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Abstract

This paper is concerned with nonlinear stability properties of pe-
riodic travelling waves solutions of the classical Korteweg - de Vries
equation,

Ut + Uy + Ugze = 0, x,t ER.
It is shown the existence of a nontrivial smooth curve of periodic
travelling wave solutions depending on the classical Jacobian elliptic
functions. We find positive cnoidal wave solutions. Then we prove,
by using the framework established in [15] by Grillakis, Shatah and
Strauss, the nonlinear stability of the cnoidal wave solutions in the
space H},.([0,L]).

1 Introduction
The Korteweg-de Vries equation

Up + Ul + Ugze = 0, (1)

where u = u(x,t) is a real-valued scalar variable, ¢ the time and z a scalar
spatial variable, provides a simple and useful model for describing the long-
time evolution of wave phenomena in which the steepening effect of the
nonlinear term wu, is counterbalanced by the dispersion term wyy,. It was
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originally derived by D. J. Korteweg and G. de Vries in 1895 [21] to de-
scribe the unidirectional propagation of small but finite amplitude waves in
a nonlinear dispersive medium. This equation has many other direct physi-
cal applications to solids, liquids, gases and plasma: magnetohydrodynamic
waves in a cold plasma (Gardner & Morikawa [14]), longitudinal waves prop-
agating in a one-dimensional lattice of equal masses coupled by nonlinear
springs, the Fermi & Pasta & Ulam problem [13] (Kruskal & Zabusky [22]),
ion-acoustic waves in a cold plasma (Taniuti and Washini [28]), rotating
flow in tube (Leibovich [23]) and longitudinal dispersive waves in elastic
rods (Nariboli [27]). We refer the reader to Jeffrey & Kakutani [19] and
Miura [26] for more applications.

The first interesting property of the KdV equation is the existence of
steady progressing wave solutions. These permanent waves are fundamental
quantities of the general solution to the KdV-equation and they are known as
solitary waves or solitons (the latter name, which suggests an analogy with
particles, is appropriate since the solitary waves retain their form even after
joint interactions) and cnoidal waves (Korteweg and de Vries’s generalization
of the sinusoidal wave). Our main focus is the study of periodic travelling
waves of (1), which are solutions of the form u(x,t) = ¢.(z — ct), where
¢ : R — R and ¢ > 0 represents the velocity relative to the velocity of
infinitesimal long waves. So, ¢. must satisfy the differential equation

1
G+ 502 — cde = Ag,, (2)

where Ay, is an integration constant, which will be considered equal to

zero here (one may always perform the change of unknown ¢. = ¢, +
V2 +2A4, —c). An explicit form for ¢, is well known (KdV [21], Ben-
jamin [5]) and is given in function of the family of parameters (31, B2, 33:

B3 — B
12

9e(€) = B + (5 — Bh)en? | &k, (3)

where cn is the Jacobian elliptic function (see Appendix or Byrd and Fried-
man [9]) and k is the modulus defined by

_ B3 =0
B3 — B’

with 1+ P2+ 03 = 3¢, f1 < P2 < B3 and B3 > 0. Since cn(u+2K) = —cn(u),
where K (k) is the complete elliptic integral of the first kind determined by

]{72




the modulus k, we have that ¢. has fundamental period (wavelength) T,

equal to
4v/3

Ty, = 77—

V03— B

Moreover, an important feature of the fundamental period Tj, is that it

depends on the speed ¢ and satisfies the inequality

27

Ty, > —F=. )

¢)E \/E ( )

K (k). (4)

(See Section 2).

We note that equation (3) contains a huge of periodic travelling wave
solutions for the KdV equation, which are obtained basically by varying the
modulus k. Moreover, formula (3) contains, at least formally, a basic solu-
tion of the KdV equation which is obtained by approximation with periodic
solutions. In fact, if we let 81 and (2 tend to zero through positive values,
we get k2 — 17 and 3 — 3¢~. The elliptic functions and their periods also
become simpler in this limit, in fact, cn(u;17) ~ sechu and K (k) — 400 as
k — 17. The cnoidal wave looses its periodicity in this limit and we obtain
a wave form with a single hump and with “infinit period, of the form

$¢(£;0,0,3¢) = 3¢ sech? (\ff), (6)

which is exactly the classical solitary wave solution of the KdV equation
with speed c.

