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INVARIANT MANIFOLDS FOR STOCHASTIC PDE WITH
FRACTIONAL BROWNIAN MOTION

ALBERTO OHASHI

ABSTRACT. In this work we study invariant manifolds for stochastic partial
differential equations (SPDEs) driven by a fractional Brownian motion with
parameter H > 1/2. The main ingredient in our analysis is the characterization
of a controlled deterministic evolution equation where the invariant sets for
the SPDE are precisely those of the controlled system. We provide a complete
characterization of a given invariant finite dimensional manifold by means of
Nagumo-type conditions.

1. INTRODUCTION

The analysis of invariant structures related to partial differential evolution equa-
tions have been intensely studied in the last years in the context of deterministic
equations. For example, global and local stabilization of nonlinear infinite dimen-
sional systems has been recently addressed following the concept of an inertial
manifold [6, 9]. Control problems are also considered by many authors. See R.
Rosa [23] for a survey of these results.

In general, the problem can be illustrated as follows. Very often, a mathematical
model involves an evolution equation in infinite dimension. This already presents
a major challenge, since usually the computer codes are based upon finite algo-
rithms. Fortunately, in several situations only a finite dimensional structure of the
system is relevant, and hence although the original model is infinite dimensional,
the estimation of a finite number of parameters can be successfully performed.

Only very recently invariant sets for stochastic partial differential equations
(henceforth abbreviated by SPDEs) have been studied. Many phenomena, say in
Physics or Economics, are described by stochastic equations of the following form

(1.1) dX; = (AX; + F(Xy))dt + G(X,)dW,.

Here W denotes a cilindrical Brownian motion on some probability space (2, F,P),
the operator A is the infinitesimal generator of a strongly continuous semigroup
in some Hilbert space F, and the mappings F' and G satisfy appropriate growth
conditions. Usually the authors make use of the framework of random dynamical
systems [4] where the notion of perfect cocycles plays a key rule. In this context,
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they concentrate on the invariance of nonautonomous sets. See L. Arnold [4] and
S.Mohhamed et al. [20] for a complete survey of the theory.

On the other hand, in several applications it is important to study invariance of
sets in the strict sense, the so-called stochastic viability. In this framework, a closed
set K C E is said to be invariant for equation (1.2) when

P(XP e K,Vte[0,T]) =1, ifzekK.

Many authors have been studying the characterization, existence and regularity
of finite dimensional invariant manifolds for equation (1.1) and a survey of these
results can be found in D. Filipovic and J. Teichmann [13] and D. Filipovic [14, 12].
Their main motivation comes from HIM models [16] extensively used in mathemat-
ical finance in the context of semimartingale theory.

In fact, invariance and asymptotic properties of equations of the form (1.1) seems
to be well understood in the context of the Brownian motion, but in the general
fractional Brownian motion case (henceforth abbreviated by fBm) it still lacks a
detailed study. In recent years there have been various developments of stochastic
calculus for these processes (see e.g., references [17, 2, 3, 22, 7]). The main obstacle
in the stochastic calculus based on fBm is the stochastic integral. Since the fBm is
not a semimartingale, alternative methods should be applied. See for instance D.
Nualart [22] and Y. Hu [17] for a complete survey of the theory.

Invariance questions related to equations of the form (1.1) with fBm appear
naturally in infinite dimensional systems with a non-Markovian extrinsic memory
acting as an external stochastic force which is relevant for describing many natural
phenomena in the finite dimensional form. In this regard, it is crucial to understand
the characterization, existence and regularity of finite dimensional manifolds for
these equations. This is the programme that we start to carry out in this work.
Our motivation partly comes from modelling the term-structure of interest rates as
a SPDE driven by a fBm, recently studied by Catuogno and Ohashi [5]. Therefore,
in this work we initially study stochastic viability of a stochastic evolution equation
with pure fractional white noises.

