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ABSTRACT. In this paper we introduce two products of tempered distributions
with positive support. These products are based in the Laguerre representation
of distributions.

1. INTRODUCTION.

Multiplication of distributions is a difficult and involving problem. In general,
there does exist a product of distributions with the classical properties extending
the usual product of functions (see [11] and [8]). In [3] we studied a method to
multiply tempered distribution based on the Hermite representation theorem for S’.
As continuation of that work, here we study products of tempered distributions with
positive support, now taking the approximation given by the Laguerre expansion of
distributions (see [5] pp 550 and [4] Theorem 2.8 and 2.9.), which establishes that
every T € (8T)" can be represented in the weak sense by a series

> bl
n=0

where {£,,} are the Laguerre functions and b, =< T, L,, >.

In this context we say that there exists the product [S]T of the tempered dis-
tributions with positive support S and 7T, if ZZO:O cp Ly is a tempered distribution
where the coefficients ¢ are given by

(1) ok = lim > by <T,L,Lx> .
n=0

The product [S]T of S and T, is by definition, Y 7 j¢xLr. Symmetrically, we
define the product S[T7.

This paper is organized as follows: In section 2 we summarize the relevant ma-
terial on Laguerre functions, tempered distributions with positive support and rep-
resentation theorems for ST and (S1). In section 3, we introduce the Laguerre
products and some properties. We present some examples in section 4: [T]6 = eT,
0]z} = 8[z}] = 0 and [z}]a% = 2™ for appropriate A and p. In the appendix
we compile some basic facts of hypergeometric series.
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2. LAGUERRE EXPANSION OF TEMPERED DISTRIBUTIONS WITH POSITIVE
SUPPORT

This section collects relevant properties of Laguerre functions and tempered dis-
tributions with positive support (see L. Schwartz [10] and N. Lebedev [7]). Let n
be a nonnegative integer, the n-th Laguerre polinomials L,, is

2) Ln(z) = zn: (n " j) (=2

1l
i=0 J:

The Laguerre polynomials satisfy the following relations:

(1) x% +(1- x)ﬂ%ﬁ +nL,(z)=0,

(2) fooo Ly (z)Lj(x)e”"dx = §;n,

(3) Buchholz’s identity (see [2], pp. 144): Let v > —1 such that v # 0,1,2....

Then
¥ = Z (_y)nr(y + 1)L ((L‘)
4~ T(n+1) "
where (), = ng(:)” ) is the Pochhammer symbol.

The n-th Laguerre function L, (x) is
(3) Lo(x) =e 2 Ly(z).

It is easy to see that the set of Laguerre functions is an orthonormal basis for
L?((0,00)). Expressing any f € L2?((0,00)) in this basis we obtain its Laguerre
expansion, f =Y fnL, with n-th Laguerre coefficient

fu = / f(@)La(z) d.

By the Laguerre coeficients of f, denoted by L(f), we mean the sequence (f,,).

Let S = S(R) be the Schwartz space of infinitely differentiable functions which
together with all its derivatives are of rapidly decreasing, and S’ its dual, i.e., the
space of tempered distributions.

We define the space ST as the set of functions ¢ : [0,00) — C such that ¢ =
©|[0, 00) for some ¢ € S. The topology of S* is generated by the seminorms
(4) [llmn = sup |z™ DM () |

z€[0,00
where m,n € N.

We observed that the dual space (ST)" can be identified with the space of tem-
pered distributions with positive support.

For T € (S8T)’, the Laguerre coefficients of T are the sequence (< T, L, >), ,
denoted by L(T).

In order to characterize the space of tempered distributions with positive support
in terms of its Laguerre coefficients, we introduce the space s of rapidly decreasing
sequences and s’ its dual, i.e., the space of slowly decreasing sequences. We recall
that

s ={(ap) CC: for every p € N, lim n”a, = 0}.
n—oo
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The topology of s is generated by the seminorms [|(a,)[Z = Y77 (1 + n)*"| a,|?
for p € N. The dual of s is given by

s’ = {(b,) C C: for some (C,k) € R x N, |b,| < C|(1+ n)¥| for all n € N}.

The Laguerre coefficients provide topological isomorphisms between ST and the
space of rapidly decreasing sequences and between (ST) and the space of slowly
decreasing sequences.

Theorem 1. 1) Let ¢ € St and ap, = [;° ¢(x)Ln(x) dx. Then (a,) € s and
¢ =13, anl,. Conversely, > anLy(xz) € ST if (an) € s.