The unique studies regarding periodic travelling wave solutions associ-
ated to (1) in literature are, at our knowledge, those by Benjamin in [4]
and by Angulo & Bona in [3] (see also Angulo & Alvarez [2]). In the last
one, the authors considered the constant of integration Ay in (2) different
from zero and they presented a theory of existence and nonlinear stability
of cnoidal wave solutions for the KdV equation, which are defined in an a
priori fundamental interval [0, L] and have mean zero on it.

Our main result here will be Theorem 3.1, where we show that the orbit
generated by the periodic travelling wave solution (3), namely the set

Qg = {¢e(- +5); s €R},
is H,.,.([0, L])-stable with respect to the flow of the KdV equation.
In order to prove this result we recall that the equation (1) has two basic

constants of motion, namely

1

L L
E(u) = ;/0 [u? — %US]daz and F(u) = 2/0 uldz. (7)



This means that if u is a smooth solution of (1), then E(u(-,t)) = E(u(-,0))
and F(u(-,t)) = F(u(-,0)) for all . We also recall that the nonlinear stability
criterion given by Grillakis et al. is based on the convexity property of
the classical function d(c) = E(¢.) + c¢F(¢pc), and that the travelling wave
solution (3) belongs to the range of the linearized operator around it, which
we denote by L.,.

We remark that our theory of stability for ¢. is established with respect
to perturbations of the same wavelenght L in H},,.([0, L]).

The plan of this paper is as follows. In section 2, we prove the existence of
a smooth curve of cnoidal waves with a fixed period L. Section 3 is devoted to
establish the nonlinear stability of periodic travelling wave solutions based
on the Grillakis et al. theory. The paper concludes with a review about
Jacobian elliptic functions.

2 Existence of a smooth curve of cnoidal waves
with a fixed period L

In this section we establish the existence of a family of even periodic solutions
¢ = ¢ for the equation
2
¢//_C¢+%:O’ (8)

such that the mapping ¢ — ¢, is C!.
First, we observe that multiplying (8) by ¢’, a second integration is
possible yielding the first-order equation

(BOF = 3[-6%€) +8c6(©) + 6By] = 1po(6(6))

= (6 A6~ BB~ 6), (9)

where By, is an integration constant and (31,32, 33 are the zeros of the
polynomial py(t) = —t3 + 3ct? + 6By, so they satisfy the relations

3c= 01+ B2+ O3
0 = B1P2 + B233 + P31 (10)
By = ¢ 31320

Moreover, we assume that 01 < [fs < (3 and (B3 > 0, and we obtain from

(9) that B2 < ¢ < (3. By defining ¢ = ¢/33, (9) becomes

()2 = B(o—m)p —m)1— o)



where 7; = 3;/0s, i = 0,1. We also impose the crest of the wave to be at

¢ =0, that is ¢(0) = 1. Now we define a further variable 1) via the relation
o =1+ (n2 — 1)sin*y,

and so we get that

WP = Do = m) L= (122 )sinu].

and ¥ (0) = 0. In order to write this in a standard form we define

1—
polzm By
1—m 12

It follows that 0 < k? <1 and [ > 0 and we obtain
¥ dt

- =Vl

/0 1 — k2sin?t §

Therefore, from the definition of the Jacobian elliptic function y = sn (u; k)
(see (30)), we can write the last equality as

sin 1 = sn (V1 & k),

and hence
=14 (n2—1)sn® (VI& k).

Using the relation sn? 4+ cn? = 1, we arrive finally to the conventional form

B = (6.1 B 1) = o + (B — Byen?[{[ B Pee] )
where
o _B3—P 5 . B
k T B = P2+ B3 —3c Bt B <f2<fs (12
From (12), we have that (2, #3 belong to the rotated ellipse ¥ given by
B3 + 05 + B2 — 3¢(f2 + f3) = 0, (13)

and since 3y < 33, it follows that 0 < 32 < 2¢ < 33 < 3c.
Next, since cn? has fundamental period 2K (k), then ¢ has fundamental

period Ty equal to
4v3

Ty = s K(h) (14)

!