We are concerned with SPDEs driven by an additive fBm, that is, we study the
evolution equation

(1.2) dX, = (AX,+ F(X}))dt + GdBu(t), Xo=z€E, 1/2<H<]1,

on a separable Hilbert space F. Here By denotes a cilindrical fractional Brownian
motion with parameter H on a probability space (2, F,P) and taking values on
some separable Hilbert space U. The operator A is the infinitesimal generator
of a strongly continuous semigroup {S(¢);t > 0} in E. In general A will be an
unbounded operator and hence we only consider mild solutions of the form

t t
X =S(t)x +/ S(t—s)FXds+ / S(t — s)GdBp(s),
0 0
where the above stochastic integral is understood in the Skorohod sense (see [2, 3]).

The coefficients F'; G and A satisfy the following assumptions:
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(AO) The infinitesimal generator A is m— dissipative on F;
(Al) F: E — FE is globally Lipschitz;

(A2) G is a Hilbert-Schmidt operator from U into F satisfying the following con-
dition: There exists a € (0,1/2) such that

(1.3)
T T
L[ vt 1S @Gl sl — o2y < oo, for 0 <7 < .
0 0

where || - [|(2) denotes the Hilbert-Schmidt norm.

The above conditions ensure the existence and uniqueness of a continuous mild so-
lution for equation (1.2). The proof of this fact consists of a standard approximation
procedure by Yosida approximations.

Let Iéi_l/ ? be the left-sided fractional integral of order H — 1/2. See Section 2
for the definition. The main results of this paper are then the following.

Theorem 1.1. Assume that A generates a Cy-semigroup on a Hilbert space E and
(A0) holds. Assume that the coefficients F and G satisfy assumptions (A1), (A2)
and (2.8). Then a closed set K C E is invariant for equation (1.2) if and only if
it is invariant for

(1.4) (t) = Ay(t) + F(y(t)) + GIe. (1), y(0)=zcE

ay
where v belongs to L?(0,T;U)

As a corollary of the above result we provide Nagumo-type conditions on the
coeflicients for the invariance of a given smooth submanifold in E. In the sequel,

T, M denotes the tangent space of a differentiable manifold in E and £ denotes the
set of U-valued piecewise constant functions.

Theorem 1.2. Assume that assumptions in Theorem 1.1 are satisfied. Let M be a
C*t-submanifold which is closed as a set and M C dom (A). Then M is invariant
for equation (1.2) if and only if

(1.5) Az + Fa+ I 2 Go(t) € TuM,

for every x € M, t € [0,T] and v € £.
Moreover a finite-dimensional C*— submanifold M ( closed as a set) is invariant
for equation (1.2) if and only if M C Dom (A) and
Ax + Fz € T,M,

(1.6) I Gty e TuM,

for everyx € M, t € [0,T] and v € £.



4 ALBERTO OHASHI

The remainder of this paper is organized in the following way. After fixing the
notations and recalling some elementary results on the stochastic analysis of the
fBm in Section 2, we prove Theorem 1.1 via a Wong-Zakai approximation procedure
in Section 3. In Section 4 we prove Theorem 1.2.

2. PRELIMINARIES ON FRACTIONAL BROWNIAN MOTION

In this section we fix the basic notation that we use in this paper and we recall
some basic results from the stochastic analysis of the fBm. See for instance, D.
Nualart [22], Y. Hu [17] and Decreusefond and Ustunel [10] for a detailed account
of the theory. Initially, some facts from fractional calculus (cf.,[24]) are described.
Let (E,]-|l, (-,-)) be a separable Hilbert space and let a € (0,1). If ¢ € L([0, 7], E)
then the left-sided fractional (Riemann-Liouville) integral of ¢ is defined (for almost
all t € [0,T]) by

1 t

.00 = s [ (= 9" Mo(s)ds
o* I'(a) Jo

where T'(+) is the Gamma function. The inverse operator of this fractional integral

is called Marchaud fractional derivative and can be given by its respective Weyl

representation

a 1 (i Eap(t) — (s
D0+1/)(t) = 711(1) <t€1) + a/o Mds)
where ¢ € I§, (L'([0,T}; E)).

