is above i-th row since all entries below it are zero. Hence, these three types of
columns can not contribute in a linear combination that intends to zero the entry Ap .

In order to simplify notation, reference to the index k in the matrix Aj will be omitted whenever it is not

11
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Figure 8: A2. Marking primary and change of basis pivots.
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Figure 9: A3. Change of basis and marking pivots.
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Figure 14: A3,
necessary.

Proposition 2.2. If the entry A}, ., has been identified by the sweeping method as a primary pivot or a

change of basis pivot then A%, ., =0 forall s >p—r+1.

s,p+

Proof: By the sweeping method Af . ; can not be a primary pivot for all s > p —r + 1. Since nonzero
entries under the r-th diagonal of A” which are not primary pivots only occur in columns above a primary

pivot then A7 ., =0forall s >p—r+1. |

s,p+
Proposition 2.3 asserts that we can not have more than one primary pivot in a fixed row or column.

Moreover, if there is a primary pivot in a row 4 then there is no primary pivot in column 3.

Proposition 2.3. Let {A"} be the resulting family of matrices produced by the sweeping method applied to a

connection matriz A. Given any two primary pivots Aj ; and A% we have that {i,j} N {m, £} = 0.
25 m, L

Proof: The only non trivial case which needs to be considered is when k& = k + 1 and we have to prove
that in this case j # m. Suppose there exists a primary pivot on the j-th column and another on the j-th row
of A", i.e., A’"”, and A};HM are primary pivots. Hence, Azw =0 for all s > i and AZ+1M =0 for all s > j.

Let 0" ¢ and a,(ﬁ’lr be chains associated to the j-th, the i-th and the ¢-th columns of A" respectively.

Since A" o A" =0, V] = {ag)’f, O'(j) " ,(ﬁf} cannot be an interval because A”(Vl) # 0. Therefore, there
(j2),r

must exist o, associated to the jp-th column of A", such that o} (72) Tt k 75 0 and Ak+1 £ 0.

(g2),r

Note that j» < j, since ,”*"" # oy ()" and all entries below a primary pivot are zero.

The entry A7 i cannot be a primary pivot, since the i-th row already has a primary pivot. Thus, the
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primary pivot of the jo-th column must be below the entry Ay i i.e, there exists o}, °

(2):7 associated to the ig-th

row of A", i5 > 4, such that Aziwé is a primary pivot. Therefore, A} = 0 for all s > i5. See figure 15.

Ul(fl{ JS'E)IJ- ng),r U{yj)_, U,(Q’{
o 3, B
S
0'1(32)‘7' A;\:Jr]jz.é
0),r
g IE+)1

Figure 15: Impossibility of primary pivots in the j-th row and in the j-th column simultaneously.

Once again, since A" o A” = 0 and A"(V2)? # 0 for V5 = {olng)l’r,olijQ)’T,U,(ﬁeir}, then V5 cannot be an

(j3),’l“

interval, i.e., there exists 0" on the js-th column of A" such that o¥" # a,(f)’r, js < j, A, .. # 0and

k

£ 0.

FER

Figure 16: Construction of a finite sequence of singularities to insure no intervals A”(V) in A” with A™(V)? = 0.

We must show that o,(ij)’T #+ J,(Cj)’r. By the construction of O'I(Cj3)7r we have that AZiQ i # 0 where iz > i.
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Thus, if j3 were equal to j we would have the entry Aziw_ # 0 below the primary pivot A;M. This contradicts
the fact that Ay =0 for all s > 4.

Repeating the above steps and always using the fact that A" o A” = 0 we eventually run out of rows or
columns to continue the above arguments. See figure 16. If there are no more hi columns we will have an
interval V with A(V)? # 0 which contradicts the fact that A" o A” = 0. On the other hand, if there are no
more hy_1 columns we will have a nonzero entry in A" below the r-th auxiliary diagonal which is neither a

primary pivot nor an entry above a primary pivot. It contradicts the fact that the only nonzero entries in A"

below the r-th auxiliary diagonal are primary pivots and entries above primary pivots.

3 The Modules E] of the Spectral Sequence

In this section, we show how the Z-modules £, are determined when we apply the sweeping method to the
matrix A. The primary and change of basis pivots of A" produced by the sweeping method play an important
role in determining the generators of Z;. Thus the necessity of proving that the pivots are always integers.
Recall that
By = 237+ 07 )

p

where,

Zy ={ce F,C| dce F, .C}.

Each hj column of the connection matrix A represents connections of an elementary chain hy of Cj to an
elementary chain hy_; of Ci_.

The Z-module Z ;= {c € F},Cy;0c € F,_,Ci_1} is generated by k-chains contained in F,, with bound-
aries in F,_,. This corresponds in the matrix A to all the hj columns to the left of the (p + 1)-st column or
linear combinations of these h;, columns, such that their boundaries (nonzero entries) are above the (p—r+1)-st
row’.

Similarly Z;Zzll,k—(p—l) = {c € F,_1Cy;0c € F,_,Ci_1} corresponds in the matrix A to all the h; columns
to the left of the p-th column or linear combinations of these hj columns such that their boundaries are above
the (p — r + 1)-st row.

Finally,

YA

p+r—1,(k+1)—(p+r—1) = a{C € FP+T—1Ck+1; dc € chk}

is the set of all the boundaries of elements in Z;;i_l,(k,“)_(p_w_l),

the hy columns to the left of the (p + 1)-st column (or equivalently all hy rows above the (p+ 1)-st row) which

which corresponds in the matrix A to all

are boundary of hyyq columns that are to the left of the (p + r)-th column.

The index k singularity in F), \ Fj,—; corresponds to the k chain associated to the (p + 1)-st column of A.

Hence we denote this singularity by h,(cp +,

5The expressions "above the row" and "to the left of the column" shall include the row or column in question, whereas the

"

expressions "below the row" and "to the right of the column" shall not include the row or column in question.

18



The Proposition 3.1 establishes a formula for Z]’;’k_p.

Proposition 3.1. 77, = Z[M(p-lrl)ﬂ'g](fﬂ)’r,u(p)”'_la,(f)’r%,...,u(”)”'_p_l"‘”al(f)’rfpfHK] where K is the
first column in A associated to a k-chain and p9)¢ = 0 whenever the primary pivot of the j-th column is below

the (p — r + 1)-st row and pC =1 otherwise.

Proof: Note that the a,(fﬂ_&)’r_& is associated to the (p + 1 — £)-th column of the matrix AS. By
definition, pP+1=$7=¢ = 1 if and only if the primary pivot on the (p + 1 — £)-th column is above the row
(p+1-8& —(r—& =p—r—+1. It is easy to verify that chains associated to columns with primary pivots
below the (p — r 4+ 1)-st row do not correspond to generators of Z} y_p- Consider a k-chain cr,ipﬂ_&)’r_g, with
€ €{0,...,p+1— k}, associated to the (p + 1 — &)-th column of A"~¢ such that the primary pivot of the
(p+1—&)-th column of A"~ is above (p—7+1)-st row. For the latter primary pivots we show that U,(fﬂfg)’r*§
is a k-chain which corresponds to a generator of Z. It is easy to see that ar,(cpﬂff)’rf'S is in F,Cy, for £ > 0.
Furthermore, (r — £)-th step in the sweeping method applied has zeroed out all change of basis pivots below
the (r — &)-th auxiliary diagonal. In other words, all nonzero entries of the (p + 1 — £)-th column of A"~¢ are
above the (p+1—¢) — (r — &) = (p — r + 1)-st row. Hence the boundary of U,(Cpﬂfg)”’*5 isin F,_,Ck_1.

We now show that any element in Z is a linear integer combination of ,u(p“*5)”’*5cr,(€p+1_f)’r_g for £ =

0,...,p+ 1 — k. This is done by multiple induction in p and 7.

e Consider F,_1, where & is the first column of A associated to a k-chain. Let & be such that the boundary

of hgj) is in F,iflfgck \Fﬁflfgflck.

1. Z_, is generated by k-chain in F,,_1C} with boundaries in F,_;_,.Cy_1. Note that there exists
only one chain h;f”) in F.._1C). Hence
(a) If & < r then O\ ¢ F._y_,Cy_1. Thus, ZI_, =0
(b) If ¢ > r than Oh\"™ € F,_1_,Cy_1. Thus, Z7_, = [h{"™]

2. On the other hand, a,(f)’r is a k-chain associated to the k-th column of A”. Since there is no change of

basis caused by the sweeping method that affects the first column of Ay, U,(f)’r = h,(:). Furthermore,

%)™ = 1 if and only if the boundary of A{") = (")

is above the r-th auxiliary diagonal. Hence
(a) If € < 7 then p(*)" = 0. Thus [u("‘)’rcr,(j)’r] =0

(b) If € > r then M(n),r — 1. Thus [Iu(n),ral(:),r] _ [JI(:),T] — [hgf)}.
Hence Z7_, = [,u(”)’rol(:)’r].

o Let the & -th auxiliary diagonal be the first in A that intersects Ay. All the columns of A corresponding
to the chains hl(f H), .. .,hgf) have nonzero entries above the &;-th auxiliary diagonal, thus, above the

(p — & + 1)-st row of A.