Now, we prove that Ty > % Initially we express Ty as a function of (33

and c. In fact, for every 3 € (2¢,3c) there is a unique (33 € (0,2¢) such
(B2, B3) € ¥ where

2B2 =3c— 63 + \/962 + GCﬁg — 3ﬂ§ (15)
So, by defining 81 = 3¢ — B2 — 33, we obtain for

383 —3c — /92 + 6cB5 — 353
363 — 3¢+ /9c2 + 6cf3 — 332

(B3, ¢)

that
446

) =
\/ 363 — 3¢+ /9¢% + 6cB3 — 332

Then by fixing ¢ > 0, we have that Ty(33) — oo as 3 — 3c and Ty (63) — %

as f3 — 2c. So, since the mapping B3 € (2¢,3c) — Ty(f3) is strictly
increasing (see proof of Theorem 2.1), it follows that Ty > %

Ty(Bs,c K(k(B33),c). (17)

. . . : : 2
Now we obtain a cnoidal wave solution with period L. For ¢g > 4L%

there is a unique f39 € (2¢,3c) such that Ty(6309) = L. So, for ¢y and
B30 such that (820, 830) € X(co), we have that the cnoidal wave ¢(-) =
(-3 1,0, 82,0, B3,0) with 10 = 3co — P20 — (3,0, has fundamental period L
and satisfies (8) with ¢ = ¢o.

We note that by the analysis above we can consider the cnoidal wave
&(+; 81, P2, 03) in (11) as a function depending only on ¢ and 3. So we will
denote it by ¢.(+; 03) or ¢e.

Next we show the existence of a smooth curve of cnoidal wave solutions
for equation (8), in other words, we show that at least locally the choice of
B30 above depends smoothly of cp.

42

Proposition 2.1 Let L > 0 arbitrary but fived. Consider co > 7 and

B30 = B3(co) € (2¢0,3co) such that Ty., = L. Then,

(1) there exists an interval I(co) around co, an interval J(Bs0) around
Bs.0(co), and a unique smooth function A : I(co) — J(Bs,0) such that
A(co) = B30 and

46
V305 — 3¢ + /0 1 6ells — 303

where ¢ € I(cy), B3 = A(c), and k? = k?(c) € (0,1) is defined in (16).

K(k) = L, (18)




(2) The cnoidal wave solution given by (11), ¢.(+; B, B2, P3), determined
by f1 = Bi(c), P2 = Ba(c) and B3 = B3(c), has fundamental period L
and satisfies the equation (8). Moreover, the mapping

ce I(CO) — ¢c € H;er([oz L]) (19)
is a smooth function.
(3) I(co) can be chosen as (%,4—0@).

Proof: The idea of the proof is to apply2 implicit function theorem. We
consider the open set Q = {(f,¢);¢c > 4L—2,ﬂ € (2¢,3c)} C R? and define
U:0—Rby

)= ol
V38— 3¢+ /9 + 6c3 — 35

where k(f3, c) is defined in (16), with #3 = 8. By hypotheses, ¥ (53, co) = L.
Now we calculate dgV¥(8,¢c). By denoting a = a(8) = 36 — 3¢ and
b=0b(B) =9c% + 6¢8 — 332, we have that

v @+ VB[AVOU ] — 46K o+ VB] 2 [3+ 573 (6 — 66)]

op a+ Vb
Now from (16) it follows that

dk? 2a% + 6b

K(k(B,¢)), (20)

(B, c

dB bla+Vb)?
Since % = 2]{:%, we obtain
dt 1 2a%>+6b
—F=— > 0.

%:ﬁ\/g(a—i-\/l;)Q

Thus, g—% > (. In fact,

ov WG 1 (20% +6h) 1 (3Vb—a)
o6 dk 2k \/b(a + Vb)3 2Vb(a+ Vb)?
dK 1 (2a® + 6b

dkkw > (3vVb—a)K

(242 + 6b)(E — K?K) > (3Vb — a)(a + VD)2 KK

(202 + 6b)E > (3Vb — a)(a + VD)K*K? K + (24 + 6b)K* K

(242 + 6b)E > (2aVb + 3b — a®)k*k"*K + (2a% + 6b)k"* K

(2a% 4+ 6b)E > (2aVb + 3b)k* KK + o’k K + o’k K + 6bk"* K.

K >0

¢

Tt e



Now,
(2a> + 6D)E = (1 + k?)a*E + k*a*E + 6bE
= E*(1+k?*a*E + K*(1 + ¥?)d®E + k*a*E + 6bE.

Since a > v/b and the fact that k — E(k)+ K (k) is strictly increasing implies
that (1 + k?)E > 2k K, we have that

E2(1 4 k%)d’E > 2k*K?0* K > 2aVbE* K K.