We recall that a scalar fBm of Hurst parameter 0 < H < 1 is a centered Gaussian
process 5 = {f,t > 0} with the covariance function given by

1

Notice that if H = 1/2, the process 8 is a standard Brownian motion. From
(2.1) it follows that 8 has y— Holder continuous paths for all v < H. Let By =
{Bg(t);t > 0} be a standard cilindrical fBm on a separable Hilbert space U given
by the following formal series

(2.2) Bu(t) =Y Bilt)es,
i=0

where {e,,;n € N} is a complete orthonormal basis for U and {8;;i € N} is a family
of real-valued independent fBms with the same Hurst parameter H. Similar to the
standard cilindrical Brownian motion one can always realize the standard cilindrical
fBm as of the covariance type in some Hilbert space Uy such that U — U; and the
linear imbedding is a Hilbert-Schmidt operator. Let us denote Lo(U, E) the set of
Hilbert-Schmidt operators from U into £ with the usual norm || - [|(2). We do fix
once and for all 1/2 < H < 1 for the remainder of this paper.
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Let K (t,s) for 0 < s <t <T be the real-valued kernel function

H-1/2 t
/ sl/?—H/ (U_S)H—3/2UH—1/2du.

cu(t—s)

(23)  Kn(t.s) = "

where

[omr@ v 1202 - m))"
= T2 2H) '

Define the integral operator gy induced from the kernel Ky by

(24) ]CHh / KH t S d
for h € L([0,T); E). It is well-known ([24]) that

K : L¥([0,T); B) — 122220, T); B))

is a bijection. Moreover, Ky can be described as

(2.5) Kih(s) = culj, <uH_1 oI (uy /Q_Hh)> (s)

where uy(s) = s* for s > 0 and a € R. A definition of the stochastic integral of a
deterministic V' — valued function with respect to a cilindrical fBm uses the ideas
from the reproducing kernel Hilbert space theory for Gaussian process. One can
easily check that if ® € L? (07 T; Lo(U, E)) then

(2.6) /Ot s)dBp (s Z/ $)dBi(s); t>0

is a L2(0,T; E)—valued random variable and its distribution is a symmetric Gauss-
ian measure on L?(0,T; E). Moreover, the following estimate holds

e B[ 0ass0l < [ [ 10lel9e)lo bt v
where ¢ (s) ;== H(2H — 1)|s|?7 2.

Let us denote Z(¢ fo (t—s)GdBp(s) where {S(t);t > 0} is a Cy—semigroup
on E such that

T
(2.8) /0 1S(£)G %y dt < oc.

If G € L2(U.E) then we write G; := Ge; for i > 1. We have the following approxi-
mation result.

Lemma 2.1. Assume that assumption (A2) holds and consider the following family
of stochastic convolutions
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(2.9) Zi(t) == /O S(t — $)GidBi(s); i€ N.

Then Z has a continuous version and

E sup szj(t)—z(t)HE—>O as n — oo.
0<t<T

Proof. It is an immediate consequence of Prop. 3.8 in Duncan et al. [11] com-
bined with straightforward calculations by using the factorization method on the
stochastic convolution similar to Theorem 5.9 in Da Prato and Zabczyck [8] O

3. A SUPPORT THEOREM

In this section we provide a support theorem which is essential in proving The-
orem 1.1. In fact, the connection between stochastic equations and deterministic
controlled systems is made via support theorems. We recall the topological sup-
port of a probability measure on a topological space U is the smallest closed set in
U with mass equal to one. Our aim is characterize the support of the stochastic
convolution Z(-) as a process taking values in the space of continuous E—valued
functions. From now on we assume that Z(-) satisfies assumption (A2) and (2.8)
and we consider a complete probability space (Q,]—" , IP’). We also fix a terminal
time 0 < T < oo. In the sequel, we denote by Py, the law of a measurable function
V:Q — X, where X ia separable Banach space.

The theory of Gaussian processes provides a sharp characterization for the sup-
port of the law Pz. A direct (but lengthy) calculation shows that the law of Z(+)
in L?(0,T; F) is a symmetric Gaussian measure whose covariance operator is given
by

T
Apr(t) == / gir(t, 5)p(s)ds

where

g (t,s) == /05/\15 /05\“ St —v)GG*S*(s — u)og(u — v)dudv.

