Error estimates for semi-Galerkin approximations
of nonhomogeneous incompressible fluids
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Abstract

We consider the spectral semi-Galerkin method applied to the nonho-
mogeneous Navier-Stokes equations. Under certain conditions it is known
that the approximate solutions constructed through this method converge
to a global strong solution of these equations. Here, we derive an optimal
uniform in time error estimate in the H' norm for the velocity. We also
derive an error estimate for the density in some spaces L.

1 Introduction

Let Q C R",n = 2 or 3, a CY!'—regular bounded domain, and T > 0. We
consider the initial boundary value problem

pus+u-Vu) — Au+ Vp = pf in Q x [0,7),

divu=0in Q x [0,T),

pt+u-Vp=0in Q x [0,7), (1)
u=0o0n9dNx|[0,T),

u(z,0) = up(x) in Q,

p(x,0) = po(z) in Q.

These are the equations of motion for nonhomogeneous incompressible fluids,
together with initial and boundary conditions. The unknowns are the velocity
u(z,t) € R™ of the fluid, its density p(z,t) € R and the hydrostatic pressure
p(xz,t) € R. The functions ug(z) and po(x) are respectively the initial velocity
and initial density . The function f(x,¢) is the density by unit of mass of the
external force acting on the fluid. Here, without loss of generality to our aim,
the viscosity is considered to be one. The first equation in (1) corresponds to
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the balance of linear momentum, the third equation to the balance of mass, and
the second one states the incompressibility of the fluid.

In [2], [8], [18], [9], local and global weak solutions of system (1) have been
studied (see also [12], [11], [13]). Stronger local and global solutions were ob-
tained in [10] by linearization and fixed point arguments, and in [14] via evo-
lution operators techniques and fixed point arguments as well. A more con-
structive spectral semi-Galerkin method was used in [16] to obtain local in time
strong solutions and to study conditions for regularity at ¢ = 0. In [3], [5], this
method has also been used to obtain global strong solutions. Here, the word
spectral is used in the sense that the eigenfunctions of the associated Stokes
operator are used as a basis of approximation.

Since Galerkin methods are much used in numerical simulations, it is im-
portant to derive error estimates for them. Even this case of spectral Galerkin
method may be used as a preparation and guide for the more practical finite
element Galerkin method. Concerning this, a systematic development of error
estimates for the spectral Galerkin method applied to the classical Navier-Stokes
equations was given in [15]. Applying the same method, error estimates for the
nonhomogeneous Navier-Stokes equations were obtained in [17]. These error
estimates are local in the sense that they depend on functions that grow expo-
nentially with time. As observed in [6], this is the best one may expect without
any assumptions about the stability of the solution being approximated. For
the classical Navier-Stokes equations, assuming uniform boundedness in time
of the L?—norm of the gradient of the velocity and exponential stability in the
Dirichlet norm of the solution, optimal uniform in time error estimates for the
velocity in the Dirichlet norm were derived in [6]. In [16], an optimal uniform in
time error estimate for the velocity in the L? norm was derived, also for the clas-
sical Navier-Stokes equations, assuming exponential stability in the L? norm. It
is also stated in [16] a result of uniform in time error estimates in the L? norm
for the nonhomogeneous Navier-Stokes equations. This last result, however, is
not optimal. Moreover, it requires the assumption u € L>(0,T, H*(Q2)). As
pointed out in [7], this assumption is pretty restrictive, since it requires a global
compatibility condition on the initial data even for the classical Navier-Stokes
equations. In [4], error estimates are derived without explicitly assuming stabil-
ity, but requiring exponential decay of the external force field. This hypothesis
though is very restrictive as well, since gravitational forces do not satisfy it.

Here we derive error estimates assuming the solution (u, p) to be pg-conditionally
asymptotically stable, a notion defined in section 3. The number py is required to
satisfy 6 < py < oo, and is related with the regularity of allowed perturbations
of the density equation. This notion is carefully defined in section 3. In [6], a
similar notion has been used to treat the classical Navier-Stokes equations(see
also [16]). Here, we adapt it in the proper way to be used in the variable den-
sity case. With this assumption, we obtain an uniform in time optimal error
estimate in the Dirichlet norm for the velocity. An error estimate depending on
time for the density in some spaces L is also derived.

In section 2 we state some preliminary results that will be useful in the rest
of the paper. In section 3 we describe the approximation method, the stability



notion to be used, and state the main result. Finally, in section 4, we present
the proof of the result.

To simplify the notation, we denote by C' a generic finite positive constant
depending only on 2 and the other fixed parameters of the problem that may
have different values in different expressions. At some points, to emphasize the
fact that the constants are different, we use the notation C7,Cs, and so on.

2 Preliminaries
Throughout this work, we consider the usual Sobolev spaces
WD) ={f € LYD),:||0° fllap) < +o0,|a| <m},

for a multi-index «, a nonnegative integer m and 1 < ¢ < +o00. The domain
isD=Qor D=Qx(0,T),0<T < +o0, with the usual norm. We write
H™(D) := W™?(D) and by HJ*(D) we denote the closure of C§°(D) in H™ (D).
If B is a Banach space, we denote by LY([0,T]; B) the Banach space of B-
valued functions defined on the interval [0, T] that are L?-integrable in Bochner’s
sense. We write

C5o(Q) = {v e (CP(Q)"/ divy =0 in Q},

and denote by H and V' the closure of Cg% () in (L*(Q)™ and (H'(Q))"
respectively.

