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Abstract
We study the existence and the uniqueness of strong periodic solutions

for the Boussinesq equations in unbounded domains for the prescribed
external forces.

1 Introduction

Let a viscous incompressible fluid filling a domain 2 of R™, n > 2. The evo-
lution Boussinesq equations describe the evolution of the temperature and the
velocity field of viscous incompressible Newtonian fluid. Due to the Boussinesq
approximation (Chandrasekhar [7]), density variations are neglected except in
the gravitational term (bouyancy term), in which they are assumed to be pro-
portional to temperature variations. Then, in nondimensional form, the rela-
tionship among the velocity field u(x,t) € R™, the pressure p(x,t) € R and the
temperature 6(z,t) € R can be described by the following initial value problem

%—VAu—l—(u.Vu)—i—%Vp = BOg+fi, ©€Q,teR (1)
V-u = 0, z€Q, teR (2)
%—XA@—&-(U-V@) = f, z€Q, teR (3)

v = 0 on 90 (4)

9 = 0ondQ, (5)

where g is the gravitational field at x, f is the reference temperature and f; is an
external force. p,v, 3, x are positive physical constants which represent respec-
tively, the density, the kinematic viscosity, the coefficient of volume expansion
and the thermal conductance. Without loss of generality, we have taken the



constants p, v, 3, x to be one. To avoid some technical complexly in the study
of (1)-(5) we assume f; = 0 throughout paper. For general fi, our arguments
remain valid with a slight modification.

Considerable progress has been made in the mathematical analysis of sys-
tem (1)-(5); see, for instance, Cannon[6], Fife and Joseph [9], Foias, Manley and
Temam [10], Oeda[27], Hishida [15], [16], [17], and papers cited there. Around
the L?—Theory, the paper [10] investigated strong solutions with initial data
in L? (resp. W1'2) for the case n = 2 (resp. n = 3) and discussed the ex-
istence of global attractors. In the framework of LP—Theory, the paper [6]
constructed solutions of class L?(0,T; L7(R™)) with suitable exponents p and g
by using singular integral operators. The author of [15] using the semigroup ap-
proach, has studied the existence and uniqueness of strong solutions with values
in LP(Q) x L1(Q2) (2 bounded domain of R™, n > 2) when the initial data are
not necessarily smooth. Properties of exponential stability of these solutions
are analyzed by this same author in [16]. In the framework of weak-LP Theory,
the author of [17] has studied the convection problem in an exterior domain of
R3 and a class of stable steady convection flow is given.

However, the study of periodic solutions to system (1)-(5) was not investi-
gated in unbounded domains. The purpose of the present paper is prove the ex-
istence and uniqueness of strong periodic solutions, in some class of unbounded
domains, for the problem (1)-(5) in the framework of semigroups Theory; more
explicitly, in the Theory of Weak — LP spaces. The existence of strong peri-
odic solutions, to the Navier-Stokes equations in unbounded domains have been
investigated by Kozono and Nakao [21], Maremonti ( [25],[26]) and Taniuchi
[30]. In particular, Moremonti [25] proved the unique existence of time periodic
solution on the whole space R3 for small external force. The some problem,
in the half-space R, was considered in [26]. Kozono and Nakao [21], making
use of LP — L estimates for the semigroup generated by the Stokes operator,
constructed time-periodic solutions for small time-periodic forces and the sta-
bility of these solutions was considered in [30]. Yamasaki [31] analyzed the same
problem of [21] in Morrey spaces. More complete references, including results
for bounded domains, are found in [25], [26], [21].

This paper is organized as follows. Section §2, after some preliminaries, we
state the main results. Section §3 is devoted to the prove the existence and the
uniqueness of strong periodic solutions.

2 Preliminaries and Results

We first introduce some preliminaries about the lorentz spaces; the reader in-
terested in the Lorentz spaces L(p’Q)(Q) and their properties is referred, for
instance, to [18], [28], [2]. For each Lebesgue mensurable function f defined on
a domain §2 of R™, we define the distribution function of f by

Ar(s) =m({xz € R" : |f(z)| > s}), s >0,



where m is the Lebesgue measure in R”™. With each function At (s) we associate
the function
f @) =inf{s >0: Ap(s) <t} ,t>0.

It easy to check that Ay and f* are non-negative and non-increasing functions.
Moreover, if Af is continuous and strictly decreasing, f* is the inverse function
of Ay. The Lorentz space L®9) = L(»9)(Q) is the collection of all f such that
| fllpq < 00, where

1
T (g fom[t%f*(t)]qczt/t) T 0<p<oo,0<q< .
pq
sup;o 7 f*(1), 0 < p < 00, q = oo.

We observe that LP(Q2) = L®P»?)(Q). In case ¢ = oo, LP>)(Q) are called
the Marcinkiewicz spaces or weak-L? spaces. Moreover, LP%)(Q) C LP(Q) C
LP®)(Q) € LP>)(Q) for 0 < g1 <p < ga < o0,

The quantity || f]|7, ;) gives a natural topology for L®9)(Q) such that L9 (Q)
is a topological vector space. However, the triangle inequality is not true for
1£17,.q)- A natural way of metrizing the space L9 (Q) is to define

f**(t):%/o f*(s) ds, fort>0.

which can be computed [18] as

Hence, we define the norm || f{|(,,q) as

1
(=it po@lrar/t) i 1<p<oo1<q<oo
17l =

supt>0t%f**(t) Jif 1<p<o0,¢g=00

The spaces LP*9 endowed with the norm | ||, ,) are Banach spaces and

* p *
1.0y < I lwa) < 27 1 1G)

holds for 1 < p < oo and 1 < ¢ < co. We observe that in definition of || f||(,q)
the case p = 1 has been excluded; although both expressions make sense, they
do not define a norm. An alternative definition [1] of the norm || f|| (p,oc) is

— —1/p’
T m(s];goo{mw) / If(x)ldx},

where ]% + 1% =1.
Duals of Lorentz spaces [18] are natural extensions of the property of duality



of LP spaces. The conjugate space of L1 (Q) is L®') (©) and the conjugate
space of L9 (Q) is L(p/’ql)(Q), 1 <p<oo, 1< q< oo, and hence, these
spaces are reflexive. For the same reasons that L(£2) is not the conjugate space
of L=(Q), L®Y(Q) is not the conjugate space of L) () [18]. Note that
C§°(€2), which consists of all smooth functions with compact supports, is not
dense in L(P)(Q).