Since Pz is concentrated on Cy = {u € C([0,T7]; E) : u(0) = 0}, the closure of

Image A}f in the Cy—topology is the support of P;. This fact would lead to a
straightforward characterization of supp Pz as long as we know how to calculate
the square root of the covariance operator Ag. In fact, a direct calculation proves
to be very hard. Moreover, it is not trivial to find a bounded linear operator A such
that Ay = AA*. See Corollary B.4 in [8]. Therefore other non-direct techniques
should be applied.

Let (W, H;P) be the Wiener space of the standard R%valued fBm. Here W =
{f € C([0,T);R?) : f(0) = 0}, H is the respective Cameron-Martin space and P is
the Wiener measure. The space H consists of Image Ky where

<]CHha ICHQ>'H = <h>g>L2; h,g € L2(07T7 Rd)
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We have the following sufficient conditions for inclusions on the support of the
law of a Wiener functional V : W — X where X is a separable Banach space. See
Aida et al [1] for the details.

Proposition 3.1. Let V : W — X be a measurable map.
(i) Let (1 : H — X be a measurable map, and let J,, : W — H be a sequence of
random elements such that for any € > 0,

(3.1) li7rlnP<||V—<1ojn||X >e> = 0.

Then

supp Py C (1 (H).

1) Let (o : — e a map, and for fize c et : — e a
(ii) Let (o : H X b d for fized h HZTnhW Wb

sequence of measurable transformations such that Prr < P, and for any € > 0,

(3.2) 1imsupP<||voT,f — G| < e) > 0.

Then supp Py D ((H).

The remainder of this section is devoted to show the characterization of supp Py
by using conditions (3.1) and (3.2). Let us consider the following Wiener functional
from W to C([0,T]; R)

d
(3.3) Ja(t) = > Zi(t)
i=1

where Z; is defined in (2.9). We now introduce a polygonal approximation for the
fBm. Let us recall the well-known Volterra representation of the fBm

t
(3.9 50 = [ Kult.)aw(s)

0
where W is the unique Wiener process that provides the integral representation (3.4).

Remark 3.1. From the above representation we notice that W is adapted to the
filtration generated by the fBm 3 and both processes gemerate the same filtration
(Fi)o<i<T-

Let I = 0 =ty < t; < --- < t, = T be a partition of [0,T] where t; := kL
and |II| := maxo<j<n—1(tj41 —t;) = L. Let us consider the following polygonal
approximations

(3.5) Br(t) == /0 Ky (t, s)dWn(s) = /0 K (t, s)Wn(s)ds
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where

W(tj+1) — W(t)

Wn(t) = W(tj) + (tj+1 — tj)

(t_tj)a
fOI‘tjStftj+1;j:0,1,...n—1.

One can check ([17]) that Vy < 1 — H there exists a constant Cy , independent
of II such that

(3.6) E sup [n(t) — 5(t)] < Crro [T
0<t<T

If w € W and [TI| = T//n then we define w(™(t) = (w%n) (t),... ,wén)(t)) where
t .
W™ (t) = / Ky (t,s)Wis(w)(s)ds, 1<i<d.
0

Obviously w™ e H for all n > 1 and w € W. For each h € H we define

(3.7) Tho :=w+ (h—w™)

Lemma 3.1. If h € H then Prn <P for alln > 1.

Proof. Let us consider h = Kgyvy and J,(ln) (w) == Kygy — w™ for w € W and
v € L(0,T;R%). By definition of Wiy it follows that

n—1 tip1 At

Ky (t,s)W(s)ds

and therefore J, }(L") is Fy—adapted. By the Novikov condition

/ Kt )W (s)ds —
0

E

t
1/2exp ( |v(s) — W(s)%s)] < 00
0
and the representation (3.4) it follows by Girsanov theorem ([10]) that

Prn ~P.
O
The following result is crucial in order to get (3.1) in Proposition 3.1. In the

sequel we write (U - 3) and (¥ - fr1) to denote the Wiener integrals with respect to
0§ and [y, respectively.