Throughout the paper, the orthogonal projection from (L?*())" onto H is
written as P. Thus, the well known Stokes operator is written as —PA. The
eigenfunctions and eigenvalues of this operator defined on V N (H?*(Q))" are
denoted by w”* and \j respectively. The usual L?() inner product and norm
are respectively indicated by (-,-), and || - ||.

It is well known that {w"(z)}2, form an orthogonal complete system in
the spaces H, V and V N (H*(Q))" equipped with the usual inner products
(u,v), (Vu, Vv) and (PAu, PAv) respectively.

For each k € N, we denote by P} the orthogonal projection from (L*(Q2))"
onto V;, := span[w!, ..., wF]. For all f,g € (L*(Q))" and k,m € N, it holds

(a) (Pif,g) = (£, Pig),

(0) (Pf.g) = (f, Pg),

() (P — Pi)f, g) = (£, (P — Pr)g),
(d) (P—Py)f,g) = (f,(P - Py)g).

The following lemma can be found in [15].

(
(

LEMMA 2.1 Ifv eV, then

1
lv— Pew||* < N Vo).
k+1



Moreover, if ve V N (H?(Q))", then

1
A1

lo— Poo]® < <511 PA,

1
Vo — VEeo|? < —— | PA|>2.
Akt1

Remark: From Lemma 2.1, it follows that if f € (H'(Q))", then
1
(7 = P) PE|* < S— [ VA
k41

Moreover, since P : (H'(Q))" — (H'(Q))" is a continuous operator[19], we
have
VP> < ClIf13:-

Thus, for all f € (H'(Q2))", one has

C
(I = P)Pfl| < ——||l32
Akt1

Since PP, = P, P = Pj, we obtain equivalently
C
|PE— Pufl> < I
k41

Moreover, the above relations also hold if one replaces P by any P,,, m > k.
Analogously, one may check that

C
(T - PoPEP <
k+1

€172

for all f€ (H?(2))". An easy consequence of the L?-orthogonality of the func-
tions {w"}%%, is the following: Let m > k, m,k € N, f € ((L*(Q))" and
v"™ € V,,, v¥ € Vi. Then

(P — P, v™ —vF) = (£, (I — Pp)v™).

3 Stability concept and main result
We consider the initial boundary value problem

puy + p(u-Viu+ Vp = Au+ pf in Q x (0, +00),
pr+(u-V)p=0 in Q x (0,400),

V-u=0 in Q x (0,+00),

uloq =0,

u(z,0) =ug(z) for z € Q,

p(x,0) = po(z) for = € Q.



with the given data assumed to satisfy

uy € VnH?*(Q), (3)
sup [|[f]| g1 < oo 5 sup [|fy]] < oo, (4)
t>0

po €CHQ); 0<a<py <P, (5)

where o and 3 are constants. We suppose also that there exists M > 0 such
that the solution (u, p) of (2) satisfies

IVu(t)| < M; Vit >o0. (6)

We note that for n = 2, conditions (3) and (4) imply that (6) holds. For n = 3,
inequality (6) holds for f and ug sufficiently small (see [5]). Moreover, for a given
Po, 6 < po < 00, we assume (u, p) to be pg-conditionally asymptotically stable
(see [6, 16] for similar notions of stability). To define this notion of stability, we
first define perturbations of system (2). The functions &(x,t), n(x,t), defined on
some interval ¢ > tg, are called a perturbation of (u, p) if (4 :=u+§,p:=p+n)
is a solution of (2), with &€|pq = 0. Therefore, setting &, := &(-, o), Mo := 1(-, t0),
the pair (&, p) is a solution of the initial boundary value problem

P&+ p(u-V)E+p(&- Vu+p(€- V)E+ Vqg=A&+ (p—p)(u+ (u-V)u—f),
pr+ ((€+u)-V)p=0 in Qx (tg, +00),
V- 5 = 07
€|3Q = 07
§(z,to) = & (),
ﬁ(:&to) = p($7t0) + 770($)~
(7)

Now, for a given pg, 6 < pg < oo, we define the concept of pg-conditional
asymptotic stability.

DEFINITION 3.1 The pair (u,p) is said to be py-conditionally asymptotically
stable if there exist positive numbers A, B, 6, My, Ms and a continuous de-
creasing function F : [0,00) — IR, F(0) = 1, tlim F(t) = 0 such that, for all

& € VOH?(Q), 1o € L(Q) N WP (Q), satisfying V€| < 0, [[PAE < A,
ol < B, problem (7) is uniquely solvable with

E € L?oc([tovoo);VﬂHQ(Q))v

&1 € Lige([to, 00); H' (),

1 € L([to, 00); L () N WP ().

Moreover,

V(- t)llLro < My, Vi > to, (8)
IVEC, )| < Ma||[VE||F(t —to), Vit = to. (9)



Remark : We use a general function F(¢) in Definition 3.1 just to stress out
that the results here do not require an exponential decay rate.