Proposition 1 (Generalized Holder’s inequality). Let 1 < p1, pa, r < co. Let
f e LPra)(Q) and g € LP292)(Q) where p% + 1%2 < 1, then the product h = fg
belongs to L% (Q) where % = p% + p%, and s > 1 is any number such that
qil + qiz > % Moreover,

12ll¢rs) < CO Sl pra0) 191 2 .02) - (6)

We next introduce the solenoidal function spaces. Let CF%, (£2) represent the
set of all solenoidal vector fields whose components are in C§°(£2). By L7 (£2),1 <
r < oo, denote the closure of Cg, with respect to norm L". If X represent
a Banach Space, we denote by BC™([t1,t2); X) the set of all function u €
C™([t1,t2); X) such that sup; .,q, [[d™u(t)/dt™||x < oco. Let us recall the
Helmholtz decomposition:

L"(Q) =L (Q) & G"(Q), 1 <r < oo,

where G"(Q) = {Vp € L"(Q) : p € L] .(Q)} [11]. P, denote the projection
operator from L" onto L] . The Stokes operator A, = —PrA with domain
D(A,) = {u e H>"(Q) : ulsq = 0} N L%;. The adjoint of L’ and A, are L" and
A, respectively, where 1/r 4+ 1/r" = 1.

We denote by B, the Laplace operator in LI(Q),1 < ¢ < oo, with bound-
ary condition of Dirichlet type being null: B, = —A with domain D(B,) =
W24(Q) W, 4(Q). We know that — A, generates a uniformly bounded holo-
morphic semigroup {e~*4r},5¢ of class Cp in L7 [12]. We recall that —B,
generates a uniformly bounded holomorphic semigroup {e~*Be};5q in LI(Q)
[29] of class Cy. Borchers and Miyakawa [5] established the following Helmholtz
decomposition of the Lorentz spaces. We can extend P, to a bounded oper-
ator on L") (Q), which we denote by P, 4. Set L((f’d)(Q) = Range(P,4) and
Gr9(Q) = Kernel(P, 4). Then,

LD (Q) = LD (Q) e G (Q), @

and
LODQ) = {ueLtD(Q):V-u=0,u-nlsg=0}, (8)
GrDQ) = (Voe LD(Q):ve LIY(O). (9)

For simplicity, we shall abbreviate the projection operator and the Stokes and
Laplace operators on Lorenz spaces by P, A, B, respectively. In view of [5],



the operator A and B define, respectively, closed operators in L((Tr’d)(Q) and
L (Q) with domains

D,q4(4) = {ue Lff’d)(Q) : Vu, D*u e L(T’d)(Q),u lo= 0},
D,a(B) = {we L"Y(Q): Vw, D?*w e LY (Q), w |so= 0},

and —A, —B generate bounded analytic semigroups on Lgp’q)(ﬂ) and L®9(Q),
respectively. However, notice that this semigroups are not strongly continuous
at t = 0 if ¢ = oo. Throughout this paper we impose the following assumption
on the domain.

Assumption 1.

(CASE 1). Q is the whole space R™ or the half-space R}, where n > 3.
(CASE 2). Q is an exterior domain in R™ with boundary of class C**#(u > 0),
where n > 4.

Applying the operator projection in the (1)-(2) equations we can treat the
problem (1)-(5) in suitable Lorentz spaces as the following Cauchy Problem for
a semi linear evolution system of parabolic type:

ug + Au+ P(u.Vu) = P(fg), teR (10)
0, + B9+ (u-VO) = f, teR. (11)

The system (10),(11) have associated the following system of integral equa-
tions in L"°(Q) x L) (Q)

t t
ut) = - [ P vwds+ [ e OMPogas (1)
o) = ~ [ eI vos s [ e pas, (13)

Throughout this paper we impose the following assumption on the external
force f and the field g¢:
Assumption 2.

The exponents r, 7 and ¢, ¢ in concordance with the assumption 1, satisfy:
(CASE1). 2<rif<n, 2<qd<n, 1—L1<min{Z2-12_1}

’or T

(CASE 2.)(7313) <ri<n, 2<qd<n, 1-—Li<mn{Z-12_13

For each r,7 and ¢, § we assume that f is an element of

BC(R, L#>)(Q) 0 LE-)(Q)), (14)

for 1 < p,l < oo with 1/7 +2/n < 1/p, 1/§ < 1/l < 1/§ + 1/n provided
n > 4 in both CASES (1,2). (Note that as n < 2¢,7 < n, the inequality
1/G <1/l < 1/G+ 1/n imply that 1/I < 2/n + 1/7).
If n = 3, in the CASE 1, we assume that f satisfies

- o )
f € BO(R, L">°)(Q))such that f(s) = B3 h(s) for some h € BC(R, D(B] .)), (15)



for 1 < p < min{7, G}, and § > 0 satisfying 3/2p+ 6 > 1 4+max{1+3/27,1/2 +
3/2¢} and 1/G < 1/l < 1/¢+ 1/3. With respect to the field g we make the
following assumptions: g € L(®>)(Q)* N L) (Q)" where a and b are such
that 1/a > 2/n+ 1/r — 1/F, 1/b<1/n+1/q — 1/7, (b>1).

Remark 2 The condition (15) can be replaced by f(s) = V G(s), G(s) =
(G1, ..., Gp) € BC(R; L) (Q))™ with VG(t) € BC(R; LP>°)(Q))"*™ for 1 <

P < oo with 1/7 +1/3 < 1/p. This implies that f(s) = Ah(s) for some h €
BC(R; D(Bp,00))-

Remark 3 In the CASE 2, we need assume n > 4 when € is an exterior

domain because the restriction on gradient bounds for the semigroup generated
by the Stokes operator in LP>°). (See Lemma 7).

Our results are stated as follows:

Theorem 4 Let 2 satisfying the assumption 1 above and f being periodic func-
tion with period T > 0, (i.e, for all t € R, f(t) = f(t + 7)) satisfying the
assumption 2. Then there exists positive constants (31, B2 such that if

sug ILf ()l 5,00y + suﬂp{g £ () (5.00) < P1s n =4, inthe CASES 1y 2,
se s€

sup [|h(s)l (5,00) +sup || Prf(8)|l1,00) < B1, n =3, in the CASE 1,
seER seR

I91l6,00) + 19l (a,00) < Ba, in the CASES 1y 2,

there exist a periodic solution (u,0) of (12),(13), with the same period T of
the external forces such that u € BC(R L oo))”, 0 € BC(R; L"), with
Vu € BO(R; L(@>®)nxn g ¢ BC(R; L&),

Ifsuper [[u(s)ll(r,00) F5uPser [[VUls) |l (g,00), SuPser 105 (7,00) +5uPser V() (7,00
are sufficiently small, then the solution is unique at this class of function spaces.