2) Let T € (S*) and b, =< T,L, >. Then (by) € 8" and T = >, b,L,.
Conversely, 3, b, L, € ST if (b,) € 8.

Proof. See [4], Theorem 2.8 and 2.9 or [5], pp 550. O

Next, we compute the Laguerre coefficients of some tempered distributions with
positive support.

Example 1. The delta distribution.
(5) L(0) =(<d,L, >=L,(0) =1).
Example 2. The k-th derivative of the delta distribution.

© == o= (1) () (1)

m=0
Example 3. The Heaviside function
(7) L(H)= (< HL,>=2(-1)").
Example 4. For complex A with RA > —1 the function xi defines a regqular dis-
tribution in (ST)':

(8) L(z}) = (/00 2L, (x)dr) = TN+ )22 F(—n, A 4 1;1;2))
0

where F(a,b;c; z) is the usual hypergeometric function (see [6], pp. 850). An easy
computation shows that

9) L) =0 (”) (_jl!)j D(A+j+1) 22,

=0 M

3. LAGUERRE PRODUCTS OF DISTRIBUTIONS

Let S and T be in (8T)" with £(S) = (b,) and L(T) = (e,,). The Laguerre
representation theorem for (S1)" ensures that the followings definitions are well
posed.

Definition 1. Suppose that for all £ € NU {0} there exists

cp = lim an <T,L.Lk>
n=0

and that (cx) € s'. We define the left Laguerre product [S]-T € S’ by

(10) [S] T = chﬁk.
k=0
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Definition 2. Suppose that for all £ € NU {0} there exists
dp, = "}i_{nwien <S8, L, Ly >
n=0
and that (di) € s’. We define the right Laguerre product S - [T] € 8’ by
(11) S-[T) = idkﬁk.
k=0

It is clear from the definitions that the Laguerre products satisfies the Leibnitz
rule and the following commutative rule, [S]-T =T - [5].

In examples 5 and 6 we will show that the products [H]é and §[H] does not
exists and that [§]H = H[d] = §. So, the left and right Laguerre products are not
commutative.

Remark 1. We have that

—W%EnOOZZb enC(n,i, k)

i=0 n=0
and e
dp = lim Y3 " e,b;C(n,i, k),
n=0i=0
where C(n,i,k) = [7°_ Ln( (2)L(x) dx

The space of multipliers of S’, denoted by (9 A is the set of infinitely differen-
tiable functions f : (0, 4+00) — C such that its derivatives are estimated as follows:
for all o € N there exists (Ny,Co) € N X R such that

(Df)(@)] < Call +a?)Ne
The Laguerre products extend the product of OF; by (S*)'.
Theorem 2. Let T € (ST) and f € OFf,. Then
[T1f=[A1T = JT.
(T)f and (f)T exists and (T)f = fT = (/)T
Proof. The proof is the same of Proposition 3.3 of [3]. O

4. SOME EXAMPLES OF LAGUERRE PRODUCTS

Example 5. Let T € (ST)" with Laguerre coefficients L(T) = (e,,). The product
[T6 exists if and only if Y ." e, = € < 00, and in this case

[T]6 = ed.

In fact, we have that

< [T)4, L, >= lim Zen<5£ Ly >= hm Zen—e—<e(5£k>

m—00

n=0 nO

In particular, the products [0]8; [§(*)]6 >, for k € N and [H]§ does not exists (see
examples (5), (6) and (7)).

Example 6. Let T € (S*)'. Then [T|H =T.
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In fact, we have that

< |T)H,L; >= lim Zen<H£[,k>— lim Zen/ L, ()L (t)dt = ey,

Since < T, Ly, >= ey, Theorem 1 shows that [T1H =
Example 7. Let A € C such that RA > 0. Then
[0]z2 = d[z3] = 0.

Let us recall the following formulae involving the generalized hypergeometric
function F'

(2 /OO 2 Lo(w)e” 3 dr = T(A+ 1)F(—n, A + 1;151),
(see [6], pp.850), 0

(13) iF(—n,/\—i—j—i-l;l;l):o

and "~

(14) iF(—n,A—i—l;l;Q) =0

n=0
(see Appendix for proofs of (13) and (14) ).
In order to prove that [0]z} = 0, we calculate

(15) ¢, = lim Z/ 2 L, (2) Ly (z)de.