1. By definition Zgl is generated by k-chains contained in F,C) with boundary in Fj,_¢, C_;. Since the

columns of A associated to the chains h,(fﬂ), ceey hff’) have nonzero entries above the (p — & + 1)-st
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row, this implies that the boundaries are in Fj,_¢, C—1, i.e.,

+1 K
z5 =[Pt ).

2. Since nonzero entries in the columns of A associated to the chains hgf H), ey h,(f) are all above the
&1-th auxiliary diagonal then a,(cj)’gl = h,(gj), j=#k,...p+1land pt& =1, j=x,...p+ 1. Hence,
e T A A B [ SN !
Therefore, Zgl - [M(pﬂ)’glff,gpﬂ)’r, o 7M(n),m*p+1+§10/(:)%—P+1+§1]-
e We assume that the generators of Z;:% correspond to k-chains associated to a,(f“_g)’r_&, E=1,...,p+

1 — k whenever the primary pivot of the (p + 1 — £)-th column is above the (p — r + 1)-st row. If the
primary pivot of the (p + 1)-st column is below the (p — 7 + 1)-st row then Z] = Z;j and it is the case
when p(Pt1" = 0. Suppose now that the primary pivot of the (p+ 1)-st column is above the (p—r+1)-st
We know
that by, is in F, and its boundary is above the (p — r + 1)-st row. If »*1 = 0 then b € Z;:} and the

row. Let by = bp“h,(fﬂ) + -+ b”hl(f) be a k-chain corresponding to an element of 2y hp

result follows by the induction hypothesis. Suppose bP+! #£ 0.

By the sweeping method, U](Cp D7 has cgﬂ’r as the minimal leading coefficient. We will show now that
since cgﬂ’r is the minimal leading coefficient then bP+! = alcgﬂ’r, aq € Z. Suppose that bP*1! is not an
integer multiple o . Let v > 0 be an integer such that vc " is the largest multiple o T wi

integer multiple of ¢211". Let v > 0 be an integer such that v’} is the largest multiple of c/{}" with

vel 1" < b7+ Hence we have veh T < b7+ < (v+1)chi] ", ie, 0 < P+ —wch il < )" Tt follows

p+1 p+1 > p+1 p+1
that the k-chain by, — vo """ has leading coefficient bP*+! — veh 1" < cbi1", which contradicts the fact
that c?77"" is the minimal leading coefficient. Hence b**1 = a1cP1}", a1 € Z.

Thus we can rewrite hy as

br = aloliPJrl),r + (bp _ alcg-i-l,r)hl(f) o (b5 — alcﬁ—‘rl’r)h,(f)-

Note that by — ayoP™" = (bp — alcgﬂ”")hép) Foo o (05 — ay R € F,_ . Moreover, since by

(p+1),r (p+1),r

and o), have their boundaries above the (p — 7 4 1)-st row then the boundary of b, — aj0y; is

above the (p — r + 1)-st row. Hence by, — alal(fﬂ)’r € Z;:%. By the induction hypotheses we have that

b — a1a,(cp+1)’r = Oczu(p)’r_lal(f)’rfl + et anu(”)’r_p_l'ma,(f)’rfpfHK ie

b

fe = algl(cp+1)7r + a2u(p),r—1gl(€p),r—1 4t a’ilul(n)77‘717714»50_’(;6),7’—]3—1—&-/{.

|
Note that the matrices A" can have some entries which are not integer numbers. However, Proposition 3.2

shows that all pivots in A" are always integer numbers.

Proposition 3.2. Suppose that Aj_, ., ., is either a primary pivot or a change of basis pivot. Then

Al 41 p11 1S an integer.
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Proof: Since A}_, 11,41 is either a primary pivot or a change of basis pivot then Af ., = 0 for all

s>p—r+1 Hence o" ™" € Z7 and

(p+1),m _ AT (p—r+1),r T (k7),r
9oy, = At 1p+10h1 o AR p10k

where x* is the first column associated to a (k — 1)-chain. It follows that
ao_l(cp+1)ﬂ“ c aZ; - Z;«F: _ Z[,u(p—r—H),r+10_l(€;0*7’+1),r+1’ ,u(p—r),7"0_](CP*7”),7“7 o 7M(n),QT—p—&—fsa_l(:),QT*PJrN].

Thus the coefficient A7 ., P77 T of hP=r i 9ot has to be a multiple a of the coefficient

—r+1,r+1 (p—r+1) r4l -
CgfrJrl of hk—l € Zp—rv Le,

r —r4+1r _ —r+1,r+1
Ap7r+1,p+1c£—r+1 _acg—r—kl

where o € Z \ {0}. Hence we have
—r+4+1,r4+1
r _ acz—r-l-l
p—r+1,p+1 = —r+1l,r
cz—r—i-l

A

It follows from (6) that A7, . .4 is an integer.

The next lemma will be used in Theorem 3.4 and it detects torsion in the spectral sequence.

r—1 r—1
Lemma 3.3. Suppose that 8Zp+r—1,(k+1)—(p+r—1) ¢ Zp—l,k—(p—l)' Then

r—1 r—1 _ (p+1),r o—1_(p),r—1 K),r—p—1+r (K),r—p—1+k
Zy k1) T 02y 1 (st~ (per—1y = Llloy Y [ S

_ r4+p),r—1,p+1,r—1 Ar—1 ®),R—p—1 pt+1,K—p—1 AK—p—1 +1,r -
where = ged{p "R LTINS L (B EP LT AL TR Y epia"s k s the first column as-

sociated to a k-chain and % is the first column associated to a (k + 1)-chain.

: r—1 r—1 r—1 r—1 :
Proof: Since aZer’r‘fl,(kle)f(ijrfl) Q prl,kf(pfl) then prl,kf(pfl) + 8Zp+7’71,(k+1)7(p+7‘71) is a

subset of
,r—1 ( )7T_ 1
(p) ka ...

. ‘u(n),'r‘fp71+na.l(:)77‘—17—1+ﬁ]

3

Boac = 2D o
but it is not a subset of

T

-1 — or—1_(p)r—1 —1),r—2 (p—1),r—2
2y k(o) = Z[p®rig? P =25P

S ,'u("”")*T*P*1+nal(cﬁ),r—p—1+m]'

Then p®*t1" =1 and Z;:ll + aZgljfly(kH)f(prl) contains an integer multiple ¢ of U,(fﬂ)’r ie., Z;:ll +

1 .
6Z;+T717(k+1)7(p+“1) is equal to

Z[€U£p+1)’r, ’u(p),r—lo_l(cp)f*:[’ M(p—l),r—QO_I(Cpfl),T*2 7M(K),r—p—1+/<O_](€N),T*P*1+H].

ge e

We will now find the integer ¢. We have

erl _ Z[M(p—i-r),r—lal(cz—):*lr),rfl

®),r—p—1_(K),F—p—1
ptr—1,(k+1)—(p+r—1) e k41 ]

PRI

where p(PT7=¢)7=1=¢ — () whenever the primary pivot of the (p +r — &)-th column is below the (p + 1)-st row.