Theorem 5 Under the assumptions of Theorem 4, if f is Holder continuous
function in R with values at L("°)(Q) and g € L) (Q)", then the periodic
solution given by the Theorem /4 satisfies

1. u € BO(R; LY"*)"nCY(R; LY\, 6 € BC(R; L(m>))NCL(R; L)),

2. u(t) € D(An), 0(t) € D(Byo), Apu € C(R;LE)", B0 € C(R; L0+)),
fort e R.

3. The equations (10),(11) are satisfied in (LS,"’OO))",L(”’°O)7 respectively, for
allt € R.

Remark 6 Our results also hold when € is a bounded domain and we can relax
the assumption on the external force.



3 Existence Uniqueness and Regularity of Peri-
odic Solutions

At this section we prove the Theorem 4 and Theorem 5. Throughout this

paper, we shall denote by ¢, C' various constants. In particular, C' = C(x, ..., %)

will denote the constants which depend only on the quantities appearing in

parentheses. Let us first recall the following estimates L(">) — L(7:%°) for the
semigroups {e~};50,{e P }i>0

Lemma 7 [5],/17] (1). Let Q as the CASE 1 of assumption 1. Then

e all oy < et al gy, 1< p <7< o0,

Hve_tAaH(r,OO)

IN

ct_"/z(l/P_l/T)_1/2||a|\(p7m), 1<p<r<oo,

for all a € LS}”O") and all t > 0, where ¢ = ¢(n,p,r).
(2). Let Q as the CASE 2 of assumption 1. Then

—tA

le™ A alroey < et 2P a0y, 1< p <7 < 00,

Ve allmy < WAV g 1 <p <<,
for all a € LS,”’“’) and all t > 0, where ¢ = ¢(n, p, ).

Remark 8 The similar estimates hold true for the semigroup {e *B};>.

Remark 9 The estimates before hold in the particular case of LP spaces. See,

for instance [20], [19], [14],[4], [3].

Lemma 10 [5],/17] Let Q satisfying the assumption 1 and suppose that n >
2,1<qg<n,1<d<ooandq* =nq/(n—q). If € LP>)(Q) for some p < 0o
and Vo € L&D (Q)", then ¢ € L9 (Q) and the estimate

[#ll(g=.a) < ClIVPl(g,a)
holds with C > 0 independent of ¢.

We denote by X the space of scalar functions {u € BC(R; L)) : Vu €
BC(R; L(@>))"} with the norm || - ||x defined as

[ullx = sup [lu(s)||700) + sup [Vu(s)l(g,00)-
seR seR

We also defined by Y the space of vector functions {u € BC(R; LT\ : Vu €
BC(R; L(4:>°)))"*"} wwith the norm || - ||y defined as

[[ully = sup [[u(s)[[(r,00) + sup [ Vu(s)ll(g,00)-
seR seR



These spaces are Banach spaces. We define the following operators F; and G
onY xY and Y x X, respectively, by

t

Fuwo)t) = — [ e~=94P(y, . V) (s)ds, (16)
G(u,0)(t) = —/t e~ =3B (4 . V0)(s)ds. (17)

3.1 Proof of Theorem 4

We construct a periodic solution of integral problem (12),(13) according to the
following scheme:

Umt1(t) = F(um, 0)(1), (18)
Omi1(t) = Oo(t) + G(um,0m)(t), (19)

where 6y (t) = ffoo e~ (=B f(s)ds, ug(t) = ffoo e~ (=94 P(0yg)ds,

Flum,0)(t) = — [ APy, V) (s)ds [ L AP0, ) (s)ds.
G(unuam)(t) = _/t 6_(t_S)B(Um'V9m)(3)dS'

Remark 11 When f1 is not null, in the scheme above we consider ug(t) =
[1 e AP f)ds and upgr = uo(t) + F(tm, 00)(2).

Let us first encounter some estimates to approximations above; we shall need
the following Lemmas.

Lemma 12 Let r,7,q and ¢ as Theorem 4. Then we have that

sup [|[F1(u,0)[[(r,00) < 1 (Sup ()]l (r,00) SUP [[0() ] (7,00) + suP [[(5)]] () SUP IIW(S)H(q,oo))(?O)
seR sER sER s€R s€ER
Sup [ F1 (1, 0) gy < 1 (5D [18(3)]| ) 51D [ 05 g + 50D [ V() 5. 5100 [ V0(5) ], 25)
seR seR seR seR seR
<

sup [|G(u, )| (7, > (Sup ()]l (r,00) 5UP [|0() | (7,00) + sup [[u(s) |l (7,00) SUP IIV(’(S)II(q,oo))(??)
seR seR seR seR seR

sup VG (u, 0)||(g,00) < Cz(sup [[6(8)]] (r,00) SUP [[VO(5)](3,00) + sup [|[Vu(s)]l(g,00) SUP IIW(S)H@,Qﬁ))
seR seR seR seR seR

for allu,v €Y, 6 € X where ¢c; = c¢1(n,r,q),c2 = ca(n, 7, q).

Proof. The proof is an application of lemma 7. In fact,

Glu,0)t) = - / T 9By ) (s)ds /ttle(ts)B(u-VG)(s)ds

— 00

= Gi(t) + Ga(t).



Then for all ¢ € C§° and for all ¢t € R, we have

t—1
(Gi(t),0)| < / IVe™ D B|| (i iy ) 10Ul (o7 (r-47),00) B8

— 00

t—1
< 0/ (t = 8) 722l 1) 10(5) 00 10(8) 000 5

t—1
< esup [[0(s)ll(7,00) supllu(s)ll(r,oo)/ (t = )72 20 o ).
seR seR

— 00

By duality, for allt € R, [|G1(t)]|(7,00) < c8uUP,er 10(5) | (7,00) SUPser [[1(S) | (r,00) -

[G2() | (7,00)

IN

t
/t (t — 5) "2/ /D 4 (6)]] (00 [ VO(3) | (51001 D5

-1

IN

csup [[u(s)ll(r,00) sup [[VO(5)ll(g,00) -
seR seR

Now, using the Lemma 7 and Lemma 10 (with d = o0), we obtain

t—1 t
VGOl < [ IV 906 s + [ e - T0)(5) ]

—00 t—

t—1
< e / (t— )27 V2 () oo [ 0(3) | o0y +

t
boe / (=87 ) 05
t—
t—1

csup [|[u(s) | (r,00) Sup||V9(3)||(§’oo)/ (t—s)™/2=1/2qs 4
seR sER

— 00

IN

t
+ sup [u(s) | (guo0) Sup||V9(s)||(q,oo)/ (t— 5~/ g
seR seR -1

< c(sup [[u(s) [ (r,00) Sup V() (g.00) + 5up [[Vte(5)l(g,00) suP [VO(5) [ (3,00) )
seR seR seR seR

for all t € R and ¢ = ¢(n,7,q,r,q). This complete the estimates (22) and (23)
of Lemma. The estimates (20),(21) are encounter similarly.

