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Abstract

We show which Lie point symmetries of non-critical semilinear Kohn-Laplace equations
on the Heisenberg group H'! are Noether symmetries and we establish their respectives
conservations laws.



1 Introduction and Main Results

In this paper we show which Lie point symmetries of the semilinear Kohn - Laplace equations
on the three-dimensional Heisenberg group H*!,

Amiu+ f(u) =0, (1)

are Noether’s symmetries, and we establish their respectives conservation laws.
The Kohn - Laplace operator on H' is defined by
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# T = ont g T )gs tlyg 5 iy o
here X = + 2 dY = 4 2 Equation (1) iational struct d
where X = — — an = — — 2z—. Equation ossesses variational structure an
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can be derived from the Lagragian
1 1
L= §u$ + 2uy + 22 + Yl + 2yupu; — 2zuyuy — Fu), with F'(u) = f(u). (2)

The group structure, the left invariant vector fields on H' and their Lie algebra are given,
respectively, by ¢ : R? x R3 — R3, where:

o((z,y,1), (20,0, t0)) :== (x + 20,y + Yo, t + to + 2(zyo — yz0)),

d 5 5
X = —d8¢((fc,y,t),(57070))|S:0 - Dyl
d 5 5
Y = _d8¢((x’ y7t)7 (O, S, O))|s:0 = a_y _ 2x8t7 (3)
—d 0
T = dsqﬁ((x,y,t),(o,o,s)”s:o 2

and
(X, T|=[Y,T] =0, [X,Y]=—4T.

In [2] is proved a complete group classification of equation (1), which can be summarized
as follows. o
Let Gy :={T, R, X,Y}, where

9 9 0 . o8 _ 0 o 0
r-0 g, 2 0 x_90 , LA WA 4
o Ve T gy or Wy mdY =g t2ug (4)

For any function f(u), the group G is a (sub)group of symmetries. Its Lie algebra is given by
the Table 1.



T R| X |Y
T]0| 0 0 0
R0 O Y |-X
X|10|-Y| 0 [|4T
Y0 X |[-4T | 0

Table 1: Lie brackets of equation (1) with f(u) arbitrary.

For special choices of function f(u) in (1), the symmetry group can be enlarged. Below we
exhibit these functions and their respective additional symmetries and Lie algebras.

o If f(u) =0, the additional symmetries are

0
— (ot — 22— )L PRI 29 L2 (2L
Vi=(@t—ay—y)a+ Wt +aitaoy)o + (- @4y ) )g —tug, ()
Vo = (t — day)=— + (32 — y?) = — (2ut + 22° + 229°) — + 2yu£ (6)
2 Oz Ay ot ou’
0 0 0 0
= (2% — 3y?) = + (t + doy) = + (22t — 22%y — 2y°) — — 2zu——
Vs = (2% =3y") 5+ (¢ + rcy)aer(w Ty = 29°) 5 — 2zuzg-, (7)
0 0 0 0 0

Z:xﬁ_m+y8_y+2t§’ U:u%, Wg:ﬁ(l’,y,t)%, where A3 =0. (8)

T R X Y Ul W | W Va Vs 4

T 0 0 0 0 0| Wrg U X Y 2T

R | 0 0 | v X 0 Was | 0 Vs v, 0

X 0 -Y 0 4T 0] Wgs Va -6R 22 —-2D5 | X

Y 0 X AT 0 0| Wyg Vi | =22 +2Ds -6R Y

U 0 0 0 0 0 0 0 0 0 0
Ws | -Wrp | -Wrs | -Wzg| Wys |0 0 | Wrpg| Wyp Wyis | Wap
V.| U | 0 | W 0 0 -Wys| O 0 0 2N
Vo | -X -Vs 6R 0 0 | -Wyyp 0 0 4V; -V,
Vs Y Y Vo | =22 42D | 0 | -Wyg 0 -4V; 0 -V

Z [ 2T | 0 | X % 0| Wy | 2, v, 12 0

Table 2: Lie brackets of equation (1) with f(u) = 0.
e If f(u) = u, the two additional symmetries are

U:uaﬁu, Wg:ﬁ(x,y,t)%, where A3+ 38 = 0. 9)