Proposition 3.2. Let Oy be the polygonal approximation of the real-valued fBm.
If V€ L*(0,T; E) then

lim E sup [|(T-8)(¢)— (¥ -0n)t)|g=0
ITI|—0 o<t<T
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Proof. We proceed by approximating ¥ by step functions f. Assume that

n—1
= Zaix[s,i,si“)(s); O=s0<s1<...8,=1T,
i=0
and consider the operator 0y := 15{;1/2 o Déiﬂ/Q defined on Igfrl/z (LQ(O, T; R))

By the semigroup property of fractional integrals and taking into account that

D(iﬂﬂ is the inverse IO H+1/2 it follows that

— tir1 At

[ tivine) — Bt At)) — /t

it

I(F-8)(&) = (f - Bu) @) 2

9H5H(3)d3]

i=0 E

IN

Z leille|(B(tizine) — Bt At)) — (Bu(tigr At) — Bu(ts At))]

By the estimate (3.6) we conclude that the assertion is true for step functions.
Now let us consider ¥ € L?(0,T;F) and a sequence (f,)n,>1 of step functions
which converges to ¥ in L?(0,T; E). We have

oop NP0 = (- Ar®llz < sup (- A)E) = (fn- B2
s 1(fn - B)(E) = (fr - Bu)(t) ||
+ 5w [(fo - Br)(t) = (- Bu) (Bl

- Tl (’ﬂ) + T2 (TL, H) + T3(n7 H)
By the first step we only need to estimate 77 and T3. Holder inequality yields

(3.8) T3(n, 1) < [ fo = V20,7 100 Bl L20,7m) < 00 a.s,

where we observe that |0 (| r2(0,r;r) is square integrable for all partition II. In
fact, by (2.5) and (3.5) we may write

Bu(t) = culy, <UH1/2I(J)L{|.1/2(U1/2HWH)> (1),

and therefore

Oubu(t) = Loy DY pu(t) = 1V DI DY, B (t) = enon(t)

where

on(t) := tH71/21$71/2(u1/27HWH)(t)7 0<t<T.
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Then EHQHBHH%?(O,T;]R) < oo and by dominated convergence theorem we can
conclude that for each partition II

lim ET5(n,II) = 0.

n—0o0

It remains to estimate 7;. For this we shall use the factorization method on the
fractional Wiener integral. Recall the identity

™

(3.9)

t
- :/(t—s)a_l(s—a)_ads; 0<s<t O<ac<l
sintaJ,

Fix 0 < a < 1/2 and p > 1/2a. By using (3.9) and a stochastic Fubini theorem for
fractional Wiener integrals ([19]) we may write

sin T

(T~ f)-B)(t) = / (t = )% Ly (s)ds,

™

where Y, (s) == [ (U = fn)(0)(s — 0)~*dS(c). Holder inequality yields

T
sup [[((¥ = fn) - B) (8|7 SCl/O lyn ()12 ds

0<t<T

where the constant C; depends only on p,a and T. We now choose p = 1. The
ordinary Fubini theorem and the isometry of the fractional Wiener integral with
the reproducing kernel © g of the fBm yields the following estimate

T
ET2(n) < G / Elym (5) |5 ds
T s s
- 01/0 /0/0<(<I>—fn)(U)(S—U)_a»(‘I’—fn)(v)(s—v)_“>E
X o (u—v)dudvds.

Since L'/H(0,T;R) < Oy we then have

T s
ET/n) < Co [ [0~ f)u)(s — ) @ pduds
0o Jo
< Gsl|Y = falleo,1iE)-
Summing up all the estimates we complete the proof of the proposition. O

In the sequel, with a slight abuse of notation we write 0y = Iéiﬁl/ >0 Dgfl/ 2

defined on I(ﬁ_ﬂ/z (L2 (0, T X)) where X can be R or the Hilbert space U, depending
on the context. In accordance with Proposition 3.1, we are now in position to define
the following mappings
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d t
(3.10) Cin(t) == Z/ S(t —8)Gi0ghi(s)ds, heH
i=170
(3.11) Tnw) =w™, wew
(3.12) G(t)g = /tS(t—s)GGHg(s)ds, g€ IV (120, T; E))
0

Proposition 3.3. The support of the Wiener functional Z : Q@ — C(0,T; E) is
given by

G2 (L2(0, T B)))

Proof. For each fixed d > 1 we apply Proposition 3.1 to the Wiener functional
Jg defined in (3.3) with the correspondent transformations ¢{, J,, and 7,”, defined
in (3.10), (3.11) and (3.7), respectively. Conditions (3.1) and (3.2) in Proposition 3.1
are direct consequences of Proposition 3.2 and Lemma 3.1. We then have the
following characterization

supp Py, = (i (I /2 (L2(0, T; RY))),

where I(ﬁH/Q(LQ(O,T; R%))) is equal (as a vector space) to the Cameron-Martin
space of the R —valued fBm.