Hence
r— r),r— +r),r—1 r—1),r— +r—1),r—2 R),kR—p— K),k—p—1
aZp+71’71,(k+1)7(p+r71) = Z[/i(p+ » 1801(5_1 ) P, 2801?3-1 ) o B 13012-31 P
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For £ =0,...,p+r —& with p®+t7=97=1=¢ — 1 we have A:’;Jlr;fg = 0 for all 4 > p + 1 and hence

(pr—€)r—1—¢ _ Ar—1-¢ (p+1),r—1—¢ ro1-¢ _(k)r—1—¢
90441 = A 1 ptr—eOk T AL Ok :

(p+r—§),r—1-¢ with AT—1=¢

In fact, the boundaries do;; ) it # 0 for some i > p+1 correspond exactly to the columns

which have the primary pivots below the (p + 1)-st row and therefore pptr=8r=1-¢ —

Hence, for £ =0,...,p+r — &, when pP*t7=87=1-¢ — 1 we have
r— +r—&),r—1— r— r—1— +1),r—1— r—1— K),r—1—
2y 4 0o T T = T b (A o T e AL oL (8)
. r— +r—§),r—1—¢ r— r—
On the other hand, since pr% + [80,(5_{ ) | C pr% + 8Zp+r1_11(k+1)_(p+r_1) then

r— r—§&),r—1— 1),r r— ,r—1 —1).r— —-1),r—2 K).r—p—1+k (K),r—p—1+4k
T e T VN O (TPt () —p=Ln)

(9)

The coefficient of h,(cpﬂ) on the set of generators of the Z-module in (8) is A;ﬂ;ﬁ_r_gcgﬁ’*l*g. On the

other hand, the coefficient of h,(cpﬂ) on the set of the generators of the Z-module in (9) is chgﬂ’r. Hence

_ Ar—1-¢ +1,r—1-& +1,r
EE = Ap+1,p+7‘—£cg+l /CZ+1 :

Thus we have that ¢ = gcd{u(”“@’r*l*g@g} where £ =0,...,p+7r —R, ie.,

geeey

_ (r+p),r—1 p+l,r—1 Ar—1 (R),k—p—1 pt+1,k—p—1 A K—p—1 +1,r
= ged{u Cor1 AL Tgpr o 1 Cpt1 AW = } cg_H )

Theorem 3.4. The matriz A" obtained from the sweeping method applied to A determines E.

Proof: We will prove that

T
Zp,k*p

El, =
pk—p r—1 r—1
prl,krf(pfl) + aZerrf1,(k+1)7(p+7"71)

is either zero or a finite generated module whose generator corresponds to a k-chain associated to the (p+ 1)-st
column of A",

Note that A}, . ., is on the r-th diagonal and plays a crucial role in determining E ;.

We now proceed to identify the effect that entries on the r-th auxiliary diagonal of A™ have on determining
the generators of the Z-modules E.

A nonzero entry on the r-th auxiliary diagonal can be either a primary pivot, a change of basis pivot or it

is in a column above a primary pivot. A zero entry can be in a column above a primary pivot or all entries

below it are also zero.
1. Suppose the entry A7 .. . has been identified by the sweeping method as a primary pivot. It follows
from Proposition 2.2 that Af ., =0 forall s >p—7r+1.

Therefore, the chain associated to the (p+ 1)-st column in A" corresponds to a generator of Z} —p- This
chain is a linear combination over Q of the chains associated to the h; columns of A”~! on and to the

left of the (p+ 1)-st column such that the coefficient of the (p + 1)-st hy column is a nonzero integer. By
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(p4r—2),r
Ok+1

(p4r—1),r
k41

(p+r),r
k+1

(p+r+1),r
Ok+1

(p—r+1),r (p+1),r (ptr=2),r  _(ptr—1),r (p+r),r (p+r+1),r
Oj—1 Ok Ok+1 k+1 k+1 k41

. . r—1 r—1
Figure 17: 02,10 1 (k1)—(ptr—1) © Zp 1k (p-1)"

the sweeping method this chain also is a linear combination over Z of the hj columns of A to the left

(p+1),r

of the (p + 1)-st column. This chain is o}, and since the coefficient of the (p + 1)-st hy column is a

(p+1),r

nonzero integer, o, is not contained in the generators of Z;:% f—(p—1)"

Claim 1: If AJ , ., . has been identified by the sweeping method as a primary pivot then

r—1 r—1
OZ i1,k -par—1) € Zpm1—(p—1)°
The generators of Z;:_1,(k+1)_(p+r_1) must correspond to (k+1)-chains associated to hy1 columns

with the property that their boundaries are above the (p 4+ 1)-st row and consequently all entries
below the (p+ 1)-st row are zero. Hence the entries of these hgy1 column on the (p+ 1)-st row must,

by the sweeping method, either be a primary pivot or a zero entry. See figure 17.

By Proposition 2.3 the (p 4+ 1)-st row can not contain a primary pivot since we have assumed that
the (p + 1)-st columns has a primary pivot. Therefore, the entries of these hiy1 columns on the

(p + 1)-st row must be zeroes. It follows that 62;;;_17(k+1)_(p+r_1) does not contain in its set of
(p+1),r
k

generators a multiple of the generator o . The claim follows.

By Proposition 3.1 we have that £}, = Z[o,(fﬂ)’r].

2. If the entry A7, ., . is identified by the sweeping method as a change of basis pivot then the sweeping

method guarantees that A;t’}‘+l7p+l = 0. Furthermore, A7 ., =0 for all s > p—r+ 1 by Proposition

2.2.
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(p—r+1),r
k-1

(p4r—2),r
Ok+1

(p4r—1),r
k41

(p+r),r
k+1

(p+r+1),r
Ok+1

(p—r+1),r
k-1

(p+1),r
Ok

(p+r—2),r (p+r—1),r (p+7),r
Tk+1 Ojt1 Tkt1

(p+r+1),r
Tk+1

. . r—1
Figure 18: 3Zp+r

1,(k+1)—(p+r—1) )¢—

ZT‘l

p—Lk—(p—-1)

Therefore, like in the previous case, the generator corresponding to the k-chain associated to (p + 1)-st

column o

(p+1),r

in A" is a generator of Z]
.

k—p-

Thus we have to analyze the (p + 1)-st row. There are two possibilities:

(a)

(b)

YA cz !

p+r—1,(k+1)—(p+r—1) = “p-1Lk—(p—1)’

are above the p-th row.

In this case, as before, by Proposition 3.1 E7

Zrl

8ZT+7_1 (k+1)—(p+r—1) fd— p—1,k—(p—

1)’

i.e, all the boundaries of the elements in Z"

= Z[J](cp—i_l)’r].

i.e, there exist elements in Zp+r 1 (k1) (pr—1)

p+T 1

»(k+1)—(p+r—1)

whose

boundary has a nonzero entry on the (p + 1)-st row which is necessarily a primary pivot.

By Proposition 3.1 and Lemma 3.3 E

A

(p+1),r

k

]

3. If the entry A7 .., ., is nonzero, but is not a primary pivot nor a change of basis pivot then it must be

an entry above a primary pivot. In other words, there exists s > p — r + 1 such that A”

pivot. It follows that o}, . Thus, 2"~}

1 .
(p+1),r is not in Z;

=7" and hence Ep7k_p

p—1,k—(p—1) = “p,k—p

4. If the entry AJ_, ., ,.; is a zero entry we have the following possibilities:

(a) There is a primary pivot below A7 ;. i.e, there exists s > p—r+1 such that Af

pivot. In this case the generator correspondlng to the k-chain associated to (p+1)-st column o,

is not a generator of Z} and hence Z

lk (p—1) —
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. It follows that E

s,p+

s,p+

»=0.

1 is a primary

=0.

1 is a primary
(p+1),r



(b) AL ,+1 =0for all s >p—r+ 1. In this case, the generator corresponding to the k-chain associated

to (p + 1)-st column U,(fﬂ)’T in A" is a generator of ZJ, . Thus we must analyze the (p + 1)-st
row. We have the following possibilities:
i. ozt czr! i.e, all the boundaries of the elements in Z" 7}

p+r—1,(k+1)—(p+r—1) = “p—1Lk—(p—1)’
are above the p-th row.

p+r—1,(k+1)—(p+r—1)

In this case, as before, by Proposition 3.1 £ ;= Z[U,(gpﬂ)’r].
.. 1 1 . . . —1
ii. 8Z;+r—l,(k+1)—(p+r—1) ¢ Z;_Lk_(p_l), i.e, there exist elements in Z;+r—1,(k+1)—(p+r—l) whose

boundary has a nonzero entry on the (p + 1)-st row. By Proposition 3.1 and Lemma 3.3

r Z +1),r
Ep,k—p = ﬁ[al(cp ) ]v tel.

5. The entry Aj_, ;4 is not in A}, This includes the case where p—r+1 <0, i.e, A}, ., ., is not on

the matrix A”.

The analyzes of Ej is very similar to the previous one, i.e, we have two possibilities:

(a) There is a primary pivot on the (p 4+ 1)-st column in a auxiliary diagonal 7 < 7. In this case the

generator corresponding to the k-chain associated to (p + 1)-st column ol(f DT s not a generator of
—1 _ o
Z] 1, Hence Z;_Lk_(p_l) =Zppand B, =0.