Lemma 13 Let 0y defined as in (19). Then 6y € X.

Proof. If f satisfies (14) then using the Lemma 7 we obtain

t—1 t
Oy < [ B IR rds+ [ e (6
t—1 ~ ~
< eswpgon [ (£ s) Ny
seR — 0o

t = _
+ csug ||f(8)||(l~,oo) / (t — 3)_"/2(1/l_1/T)d8.
s€

t—1



This is valid for all ¢ € R. The constant ¢ = c(n,7,q,p,l). From the assump-
tions (14), i.e, 1/7+2/n < 1/p and 1/1 < 2/n + 1/7, we concluded that each
integral above is finite and consequently, |[0o(t)|(7,00) < csupger [1.f(5)ll(5,00) +

csub e 1)l g
A similar analysis prove that

t—1

s | ()oey [ (6= )20

— 00

IN

V00 ()l (3,00

+

t e ~
csup Hf(S)H(LOO) / (t — s)—n/Q(l/l—l/Q)—1/2d87
seR t—1

for all ¢ € R and ¢ = ¢(n,q,r,p,1). As 1/p > 1/f +2/n > 1/n+ 1/G and
1/ < 1/G+ 1/n, the two integrals above converge.

Now, if n = 3 the anterior analyze is wrong because will be necessary 3/2(1/p —
1/7) > 1, with p > 1 and this its not happy. Consequently we assume a new
condition; in fact, if f satisfies (15), using the following estimate (which is a
consequence of the analytic properties of semigroup)

Be™Pa|(5.00) < Ct 0|l (5,00), Ya € LP), £>0, ¢ = c(,6), 620,
(B,00) (P,00)
and the lemma 7, we obtain
t—1 5 t
100()]l(7,00) < / le"¢=*2B h(s)||(f,oo)d3+/ ) le™ =B £ ()| 7,00) s
— 00 t7

t—1
< C/ (t — 5)"3/20/B=1/P)| B¢ =(=)B/2 ]y (5)ds | 5 50)

— 00

t e ~
boe [ s AT f(s) g s
t—1

IN

t—1
¢ / (= ) 32053 h(5) | ooy ds

— 00

t -
N CSUpr(S)H(ioo)/ (t — 5)~3/20/1=1/7) g
seR ’ t—1
< c(sup||h(s)\|(f,,oo)+SUPHf(S)||([,oo)>7
sER seR

for all t € R with ¢ = ¢(n,7,p,q, l, ). A similar estimate can be obtained to
IVOoll(4,00), (n = 3). This prove the Lemma.

Now we will estimate the terms F'(uy,, 0p,) and G(up, 0 ). We start with
the following Lemma.

Lemma 14 The terms || F(tum, 0m)|ly, [|G(tm,0m)|x give by (18),(19) satisfy
the following estimates

1F (i, 0m) |y < 2¢1l|uml[3 + c3ll0m]lx, (24)

10



G (tm, Om)lx < 2¢alltmlly |0m]x, (25)

where c1, co are as in the Lemma 12 and c3 depending on g but is independent
of m.

Proof. Note that
t
H/ e AP (gb,)ds || < csll0mx. (26)

In fact,

t t—1 t
| [ compann] < [ 1P+ [Pl
T, t—

—o0 (r,00) —o00

-1 t—1
/ le™ =2 P (g0 (ro0) < C/ (t = 5)7[lgll(a,00) 10m ()]l 7.00)
t-1
< ellgllo 50010y [ (¢,
s€ —o0
where v = —n/2(1/a+ 1/7 —1/r). As 1/a > 2/n — 1/7 + 1/r, the less integral
converges.
Now,

IN

t t
/ ) le™ =94 P(g0,0) |1, 00) 0/ 1(t— 8)* 11911 (6,00) 187 (8) ] 7,00
t— t—

t
< ellglloo0 s 10 (o) [ (¢ s5)ds,
seR t—1
where ¢ = —n/2(1/b+ 1/7 — 1/r). By the assumption 2, g € L®>)(Q)" with
b>1land 1/b<1/n+1/q—1/r. By the condition 2, as r < n,n/2 < ¢, we have

that 1/r+1/n > 2/n > 1/¢; then 1/b < 1/n+1/qg—1/F < 1/n+1/n=2/n
implying that 1/b < 2/n+1/r —1/7 and therefore the integral above converges.

[ e ran)

IN

t—1
/ Ve AP (g0, g0y +

(g,00) o

t
+ / Ve 4P (g0,) | g00-
t

-1

IN

t—1 t—1
/ IVe= 4P (980l (g,00) C/ (8 — 5) /2 aFVTYDZ2 gl ) oo 161 (5) ] 7,009

— 00 o0

IN

cllgll(a,o0) suP [|6m (5)l(7,00) X
seR

t—1
o / (t — 5)~n/20/at1/7=1/0)=1/2

o0

11



Asn < qgand 1/7 —1/r > 2/n — 1/a, we conclude that 1/a + 1/F — 1/q >
2/m+1/r—1/qg > 1/n+ 1/r > 1/n. and hence the less integral converges.
Analogously we can show that

t
/ Ve =94P(g0,) | (g.00) < €llgll (b,00) SUP |0 (8) | (7,00) -
t—1 seER

Hence we prove the inequality (26) with

cy = c<||g||(b,oo) + ||9||(a7<>0)) 27)

and c¢ independent of m. Therefore, of lemma 12 and (26) we obtain (24). The
inequality (25) is obtained applying directly the inequalities (22)-(23) of Lemma
12.

Consequently, of the Lemmas 13 y 14 we obtain

[tms1lly < 2¢1[lumlly + csllfmllx, (28)
[0m+1llx < (100l x + 2¢2|[wmlly [|0m ]l x- (29)
Let
am = Max{||um|lv, |0nllx}, m=1,2,... ag =00l x.

Therefore, it follows from (28) and (29) that

Ama1 < ag + Ea?n + €30, € =maz(2c1,2c2).
Hence, if
c3 < 1, 4ape < (1 —c3)?, (30)
then the sequence {a.,}>°_, is bounded with
(1 — 03) — (1 — 63)2 — 45@0
2¢

We assume (30) ( Note that this condition implies a small condition of f).