T | R | X [ Y [U] W,
T | 0 0 0 0 | 0| Wrg
R| 0 0 Y | -X 0| W
X[ 0 [ v 0o [ 41 [o]|wg,
Y| 0 [ X [ 4T [ 0 o]y
U 0 0 0 0 [0] 0
Ws | Wrs | -Wrs | Wis | Weg | 0] 0

Table 3: Lie brackets of equation (1) with f(u) = .

o If f(u)=uP, p#0,p# 1,p# 3, we have the generator of dilations

Dp:xa%[r#—y(%—i-%%—l—ﬁu%. (10)
T|R| X | Y |D,
T 0 0 0 0 | 2T
R| O 0 Y |-X| 0
X ] 0 |-Y] 0 [4T| X
Y | 0 | X |-4T| 0 | Y
D, 2T |0 | X |-V ] 0

Table 4: Lie brackets of equation (1) with f(u) =u?, p #0,p # 1,p # 3.

o If f(u) = e the additional symmetry is

T |R| X |Y | E
T ] 0 0 0 0 | 2T
R| 0O 0 Y |- X ] 0
X| 0 |-Y| 0 [4T| X
Y| O -4T| 0 | Y
E|-2T| 0] -X |-Y] O

Table 5: Lie brackets of equation (1) with f(u) = e*.



e In the critical case, f(u) = u?, there are four additional generators, namely V;, V5, V3 and Ds,
given in (5), (6), (7) and (10) respectively. Their Lie algebra is presented in [4].

In [3] is showed that in the critical case, f(u) = w3, all Lie point symmetries are Noether
symmetries and then, by the Noether Identity (see [?]), in [4] is established the respectives
conservation laws for the symmetries 7', R, X.,Y, Vi, Vy, Vs and Ds.

In this work, we show which Lie point symmetries of the other functions f(u) are Noether
symmetries and then, we establish their respectives conservation laws, concluding the work
started in [3] and [4].

Let R 5 u— f(u) € R be a differentiable function and

Flu) = ['(u). (12
Our main results can be formulated as follows:
Theorem 1. The group Gy is a Noether symmetry group for any function f(u) in (1).
Theorem 2. The Noether symmetry group of (1), with f(u) = e*, is the group Gy.
Theorem 3. Gy is the Noether symmetry group of equation (1), with f(u) = u.

Theorem 4. The Noether symmetry group of equation (1) with f(u) = 0 is generated by the
group Gy and by symmetries Vi, Vo e V5. If B = By = const., then Wp, also is a Noether
symmetry.

As a consequence of theorems 1 - 4, we have the following conservation laws.

Theorem 5. The conservations laws for the Noether symmetries of equation (1) for any f(u)
are:

1. For the symmetry T, the conservation law is Div(T) = 0, where 7 = (11, T2, T3) and
= _2?/“? — Ug Uy,
o2
Ty = 22U — Uyly,

1 1
T3 = §ui + §u§ —2(2* + y*)ul — F(u).

2. For the symmetry R, the conservation law is Div(c) = 0, where o0 = (01,02, 03) and

1 1

o1 = =gy + Sy + 2y(a” + y)uf + auguy, — yF(u),
1 1

09 = —§xui — §Jzu§ - QZE(ZEQ + yQ)Uf — yuguy + 2 F(u),

o3 = —2y%ul — 2070 + dxyuguy — Ay (2 + y° Y uguy + 4 (2 + v Juyu.



3. For the symmetry X, the conservation law is Div(x) = 0, where x = (X1, X2, x3) and
1 1
Y1 = —§ui + §u§ +2(2® + 3y°)ul + 2yuuy — 2zu,uy — F(u),
X2 = —4xyu? — UglUy + 2TUL Uy + 2YUy Uy,

X3 = —3yu? — yuz + dy(2® + y*)ui + 2zuzu, — 42 + v )uguy + 2y F (u).

4. For the symmetry Y, the conservation law is Div(v) = 0, where v = (vy, Uy, v3) and

= —4xyuf — Ugply — 2TUgUp — 2YUyUy,
1 1
vy = §u§ — §u§ +2(32% + y*)u} + 2yuuy — 2zu,up — F(u),

v3 = auz + 3au; — dx(2® + Y )up — 2yuguy — 42 + v )uyuy — 22F (u).