(b) All the entries in A" on the (p + 1)-st column in auxiliary diagonals lower than r are zero, i.e, the

(p+1),
k

generator corresponding to the k-chain associated to (p + 1)-st column o "in AT is a generator

of Z} ;- Then we have to analyze the (p + 1)-st row.
: r—1 r—1 s T _ (p+1),r
i If 82p+7,_17(k+1)_(p+r_1) C Zp—l,k—(p—n then, by Proposition 3.1, E/ |, = Zlo}? ]
ss r—1 r—1 sps r
ii. Ifzazp+7-—1,(k+1)—(p+r—1) ¢ Z,"\ k—(p1) then, by Proposition 3.1 and Lemma 3.3, E} ,_, =
—+1),r
@[Uz(cp ) I

4 The Differentials of the Spectral Sequence

In this section we will show how the sweeping method applied to A induces the differentials d;, : E} — E]_,
in the spectral sequence. Whenever £ and E;_, are both nonzero, the entry A7, ., .4 in A" is a primary
pivot, a change of basis pivot or a zero with a columns of zero entries below it and it induces dj,. We will denote
by x the first column of a connection matrix associated to a k-chain and by & the first column associated to a
(k + 1)-chain.

In Section 2 we defined U,(CPH)’TH as a linear integer combination of {hy}’s where cgﬁ’T is the smallest
leading coefficient. The next proposition shows that it is also a linear combination of a,(j )€ e A€ s i =Ky .., pt1,

E=r—p—14k,...,rfor j —& =p—r+ 1. In both cases the linear combinations minimize u.
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Proposition 4.1. Given a change of basis pivot Aj_, ., 1, there exist integers byi1,bp, ..., b, such that the
boundary of

bp+10,(€p+1)”' I bpu(p),r—lal(cp)w-q NI bnu(n),r7p71+/<;0_1(€ﬁ),’r'—p—1+n
is above the (p — r)-th row. Moreover, the smallest b,11 which satisfies this is u.

Proof: Since A}, 11 ,+1 be a change of basis pivot, Af ,,; = 0forall s > p—r+1and A;t71“+1,l)+1 = 0.

Hence U}Ep+1),r+1 € Zy*' C Z;. By Proposition 3.1

Z; — Z[’u(p-%1)7TUI(€P+1)ar7 M(p),r—lgl(f’)ﬂ’—l’ o 7Iu(m),T—p—l-i-ngl(:)vr—p—l%-ﬂ].

In other words,

U](CP+1),T+1 _ prrlu(p-s—l),'ra_l(Cerl)ﬂ“ + bp,u(p)”"_lol(f)’ril 4ot bmu(m),7‘—p—1+no,](gﬁ)7rfpfl+n
with byt1,...,b, integers. Since cﬁﬂ’rﬂ = ucﬁi}’r this implies that in this case b,4+1 = u. It shows that the
integers bpy1,bp, ..., b, exist and that u is a possible value for by, ;.
Finally, we will show that u is the smallest positive integer such that by, ..., b, exist, i.e, the smallest b,
is u. Suppose that u < u is a positive integer such that there exist Ep, ..., b, with

PTG )1 @hrml ) —pL (R —p= Lk

Then
O,I(Cp-i-l),r-i-l _ Uu(p+1),rcgﬁ,rh§€p+1) + (alu(PJrl),rCIz;Jrl,r +Bpu(p),rflc§,r71)hl(cp) +...
4 (EM(P"FU»"'CI’:“LT + Bpﬂ(p)ﬂ'—lcléﬂ'—l NI BHM(K)J‘-p—1+H02,7‘—p—1+ﬁ)h§:)
which contradicts the minimality property of u as defined in (2). Hence u is the smallest positive integer such
that by, ... b, exist. |

The next proposition establishes a formula for w in Proposition 4.1 whenever the entry A7, ., ., is a

change of basis pivot. In all other cases u = 1.

+1,r4+1
Proposition 4.2. Suppose that Aj_, ., .1 is a change of basis pivot and let u = % be the integer
p+1
defined in (1). If
—1 p—rtlr—1Ar—1 —ptr—1 p—r+lk—ptr—1 A k—ptr—1y ) p—r+l,
v ZQCd{#(p)’T sz:ﬂr A;*TJer?-'-mu(H)H rer 1C§f:+1n m A;*f%*;,n }/Cifiﬂr
v
and \ = then u = .

ged{Ap i1 pp1, 0}
Proof: We know by Proposition 4.1 that « in (1) is the smallest positive integer such that there exist

integers by, ..., b, with

O'ép+1)7r+1 _ uﬂ(p+1),r0_’(€P+1)7T + bpﬂ(p),rflal(ﬂp)vr—l N bﬁu(ﬁ),rfpf1+mo_](€f€),7“—l)—1+f€.

Since Aj_, 14,41 is a change of basis pivot, then AY ., = 0 for all s > p—r + 1 and hence pPrr =1,

Calculating the boundary of both sides of the equation we have that

ao_l(cp+1)ﬂ“+1 — uao_](cp+1)ﬂ" + bpll(p),r—lao_l(cp)ffl IS bﬁu(ﬁ),T—P—1+R80.](€"5)v7“*17*1+'€. (10)
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Since AT, . is a change of basis pivot then A7* , = 0. Hence the coefficient of h" """ in 9P+

p— r+1 P+

is zero. Moreover,

(p+1),r _ A7 p—r41,7 (p r+1)
Qo S AT L BT
(p) r—1 —r+1,r—1 (p r+1)
do = AT Ty, +-
(k),r—p—14+K _ Ar—p—1+k r4+1,r—p—1+r; (p—r+1)
doy, = A,k Gt hgoy

Equating the coefficients of h(p 7+1) on both sides of equation (10) we obtain

_ r —r+1,r r—1 —r+1l,r—1 (k),r—p—14k AT—DP—1+K r+1l,r—p— 1+l€
0= uAp—r-i—l,p—i—lcg—r-&-l =+ bp/’[’ Ap r4+1 pcp—r+1 + o+ bﬁ/’é A CP —r+1

p—r+1,k
Thus,
r —r+lr _ (p),r—1 p—r+l,r—1 (k),r—p—14+k AT—P—1+K _p—r+1,r—p—1+r
UAp7T+1,p+1C£7r+l - [b w Ap r+1,pCp—r+1 toot bK/”L Ap77‘+1,n Cp—r+1 ]
r — (p),r—1 AT— —r+1,r—1 L (k),r—p—1+K AT—P—1+K r+1,r—p—1+k r4+1,r
UAp—r+1,p+1 - [b A T+1,pcpfr+1 + + bK:IU’ ApfrJrl,n Cp —r+1 }/Cp r4+1 -

It follows from Proposition 4.1 which asserts the minimality property of u that

p—r+1l,r p),r—1 —r+1,r—1 K),r—p—1+k AT—D—1+K r+l,r—p—1+k
U‘Ap r+1 p+1cp r+1 ng{M( ) Ap r+1,pcp7r+1 P nu’( ) ApfrJrl,n Cp —r+1 }

M I —
ie, uAy_,. 1,41 =v. Hence

r r _ r
mmC{UAp—T-&-Lp-&-l’ Ap—r-i-l,p-i-l} = mmC{Ap—r+17p+17 v}.

Equivalently,
r _ r
UAL y1prr =mme{AD L v}

Dividing both sides of the equality by the product Aj_, ., .,.v the equation becomes

T
u mmc{Ay_ 11,4150}
- T
v A ri1pr1l

which is equivalent to
1

- ng{Ag—r+1,p+l7 U}

S

<

ie,
v
U= =\
ged{AL_, 1 i1 v}

Lemma 4.3. Let E) = Z; [U,(fﬂ)’r] where

ng{/,L r+p),r— ICPJrlT 1 +1T+p7.”7ﬂ(n),n p— ICPJrln p— lAn

Cp+1 r

p+1

+ln}

and suppose that Aj_, ., 1 15 a change of basis pivot.
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1 If ALty pirtr1 18 a change of basis pivot, then

1 uZlo P

p.k—p r +1),r+1y"
ng{Ap+1,p+r+l’t}Z[gl(cp ) ]

2. If AL 1 piri @S a zero entry with a column of zeroes below it, i.e, AY ..y =0 for s >p+1, then

r+1 UZ[Jl(ngrl)’rJrl]

p,k—p tZ[O'/E:p+1)7r+l] :

Similarly, if A}, 11 18 a zero entry with a column of zeroes below it then the formulas above hold for u = 1.