The solution of problem (2) can be obtained through a spectral semi-Galerkin
approximation, that is, a spectral Galerkin approximation

u'(z,t) = Cn(t)Wh(2)
k=1

for the velocity u, uniquely determined by

(p"uy, d™) + (p"u™ - VU, ¢") + (Vu",¢") = (p"f, ¢"), t >0, (10)
(u"(z,0) —uo(z),¢") =0, (11)

n

for all ¢" of the form ¢"(z) = dew’C (z), and an infinite dimensional ap-
k=1

proximation p™ for the density, solution of

py +u" - Vp" =0,

p"(0) = po. (12)

It can be proved that (u", p™) converges in an appropriate sense to (u, p), solu-
tion of (2). Our main result is

THEOREM 3.1 Suppose (u,p) to be po-conditionally asymptotically stable, for
some pg, 6 < pg < 0o. Then, there exist constants N and C such that if n > N
then, for allt >0,

, C
IVau(,t) = Vu' (- )] < —— (13)
(Ant1)2
Moreover, if 6 < pg < oo, then
Ct 6p0
t) = p" ()| < , 2<r< ; 14
o) ="l < oy D
and if pg = 0o, then
" Ct

(AnJrl)%
The constants N, C, depend only on the domain, on the norms of the data in
(8), (4) and on the constants introduced in (6) and definition 3.1.

4 A priori estimates and proof of main result

We first state a general simple result that will be used later on. A proof is given
in the Appendix.



LEMMA 4.1 Let h(t) be an integrable nonnegative function. Suppose there exist
nonnegative constants ay, as satisfying

t
/ h(r)dr < ay(t —tg) + a2,
to

for all t, tog with 0 <tqg <t. Then,
t
sup eft/ eTh(T)dr < 0.
>0 0
For u, solution of (2), and the perturbations &, we have:
LEMMA 4.2 Given € > 0, we have the bounds

S LIVuC DI+ SIPAUCHI? + Gt DI <
C (IO + [V ul-, 1)[[E)6)
€0l + 5 IVEC DI + S IPAEC I < a7)
C(IVEC.OIPIPAUC, O + [VECOIT + [l (- DI + [ PAu(, )]?)
for allt > 0.
Proof: Inequality (16) was proved in [9]. Inequality (17) can be proved in a

completely analogous way. B
From Lemma 4.2, one has

COROLLARY 4.1 For allt > tg, we have

t

IPAUC,7)|Pdr < O+ Ot~ to), (18)
[ utmiPar < 0+ -0 (19)
tt |PAE(-, 7)||Pdr < C 4 C(t —tp), (20)
Zﬁmwmm%7g0+cam» (21)

Moreover, combining inequalities (18) and (19) with lemma 4.1, one gets

¢
Supe_t/ eT |lug (-, 7)||2dr < o0, (22)
>0 0

¢
supe_t/ eT||PAu(-,7)||?dr < . (23)
>0 0



The following lemma states some bounds for u which are very important for
our later arguments.

LEMMA 4.3 We have

sup [l (-, £)|| < oo, (24)
>0
sup [[PAwu(-, t)|| < oo, (25)
>0
¢
sup eft/ eIV (-, 7)) %dr < . (26)
t20 0

Proof: We first prove (25), supposing (24) to hold. Setting v = —PAu in the
weak formulation of problem (2), we get

—(puy, PAu) — (pu - Vu, PAu) + || PAul]* = —(pf, PAu).
Thus,

1P Aulf? (Ipull + [lpu - Vul| + [|pf]]) | PAul|

Bl + Blull o Va2 + )16
Blluell + €l vull (IPAu# [Vall® + [ Tul) + 5]

Cp)? 1
g+ 18 + 5 vupp + ogivul + L jpau)

26|ue|| + 28] + (CB)*M® + COM?.
Therefore, by (24) and (4), we have

IN ININ A

IN

sup [|PAu(-, )| < 28sup [[u(-, )| + 268 sup [|f(-, ¢)[| + (CB)>M?> + CBM? < o0
t>0 >0 t>0

which proves (25). To prove (24) and (26), differentiate the weak formulation
of problem (2), and set v = u; to get

(prug, ur) + (pue, ug) + ((p(u- V)u)y, up) — (Vug, Vag) = ((pf)r, ue).
Therefore,

Ld

535 IV 1T = =5 [ o) da (D) )+ ()
(27)

Now, estimate each term on the right hand side of (27). We have

1
‘—/pu-V(ut-ut)da@
2 Ja

< lelloollallzalfugll s [ V|

CBIIVull [ Ve | {][ue]| [ Vue ||}
OBVl ||| Vu, || %
Co(CB|Vul)® + ]| Vuy[|.

IN



2
1
(P ur)| < 7HftH2 + §|\Ut||2-

[(pef,wy)| = /ptf~utdx = —/div(pu)f-utdx = —/pu~V(f-ut)dx
Q Q Q
< ol [ VE- w)|| < C(CBIVul||[VE? + €] V|2
< C(CHM|VE? + €| Vue |2
(p(ue - Vywue)| < lpllze w2 | Vull < CBlIVal||[ul|%]| V|| #
< C(CHIVulllue )t + el| Vu|* < C.OB* M ug )| + ] Vue |
[(p(u- V)ug,u)| < ol Jue]l 5[ Vull[| V|5 < Co(CBM) |[u]|? + el V||
(e Vyu )l = | [ e V| = | = [ divpua: Vu-wl
Q Q

< COL2MY||PAu|? + 4e| V|2

Therefore, from (27) we have

1d 3?
§%le/ﬁutll2 + [Vu|]* < C(CBM)® + 7Hﬂ\|2 + Ce(CBM || VA]))?
1
+ CC'B MY |wy||? + C(CBM)P ||y ||> + CCB° MY PAu|? + (86 +5 ) IVa?
(28)