Theorem 6. If f(u) = 0 in (1), the conservation laws for the Noether symmetries are as
follows.

1. For the symmetriesT, R, X and Y, the conservation laws are the same as in the Theorem
5, with f(u) =0, in (12).

2. For the symmetry Vi, the conservation law is Div(A) = 0, where A = (A1, Ag, A3) and

1 . 1
A= gt - 22y — ) + 5t = 2y — )l + 2t(2° + zy® — ty)u;
— (2% + 2y + ty)ugu, — [t — (2 + v*)uguy — 2t(2® + y*)u,uy

—tuu, — 2tyuu, + yu?,

Ay = 1(.153 + ty + xy)ul — 1(a:?’ + ty + oyPud + 2ty + y* + to)u?
2 2 Y
—(tr — 2%y — v uguy + 2t(2° + yH)ugu — [ — (2% + ) u,w
—tuu, + 2truu, — zu’,

1 1
Az = —|—§(t2 — 2t — dtzy + 227y + 3yt)ud + 5(752 + 3zt + dtay + 227y — y4)u§
=202 +y)[E* — (2% + ) Jui + 2[t(2® — y?) — 2y (a® + y*)|usuy
—4($2 + y2)(ta: — 2%y — y3)uwut — 4(302 + yQ)(a:?’ +ty + ny)uyut

—2tyuu, + 2trun, — 4t(x2 + y2)uut + 2(332 + y2)u2.



3. For the symmetry Vs, the conservation law is Div(B) = 0, where B = (By, By, B3) and

B, =

1 1
—5(15 — day)ul + i(t — 4a:y)u§ + [2t(2® + 3y*) — day(2® + v*)|u?
— (32 — y*)uguy, + 2(2° + ty + 2y )ugu, — 2(tw — 2%y — yP)uuy

+2yuu, + 4y uuy,

Looo oo Lo, o 909 1 4y, 2

5(3x —y)ui — 5(3m —y )uy + 2(z" — 2ty — y*)uy — (t — dzy)uzu,

+2(tz — 2%y — y*)uguy + 2(2° + ty + 2y uyup + 2yun, — dryuu, — u?,

(Tzy® — 2® = 3ty)ul + (52° — 3wy® — ty)us + 4(2* + %) (2° + ty + zy®)u]
+2(tx — T2y + v ugu, — 4t — day) (2 + ¥ uguy — 432" + 2227 — yHu,u

+2ru® + dytuu, — dryuu, + Sy(z? + y*)uu,.

4. For the symmetry V3, the conservation law is Div(C) = 0, where C' = (Cy,C5,C3) and

Cy

Cy

1 1 . .
= —(2%y —tox+ " )ul + - (tx — 2%y — y°)ul + 20(2® — ty + 2y’

1 1
= 5(752 — ot — dtzy + 2277 + 3y)ud + (¢ + 32t + dtay + 22%y7 — y*)u?

2

2 2

—(ac3 +ty + a:yZ)umuy — [t2 — (x2 + y2)2]u$ut — 2t(x2 + y2)uyut

—tuu, — 2tyuuy,

1 1
= 5(:153 + ty + xy?)ul — 5(:53 +ty + ny)uz + 2t(tx + 2Py + )l

—(tr — 2%y — v uguy + 2t(2° + yHugu; — [ — (2% + ) |uyuy

—u? — tuu, + 2tzuuy,

2 Y
—2(2* + ) [* — (&% + )]} + 2[t(2? — y°) — 2xy(a® + y*)]uguy
+4(2” + 7)) (2%y — o + v upuy — 42 + y7) (2 + ty + 2y uyu

+2trun, — 2tyuu, — 4t(2? + v uu, + 2yu’.



5. For the symmetry Wp,, the conservation law is Div(W) = 0, where W = (Wy, Wy, W3)

and
Wi = Boluy + 2yuy),

WZ - ﬁ()(uy - 2$ut)>

Wy = Bo(—2zu, + 2yu, + 4(:52 + y2)ut).