Proof: Since A}_, 14,41 is a change of basis pivot or a zero entry with a column of zeroes below it
Z[o P

r+1 _ (p41),r+1 r+1 r+1
then AJT. ., 11 =0 and hence oy, € Z,"". Hence, by Lema 3.3 E " = 7SZ[a(p+l)’r+l] where
k
p+r41),r p+1Lr Ar r4+p),r—1 p+lr—1 Ar—1 ®),F—p—1,.p+lk—p—1 AK—p—1
. QCd{H( ) C§+1 Ap+1,p+r+1a.u( ) C§+1 Ap+1,r+p: ) ,U( ) Cg+1 Aerl,E }
5= Cp+1,r+1
p+1
1),r p+1,7 A7 ” r—1 p+lr—1 Ar—1 ®),R—p—1 p+l,k—p—1 AF—p—1
gcd{#(l’“* ) Czth Apirpirsr ged{pTHPlr bl Ap+1,r+p;~l"“( R S U Wi g }}
— ptLr ot1 ' cpit’
- Tp+l +1,r+1
Cpi1

Since A}y 1,41 is a change of basis pivot or a zero entry with a column of zeroes below it then pPErEr — 1,

Hence
T
_ Cp+1,r90d{Ap+1,p+r+1vt}
=61 PHLrF :
p+1

If A _, 11 ,+1 is a change of basis pivot then

+1,r
il 1
+1,r+1 — "
Cpi1 v

On the other hand, it is trivial to see that if A7, ., is a zero entry with a column of zeroes below it

+1,r _ Cp+1,r+1

then there is no change of basis and hence c? 1 , e, u=1.

p+1
|

Remark 4.4. As a direct consequence of the proof of Lemma 4.3 we have that whenever Ay _, . .1 is a change

of basis pivot, u < ged{A} | 1,1} <t
Lemma 4.5. Let Ej = Z[cr,(f"rl)’r] and suppose that Aj_, ., 1 is a change of basis pivot. Then

1. If ALy pirg 18 a primary pivot, then

(p+1),r+1

r+1 uZlo,, ]
pk—p T A, (p+1),r+17°
p+17p+’r'+1Z[ak ]

2. If AL (1 piri1 18 a zero entry with a column of zeroes below it then

r+1 (p+1),r+1
p,k—p — uZ[Uk ]
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Figure 19: Difference between 0Z 7,

kD) (par—1) A OZ 1 ity (i)

Similarly, if A}, 11,41 15 a zero entry with a column of zeroes below it then the formulas above hold for u = 1.

Proof: Since A}_, ;1,41 is a change of basis pivot or zero with a column of zero entries below it

then A7*1, ., =0 and thus gD Z4 L . 1t follows that Zy ko) & ZM4L . Moreover, since

r = g[oPtr r—1 r—1 : (p+r—€)r—1-¢ ¢ _
E} = Z[o;’" "] then we have that OZ) 1 (k1) —(par—1) S Zp 1k (p_1)» 1@ for all ol , & =
R (phr—€);r—1-¢

(ptr—§),r—1-¢ r—1
€z p+1,ptr— k+1

0,...,p+r—FK, we can either have do, | p—1,k—(p—1

)and hence A §:OOro

has a primary pivot below the (p + 1)-st row and hence p®+"=8"=1-¢ — (. But the difference between

r—1 r
2, e 1 k1) — (1) AL OZ iy (o)

column. See Figure 19. But the hypothesis is that the element in the (p + 7 + 1)-st column and (p + 1)-st row
Z[O_(p+1),T+1]

is that the last one includes the boundary of the (p + r + 1)-st

. r r . . . r+l k
i8 AD 1 pyry1- ALy pipqq I8 @ primary pivot then B " = — DT where
slloy, ]
(p+r+1),r p+Lr AT (p+r—&),r—1—¢ pF+1lr—1-E Ar—1-¢ R),k—p—1.p+1,K—p—1 AK—p—1
_ ged{p i1 Ahstprrris ol Cpi1 A e M i1 Apiig }
5= L1
p+1
(p+r+1),r p+Lr Ar
_H o1 Bpriperia
- +1,7+1
E5
T
— Ap+1,p+r+1
U
T _ r T r+1 __ (P+1)77"
AL prrp1 =0then 0Z7 1) (i) € Z) 1 pry and, BT = uZoy, ]
u

We will use the following result which follows from elementary algebra.

Lemma 4.6. Suppose that m is multiplication by a nonzero integer m and let \ = L.
ged{m, v}

v/ d v/
1. If 7—"=17, then kerm = \Z and Imm = L _ ged{m,v}Z

\Z vZ,
m \Z Z  ged{m,v}Z
. > - 2= _ &gl vy s
2. If Z; ——=17Z, andt > \ then kerm 7 and Imm 7 7
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Theorem 4.7. If E] and E,_, are both nonzero, then the map d, : E; — E;_, is induced by 9, i.e,

multiplication by the entry Ay ., whenever it is either a primary pivot, a change of basis pivot or a zero

with a column of zero entries below it.

Proof: Suppose that £ and E,_, are both nonzero. We must show in each of the following cases that
kerd, _ et
Iméy,, P

We need to analyze the cases where both E and E_, are nonzero since otherwise d;, is zero. It follows from
Theorem 3.4 that this we will lead us to consider three mail cases for the entry AJ_, ., .,: primary pivot,

change of basis pivot and zero with a column of zeroes below it.

O,](Cp-i-l)ﬂ”]

1. A} i1 p4+1 18 @ primary pivot. In this case we know by Theorem 3.4 that E) = Z] . Moreover

By, = Z[U,(f_f“)’r]. In fact, Ej_, could not be Z, [al(f’__er)’T] because this would imply in the existence

of a primary pivot in the (p — r + 1)-st row on a diagonal below the r-th auxiliary diagonal.

We have the following sequence:

r

s ey
— Z[O_’(fp_—lr-i-l)ﬂ“] < Z[UI(CP—&-U,T] B < (11)

(a) Suppose Ej,, =0

Since 4y Z[oPTT) = Z[o P is multiplication by A7 141 # 0 then kerd) = 0. Hence

kerdj, _
Iméy.,
(b) Suppose Ej,, # 0. As in the previous case, J; : Z[a,(fﬂ)’r] — Z[a,(f__lrﬂ)’r] is multiplication by

AL 1141 # 0 and hence kerd;, = 0.

Since ET

»ir 7 0, let us consider the three possibilities for A7, ., ;. Either it is a primary pivot,

a change of basis pivot or a zero entry with a column of zero entries below it. However, since
A} _, 41 p41 18 a primary pivot, by Proposition 2.3 there is no primary pivot on the (p + 1)-st row.

- . . L . .
Hence A}, , 4,41 can not be a primary pivot nor a change of basis pivot. Thus, A7, . ., isa

kerég

zero. It follows that =

Iméj, .,

On the other hand, for both cases above, since A7 ., ., is a primary pivot then aff“”“ = a,(fﬂ)"r.

Note that its boundary in the (p—r+1)-st row is A} ; 1 # 0 and hence it is not above the (p —r)-th

row. It follows that al(fﬂ)’rﬂ ¢ Z;t and thus Z7t! = Z7 | and E}*' = 0.

2. A}_, 41 41 18 a change of basis pivot. Then, there exists a primary pivot in the (p — 7 + 1)-st row on a

diagonal below the r-th auxiliary diagonal. It follows by Theorem 3.4 2(b) that E]_, = Z, [a,(f: 71”1)’7’],

where
—r4lr—1 Ar—1 —r4 1, k—ptr—1 A k—ptr—1y ; p—r+1,
v = ged{puP T THTTIALT e ARy o
v
Let A = By Proposition 4.2 we have that A = u.

ng{A;—r-i-Lp—i-l’ v}'
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(a) I AjLq pirp1 # 0 is a primary pivot, it follows by Proposition 2.3 that there is neither a primary
pivot on the (p + 1)-st row and column nor on the (p 4+ r + 1)-st row and column in a diagonal

below the r-th auxiliary diagonal. Hence, by Theorem 3.4 2(a) and (1), E; = Z[a,(fﬂ)’r] and

B .= Z[J,(f_ﬁr)’r]. In this case we have
O_I(clfrlrfl)m U}Spntl),r O_I(C{:rlrJrl)m
—r+1),r LT T T T |
oY Bporaipt]
n+1),r r
01577+ ! AP+1,]}+T+1
(p+r+1),r r
k+1
Figure 20: A7_, 1, , 11 # 0 change of basis pivot.
- g ety 2 (1) 200 o ()
- Loloy—y "] Zloy ] Zloyyy ] (12)

Then I'md, ., = A;+17p+r+1Z[al(€p+l)’r] and by Lemma 4.6 Kerd;, = )\Z[cr,(fﬂ)’r]. Hence

Kerd, MZlo 7] uZ[o ]

Imor.. (1)) = o

.
prr A prr Zloy

T
Ap+1,p+r+1Z[U

On the other hand, since A7, ., ., is a primary pivot, it follows from Lemma 4.5

uz[al(gp‘i‘l)ﬂ“-i-l]