1
Now, taking € < 16’ we have

d ~
VPO + ClIVa (- )]* < O+ ClPAuC, H* + Clw (-, )], (29)

where C > 0 is an absolute constant, and the constant C' depends only on
Q lplle, [IVEl, £, sup|[Vul|. Now, multiplying inequality (29) by e’ and
>0

integrating over [0, ], one gets

t t
VAP +C [ EITmtnlPar < Va0 +C [ e |Paut s
0 0

t t
+c/ erT+c/ ¢ Ilug(-, 7)||2dr
0 0

Therefore,
t

t
A, 8)|)2 + et / TIVuDPdr < e Bl 0)|P + Cet / ¢ |[PAu(-, 7)|%dr

t t
+Ce_t/ erT—l—Ce_t/ e ||ug (-, 7)||2dr.
0 0

Using inequalities (22) and (23), we get the desired result. [ |



COROLLARY 4.2 For all tg, t, 0 <tg <t, we have

IVunPdr < Cli—to) +C. (30)

to

Proof: Integrating inequality (29) from ¢y to ¢, we get

t
I/ W+0/HVW lFdr < IVawlPo)+C [ dr
to
t

+C [ ||PAu(-, 1) dT—l—C/ lw: (-, 7)||2dr

to

< ﬂﬁ%®+0@—m<%gPAWﬁmﬁ

# 0t =) (sup o))

Using inequalities (24) and (25), we get the desired result. [ |

A priori estimates for the solution € of problem (7), similar to those in
Lemma 4.3 for u, also hold. Indeed, if ||V, || < d, where ¢ is the number referred
to in Definition 3.1, then it follows by (9) that ||[VE(-,t)|| < dMs. Therefore,
u = u+¢£ is a solution of the nonhomogeneous Navier-Stokes equations satisfying
IVu|| < M + 6 Ms. Moreover, if |[PAE(-,to)|| is bounded then ||PAU(-,tg)]| is
also bounded. In this case, analogously to the proof of Lemma 4.3, one can
bound ||PAU(-,t)||, for ¢ > #o. This bound implies that ||PAE(-,¢)|| is bounded,
for t > tg. Summarizing,

LEMMA 4.4 For perturbations € satisfying ||VE&|| < ¢ and |PAE,|| < Co, Co >
0, we have |PAE(-,t)|| < C, for allt > tyg. The constant C' depends on |PAE,||,
Co, 2, the initial data of problem (2) and on the norms and constants appearing
in (8) and (9).

It also holds

LEMMA 4.5 The function & satisfies
/ V&, (-, 7)||Pdr < Ot —to) + C, (31)
for all tg, t, 0 <ty <t.

Proof: Note that

/Hva HW<C</|VW nw+/WwW nm)

10



The second term on the right hand side of this inequality was already estimated
t

(Corollary 4.2). Therefore, it only remains to bound / |V (-, 7)||°dr. This
to

bounds follows analogously to the bounds for u. [ |

Now, let u = Z C(t)w" () be the expression of u, the solution of (2), in
k=1

terms of the eigenfunctions of the Stokes problem. Let v" := Z Cr(t

be its n-th partial sum, and let €” := u—v" and 9" := u" — v" We begin by
bounding e".

LEMMA 4.6 The term e" satisfies

C
Ve ol < (32)
n+1
n C
le" (0> < SUIE (33)
n+1
for allt > 0.
Proof: We have, using (25),
[Ver(t)|* = |V Z C(t ||2<7HPA Z Cr()wW* ()]
k=n+1 k=n+1
< u(H)F < £ (34)
n+1
Moreover
le" (- lI> = Z Cr(w* ()[* < ||V Z Cr()wW* ()|
k n+1 k=n+1
1 C
< — Ve 2 < [ ] 35
e ACHCUTE (3

Now, we study ¥".

A
LEMMA 4.7 If for some constant A > 0 the inequality | V™ (t)||* < S holds
n+1

on an interval [0,t*], then there exists C' > 0 such that

[ wrenipar < 19l + o - o)+ L0
pawrriar < 19wl 40 - )+ S e

for all ty,t satisfying 0 < tg <t < tx.

11



Proof: The function %" satisfies

(P Py, @") + (V" V")

(p"ei',@") — (p"¢" - Vu,¢") — (p"u- Vy",¢")

= (p"P" VP, Q") + (p" Y™ - Ve, ") + (p"e" - VY, @)
+ (p"u-Ve™,o") + (p"e” - VvV, ")

+((p—p")(u +u-Vu—f1),¢"), (38)

for all @™ of the form ¢"(z) = i: dw" (). Now, taking ¢™ = 22" in equation
(38), one gets =
VPRI + IV < I + Cy [ 1o P
[ 1"Vl + e VR 7 D Ve ) do
+ C/Q lp"[{le" - V§"|* + [u- Ve"[> + " - VVv"|*} dz
0, 16 = )+ e Vu—Bds o107, (39)
where v > 0 is to be chosen later. Taking ¢™ = —PA" in (38), one gets
IPAY" P < SIPAw | +C [ 0" PlepPda+C [ | Flwr s
+C [ 0B - Vul? + |- V47 g V7 - Ve da
+é/Q "2 {le - V" Ju- Ver|? + fe" - VT2 da