Making wy, =ty — Um—1 (u—1 =0), O = by — 01, (-1 =0), we have

am < =k Vm=0,1,2,.. = an < k < 1/2¢ (31)

t t
W1 (t) = —/ ef(tfs)AP(wm'Vum)(s)dsf/ e~ DAP (w1 - V) (s)ds
t
b [ e tnpge,, s
70015 t
Omii(t) = — / e~ =B P(w,, - V,,)(s)ds — / e" 9By, 1 -VO,,)(s)ds.

This equality imply that

2¢1 (|lwm |y [lumlly + lum—1lly lwmlly) + c3l|Oml x
2c1kl|wm|ly + c3]|Omllx
Ck(lwmlly + |Omllx), (32)

[wm-t1lly

INIAIA
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provided ¢z < ¢k, ( This condition and (30) implies a small condition of field g
in the norms || - [|(q,00) and || - [|(5,00)). Moreover,

1Omsilx < 2ealwmlly 1mllx + 22 lltm1]ly O]l x
< 20k(||lwmlly + [|Omllx). (33)

From (32), (33), we obtain

Max{||wm+1lly, |Om+1llx} < ckMax{[wnlly,[[flx} <...  (34)
< (ck)™lag, Vm =0,1,...

Note that u,(t) = Y7 w;(t), 0(t) = 37" 0;(t); since ¢k < 1 (by (31)),
from (34) we conclude that there exists functions u € Y, 6 € X such that when
m — 00,

Uy — uinyY, 6, — 0in X.

Note that

H*/ —(t— S)AP(um Vg, )(s)ds + /t e (t— s)AP(u Vu)( ds”

< H/ e~ =DAP((uy, u)'Vum)(s)dsHY
+ H / e~ =AP(u - V(uy, — u))(s)dsHY

< 2e1|um = ully lumlly + 2erffully [Jum = ully
< Nlum = ully, vm.

Then in Y

/t e~ 94D (u,, - V) (s d5—>/ ~(=)AP(y . Vu)(s)ds.  (35)

— 00

Analogously,

t t
H—/ e_(t_s)B(um~V9m)(s)ds + / e (- S)B(u Vo) ( dsH

— 00

< |,
[ v o),
< 2l — ully [0l x + 2esuly 6 — O]l x
< e — ully + 6 — 6]1x, V.
Then in X
t t
_ / B (- V) ()ds — / 9y Tu)(s)ds. (36)

13



Finally, when m — o0,
t
|- [ eeo1Plgon - 0] < callom ~ bllx — 0. (37)
—0o0

From (35), (36) and (37) we conclude that (u, ) is a solution of system of
integral equations (12), (13).
Periodicity.
Being f a periodic function with period 7 > 0, the functions w,, and 6, are
also periodic with the same period 7. Consequently, the limit (u,6) is periodic
with period 7.
Uniqueness.
Supposed that (uq1,61) is another solution of (12)-(13), such that |ui|ly <
k, 1|01]|x < k, being k the constant of (31). Working as before, we encounter
that

HG — 01||X S QCQkHU — UlHY + 202k‘||9 — 91”){,
|u —willy <esl|f =01 x + 2cik||u — urlly.

Hence, if M = Max{||u — u1|ly, || — 01][x} we have
M < kM,

because c3 < ¢k, implying that 0 = 01, u = u;.

3.2 Strong Solution. Proof of Theorem 2.

In this subsection we shall that the periodic solution (u,#) constructed in the
Theorem 4, is actually a solution of the differential system (1)-(5), assuming in
addition that f and g satisfy adequate regularity conditions. To demonstrate the
theorem 5, we need the following result of local existence of strong solutions to
the initial boundary value problem for (1)-(5). This result follows the arguments
of Kato [20] and Giga [13]. Let us first give the definition of Strong solution of
the initial value problem (1)-(5).

Definition 15 Leta € LY. b e L), A duple (v,w) defined on (to,t1) x Q2
is called a strong solution of (1)-(5) with initial value (a,b) if

1. v € BCy([to, t1); LS ) "NC ((to, t1); LS, w € BCy([to, t1); L*))N
Cl((t07t1);L(n’oo))a

2. Au € C((to,t1); LS, Bw € C((to, t1); L)), to < t < t,
3. vy + Au+ P(v.Vv) = P(wg), in L¥"™, 2 € Q, to <t < t1,

4. wy 4+ Bw+ (u-Vw) = f in L), 2€Q, tg <t<ty,

14



where BC,, denotes the class of bounded and weakly-+ continuous functions,
together with

lim (’U(t)’ ¢) = (a7 ¢)’ lim (U(t)7 90) = (b7 410)7

t—to t—to
for all ¢ € LG DD (@)n o e L&/ DD (@),
Our result on the local existence of strong solutions now reads:

Theorem 16 Let n/2 < g <mn and 1 <1 < 0o such that 1/q < 1/I < 1/q +
1/n. Supposed that a € (L§"*) n (L,(,q*m))", b e L) 0 L) where
¢ = ng/(n —q), f € BC(R; L") being Holder continuous with value in
L) g e L®o0) A L) with b > n/2. Then there exist T € (0,1] such
that for all tg € R exist an unique strong solution of the problem (1)-(5) at
(to, to+T) with initial value v(ty) = a, w(ty) = b. Moreover, the solution satisfies
v € BC((to, to + T); LY °n w € BC((to, to + T); L)), with

sup  [[v()[l(gr.00) < C1, sup  JJw(t)] g+ 00) < Co, (38)
to<t<to+T to<t<to+T

where C1,Cy are independents of tg. Here T is estimated as

k }”Tfl
c1Maz{|al|(n/a,00)s 16l (n/a,00) + 1 fl Bo®;Le)) }

T = (39)

with 03

Proposition 17 Let n/2 < g < n and 1 < 1 < oo such that 1/q < 1/1 <
1/q + 1/n. Supposed that a € (L((Tn’oo))" N (qu*’oo))", b € Lm>) )
where ¢* = nq/(n — q), f € BC(R; L4:>)) with value in L) g € L) N
L) with b > n/2. Then there exist T € (0,1] and functions v,w in the
class v € BCy([to,to + T);LS,""’O))”, w € BCy([to, to + T); L)) with v €
BC((to,to + T); LY >N w € BC((to,to + T); L)) and (t — to)/?*Vv €
BCy((to, to + T); LEN)mxn (4 —0)1/2Vw € BCy((to, to + T): LY )", such
that for all ty € R,

t t

o(t) = e My / e~ (=4 P(wg)ds - / =94 P(y . Vo) ds,(40)
t t
y b

w(t) = ef(t*t")Bb—&—/ ef(tfs)des—/ e~ 9B (y . Vw)ds. (41)
to to

Moreover, the functions v, w satisfy that t'/*v € BC((to,to+T); L2™)", t'/*w €
BC((to,to + T); L*). Here T is estimated as

k }”Tfl

T =
c1Maz{|all(n/a,00)s 1l (n/a,00) + 1 fl Bo®; L)) }

(42)