Zloy T

r+1
E,;7 =

s
A17-1-1717-|-r—~-1

(b) f AJ. 1 11 = 0 with a column of zero entries below it then Imdy,, = 0. Hence
Kerd,

Imé, ..,

= Ker(?;.

i By = Z[U,(CPH)’T]. In this case by Lemma 4.6
Kerdl, = \Z[o" ™) = uz[o"T).
On the other hand, it follows from Lemma 4.5 that E;*! = uZ[o P,
ii. Br = Zo""™""]. We have by Lemma 4.6 that

o AZoT) oD
Kerd, = (1) (p+1),my
tZ[o" " 2]

On the other hand, it follows from Lemma 4.3 that E} ™! = uZ, [oPTrH,
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(¢) If AL,y ,4ry1 # 0 is change of basis pivot then there exists a primary pivot in the (p + 1)-st row

in a diagonal below the r-th auxiliary diagonal. It follows from Theorem 3.4 2(b) that E” =

p,k—p
Zy [a,(cpﬂ)’r] where
. - Lr—1 Ar— ), R—p— 1,F—p—1 AR—p—1 1,
t = ged{u PTG T L R TAT S

Let A !

et A = .

ng{A;—‘rl,p—‘,—r—‘,—l?t}

(p—r+1),r % (p+1),r Optr ET
s L[ = oy pr (13)

We have that either £, = Z[a,(cp-lrr)’T] or £, =17, [al(fpw)’r]. However, we know by Remark 4.4

p+r p+r
and Proposition 4.2 that A =u <tand X= 017 /1" | <w. It follows from Lemma 4.6 that
r r r D,r
. Ao o 2P ged{Ag e, Y20
K6T5p = W and Im(serT = = (ptD),r = (p+1),r
tZloy ] Aoy ] tZloy ]
Then (o+1)
Kerd;, _ NZ[o P
T r 1),rq°
Imby i ged{AL,y ypir- Y2

On the other hand, since A7, ., is a change of basis pivot we have by Lemma 4.3 that E;H =
uZlg P

F1),r+1

TN

(d) If A}y 4,41 18 an entry above a primary pivot then there exists a primary pivot in the (p+7+1)-st

column below A’ . . Hence p®P* 1" = 0 and al(fflrﬂ)’r ¢ Zy.,. It follows that EJ ., =0

where v = A\ by Proposition 4.2.

and hence Imdy . = 0. Then
Kerd, Kers™
= Kerd).
Iméy ., P

b

. r +1),r
i KB, = 2o

o .
e —— [O,](Cp_—lT-&-l)w] ~r Z[O_](cp—kl),r} SR 0<— - (14)

and by Lemma 4.6
Kerdl, = \Z[o" ™) = uZ[o"T).

(p+1),’l"]

i I B = Loy,

s 5T,

<~ [O_I(Cp_—lr-‘rl),r] <’ 7, [0£p+1)7r] SN, ST (15)

and by Lemma 4.6 that

NZ[o P

Kerd, = = uZ [U,(Cpﬂ)’r].

Z[a(”l)’”l]

On the other hand, we know by Lemma 3.3 that E" ! where

p,k—p SZ[U,(CPH)’TH]

p+r+1),r ptLr Ar r4+p),r—1 p+lr—1 Ar—1 ®),R—p—1 pt1,EK—p—1 AK—p—1
_QCd{N( )C§+1 Ap+l,p+r+lvﬂ( ) Cp1 Ap+1,r+p"“““() Cpi Apity )

+1,r4+1
Cpr1
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3. A) 41,41 = 0 with a column of zeroes below it. In this case Kerd, = E,. Moreover, o
1),r+1
Jl(cp+ )T+

(a)

+r+1), 7 pt1,r +p)r—1,pt1l,r—1 pr—1 ®),R—p—1,pt1,k—p—1 AF—p—1
gc P A gy ged{p T T AT TR Apilm }}
p+1,7 ) p+1,m
_ pt+Lr Cp+1 Cpi1
= Cp+1 Cp+1,r+1
p+1

Since p@t " =0, s = t/u. When E7 | =7, [oPT) 7] as in (i),

Jk—p

+1 UZ[UIEPH)’TH]
ET _ = ———n—
p,k—p tZ[O_](Cp+1),r+1}

When E7 = Z[a,ipﬂ)’r] as in (i) we take ¢t = 0 and hence E;! = uZ[o,(CpH)’TH].

(p+1),r _
P k -

and hence v = 1.

If ALy pirs1 is an entry above a primary pivot then like in 2.(d) we have pPrr+r = 0 and

Ep ., = 0. Hence Imdy,,, = 0 and thus
Kerd, g
Imdéy,.,. P

On the other hand since p®P+ 1" =0, EIH1 = 7.
If Al pirp1 = 0 with a column of zero entries below it then I'md, ., = 0 and
Kerd,

Iméy .,

— B

On the other hand, it follows from Lemmas 4.3 and 4.5 that E; ™! = E7.

If A7, p1rp1 7 0is a primary pivot then there is neither a primary pivot in the the (p + 1)-st row
nor a primary pivot in the (p + r + 1)-st column in a diagonal below the r-th auxiliary diagonal.

Hence E; — Z[U](Cp-&-l),?"] and E" — Z[Jl(cp-i-r—i-l),r]‘

p+r
ET % (p+1),r Opir (p+r+1),r
sy =20 | = Loy, T = (16)
Therefore _
Kerd, Z[a,(cpﬂ)”]
Imér (P+1)ﬂ“} ’

T
prr o Al g Zloy

On the other hand, since A}, ., ., is a primary pivot by Lemma 4.5

(p+1),r+1
r+1 Z[Uk) ]
p.k—p — ..

ALt prri1Zlo

(p+1),r+147"°
K ]

If AJ, 141 18 @ change of basis pivot then there is a primary pivot in the the (p 4 1)-st row in a

diagonal below the 7-th auxiliary diagonal. Hence E; = Z; [a,(gp +1)’r].

o T
E;ir P Z, [J](;D-i-l)ﬂ“] LL E;+r - ... (17)
+ .+1, n
E7, . can either be Z[o """ or Z, [0 P DT Let X = t and 7 — Cptril
o kot W k+1 ' - = Tri1-
p gcd{A;+1’p+T+1, t} Cgi::il —+

Since A}y 441 i a change of basis pivot then by Proposition 4.2 and Remark 4.4 for (p + ) we
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have X =0 < ged{Ay. | 1,1, w} <w,ie, A <w. By Lemma 4.6

r 1),
o ng{Ap+1,p+r+17t}Z[Ul(qp+ )r]

Imé), . =
pt+ tZ[O_IE:pJFl)?T']
Then (o+1)
Ker(S; - Z[akp "

= FEpe
Im&per ged{AT,, .,y VZ[oPT)
On the other hand since A7, ., is a zero entry with only zero entries below it we have by Lemma

4.3 that o+ 1)t
r+1 Z[Uk)p ]

p.k—p r +1),r4+17 "
Ged{ AL s Y2V

We have seen that for all cases

T T

Kerd;, el K er5p
T - “pk—p — r :

Imd; ., Iméoy,.,

5 Spectral sequence analysis for the existence of connecting orbits

In the next Theorem we will analyze the nonzero differentials d" in a spectral sequence associated to a Morse
flow . We show that although we may not always have a connecting orbit in the flow ¢ associated to d" there

is always a path formed by connecting orbits of ¢ which is determined by d".

Theorem 5.1. Let (E",d") be a spectral sequence induced by a Morse Conley chain complex (CA,;A) of a

flow o where A is the connection matriz over Z. Given a nonzero d" : Ej , — E}
:

p—r.qgtr—1 there exists a path

h](f"!‘”

of connecting orbits of ¢ joining the singularity which generates E;.,q to the singularity h,(cp__lrﬂ) which

1
generates E,_, .. ;.

We adopt a loose definition of a path in a flow. A path associated to d” is a juxtaposition of connecting
orbits where the orbits represented in the matrices by primary pivots or change of basis pivots Af) j for £ <r
may be considered with reverse orientation.