+6/ |(p" = p)(u +u - Vu — f)[2dz,
Q

where the constant C' > 0 is fixed, once and for all. Multiplying the last in-
1

equality by d = ﬁ7 and adding the resulting equation to inequality (39), one

gets

1 n|2 d n|2 1 n 2 / n|2
2 @ _— <
5 VYLl +dtIIWJ | +4CﬁIIPA¢ # < (26C, +1) Qlet\ dx
+(Cﬂ+§)/ {l" - Vul® + [u- V" |? + [¢" - V"> + [¢p" - Ve"|*} da
Q
+(Cﬁ+§)/ {|en'v'¢”|2+|u've"|2+|e”-Vv”|2}dx
Q

1 n
+(Cy+ ﬁ/ﬂ (0" — p)(ue +u- Vu— B2dz + 7P

12



Since ||\/p¥} || > alj}||?, we choose v = % and get

« n|2 d n|2 1 n| 2 / n|2
— ) + — ||V + —||PAY < (28C, + d
4 H\fp t || ltH H CBH || (2 C’Y 1) |et ‘ z

+(CB+ g)/Q {l9" - Vul* + [u- V" |* + [¢" - V"> + [¢p" - Ve"|*} du

+(CB+ g)/ {le" - VY"|* + [u- Ve | + [e" - VV"|*} du
Q

H(C 4 55) [ 167 = P+ u- Va0,

287 Ja

Note that the choice of v determines the constant C., as well. We also have

/QIW-VWIde < "% N 172 < CIPAR™|Z[V"||F < e PAY™|[*+3(e)[[ V™™,

for all ¢ > 0. Now, choosing 0 < €

2

< ——— and denoting by C all
4C62(2C + 1)

constants appearing in the inequality, we have

n d n n n n n n n
117 + S IV |2+ [1PAY™ 7 < C{llef | + 9" - Vul|* + [lu- V§©|* + [l - Ve ||*

+lle™ - V" + lu- Ve |2 + [|e” - Vv 2

HIV" T+ (" = p)(ue +u- V- )7}

Moreover, using Lemma 4.6 and Lemma 4.3, we bound

t C t
llef ¢ m)llPdr < 5y Ve (-, 7)|dr,
to n+1 Jtg
n n C
ly™ - Vul? < "2 Vul7s < P
n+1
c
lu-Vg"|? < lul.l|Ve"|? < P
n+1
n n n n ¢
[ ver|? < (Y7 Ve Iz <
n+1
le” - Vyr|® < e[z lIVY"|* < —,
n+1
n n c
lu-Ver|? < uli~|Ve"|* < S
n+1
n n n n c
le™ - Vv |2 < le”[Zs[VvtZs < -
(" = p)(u +u-Va— D> < [[(p" —p)lli<ll(u; +u-Vu-§)* < C.

Integrating inequality (40) from ¢ to ¢ and using the estimates above, one gets

t t
/||"7b?(‘77)||2d7+/||PA¢7L('7T)||2dT < VY (L to)llP + Ot —to) +
to to

)\n+1

13

C(t —to)

(40)



We now prove that a suitable bound for |[V4"(-,¢)| implies in a bound for
[PAY™ (-, 1)]].

A
LEMMA 4.8 If for some constant A > 0 the inequality |[Vap"(-,1)||* < S
n+1

holds on an interval [0,t*], then there exists C' > 0, independent of n, such that
IPA" (-, t)|]* < C, (41)
for allt € [0,¢"].
Proof: Since 9" = u” — v" and sup ||PAV"(-,t)|| < sup |[PAu(-,t)|| < oo, one
>0 >0
only needs to bound ||[PAu”|. To this end, note that

n n n A
[Vap™||? = ||[Vu™ — Vv || < —.
)\nJrl

A\ AN
vl = (5 v (5)
>\n+1 )\1

We also have, for u”, the estimates

Therefore,

t
|[PAU™||? < C + C(t — to),

to

t
/Wmmzsc+0@fmx
to

which are analogous to the bounds (18) and (19) for u, and can be proved by
analogous arguments. Therefore, by Lemma 4.1,

t
supe_t/ em||ul (-, 7)||Pdr < C,
>0 0

t
supe_t/ eT||PAU™ (-, 7)||%dr < C.
0

t>0

Using these inequalities, one can show that
d ~
ZIveul P + CIVay|* < O+ | PAR"|* + Clluy %, (42)

for all ¢ € [0,¢*]. At this point, we need to restrict the time interval, since
the constant C' depends also on sup ||[Vu"”||, and we can assure this term to be
>0

bounded, uniformly with respect to n, only in the interval [0,¢*].
Using inequality (42), it follows that

[uf (- )] < C. (43)
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Finally, inequality (43) allows one to prove
[PAu"(-, 1) < C, (44)

for all t € [0,¢*]. We do not give the details of the proof, since it is completely
analogous to the proof of Lemma 4.3. [ ]

We now estimate, for later use, VP, (¢¥" — &) = Vy" — VP, £. First, note
that v" satisfies

(pug, @") + (Vv", V") + (pu - Vu, ¢") = (pf, ¢"), (45)

for all ¢" of the form ¢"(z) = dewk(x). Subtracting equation (10) from
k=1

equation (45), we get
(p"Yi,@") + (V" Vo") = (p"e},¢")+ ((p—p")(u+u-Vu—f),¢")
+ (p"u-Vu,¢") + (p"u" - Vu",¢").  (46)