We have that 6bE = 6k%bE + 6k™>bE and E — kK > 0 implies that
3k2bE > 3bk?k™K. Also, by using the inequality (1 + k?)E > 2k"K,
we obtain

3k?bE + 6k"*bE = 3bE + 3k"?bE = 3(1 + k*)bE > 6bk" K.
Now we have to show that
k2a’E + K% (1 4+ K?)d®E — a®k*K — ®*K*K > 0
this follows from &%(1 4+ k?)a?E > 2k"a?K and
E2a’E + K0’ K — o®k?K = K*d®E — K’kK?d*K = K*d®(E — K?K) > 0.

Therefore, there exists a unique smooth function A, defined in a neighbor-
hood I(¢p) of ¢y, such that W(A(c),c) = L for every ¢ € I(cp). So, we obtain
(18). Finally, since ¢y was chosen arbitrary in the interval Z = (4LL22, +00),
it follows that A can be extended to Z. This completes the proof of the
Proposition.

O

Corollary 2.1 Consider the mapping A : I(co) — J(Bs,0) determined by
Theorem 2.1. Then, A is a strictly increasing function in I(cg).

Proof: By Theorem 2.1 we have that W(A(c),c) = L for every ¢ € I(c)
and so

d oV /0c

—A(c) =— .

M) = "33 795
We will show that 0¥ /0c¢ < 0. In order to do this, we denote again a(c) =
33 — 3c and b(c) = 9¢% + 6¢8 — 332, and we note that

ow 4\/5\/a(0)+ Vo) G G
de +\/7
—4\/1( +F ~2(=3+ 1b(c)2(18¢ + 68))
Yo

(21)




where k(f3, ¢) is defined by (16), with 53 = 3. Now,

dk 1 (3¢—38)b(c) 2 (18¢+ 63) — 6/b(c
de 2k [a() + V/B(O)?

and

1 —6+/b(c) +18c + 6
_34 ~b(c) 3 (18¢ + 68) — )£ 18468
2 2,/b(
because —61/b(c) + 18¢ + 63 > 0 < 3¢+ 3 > /b(c) < 9¢% + 6¢8 + 32 >
9¢? + 6¢B — 362 < 48% > 0. So it follows that 42 < 0. And the proof is

completed. O
Now, we prove that the modulus function k(c) is strictly increasing.

Lemma 2.1 Consider ¢ € (% L2 ,00), B3 = A(c) and the modulus function

3B3(c) — 3¢ — /9¢c2 + 6¢B5(c) — 335(c)?
3B3(c) — 3¢+ 1/9c2 + 6cf3(c) — 363(c)2

k(c) = k(A(c) = \/

Therefore, “k(c) > 0.

Proof: Denoting by a(c) = 383(c) — 3c and b(c) = 9¢? + 6wPBs(c) — 333(c)?,

we have that

dk o 1[ 204 6b 1 [—ab7 (18¢+ 6/33) — 6v/b
"oy = k{ﬂﬁﬂ}ﬁg() | — |

Using that 84(c) = LA(c), by (21), we get that %(c) > 0 <

0 (ab*1/2(18c+6ﬁ3)+6\/ﬁ)} N K(a+vB)~ /2 (=31 L1v=1/2(18c+683))

aK

L 2a2+6b dk |:2k (a+\/5)3/2 2

2k | Vb(a+vb)? aK | 1 24246 ]+K(a+\/E)—1/2(_3+%b—1/2(6[33—ec))
2

2k Vo(a+vb)3/2

b2 (18c+603)—6/0
u +605)—
+ﬂ [ (a+\/5)2 } > O-

Now, the last inequality is true if, and only if

el s 7o Y e
e[ v e O o

9



and this happens if, and only if
(2a* 4 6b)[—3 + %b_1/2(18c +603)] >
[a(18¢c + 6/33) + 6b][—3 + %b_1/2(6ﬁ3 — 6¢)]. (22)
Now, (22) is equivalent to
—6a® + 4 x 18¢vVb + 3a(18¢ + 633) > 0,
which is satisfied since
3a(3c+ B3) — a® = a(9c + 333 — 333 + 3¢) = 12ac > 0.

This completes the proof. O

3 Stability theorem

The next theorem is the main result of this paper.

Theorem 3.1 Let c € (A‘LL;, +00). Then the orbit Qg is Hp.,.([0, L]) -stable

with respect to the flow of Korteweg - de Vries equation.