More precisely, let ; ; be a path between the singularities h,(j ) and h,(jl 1- If ;4 corresponds to a connecting
orbit in the flow, we will say ~;; is an elementary path and define the length of v; ; as £(vi;) = (j — ©)-
However, when ~; ; does not correspond to a connecting orbit in the flow, ; ; can be be written as a sequence

of elementary paths. This construction is done recursively by defining
Yig = i =5 Vi)

where j < j and 7 > i, i.e, h,g) is associated to a column of A to the left of hg) and hgll is associated to a

row of A below h;ﬁl

The negative sign indicates that ~; 7 is considered with the reverse orientation. If ~; - is an elementary path

the corresponding connecting orbit is considered in the reverse orientation. If 7;,7 does not correspond to a

connecting orbit then it is a path

7 =]

i = hi,}’ G555

==,
1,7
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where j < j and i > i, and we define

—i7 = ~hip s %5 = s s gk

The length of i ; = [v5;, =5 V7] is defined as £(v; ;) = £(v; ;) + (5 5) + (7, 7)-
In the next lemma we prove that certain columns need not be considered when changing basis in the

sweeping method.

Lemma 5.2. Let A} _, ., .4 be a change of basis pivot. The choice of columns associated to J,(CPH_&)’T_f the

sweeping method that will zero out Aj_, 4 1y in A" need not take into consideration columns which have

nonzero entries above the (p — r)-th row.

Proof: We show that it there exists a linear combination in the sweeping method using columns with

nonzero entries above the (p — r)-th row then there exists another linear combination that does not use these

columns.
We know that
ZTJrl
r4+1 p,k—p
Jk—p T
P k-1 T O e 1) = ()
where
;:Z;];p _ Z[u(p—&-l),r—&-lal(cerl)aTJFl’ M(p),ral(cp),r’ o 7M(n),r—p+nal(€f~e),r7p+n]’
Z;)Afl,kprrl _ Z[lu(p),ro.l(cp)»T’ 'u(pfl),rfla.l(gp_l)ar—l, o 'u(n),rfp+no.](€'€)ﬁ“—17+”}'

Moreover, by Proposition 4.1 we have that

O.I(CP+1)7T+1 _ U}L(erl)’rO',(ngrl)’T + bp‘u(P)’Tfla.l(gp)W—l 4t bﬁu(n)ﬂ’fp*1+KO.I(€'€)1T—P—1+H'

Suppose that for some £ € {1,2,...,p+ 1 — K}, o,(cpﬂfg)’rf£ is such that 80,(61)“75)’“5 is zero in the

(p — r + 1)-th row and pPH1-97-¢ =1 e, A;:£+1,p+1—£ =0 and Ag;il_5 =0 for all s > p+r — 1. In this
](CP'H—E)J’—& ](fp-‘rl—f)vr—f _ O_](cp-‘rl—f)vr—f"rl cr

case, Jo 1 k—(p—1)" By

is above the (p — r)-th row and hence o

the formula we have that

Z[u(p+l)*r+1a,(€p+l)’r+1 U}(€p+1—$)7r+1—£7 - (n),r—p+ng](:),r—p+~]

geeey

Er+1 _ . ,,U

Jk—p r T +1-¢&),r+1— ®).r—p— o (K),r— —1+k
" Zlp@iro P oI OTITE L e g (T TPTR L 97n ()

B Z[u(p+1),r+1al(cp+1)m+l _ a}(@zﬂrlfﬁ),rﬂff7 . ’GI(CPH*&),TH*E’ o 7M(m),r—pﬂcU](Cf”»)n”*zﬂrﬁ]

r T 1-§),r+1— K)r—p—1-dr ~(K),r—p—1+kK r
e LN

r +1),r+1 +1-&),r— K)o r—p+r (K),r—p+K
B Z[M(p+1), +1UI(§p ) _Jlgp €) 57”.,/1( ),r—p+ U}i) P ]

- —p— K),r—p—1+kK T
mewvg),”ﬂu“% Plﬂwé) P +]+6Zme+U—@w?

(p+1-§),r—€+1

The last equality follows since the generator o’ can be substituted by the generator o’,(f 18—t

The consequence of this is that there is no loss of generality in choosing a change of basis which does not
sum the columns which have a zero entry on the (p — r + 1)-st row and zeroes below it.
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Let A = A. We have shown that the sweeping method produces a sequence of matrices A" where the
matrix A™T! is obtained from a change of basis of A", i.e., there exists a sequence of change of basis matrices

My, ..., M,,_1 such that
A" = MTYATM, = MM L MY AM . M M,

forr=0,...,m—1.
For each r € {0,...,m — 1} we define A" as the matrix AM, ... M, 1 M,. Hence, if x* is the first hy_;

column and & is the last hi_; column then we can write

T ) AT K
B0 = AL A o+ AL R

where ZZJ € Zfor s =k*,... k.
Proposition 5.3. Z;j =0 for all s > i if and only if A7 ; =0 for all s > i.

Proof: We know that
9o = AL WP AL R

and

o = AL o ok AL o)
Suppose that Z;j =0 for all s > 1, i.e,
Do DT =AY 4+ A B
Since the coefficient of h 1 is always nonzero in 0'(8) | then A7 ; =0 for all s >4, i.e,
Do) = A:’ja(i v -+ AL O'kﬁ 1) "

The reciprocal is completely analogous.
]
# 0 and

As a direct consequence of Proposition 5.3 we have that A}, is a pivot if and only if A

r p—rp

Zs7p:0foralls>pfr.
It is clear that A" does not have square necessarily equal to zero. However, it will be used as an auxiliary
matrix to prove the main result in Section 5.

The proof of Theorem 5.1 is a direct consequence of the following lemma.

Lemma 5.4. Let A be a connection matriz. Applying the sweeping method to A, let A" be the matriz

obtained after the r-th diagonal has been swept. If A" # 0 some &, then there is a path vj_¢; =

J—&.J

(Yj—7.js —Vi—7j—C: Vj—e,j—c| for some T and ( less than r in the flow ¢ formed by connecting orbits joining

the singularity h,(cj ) to the singularity hg:f).

We will prove this by induction on r and &.
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1. r = 1. Since a = h(J then A = A, ; for s = k*,..., K where x* and K be the first and the last

columns associated to a (k — 1)-chain. Hence all nonzero entries A
)

j—¢; for all £ represent the existence of

connecting orbits between h,(j ) and h,(g__l . For each £ we have a path in the flow ¢ which is a connecting

orbit.

2. Let & be the first auxiliary diagonal that intersects Ay and AJ _¢; # 0. Then for all r, Z;j = 0 for
all s < j — ¢ and Aj—&,é = 0 for £ < j. Since Aj—&@ = 0 for all ¢/ < j then the j-th column has not
altered trough a change o basis and hence Z;fg’j = Zjl-fgyj. Since Z;j = 0 for all s < j — ¢ then
ngg’j = c;:?TA;_&j for r. Therefore A;_¢ ; # 0 and hence there is a connecting orbit in the flow .

3. Suppose that the Lemma holds for all ' < r and & < € and let A, # 0. If there is a connecting orbit

J=&J
between h,(g) and hg__f) then nothing needs to be shown. In particular, that is the case when Z;_f,j #0,

. -1 . . . . . j j—
since A;_, ;= Aj,g,j and in this case there is a connecting orbit between h,(j) and h,(g_f). Hence we

suppose that A = 0 and that there are no connecting orbits between h,(cj ) and hg:f). We will show

that if A,

J=&J
j—¢e.; 7 0, there is a 'path’ of connecting orbits that joins them.

Since AJ ¢; 7 0and Zjl-fg’j = 0 then there exists ¥ < r, 7 < &, such that Zj;g’j =0 and Zj:j # 0 i.e,
O.I(CJ),T + U}(CJ) T+

The sweeping method asserts that a change of basis will only be prompted in the j-th column of a matrix
when a change of basis pivot is present in that column. In this case it will happen precisely when the

sweeping method is going through the 7-th auxiliary diagonal of A",

Hence there exists a change of basis pivot in the j-th column on the 7-th auxiliary diagonal of AT. This

change of basis pivot is A" # 0 and

J—TJ

and it is on the (j —7)-th row of A”. By Proposition 5.3 AJ 7

. .. —T —7, F
it has a column of zeroes below it, i.e, A, 5 c; AL #0.