On the other hand, taking the inner product of the fist equation in (7) with ¢"
and integrating by parts, one gets

(5., ¢") + (Bu- VE, ¢") + (PE - Vi, @") + (5E - V&, ¢") + (VE, V") =
((p—p")(w+u-Vu—1),¢"). (47)
Subtracting equation (47) from equation (46), we have
(p"0:,0") +(VO, V") = ((p—p")(ae+u-Vu—1),¢")+((p—p")&, ¢")
+(prel, ¢") + (p"u- Vi, ¢") — (p"u’ - V", ")
+ (pu- V€, @") + (€ - Vu, ¢") + (p€ - V&, 9" [48)
where 0 := "™ — £€. Now, since P,0 = P,(¢)" — &) = ¢¥" — P,€, one has

(p"u-VY",9") = (p"u-VP,0,0")+ (p"u- VP, ¢"),
(p"Pp" - Vu,@") = (p"Pn0-Vu,¢")+ (p" P& Vu,¢"),
(" -V, 9") = (p"P" - VP,0,0") + (p"Pp" - VP, ¢").
Therefore,

(p"u-Vu,¢") — (p"u™ - Vu",¢") = (p"¢p" - Ve", ¢") + (p"e" - Vi, ¢")
+ (pnu : ven’ d)n) + (pnen ' vvn7 ¢n) - (pnu : VPTL0> ¢n) - (pnu : Vpnga ¢n)
= (p"Pnb - Vu,¢") = (p"Pr& - Vu, @") — (p"¢" - VP60, ") — (p"¢" - VP.£, ¢").

Moreover, since & = P& + Q,&, one can show, after some computations, that

(P"u-Vu,@") — (pu" - Vu",¢") + (Bu- VE,@") + (5 - Vu,@") + (€ - VE,¢") =

(™ - Ve, ") + (p"e" - V", ¢") + (pMu - Ve, ¢") + (p"e" - V", ¢")

— (0" VE,0,0") — (0" Pab -V, ") + (5~ p")u- VPoE, ¢") + (7 — p") Puk - Vi, ¢")
(P VQut.¢") + (0Qu& - Vu, ¢") — (99" - VPu0, ") — (9" PaB - VPE, ¢")

(0" Pak - VQu&, &™) + (0" Qu - VPoE ") + (0" Qué - VQuE. &™) + (5 — p")E - VE.G").

15



Applying this identity to (48), and taking ¢" = P, 0;, one obtains

W70+ 22 P, ve = (19)
(P=p")w+u-Vu—f+& +u-VPE+ P& Vu+&-VE), P.0;) — (p"0:, Q&)

+ (p" et T PL0y) + (p"p" - Ve, P0,) + (pte” - VY, P,0;) + (p"u - Ve™, P,0,)

+ (p"e™ - VV", P,0;) — (p"u-VP,0,P,0;) — (p" P,0 - Vu, P,0;)

+ (PU— VQn€, Pn0:) + (pQn€ - Vu, P,0;) — (p"¢"™ - VP,0, P,0;) — (p" P08 - VP,E, P,0;)
+ (p" P& - VQn&, Pn;) + (p"Qn& - VP&, Pr0y) + (p" Qn€ - VQn§, P0y).

We now estimate each term on the right hand side of previous identity. Given
€ > 0, we bound

n Cle
0700, Qu€) < el + S jvg2
n+1
C
(e 200 < el + S vy,
n+1
L I L e Lo
(e Ty R0l < dlBul? + TP A"
(ru-ver R0 < o+
)\n+1
(e - TV B0 < el + S,
)\n+1
(0" VR0, P00] < 0.+ ClOIVP0I,
20 Vu.P0)] < 0P + OOV,
. Cle
(u- V€ P00 < o+ T [Pagl®
N Cle
(06 VuP0)| < o+ S jpagp
(" VPO P0) < 0P+ CIPAY" PV,
(0" P.0-VP.E PO < e+ C(e)[PAEI TR0
C(e
(P TQuEP0)| < o+ ) P,
(7Que- VREP00| < o+ L jpag],

[(p" Qn& - VQn&, Pr6y)]

IN

ol + L |pag.

16



It remains to estimate |(7g", P,,0;)|, where 7 := p — p" and
g' =w+u-Vua—f+¢£,+u-VP,E+ P& - Vu+£-VE We begin by estimating

n

g".
LEMMA 4.9 For all p, 2 < p <6, the bound
g™ (- )I7r < C+C|PAECL)|> + C||PAE( 1)|*
+ OV (-, )| + CVE, (-, 1)l (50)
holds for all t > 0.

Proof: Since 2 < p < 6, we have

lg"(Ol7, < C {7 + lw- Vul, )7 + €6 Ol170 + 1€, 01170

+lu- VPEC )0 + 1P& - Vul, 1) 70 + 1€ - VEC,B)I70 }
C{lIVa (-, Ol + [PAu(, B)|* + [ VEC, )% + V& (- )17

+ || PAu|?| PAE|? + | PAE|*}
C + C||PAE(- O)|IP + CIPAEC,* + CIVw (-, 1)|]* + CVE,(, 1) m

AN

IN

IN

LEMMA 4.10 If 6 < py < oo, then the bound

t
ImC Ol < CIIW(',to)H%HrC(t—to)/t IV P, 6(,7)|*dr

(t—to)? + ———(t — to) / |PAE(C,7)|2dr (51)

>\n+1 /\n+1

holds for allt > 0 and allr, 2 <r < 6po

~ 6+ po
valid for allt >0 and all 7, 2 <r <6.