We now consider a full sequence of independent fBms {f3,;n > 1} on (Q, F,P).

At first, since E is separable one should note that we have the following orthogonal
Hilbertian sum

(3.13) 122 (120, T; B)) @IH+1/2 L2(0,T;R))

To shorten notation we set O := ({(1 HH/Z(L2 (0, T;R%))). Obviously the following
inclusions hold

04 C Ogyq1, foralld>1,

and therefore limg_,o supp Py, = Ufil Og4. On the other hand, we know from
Lemma 2 that we can approximate the stochastic convolution Z in probability
uniformly in [0, 7] as follows

P = /0 S(t — $)GdBy(s) = lim Ja(1).

Therefore we have
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supp P, = D O,

n=1

By the relation (3.13) we can conclude that supp Pz = Q(IﬁH/Q(LQ(O, T;E))). O

Now we are able to prove Theorem 1.1 stated in the Introduction. Let us recall
that a closet set K is invariant for the evolution equation

(314)  Ty(t) = Ay(t) + Fly() + CIT o), y0)=a e B,

if for each initial condition z € K and a control v € L*([0,T]; U) we have

y(x,’u) (t) c K7 for all t € [O,T]

Theorem 3.1. Assume (A0), (A1), (A2) and (2.8). Then a closed set is invariant
for the differential equation (3.14) if and only if it is invariant for equation (1.2)

Proof. The hard part of the proof is the obtention of the support of the stochastic
convolution Z(t) = fot S(t — s)GdBp(s). We know from Proposition 3.3 that the
law of Z is concentrated on the set of continuous functions of the form

t
/ S(t — )GIz " *h(s)ds, h e L*(0,T;U)
0

Then the proof follows the same lines of [21] and therefore we omit the details. O

4. NAGUMO CONDITIONS AND FINITE-DIMENSIONAL INVARIANT MANIFOLDS

In this section we prove Theorem 1.2 stated in the Introduction. Recall that if
M is a smooth manifold in F, then its tangent space at any x € M is given by

1
(4.1) Ty M={g¢€ C([O,T];E);lir?l%nf Zdist[m +tg, M| =0}; ifze M.
In the sequel, we denote £ the set of U-valued piecewise constant functions.

Proposition 4.1. Let M be a C'—submanifold in E, closed as a set and M C
Dom (A). Then M is invariant for the stochastic equation (1.2) if and only if

(4.2) Az + Fr+ IP 73 Go(t) € TuM,

for everyx € M, t € [0,T] andv € €
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Proof. We claim that a closed set K is invariant for (3.14) if and only if the mild
solution of the equation

dzm)v (t) xr,v xr,v Hﬁl
(4.3) b AZ"U(t) + F2%°(t) + 1y, > Go(t)
satisfies the following condition: For each x € K and v € £ we have z*(t) € K for
all t € [0, T]. We fix an arbitrary v € L?(0,T;U) and let us consider a sequence of

step functions u,, converging to u in L?(0,T;U). Then

(44) Y™ () —y"U(t) = /0 S(t —s)(F(y"""(s)) — F(y™"(s)))ds
(4.5) + / tS(t—s)GI({i*/z(un—u)(s)ds,
0

and therefore

(4.6) [y () —y™" ()=

IN

Lip(F)Cy(T) / g (s) — > (5)] ds

t
(4.7) + sup || [ S(t—$)GIET P (w, — u)(s)ds| g
o<t<T Jo

Grownwall inequality yields for all ¢ € [0, 7],

(4.8)
t

sup_[|y= (£)—y™" (t)||p < exp(Lip(F)Co(T)) sup || [ S(t—s)GIgy * (un—u)(s)ds] .