15



Proof.
Let us construct the solutions of integral equations (40)-(41) according to
the following scheme:

t t
vmr(t) = volt) + / e =DAP(uw, g)ds - / e =DA Py, Vo )d43)

t() t(J

t t

Wmt1(t) = wol(t) —I—/ e~ (=B fds — / e =IB (. Vw,, )ds, (44)
to to

where vy (t) = e~ ¢4 wy(t) = e~ t-t0)Bp,

Since this Lemma deals with only local existence of solutions, we may assume

that 0 < T < 1. Let « = n/q*, ¢* =ngq/(n—¢q). Then 0 < a < 1. We shall need

the following lemmas

Lemma 18 The sequences (43), (44) satisfy the following estimates

sup (t_tO)(l_a)/Qva(t)”(n/a-,OO) < K, (45)
to<t<to+T

sup (£t —10) " 2w (O (njace) < Kma m=0,1,... (46)
to<t<to+T

for some positive constants K, 1, Ky, 2 which are independents of to. Moreover,
there exist (v, w) with

(t — to)(lfa)/Q'U(.) € BC((to,to +T); L((Tn/oz,oo))n’
(t — tO)(l—a)/2w(_) c BC((to,to + T);L(n/a’oo)),
such that

lim  sup  (t—t0) " 2 () — v(t) [l (n/a,00) = O,
M=00 ¢y <t<to+T

lim sup (t - to)(lia)/z‘lwm(t) - w(t)”(n/a,oo) =0.
M09 o <t<to+T

Proof. The proof is done by induction, in fact,

HUO”(n/a,oo) < C||af||('rl/oz,oo)7 ||w0||(n/a,oo) < C||b||(n/o¢,<>o)7
to tg <t < to+ T, where c is independent of 3. Consequently,

sup (£ —10) "2 vo ()| (n/aoe) < T 2]l (n/a00) = Koi  (47)
to<t<to+T

sup  (t — t0) 2 |Jwo (t) [l (n/as00) < T 2b]l(na00) = Koo (48)
to<t<to+T

Assume true (45),(46). We will prove (45),(46) for the case m + 1. Note that
for all ¢ € Cg5, and all tg <t <o+ 7, the lemma 7 implies

’( - /t ef(tfs)AP(vm - Vo) (s)ds, gb) ’ = ‘ /t(vm ® v (8), Vef(tfs)Agb)ds
to

to
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t
< [ va(s)”?n/a,oo)Hvei(tis)A(b”(TL/(TL*QQ),I)dS
0
t
< e / (t = 8)™ /22|, ()12, ey 85 - 6]l 6m ot
0
< eB((1-a)/2,0)KZ 1(t—10) "6l (n/(n—a).1)

where B(.,.) denote the function beta and ¢ = ¢(n, ¢) is independent of ¢y. By
duality we have

with 0171 = 0171(71, q). NOW7

t
/ e~ =DAP (v, - Vo) (s)ds

to

< CraK2 (t—to) U792 g <t <to+T.

(n/o,00)

N

t
H / A P(guw,,) (5)ds [ =9 gl llom (oo

iace) iy
c”g”(b,oo)(t - to)(l_a)/Q(t — to)—(l—a)/Q
t
x /t [ (8) ]| (n/ecso00) (t — 8) 7/
0

c(t = o) 2 K2l gl 6,00
(t = to) ™= /2Co 1 Koy .

IN

ININ

Hence,

sup (t— to)(l_a)/QHUm-s-l||(n/a,oo) < Ko+ 01,1K72n,1 +Co1 K. (49)
to<t<to+T

Now, for all ¢ € Cg° and all ty <t <to+ T,

‘(— /t e’(t’S)B(vm - Vwp,)(s)ds, zj))‘ = ’ /t(vm ® v (8), Ve*(tfs)B(z,)ds

to to

IN

t
/||’Um(8)H(n/a,oo)||wm(8)||(n/a,oo)||Ve_(t_S)B¢”(n/(n72a),1)ds
to

t
< C/ (t = 5) 272100 (5) | (n/,00) 10 (8) | avs00) * 11l ) (=), 1)

to
< eB((1-)/2,0)Kmn1Kma2(t —t0)" 29| (0)n—a)1)-

By duality,

H/ ~(t=B(y, . Vaw,,)(s)ds

< Cl,QKm’QKm’l(t — to)_(l_a)/Q, to<t<to+T.

(n/a,00)
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Now, using the Lemma 10 we have

. t
||€_(t_s)Bf(8)||(n/oz,oo) < ¢ Hve_(t_S)Bf(s)H(%m)

to to
t

< c/ (t — 8) ™2/ D12 £(5)]| 1 oy ds
to

< CHf“BC(]R;L(l!OO))(t _ to)*(lfa)/2+3/27n/217

for all tg < t < to + T with ¢ = ¢(n,q,l). Since 1/1 < 1/q 4+ 1/n, we have
(1 —a)/2 < 3/2—n/2l hence the above estimate yields

t
(t_to)(l—a)/zu/ e—(t—s)Bf(s)H SCHf”BC(R,L(b’OO))T(l_a)/Q- (50)
to

(n/er,00)
Consequently,

sup  (t — t0) 2wy 1 ()| (n/as00) < Koz + llfl o naen T2 + C1 oK1 Koo (51)
to<t<to+T
Then, we can take K, 11,1, Kimt1,2 being respectively, Ko 1 —5—0171[(72”’14-0271[(%2, Koo+

|l fll pe e ey T2 + Cy g K 1 Ko 2.
Letting K,,, = Max(K, 1, K 2), m=1,2,..., from (51) and (??) we have

K1 < Ko+ CK2 + Ci1Km, (52)

where Ko = 70~/ 2Max{]|all(n 00 1Dl n/e,00) + | fl sz} and C =
MaX{CLl, 01’2}.

If we consider

(1—Caq)?