. If po = 00, then the bound (51) is

Proof: First note that
m+u"-Vr=(u"-1u)-Vp
Since U = u + &£, we write the equation above as
m+u” -V = (P,0 — Q. —€e")-Vp. (52)

Let r belonging to the suitable interval depending on the value of py. Multiply
equation (52) by |7|"~! and integrate to get

1d o ir—
Ld ol < / (Pa0 — Qué — ") - Vplaldo
'I"dt o)

r—1

(f (Pne—c;ns—ew-vmrdxf ([1atras) "

(P8 — Qn& —e™) - Vil |77t

IA

IN
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Therefore,

d n “~ n “~
GOl < [(Paf — @u€ — ") - VpllLr < [[Faf — Qn€ — €"[[Le [ V| oo,
. 1 1 1. .
where p is chosen as — = — — — if 6 < pg < o0, and as p = r if pg = co. Note
p T Do
2
that in the case 6 < py < oo, this choice of p implies 2 < p02 <p<6. In
Po —
the case py = 0o, we have 2 < p < 6. In both cases, p € [2,6] and we bound
d n
ZImC Dl < CUVEI+[VQE + [IVe|)
C C
< c(Ivmel+ S+ —ipag)),
()‘n+1)2 ()‘n+1)2

where, for the last inequality, we used Lemma 2.1 and inequality (32). Integrat-
ing this inequality from ¢ to t,

e OB < c{m-,to)n%r +( / ||vpn0<-m>||d7)2 +( / uiﬂ)

+( / (Anil)énmscm)nmf}

¢ 1
< Cqlmto)llF + (¢ — to)/ IVP.0(-,7)|%dr + (t —to)®
to )\n+1
1 t 5
b= o) [ IPagC)IPar ),
n+1 to
which is the desired bound. [ |
Getting back to inequality (49), we have
1d Cle C(e Cle n
a6l + 2 L1p el < 15l + S g2+ S gug 2+ S page?
2dt >\n+1 )\n+1 /\n+1
C(e Cl(e Cle "
+ S G pag 1+ E pag)t + clinl e
)\n+1 )\n+1 )\n+1

+ (VPO {1 + | PAY™ || + | PAE|*},

where, in the case 6 < py < oo, the inequality above holds for each r €

1 1

{3, Opo } with p € [ 3P0 ,6] chosen such that — + — = ~. In the case
6 + po po—3 rp 2

1 1

1
po = 00, it holds for all r € [3,6], with p € [3,6] chosen such that - + » =3

1 1
Now fix € = R (a — 2). Integrating the inequality from ¢y to ¢, and using

18



Lemma 4.3, Lemma 4.4, Lemma 4.7 and inequality (31), we get

t C t
||VPn0(wt)||2+/ 10:(,7)|[Pdr < [[VP.O(,t0)]1* + (t—to) + V&, (-, 7)|Pdr
to /\n+1 >\n+1 to
c ! 2 ! 2 n 2 ! 2
+3 IVu (-, m)dr[|* +C [ 7, m)lz-lg" (o m)lzedr +C | (IVE.O(,7)[7dr. (53)
n+1 to to to

Adding inequalities (51) and (53), we have

t
IVP.OC, )* + |7, 1)1 +/ 18:(-, ) |IPdT < [VPLO(, t0)l|* + Cllm(- o) |7+ (54)
to
2 c ’ 2 ! 2
+ (t—to) + (t —to)” + V& (-, 7)lI7dT + [Va (-, 7)dr|
)\n+1 )\n—i-l )\n-‘rl to An-‘,—l to

t t t
4 [ " ldr + € [ IVPOC P+ Ct ) [ VPS¢ P
to to to

Fixing ¢ > tp, and using Lemma 4.3 and Lemma 4.5, we conclude that

IVP,0C, ) + [l (-, 1)l

t
bt [ 10,671 < I9P00 )P
to
C

2, +L+7(t7to)+ ¢ (t —to)? (55)

2
Lr

*C/t: (7]

t
g" ()| Fodr + C/ {1+ (= o)} IVP.O(, 7)|Pdr,
to

t
brmte[mﬂ.L%A@):HVRﬁ@ﬂW+HMyM@V+/H&CJW%ﬁ

t

Therefore, inequality (55) gives ’

C C
A(t) < CA(to) + — + (t —to) + ——(t — to)?
>\n+1 )\n+1 n+1

e / (14 F—to + lg" (o) 130 YA(r)dr.

to

Applying a corollary of Gronwall’s Lemma(see [1], page 90, corollary 6.2), we
conclude

A(t) < (OA(tO) + + (t—to) +

to
We summarize the results in the following lemma.