0<t<T 0<t<T 0

By Holder inequality we have

(4.9) ) o .
sup || [ S(=s)GIgy " (un—u) (s)ds|| e < (T, H)( / |G un—u)(r) [dr)

o<t<T Jo

1/2

Since G is bounded we then have inequalities (4.8) and (4.9) imply that a closed
set K is invariant for (3.14) if and only if y™*(t) € K, t € [0,T] for all z € K and
all piecewise constant U—valued function u. Thus proving our first claim.

Now let M C E be a closed C'— submanifold where M C Dom(A). We must

_1
impose that the curve a — I(ﬂ 2Gv(a) in E satisfies the following condition: For
arbitrary x € M and v € £

1 _1
lim inf - dist[S(6)(x) + t(Fr + 102 2Go(@)), M] = 0 for each a.

By assumption M is contained in the domain of A and therefore the above
condition can be replaced by

1 1
lirﬁ%nf ;dist[(m +t(Az + Faz + Iéi %Gv(a)), M] =0 for each a.
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The proof now follows from Theorem 2 in Jachimiak [18]. O

Remark 4.1.
1) If H = 1/2 then condition (4.2) becomes

Az + Fe+GreT,M forallx e M andv e U

and we arrive at the classical result for the Brownian motion ([21], [12], [25]). It
should be noted that we are forced to deal with curves in E due to the nonautonomous
behavior of the imposed dynamics given by the fBm. Shifts of this nature seems to
be common in the study of asymptotics of stochastic equations with fBm. See Hairer
and Ohashi [15] for a discussion.

2) As a direct corollary of Proposition 4.1 we note that if there exists an invariant
finite-dimensional linear subspace for the stochastic equation then the system (1.2)
can be written in the form

d
dX(t) = (AX(t) + FX(t))dt + > GidBi(t) for some d < oo

We end this section with the characterization of a given finite dimensional in-
variant submanifold. In fact, by using Proposition 4.1 the proof of following results
are slightly modifications of the arguments used in Nakayama [21]. The proofs are
essentially the same as for Lemmas 2.3 - 2.6 in [21]. For completeness we present
it here.

Proposition 4.2. Let M C E be a finite-dimensional C* —submanifold and closed
as a set. If M is invariant for (1.2) then every X (t) mild solution of equation (1.2)
is also a strong solution for every x € M. In particular, M C Dom (A).

Proof. Let a € Dom A* where A* denotes the adjoint of A. By using a stochastic
Fubini theorem for the fractional Brownian motion ([19]) we obtain for ¢ € [0, T

(a, X*(t)) = <a,x>+/0 (A*a,Xl'(s»ds—i—/o (a,F(X“{s)))ds—i—/O (a,GdBg(s)), a.s

Following Lemma 2.3 in [21] one can show that if M satisfies the above assump-
tions and it is invariant for the stochastic equation (1.2) then M C Dom (A4) and
therefore

P(X*(t) € Dom (A),vt € [0,T]) =1, for every x € M.

This concludes the proof. ([

The following Lemma combined with Proposition 4.1 proves Theorem 1.2 stated in
the Introduction.
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Lemma 4.1. Let M C E be a finite-dimensional C*—submanifold and closed as a
set. Then M is invariant for stochastic equation (1.2) if and only if M C Dom A
and
Ax + Fz € T,M,
H-—1
Iy, *Go(t) € Ty M,
for every x € M, t € [0,T] and v € £.

Proof. Similar to the proof of Proposition 4.2 one can show that the above condi-
tions imply that every mild solution of the equation (1.4) is also a strong solution
which is given by

¢ ¢ ¢
y @M () =z + / Ay®M (s)ds + / F(y@™h (s))ds + / Glg‘__lmh(s)ds,
0 0 0

for h € L?(0,T;U). Therefore differentiating the above expression we conclude that
1
Ax + Fz € T, M for every z € M. Proposition 4.1 implies Iéi 2Gu(t) € T, M for

each x € M, ¢t € [0,T] and v € £. Conversely, let x € M, v € £ and t € [0,T].
By Proposition 4.1 it is sufficient to check (4.2). But this is a straightforward

calculation using the parametrizations in M O
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