We know by Lemma 4.1 that

0o = up DT oI by g pI DT g g 9T R g TR (1)

Equating the coefficient of hgj) on both sides of equation (18) (i.e, restricting to the (j — 7)-th row of

A) we obtain

0=A) 1, =up®DTA] o by pU DT AT U O (RIS AT T

J=7J J—TK

We know that when the primary pivot of a ¢U~9)"¢ is below the (j — 7)-th row then ptU=97-¢ =0,
Hence, pU~97=¢ =1 only when there is either a primary pivot, a change of basis pivot or a zero entry
on the (j — 7)-th row of A”~¢ with a column of zeroes below it. However, since by Lemma 5.2 assume
without loss of generality that in a change of basis, columns with a zero entry on the (j — 7)-th row and
zeros below it are not considered. Hence pli=9)7=¢ =1 and bj—¢ # 0 only when A?:%j_c is a change of
basis plvot or a primary pivot. By Proposition 5.3 A
Le, A o, o =dTITEATTE o,

T j ¢ 7 0 and it has a column of zeros below it,
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Equating the coefficient of hg:f) on both sides of equation (18) (i.e, restricting the equation to the

(7 — &)-th row of A) we have that

——7+1

DA j—1),7—1A7 1 j—¢),F— A6 K)F—jHr AT IR
Ajfg’j:uum, Ajfgj'i_bj—luu 1) 1Aj7§,j71+"'+/1¢(] <) ij—CAjfg,ij"i'""i_bKU() i+ AT

Since ijéj £ 0 and Z?_&j = 0, then there exists ¢ € {1,j — x} such that p=97"=¢ =1,b;_ # 0 and
77_§

Aj¢jc70

e Since Zj:éj_c £ ( is such that £ — ¢ < ¢ and 7 — ¢ < r then by the induction hypothesis there is a

path vj_¢ j_¢ of connecting orbits joining hg_o to h,(j__f);

e Since Z?:%j_g # 0 is such that 7 — ¢ < € and 7 — ¢ < r then by the induction hypothesis there is a

path v;_5 j_¢ of connecting orbits joining E}(ijg) to h;cj__f);

e Since A

j—7.; 7 0is such that 7 < £ and 7 < r then by the induction hypothesis there is a path ;7 ;

of connecting orbits joining hg ) to h;gj__f);

Hence v;—¢ ; = [Vj—7.js —Vj—7.j—¢» Vi—¢.j—c] is a path joining h,(j) t0 h,(j:f).

Hence we have shown that Z;LEJ # 0 corresponds to a path in the flow .

|

Proof: [of Theorem 5.1] Let d, # 0. It follows from Theorem 4.7 that every d" # 0 is induced by
multiplication by Ay, ., .4, which is either a primary pivot or a change of basis pivot. By Proposition
5.3, Z;—H-Lp-&-l # 0 and all entries in the (p + 1)-st column below the (p — r + 1)-st row are zero, i.e,

Z;frﬂ’pﬂ = czi:ﬁ’TA;#HypH # 0. By Lemma 5.4 there is a path in the flow formed by connecting orbits

joining the singularity h,(f 1 to the singularity h,(f: TJrl).

Example 5.5. Consider Example 2.1. Note that the entry Agl?’ = 3 is a primary pivot in A% which had its
original entry in A equal to zero, i.e., As 13 = 0. Hence, there is not necessarily a connecting orbit between
h,(clj'i and hg’). However, we will now determine a path of connecting orbits between these two singularities.
Note that
oot = —h + h +any” — 30 + nY

0012 = —n” + h® + nY — 2nY

and hence Z‘;,B =0 and Z§713 =1# 0. Thus, consider T = 4. We represent the path schematically using o

matrixz type representation in figure 21. Computing the entries within the proof of Lemma 5.4 we have

—7 —4 —4
o A ji—7, — A1374,13 = A9,13 #0,

-7 ——4-3
7

—1
o A i e =A3 4133 =0g10F0,

AT—¢ ~4-3 —1
* Aj i c=B13 813 3= 851070
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hyY)
%
h,;:)
o

h;f)

(10),1 (13),4 , (13),5

Tht1 Tht1 /%41
-4
As,l-j
. A5
K;,10 o 1/*’2/"
IR 3 @ 0/1="
3 4/ -1
-1 1/0
71"' ‘ 1 e=38
Ag 10 @ R O‘
4 ) s
Ags Ag 1z
rT=4
Foc=1

Figure 21: Schematic representation of the path 75 13.

o hd,
o %y
o hjl

k+1

o plo

k1 ]
=1 2

Figure 22: Path s 13.
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5101 (11),2/0(11)14 (13),6

k+1  Tk4l /Ok41 Ok+1
—4
As,u
—6
. . As i3
) . 0 1/0 0 '
) Aso - \
h® -3 —2/ =5 0
A" 3 2(5)
) —~1 A T —6
(8) Ag 10 R A7z
h{ -1 1/0 0 S
A ‘@ ,vo 0 Ce—s
—4“
72’ A7,11
AQ,]I

Figure 23: Schematic representation of the path 75 ;5.

Hence, by Lemma 5.4, a path between h,gf} and h,(f) is ¥5,13 = [V9,13, —79.10,V5,10]. See Figure 22.

The length of 75,13 s £(75,13) = £(79,13) + £(79,10) + €(¥5,00) =4+ 1+ 5 = 10.

Note that we could choose the path composed by connections which correspond to the entries Z?B £ 0,
Z‘;,n # 0 and Z3,11 # 0, i.e., V513 = [V7.13, —7,11,V5,11) See figure 23.

The entries Z?}w and Zi,u correspond to connecting orbits in ¢ since Z;,m #0, Z;’u # 0. On the other
hand, Zé,n = 0, i.e, there is not necessarily a connecting orbit between h,(clﬂ and h,(f). However, there is a
path fyg,n between hgﬂ and h,(j) composed by the connecting orbits correspondent to the entries Z;H # 0,
Z;w #0 and Z;w #0, ie.

’Yé,13 = [’74,137 _’7/7,117 [’79/),11» _76,10a’)’é,10]]-

See figure 24.
The length of 75 15 is £(7V513) = £(7,13) + £(V7,11) + €(v9.11) + €(¥9,10) + €(75,20) =6 +4+2+1+5=18.
This shows that the path between two singularities many times is not unique. Even for a fized length the

path need not be unique.

6 Conclusion

This work marks the beginning of a systematic study of the dynamical implications associated to the algebraic
behavior os a spectral sequence. We have shown that as r increases, the Z-modules E; undergo a change of

generators. In Theorems 3.4 and 4.7, the sweeping method relates this change in generators of £ to change
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Figure 24: Path v ;5.

of basis over QQ of the connection matrix A. As we apply the sweeping method important entries in the r-th
auxiliary diagonal of A" are singled out in order to determine A™*!. These entries are the primary and change
of basis pivots and it is worth noting that they remain integers throughout the sweeping process as shown
in Proposition 3.2. The dynamical interpretation of the intermediary matrices in this process is yet not well
understood since many entries are non integers.

A question which remains unanswered is what is the relationship of the initial flow and associated to A and
the flow corresponding to the last matrix obtained in the sweeping method. Several examples suggest we may
have a continuation.

Another open question is the interpretation of the appearance of torsion in the spectral sequence which may
cancel algebraically before stabilization.

In proving the Zig-Zag Theorem we draw a parallel between "long flow lines" connecting consecutive sin-
gularities hy, € F), and hy_; € F,_, that are far apart and higher order nonzero differentials d” in the spectral
sequence. These long flow lines are paths made up of connecting orbits where some orbits are considered in the
time-reversal flow.

In Theorem 5.1 we prove the existence of long flow lines ¢. However, minimizing the time traversed in the
reverse flow as well as characterizing the connecting orbits in which time-reversal is allowed constitutes open
problems.

The difficulty in determining minimal paths is that zero entries A;; may have connecting orbits joining
h{) and ("

.- This is the case since each entry is an intersection number (of attaching and belt spheres). Our
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interest is to determine, in this context, minimal paths in the absence of connecting orbits for zero entries.
Let F(v;;) and R(7;,;) be the set of all elementary paths which correspond to a flow line of ¢; and —¢;

respectively and which make up ~; ;. Define

i) = >, L) and £ (vis)= > L)

YEF (i,5) YER(7i,5)

It is clear that £(v; ;) = €1 (vi;) + £~ (vi,;) and €T (v, 5) — € (vi5) = — .
In the presence of several paths between hl(Cj ) and h,(jll we choose one whose £~ (; ;) is minimal. We define
L;; as the set of all paths between h;cj ) and h,(jll. Note that a path v; ; € £;; has minimum length if and only

if £~ (i ;) is minimal. In fact, v; ; has minimum length in £,;, i.e, €(v; ;) < €(6;;)V 0;; € L;; if and only if
(i) + 07 (Yig) <L (0s5) + £ (055)V 035 € Ly (19)

Substituting é+(’)/i,j)) =/{- <7i,j))+j —¢ and €+(9ij) =/(" (QU) +j—4in (19) we obtain £~ (’Yi,j) <L~ (eij) VGij S
Lij.
A natural extension of this work is a generalization of the sweeping method in Theorems 3.4 and 4.7 for

connection matrices associated to more general Morse decompositions.
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