The paper is organized as follows. In section 2 we briefly present some of the main aspects
of Lie point symmetries, Noether symmetries and conservation laws. In section 3 we prove
theorems 1, 2 and 3. Theorem 4 is proved in section 4. Their respective conservation laws are
discussed in section 5.

2 Lie point symmetries, Noether symmetries and con-
servation laws

Let z € M C R” and k € N. 0*u denotes the set of coordinates correspondig to all kth
partial derivatives of u with respect to . A Lie point symmetry of a partial differential equation
(PDE) of order k, F(x,u,du,---,0%u) = 0, is a vector field

< 0 0
S = fz(x,u)% + W(iﬁ,u)%

on M x R such that S¥F = 0 when F = 0 and

E_ 1) 9 (k) k 9
S*=85+ ;i (ZIZ',U, au)aul +-ot ’)711%(33', u, aua T 78 U) au“lk
is the extended symmetry on the jet space (x,u,du, - - ,0%u).

The functions 79 (x,u, du, - - -, #u), 1 < j < k are given by
O D — (DN
ni - il ( lf )uja
. . '
nz(f)zj - DZ]nz(fzJ),l - (Dijgl)uilwij_lla 2 S J S k.

We are using the Einstein sum convention.
If the PDE F = 0 can be obtained by a Lagrangian £ = L(x,u,du,--- ,0') and if there

exists some symmetry S of F' and a vector ¢ = (¢1,- - ,¢,) such that
S'L+ LD = Dy, (13)
where
Y0rt T ou Y ouy U O,

8



is the total derivative operator of u,

ou 0*u ou

:_ u.. :: _— DY u i ::
@I“ " 0t Ox7 7 P E)xlf)x“ s (‘3xim 7

U; -

the symmetry S is said to be a Noether symmetry. Then, the Noether’s Theorem asserts that
the following conservation law holds

Di(§'L+W'lu,n — uy] — o) = 0. (14)

3 Proofs of theorems 1, 2 and 3

Lemma 1. Let u = u(z,y,t) be a smooth function. If a vector field V = (A, B,C) is a
vector function of x, y, t, u, Ug, Uy, U, 1ts divergence necessarily depends on the second order
derivatives of u with respect to x, y e t.

Proof. Taking the divergence of vector field V', we obtain

Div(V) = Ay + By+ Cp + ug Ay + tgp Au, + Ugy Ay, + Uz Ay,
+uy By + Ugy By, + Uy By, + uy By,

+utCu + uthuI + uytcuy + uttcut-
O

Corollary 1. If the divergence of a vector field does not depend on the second order derivatives,
then it does not depend on uy, u, and u;.

Lemma 2. The symmetry

0 0 0 0

s not a Noether symmetry.
Proof. In this case, (§, ¢, 7,m) = (z,y,2t,—2). Then, D, + Dy¢ + D;7 = 4 and

1
(779(51)7 773(,1), 7775 )) = (_uma _uy> _2ut)7

which yields the following first order extension:

0 0 0
EW =B~y — uye—— — 2uy——.
¢ ou,, Uy Ou, e Ouy

Therefore,

EWL 4+ (D6 + Dyp+ D)L = ul+ up + 4(2* + y*)ui + 2yu,uy
(15)
—2zu,u; — 6e",



where

1 1
L= 5% + 2uy + 2(2% + y*)u? + 2yuguy — 2zu,uy — €.

From Lemma 1 and equation 15, we conclude that there are not a potential ¢ which satisfies
WL+ (D& + Dy + Dy7)L = Div(8).
Thus, E cannot be a Noether symmetry. O
Lemma 3. The symmetry U is not a variational symmetry.

Proof. First one, note that n =u, £ = ¢ =7 = 0. Then,

0 0 0 0
Ul — . 16
“ou T ou, T ou T ou (16)
Aplying the operator obtained in (16) to the Lagrangian
1 1 2, 2y, 2 ko,
Ly = éugc + 2uy +2(2” 4+ y7)up + 2yugup — 2zuyu — SU (17)

where k =0 if f(u) =0or k= 1if f(u) = u, we find
ULy = —u® +ud +ul + 4(2® + y*)uf + dyupu, — dzugu, — ku® = 2L,

From Theorem 1 and Corollary 1, we conclude that there is not a vector field such that
equation (13) is true with S = U.
O

Lemma 4. The symmetry W3 is a Noether symmetry if and only if 3 = 0 or 3 = const and
k=01n 17.