Co1 <1, Ko<
2,1 0 el

(53)

we have that

(1= Co) = /(1 = Co)? — 40K,
2C

Assuming (53) and working as section 2, we can conclude, due the uniform

estimate, with respect to m, (54) the existence of a duple (v, w) such that

1
K, < =k<—, ¥m=0,1,2,... (54)
20

(t =) =®/2u(.) € BC((to, to + T); LY )", (55)
(t =) ~*/2w(.) € BC((to, to + T); L), (56)
satisfying
im  sup (£ —t0) /2 un(t) = v()l|njae) = O (57)
M=0 ¢y <t<to+T
im  sup (£ —10) 72w (8) = w(t)]|(nee) = 0. (58)

M—=00 to<t<to+T
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Lemma 19 If Ky defined by (53) is small sufficiently, then the limit (v,w)
given by Lemma 18 satisfies the following estimate

(t —to)Y?Vu(.) € BC((to,to + T); Lim>)nxn, (59)
(t —t0)/2Vw(.) € BC((to, to + T); L™, (60)
with
lim  sup (£ —t0)"2|Vum(t) — Vo) (n,e0) = 0, (61)
M—00 ¢ <t<tg+T
im  sup (£ —t0)"/2(|Vwm(t) — Vo (t)||(n,00) = O. (62)

M—=00 ta<t<to+T

Proof. The proof is done by induction, in fact, we will prove that

sup (¢ = 0) 2|V () (n.00) < Tt (63)
to<t<to+T

sup (£ —t0)"2(|Vwm (1) | (n.oc) < .2, (64)
to<t<to+T

for some constants J,, 1, Jm,2 which are independents of ¢35, m = 0,1, ...
Note that by lemma 7

1V700]l(n,00) < C(t = t0) ™2 [|alln, 009
IVwoll(n,00) < C(E = t0) ™2 [[blln,00)

where C' = C(n) is independent of ¢y. Hence we can take Jo; and Jy o being
respectively, C|lal(n,00), C|lb]l(n,00)-
Supposed true the inequalities (63),(64). Then

t t
[v [ e 1P, Vom)(s [ =9 (9] [T (5 o
to

(n,00) to
t
< clnadma / (t— 5)704271/2(8 — to)a/271d5
to
< Capkdpa(t —to) V2,

for all tg <t < tg + T, where C51 = C51(n,q) is independent of ¢,.

Now
¢ ¢
HV/ e*(tfs)AP(gwm)(s)dS < / (tiS)fn/Z(a/n)fl/QHgH(n,OO)||wm(S)H(n/a7oo)dS
to (n,00) to
t
< dlgllnec)y  sup ||wm(t)H(n/a)oo)/ (t — s)~(@+D/2gg
to<t<to+T to
< eB((1-0a)/2,(1+a)/2)klglln.c0)-

Therefore,

sup (£ —t0)"2[VUmsil(noo) < Jo1 + Cs.1kTm1 + Cu1kllgll(n00)-  (65)
to<t<to+T
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Now, for all tg <t <tg+1T,

t t
[v [ e vue < [ o 9o [V o
to (n,00) to
t
< cKmidm2 / (t —s)"/ 2 V2 (s —t0)¥/? Lds
to
< Copkdpa(t —to) M2,
where C5 5 is independent of ¢y. As
t
v / B f)as| < et =) lsemne),
to 7,00

we conclude that

sup (£ —10)"* Wi s1()ll (n,00) < Jo.2 + Co2kdm 2 + €|l fll s noory - (66)
to<t<to+T

Then we can to take Jy,11,1 and Jy,,41,2 being respectively,
Jo1 + C31kJm1 + Caikl|gllneo)s Jo2 + Co2kdma + cllfl Bo®in, o))
Let Jo, = Max{Jp 1, Jn2}, m = 1,2, ... and Jo = Max{Jo,1+Cu1k[| gl (n.00) Jo.2+
C||f||BC(R;L<moo>)}. Then
Jms1 < Jo + kCJp, (67)

where 5 = MaX{C&l, 0272}.
Consequently, if

k<1/C (68)
we have a uniform estimate for the sequence {J,,} give by
< Jo_ =J m=0,1,..
1-C

Assuming (68) for a moment, we can see that the limits v, w satisfy (59)-(60)
and the proof of lemma is finished.

Lemma 20 The limit (v,w) given by Lemma 18, Lemma ?? satisfies the fol-
lowing estimate

(t —to)"/*v(.) € BC((to,to + T); LZ")", (69)
(t —to)Y4w(.) € BC((to, to + T); L*™), (70)
with
lim  sup  (t—to)Y*|om(t) — v(t)]|2n = 0, (71)
M=00 ¢y <t<to+T
lim  sup (£ —to)"*||wm(t) — w(t)||2n = O. (72)

M—=00 th<t<to+T
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Proof.As the Lemmas before, the proof is done by induction. In fact, we will
prove that there exist constants N, 1, Ny, 2, which are independents of ¢, such
that

1t —to) M/ (73)

”UM(t)H?n < Np,
< Npolt —to) V4 (74)

[[wm ()|2n

Since L) 0 LG+ ¢ L0 and [[flly < Cpo,pr. NI 12, o pro-

- (po,00

vided that po # p1,0 <A< 1land 1/p= (1 —X)/po + A/p1, we have

[vo(£)]]2n Ot —to)~*lalln o0,
lwo()llzn < C(t = t0) ™ bll (n,00),

IN

where C = C(n) is independent of ¢y. Hence, we define Ny; and Ny as
Cllal|(n,00) and C||b]| (n,0c), respectively.

Assuming true (73)-(74), we can prove that (73)-(74) hold for the case m + 1.
In fact, note that for all ¢ € C§5,, ¢ € C5°, we have

t t
\(*/ eI Pl V) (9)ds, 0| < / [ ® vl [V =94
to tO
t
< C [ omlalt =9 6] eny,
t t ’
(= [P Vo @dse)| < [ on vl TP,
to to
t
< c / o ll2n w0 l2n(t — )34 @]l ny
to

Hence by duality

t
H/ e =DAP(v,, - Vo, )(s)ds , < Cl,anzl,lv
t n
‘i
H/ e_(t_s)B(vm-Vwm)(s)ds , < Ci12Np 1Ny 2.
to n

We also note that

t t "
‘ / ef(t—s)AP(gwm) ) < ”e*(tfs)AP(gwm)H}n < / (t_5)71/2”.9”(7%00)meH(zn)
to to ,
< dllgllmo0) Nom.2-
and
t + "
H/t e—(t—s)Bf(s)ds o < t ||e—(t—S)Bf(S)||2n S/t (t— 5)_1/4||f(8)||(n,oo)ds
9] 0 o
< C”f”BC(]R;L(mOO)y
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The inequalities above imply that
sup  (t—t0) Y vml2n < Noa+ Cl,lenJ +C21Nm 2
to<t<to+T

sup  (t—to) " wml2n < Noz+ CraNpw1Nmo +cll fllpepo=),
to<t<to+T

with Co1 = ¢[|g||(n,00)- As before, letting N,,, = Max(Ny,,1, Ninj2),m = 1,2, ...
and No = Max(No2 + c[|fl| pe(r; Lm0y, No,1), we obtain

Npg1 < No+CN, + Co i Ny,
where C' = Max(Ch,1,Ch 2). If we consider

Co1 <1, Ng<
2,1 0 AC

; (75)

we have that the sequence {N,, }m=g is bounded with

(1 - Cha) = /(1 — Co)? —ANGC

N,, < _
20

, m=20,1,...