Substituting (3) and (2) into (15) and using (12) we have that

k j 0o
(16) = (’;) (_,1) TA+j+1)Y F(—n,A+j+1;1;1).

|
§=0 J: n=0

Applying (13) we conclude that c; = 0. Theorem 1 gives [§]z} = 0.
It remains to prove that §[z?} ] = 0, which is clear from (5), (8) and (14).

Example 8. Let A\, u € C such that R\ > —1, Ru > —1 and R(A\+p) > —1. Then

A
[z} ]2t = a3t

We calculate ¢ = limp, oo >0 o < x+,£ >< al,L,L) >. From (8) we have

(17) cr = lim ZF A+ 12X F(—n /\+1,1,2)/ L, (2) Ly (x)dx
0

m—0o0

n=0
Substituting (16) into (17) we obtain

1)7 >
cx = D(A+1)27M 1 Z (]) ( J') T(p+j+1) ZF(—n,)x—H; 1;2)F(=n, p+j+1;1;1).
7=0 n=0

D(u+j+ A+ DI(1)
T+ DD(u+j+1)

(18) > F(=nA+ L1L;2)F(—n,p+j+1;1;1) = pt
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(see Appendix for a proof), we have

ELUR\ (—1) _
(19) o= (j) i T(i+ j + A+ 1)20H+HA+1,
— !

We conclude that [z} |2/ = xfr“ from (15) and Theorem 1.

5. APPENDIX

The generalized hypergeometric series are defined by

a - L) = o (@1)n(@2)n-(@p)n o
00w B i) = S G (e

where (), is the Pochhammer symbol. The series (20) converges for all z € C if
p < q+1and for 2| <1if p=g+ 1. In this case, the convergence is absolute in
|z| =1 if

q P
RO B =D i) >0.
j=1 i=1

In the case p = 2 and ¢ = 1 we write, o F1 (o, 8;7; 2) = F(a, B;7; 2).
F(a, B;7; z) satisfies the Gauss’s recursion formulae:

(21) cF(a,b;c;2) — (c—b)F(a,b;c+ 1;2) = bF(a, b+ 1;¢+ 1;2) = 0,

(22) c(l —z)F(a,b;c;z) —cF(a—1,b;¢;2) + (¢ —b)zF(a,b;c+1;2) =0

and
(23)
(c—a)(e=b)F(a,b;c+1;z)—c(c—a—=b)F(a,b;c;2) = ab(1—2)F(a+1,b+1;c+1; 2).

Theorem 3. (Gauss) Let R(c—b—a) >0, ¢#0,—1,-2,.... Then

L(c)T'(c—a—10)
I'(c—a)l'(c—1b)

Proof. See [7], pp 243. O

(24) F(a,b;c;1) =

Corollary 1. Let n € NU{0}. Then

(c—Db)p
(©)n

Theorem 4. For R(c+v) >0, R(b+v) >0 and z > 0. Then

(25) F(—n,b;c,1) =

o~ () oy Lvtd) T
7;0 - F(—n,b;c;z) = 0] F(V—l—C)Z

Proof. See [9], Proposition 3. O
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5.1. Proof of formula (13). We observe that F(0,A+5+1;1;1) = 1. From (22)
we have that F(—n — 1, A+j+1;1;1) = —=( A+ 7)) F(—n, A+ j + 1;2;1). Thus

(26) D> F(—nA+j+11:1) = 1+Y F(-n—LA+j+111)
n=0 n=0

= 1-(A+J)> F-nA+j+121)
n=0
Taking ¥ = —1 in Theorem 4 we have

o | (= (1) - !
27) ZF(—H7>\+J+1§231):ZTF(_n’A+J+1;2;1): O+

n=0 n=0

Substituting (27) into (26) yields

> F(=mA+j+1;1;1) =0.

n=0

5.2. Proof of formula (14). From (21) and Theorem 4 with v = —1, we have

STFP(=n A+ 1:1:2) = A F(-n,A+1;2:2)+ A+ 1) Y F(—n, A +2;2,2)
n=0 n=0 n=0

(-1 D2 r(-1 2)T(2
( +A+)()2_1+(A+1) (-1+2+2)T(2)

O+ DT(1) rotorm 2

= -

= 0.

5.3. Proof of formula (18). By Corollary 1 and Theorem 4, it follows that

> F(-m A+ LL2)F(—np+j+1:11) = > 7(_(“+,‘7))”F(—n,A+1;1;2)
n:
n=0 n=0

_ Dt + A+ D0,

T+ DD(u+j+1)
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