In order to prove our theorem of nonlinear stability, we only need to
show that the function d(c) defined by

1 [t 1 1 [t
dle) = B(ge) + k(o) = 5 [ (60 - gfldn+ 5 [ o2,

0 0
is convex. Actually, the well-posedness of the KdV equation (1), in the
periodic case was established by Colliander, Keel, Staffilani, Takaoka & Tao
in [11] (or see [20]), and the spectral analysis of the operator

2
Len = _@ +c— ¢,

that we need in order to apply the theory of Grillakis, Shatah and Strauss,
was proved in [3] and [2].

10



3.1 Convexity of the function d(c)

Observe that, since ¢ € (ZLLL;,—FOO) — ¢ € H™ ([0, L) is a C'-function, we

have that "
U / / d 1 L 2
2(0) = ((60) + F'(6c), Geon + Flde) = Floo) = 3 | d2a)an. (29)

So, we have the following Lemma.

Lemma 3.1 Ifce (4LL22, +00) then d(c) is a convex function.

Proof: By (18), we have that a + vb = %8%2K2 and by (16), we have that

L2 )
a— Vb= 48%#. So we conclude that
48(1 + k?) K2 48(1 — k) K2
_ BATF)K L2> e Vo= BUZF)K LQ) . (24)
Thus,
_ 48(1+k?)K?
3523 3= 32 482 (1-k2)2K*
9c” +6c03 — 303 = ——F1——;
solving the system above, we get
K2 3k’4 1 k2 2
c= 8K/ + (1K) (25)
12
and 2 2 2)2
SK=*[2(1+k 3+ (1+k
g, = S0+ )+ V3K + (1+ k%)) (26)

L2

Now, by (8), we have that fOL P2dEé = 2c fOL ¢ed€, from which, by using also
(23), we obtain

d(c) = c/L Ged. (27)
0
Using that
/OL o 531—251 e — % {E(@ —kl;:’QK(k)}

11



we get

jc</0L¢zd§> = 2/0L<15c(:c)d§+2cjc</oL ¢cd§)

2
262L+2(53—52)[L([E<k) k’Z K(k)}

E(k) — k?K (k) dk
k2 }dc'
(28)

+ QCL(Z{:{@ + (B3 — 52)%{

Now, from the relations (15), (24), (25) and (26), we have that

L[16K2\/3k" + (1 +k2)2  16K2[(1+ k%)  48(1 — k*)K?
Pa = 3 12 B 12 L2

SK?2 ) )

= I VA + (1+E2)2 — (1+ k) +3(1—k?)|.
Thus,
d B 16K dK 7 il 2 2
%52(1@ = T (V3K 4+ (14 k2)2 — (1 + k?) + 3k™]
K% (1
+ 8L2{2[3k’4 + (1 + k)72 [—8k + 16k%] — Sk}.

Moreover, as

1 rE(k) — K?K(k 48k2K? 1 rE(k) — K?K (k
R A e (e
48K

= B - K2K ()
we conclude that

kK (k)% > 0.

12



It follows that

L
jc(/o plg) = 16? [\/Sk:’4+(1+k2)2—(1+k2)+3k’2]

+ 2R [BGk) - KK (R)

16K dK
+ c{ 6L C;k [V3EA + (14 k2)2 — (1 + k) + 3K

2 _ 3
N SK[ (—4k + 8k?) _8k] 48kK2}dk:
V3K + (1 + k2)2 L de
(29)
Denoting by
16K dK
flk): = 6L — (V3K + (1 +k2)2 — (1 + k%) + 3k

8K?2  (—4k + 8k3) 16,
L \/3kH+(1+k2)2 L

16K

— 6L { (V3K + (1+k2)2 — (1 + k?) + 3K

(—2k+4k%) K}
VR4 (1 + k2)2 ’

from E? > k?K? we have that £ > k'K and thus E;E,,;K > k/(lszg/)f( =
(1—k')K

17— Now, we show that f(k) is positive. It is enough to show that
(2k — 4k3)
V3K 4+ (1 + k2)2

Denoting by D = 3k™ + (1 + k?)? = 4k'* + 4 — 4k"? and
p() = (1 —K)VD — (1 + k) + 3k"]VD — kk'(2k — 4k%) — k*K'V/D,
where k = V1 — k2, we deduce that p’(k) > 0 implies f(k) > 0. Now, we
claim that p(k’) > 0. Actually,
p() = (1—k){[VD—2+4K?VD — 2K/ (1 + k) + 4k(1 — K')(1 + k')
—(14 K)K'VD}
= (1 —K)(K — 1){4k"> + 4k — 2K’ — 4 — 4k(1 + K)?
+(3k" +2)VD}
= —(1—K)?{—4k? — 6k — 4+ (3K +2)VD}.