LEMMA 4.11 Let to > 0 and & as in problem (7), and the functions =, 0, g"
defined as before. If 6 < pg < oo then, for all t € [tg,t], one has

t
IV PO, ) + |7 (-, )13 + / 16:(-,7)|dr (56)
1 1 t a\T T
<C (||VPno<-7to>||2 + (o) |3 + —— + (t — to) + (t— t0)2> eC Jio ol
/\n+1 >\n+1 )\n+1
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6 3 1 1 1
for allr € [3, Po ], and p € { Po ,6} chosen such that — 4+ — = —, where
6+ po po—3 r o p 2

a(t) =1+t —to+g" (- t)||%s. If po = oo, then the bound holds for all r € [3,6]
1

and p € [3,6] such that — 4+ — = —.
r p 2

We also note that from inequality (50), the bounds (30), (31), and Lemma 4.4,
one can estimate

/t a(r)dr < C+ C(t —to) + C(E — to)(t — to).

to

Therefore,
exp {/tt a(T)dT} < exp {6 + Ot —to) + C(F—to)(t — to)} . 7)

From now on, we fix the constants C' and C appearing in inequalities (56) and
(57). We claim:
CLAIM 4.1 There exists K > 0 and N € N such that ifn > N, then ||4™(-,1)||* <

for allt > 0.

n+1
Note that this is the type of inequality required in Lemma 4.7 and Lemma

1
4.8. To prove Claim 4.1, choose T such that MZ(F(T))* < 1 Let K :=
8C(1+ T + T?) exp{C + CT + CT?} and let N to be large enough such that
< § if n > N. Under these conditions, we have

n+1
K
An-|-1

for all t > 0. Indeed, suppose that inequality (58) does not hold. Thus, there
exist n > N and t* > 0 such that
K

V™ (-, t)|)? = :
V™ (- %)l -

Suppose that t* < T. Consider to = 0, £ = 0, n = 0, t = t*. In this case,
IVE.0| = ||[V¥"|. Therefore, using Lemma 4.11, we have

V" (- )l* <

; (58)

(59)

t C C C S ST
IO+ I+ [P nlPar < (5o + 5o 4 5o ) e,
0 n+1 n+1 n+1
K K

= < s
8+l Ant1

which contradicts (59). Now, suppose that ¢t* > T. In this case, applying
Lemma 4.11 with £ = t*, to = t* — T and £(z,t), n(z,t) satisfying

£(x,t0) = '(nbn(xatO)a
n(x,to) = p"(x,t0) — p(w,to),

20



we get
V4" (-, 1) = VPREC, )P + [Ip(-, 1) = p" (1) + (-, ) |-

t
+/ [ (-, 7) = &, (1) |IPdr < ()\O + Y © T) cremar -
t

* n+1 )\n+1 )\n+1

Therefore,

V" (-, t7)]I?

IA

2 (V" (1) = VEEC )2 + [VP£ (L 1))
2(8 + M|V F(T)?)

IN

)_3 K _ K
8)\n+1 4>\n+1 4 )\n+1 )\nJrl

which again contradicts (59). This proves the Claim.
Now, using the estimates (32) and (58), we bound

2

C

[Vu(-,t) = Vu (- )* < 2([[V" (- 1)|* + [[Ve (-, 1)]%) < .

(60)
which is the first estimate in Theorem 3.1. In order to prove the bound (14) for
the density, note first that
pr+u-Vp=0 (61)
Py +u” - Vo =0. (62)
Subtracting equation (62) from equation (61), we get
(p—p")e+u"-V(p—p")=(u" —u) Vp. (63)

6po
+ Do

2
Now, if 6 < pg < o0, let r € [2, 5 } Choose p € [ p02,6] such that

Po —

1 1 1
— = — + —. Multiplying equation (63) by |p — p”|“1 and integrating over €2,
r P Do
we obtain
1d )
Lalo=e = [ 1ot = w - Vpds
< SH(ut =) -
< llp=p"lIz-

If pg = oo, the bounds above hold for all r € [2,6] and p = r. Thus,

%Ilp(wt)—p"(wt)llv < Cllu™ () —u(, )l < O Vu(,t) = Vu(, ). (64)

Integrating inequality (64) from 0 to ¢ and using (60), one gets

lp(t) = p" (5 E)ller < (Ani)%H lp(:,0) = p" (-, 0)l|r = mt (65)

since p"(x,0) = po(x). This finishes the proof of Theorem 3.1.

21
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A Proof of Lemma 4.1

Suppose h(t) integrable, nonnegative and satisfying, for all ¢, tg with 0 < ¢g < ¢,

/ h(r)dr < ar(t —to) + as, (66)

where the constants a; and ao are nonnegative. We first consider the case
0 <t < 1. In this case,

¢ t 1
e_t/ e"h(r)dr < / h(T)dr < / h(r)dr < ay + as.
to to 0

Now, if t > 1, let n € N and r € [0,1) such that t = n + r. Then,

/Ot eTh(r)dr = /n+ T)dT = Z/ T)dT + /:H e"h(r)dr

0

J
h(T)dr + ™"
-1

el

NE

%\

1

<.
Il

M:

n—+r
/ h(r)dr
7 n+1
< e]/ h(7)dT + e”H/ h(r)dr.
1 j—1 n

<.
Il

Inequality (66) implies

J
/ h(r)dr <ay+ay , j=1,...,n+1
j—1

Therefore,
t n+r n+1 i
e_t/ e"h(t)dr = e_"_r/ eTh(r)dr=e """y € / h(r)dr
0 0 = it
n—r - i n—r €n+2 —€
< (a1 +a2) ;e (a1 + az) pom|
62—7 _ ,—n—r+1 2
= < .
(a1 + ag)————5—— < (a1 +az) ——
Therefore,
t o2
sup eft/ e"h(r)dr < (a1 + az) < o0. [
>0 0 e—
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