Proof. The first order extension W[gl) of Ws is

9, 0 0 0

n_ 59 1
W5 = 05"+ Pz — +ﬂya +ﬁtaut (18)

From (18) and (17), we have
WLy, + L(Do + Dy + Dyr) = —Bhu + (uy + 2yu,) s

+(uy — 2zuy) By + (4(2* + y*)ug + 2yu, — 2xu,) Gy

If £ =0, then Ws is a Noether symmetry if and only if 8 = By = const. If k =1, W3 is a
Noether symmetry if and only if g = 0. O

Lemma 5. The symmetry

Ox dy ot

1s not a Noether symmetry.

10



Proof. Since Dy§ + Dy¢ + DT = 4,

1 1
L= 5“9% + Eui + 22 + yH)u? + 2yuguy — 27U,y (19)
and 9 5 5
70— 7402 vy 90y, d 20
+u 8x+uy8y+ Uy, (20)

is a consequence of (20) and (19) that
ZWL + L(DyE + Dy + Dy7) = 3u? + 3uZ + 20(2” + y*)ui + 16yu uy — 16z, u,. (21)

By Theorem 1, there is not a vector field such that the right hand of (21) be its divergence.
O

Proof of Theorem 1: We will do four steps to prove this theorem. First, we obtain the
first order extension of symmetries 7', R, X, Y. Next, we proof the theorem for each one of
them.

1. Extensions:

(a) Symmetry T
The coefficients of T" are £ = ¢ =n =0 and ¢ = 1. Then

T =T

(b) Symmetry R
The coefficients of symmetry R are (§,¢,7,17) = (y, —x,0,0). Then, we conclude
that 9 9

x ]

(¢) Symmetry X
In this case, (&, ¢,7,17) = (1,0, —2y,0,). Then

and

(d) Symmetry Y
This case is analogous to case ¢ and we present only its extension

. . 0
YW =y -2 .
e ou,,

11



2.

Corollary 2. The divergence of any symmetry S € Gy is zero.

(a) Proof of theorem for the symmetry 7.
Since Div(T) =0,

0 9]
E(Xu) = a(Yu) =0
and 9 11 1 u
TOL = 5 §(Xu)2 - i(Yu)2 — /0 f(s)ds}
= (Xu)%(Xu) + Yu%(Yu) =0,

it is immediate that
TWL 4 LDiv(T) = 0.

(b) Proof of theorem for the symmetry R.

Since 5 9
Xu = —Yu=0, i=1,2, (2'2?) = (z,y)
oxt oxt
and because 3 9
8x£ “ 8y£ “

we have
RYWL = XuYu— XuYu = 0.

Then, from Corollary 2,
RWL + LDiv(R) = 0.

(¢) Proof of theorem for the symmetries X and Y.
By equation (22):

XWL=Xu-04Yu-(—2u +2u) =0.
Again, by Corollary 2, we obtain
XWL + LDiv(X) =0.

For Y, we have
YWL = Xu- (2uy — 2uy) +Yu-0=0.

In the same way, we conclude that

YL+ LDiv(Y) = 0.

12
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Proof of Theorem 2: It is a consequence of Lemma 2 and Theorem 1.
Proof of Theorem 3: From lemmas 3 and 4, U and Wj, with 8 # 0 are not variational
symmetries. Then, by Theorem 1, G is a Noether symmetry group.

Proof of Theorem 4: By lemmas 3, 4 and 5, the symmetries Z, U, W3, with 3 non-
constant function, are not Noether symmetries. The proof that the symmetries V;, V5 and V3
are Noether symmetries is obtained in same way that Bozhkov and Freire showed that V;, V,
and V3 are Noether symmetries of 1 when f(u) = u?, and can be found in [3]. Then, by Theorem
1, we conclude the proof.

4 Conservation Laws

The proof is by a straightforward calculation, which we shall not present here. However, a
computer assisted proof can be obtained by means of the software Mathematica. It calculates
the components of the conservation laws, which appear in the equation (14). The Mathematica
notebook used for this purpose can be obtained form the author upon request.
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