—[V3BEA + (14 k2)2 — (14 k?) + 3K > kK|

13



Now —4k"? — 6k’ — 44 (3K’ +2)vD < 0 < (3K’ +2)vD < 4k"> + 6k’ + 4 <
(9K + 12k + 4)(4k"™* + 4 — 4K™?) < (4K + 6K’ + 4)? < 36K (K2 — 1) +
48k (k"? — 1) — 48Kk"? < 0. Tt follows that p(k’) > 0 V&' € (0,1).

Finally, it follows that jlc< fOL gbcdx) > 0, and so we conclude by (27)

that
d L L
d"(c) = c(/ gbcdx> +/ ¢edx > 0.
dC 0 0

4 APPENDIX

In this Appendix we recall some properties of the Jacobian Elliptic Integrals
that have been used in this work (see [9]).
First, we define the normal elliptic integral of the first kind:

Y dt ® do
/ = — =/ —————==F(p,k),
0 \/(1*15)(1*]{375) 0 1— k2 sin“0

where y = siny, and the normal elliptic integral of the second kind,

1 — k242 4
dt:/ V1 —k? sin%60 df = E(p, k).
0

1—¢2

In their algebraic forms, these two integrals possess the following properties:
the first is finite for all real (or complex) values of y, including infinity; the
second has a simple pole of order 1 for y = co. The number k is called the
modulus. This number may take any real or imaginary value. Here we will
to take 0 < k < 1. The number £’ is called the complementary modulus
and is related to k by & = v/1 — k2. The variable ¢ is the argument of the
normal elliptic integrals, and may be of course either real or complex, but
it is usually understood that 0 <y < 1or 0 < ¢ < 7/2.

When y = 1, the integrals above are said to be complete. In this case,
one writes:

F(r/2,k) = K(k) =K,

/1 dt B /W do B
o VA-)1-k) Jo /1-k2sin?6

and
L1 — k22 "
0 - 0

14



Some special values of K and E are: K(0) = F(0) =7/2, E(1) =1 and
K(1) = 4o00. For k € (0,1), one has K'(k) > 0, K"(k) > 0, E'(k) < 0,
E’(k) <0 and E(k) < K(k).

Now, we give some derivatives of the complete elliptical integrals K and
E, that we used in this work:

dK _ E-K?K dE _ E-K d°E _ 1dK E-k*K

dk T kk’2 0 dk Tk 0 dk? T T kdk T g2R2

We will now define the Jacobian Elliptic Functions. Initially, we consider
the elliptic integral

Y1 [}
dt _ / do . — F(g,k)
o VA-t)(1—-k22) Jo 1 —k2 sin?6
(30)
which is a strictly increasing function of the real variable y;, hence we can
define its inverse function by y; = sing = sn(u;k) (or briefly y; = sn u,
when it is not necessary to emphasize the modulus). The function sn u is a
odd elliptic function. Other two basic functions can be defined by

n (k) = VI=5 = V1= s2(wil)
dn (u;k) = /1 — K2y} = \/1 — k2sn2(u; k),

u(yi; k) =u =

requiring that sn(0,k) = 0, en(0,k) = 1 and dn(0,k) = 1. The functions
cen u and dn u are therefore even functions. The functions sn u, cn wu,
and dn u are called Jacobian elliptic functions and are one-valued functions
of the argument u. These functions have a real period, namely 4K,4K
and 2K respectively. The most important properties of the Jacobian elliptic
functions which have been used in this work are summarized by the formulas
given below.

1. Fundamental Relations:

sn?u + en’u =1,

k2sn’u + dnu =1

K% sn2u + enu = dn2u

“1<snu<l, -1<cnusl, ¥*<dnu<l.

2. Special Values:

sn(—u) = —snwu, cn(—u) =cnu, dn(—u) =dnu, sn0=0,
en0=1, sn K=1, ecn K =0.

sn(u+4K) =snu, cn(u+4K)=cnu, dn(u+2K)=dnu
sn(u+2K) = —snu, cn(u+2K) = —cn u.
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Finally, we have

sn (u,0) =sin u, cn (u,0) = cos wu,
sn (u,1) = tanh u, cn (u,1) = sech u.

3. Differentiation of the Jacobian Elliptic Functions:

%sn(u) = cn udn u, %cn(u) = —snudn u, (32)
2 dn(u) = —k?*sn u cn u
ou - :
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