Assuming (75) and working as the lemmas 18, 19, we conclude the proof of
Lemma.

Using the Lemma 18 and Lemma 19, we will prove that v € BC((to,to +
T); L&) n L((Tq*’oo))" and w € BC((to,to + T); L) N L)) for this, we
need prove that

sup ||Um(t)||(n/s,oo) < Ml,s,mv s=a, §= ]-a (76)
to<t<to+T

sup  [Jwim(t)||(n/s,00) < Mo s, s=a, s=1, (77)
to<t<to+T

with My s m, M2 s m independent of ¢y. Calculations similar to Lemma 18, Lemma
19, yields

Ml,a,O = C||a||(n/a,oo)7 Ml,l,O = C||aH(n,oo)7
MQ,a,O = C”b”(n/a,oo)v M2.,1,0 = C”b”(n,oo)v

where C = C(n,s) is independent of ¢y. Suppose by induction that (76), (77)
are true.
Note that

‘( B /t e (=DAP (v, - V) (s)ds, ¢)‘ <

to
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t
< | [ (on @ om(s), v g)ds
t
to
< /t”Um”(n/a,oo)va”(n/s,oo)”vei(tis)AQbH(n/(n—a—s),l)ds
’ t
< CKm,lMl,s,m/ (t - S)_a/2_1/2(8 - tO)_(l_a)/2 ! ||¢||(n/(nfs),1)ds
to

< Cle,s,mB((l - Oé)/2, (1 + O‘)/Q)”(ﬁ”(n/(nfs),oo)v

for all ¢ € CF, and all tg <t <t9+T,C = C(n,q,s) is independent of ¢; By
duality we have consequently,

< Os,lle,s,ma s=1aq, (78)

(n/s,00)

t
sup H/ e =DAP(v,, - Y, )(s)ds
to<t<to+T 1 J1,

where (5 ; independent of t.

Note that
t t
| [ eomptgun < elglome [ =9 ()l neoeids < oMo (79
to (TL/S,OO) to

with Cg,1 = ¢||g[(n,00) and

IN

C||f||BC(R;L<<v°°))

t
|| / e 9B £(5)ds | (/0

IN

t
H / B f($)ds|noe) < T
0

Now, for all ¢ € C§° and all ty <t <tp+ T,

’(_ /t e‘(t—s)B(Um ) Vwm)(s)ds,(b)‘ <

to

t
< ‘ / (wm : Um(s)7 ve_(t_S)B)¢)dS
t
to B
S /t ||'Um||(n/a,oo)meH(n/s,oo)Hve_(t_S) ¢H(n/(n7afs),1)ds
0
t
< CKm,lMQ,s,m/ (t - S)ia/Qil/z(s - tO)i(lia)/QdS ' ||¢||(n/(n—s),1)
to

< CkMamB((1—a)/2, (14 @)/2)[[6ll(n/(ns),1)-

Consequently,

< C4,2kM2,s,m, s=1,q, (80)

(n/s,00)

t
sup H / e~ E=9B(y, . Vw,,)(s)ds
to<t<to+T to
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where (4 2 is independent of ¢.
Hence, from (78)-(80) we can take

Mism+1r = Miso+ Cs1kMism + Co1Ma s m, (81)
Masmi1r = Maso+cllfllpompas) + CaokMa s m. (82)
Letting
Ms,m = MaX{Ml,s,nu MZ,s,m}
Mso = Max{Mi 0, Mas0+cllfllomraet

C = Max{C@h 04)2},
from (81),(82) we obtain

My i1 < Mgo+kCM, + Co1 My, m=0,1,...5=1,a.

Then, if
Ce1 <1, kC <1, (83)
we have that
M m < %, m=20,1,...,s =1,q,
7 1-kC—Cs

which yields v € BC((to,to + T); LY N L *)n and w € BC((to,to +
T); L) 0 [(@7:20))  with

lim sup ”Um(t) - U(t)”(n/s,oo) = 0, s=1,q,
M—=00 ¢y <t<to+T
lim  sup |lwn(t) —wt)|[(n/s,0) = 0, s=1,0u
M—=00 ¢ <t<to+T

Now we see that under the conditions (53),(68), (83), the limit (v,w) belongs
to the class required in the Proposition. Moreover, there holds

t t
/ e~ E=DAP(v,, - Vo) (s)ds — / e~ E=9DAP(y . Vo) (s)ds, in L), (84)
0

to

t t
/ e~ =DAP(w,g)(s)ds —>/ e =AP(wg)(s)ds, in L) (85)
to

to

t t
/ e~ =IB Py, - Vw,,)(s)ds — / e~ =IAP(y . Vw)(s)ds, in L) (86)
0 0
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uniformly in ¢ € (to,to +t) as m — oo. In fact, note that by Lemma 7, Lemma
18 and Lemma 19, we have

IN

H /tt e~ =DAP (4, - Vv, (s)ds — / U=l T (s)ds

n,00

to
k A
/ ”e—(t—s) P((vy, — ) - Vwm)(s)H(n,oo)dS +
t
’ t
/ ||€7(t75)AP(,U . V('Um — U))(S)“(n,oo)ds +
to

t
/ (t = 8)"*[vm(5) = v(8)ll(n/c,00) | VO ()l (n o) d5~ +

to

/(t—8)‘“/2||v(8)||(n/a,oo>HV(vm(S)—v(S))II(n,oo>d8 x

to

cB(1—a/2,a/2)(J  sup (s —t0)" "2 [vp(s) = v(8)[|(njace) +
to<s<to+T

k' sup (s— t0)1/2||va(s) — V() (n,00)) — 0.
to<s<to+T

By other hand,

t
< [ e AP((win — w)g)(5) ]l (n,00)ds

(n,00) to

H /t: e~ =)AP(wg)(s)ds — /t e~ =94 P(wg)(s)ds

to

t
< /t (t =) """ gl ,00) w0 (8) = w() | (n/c00) < (s = t0) =2 [[ws (8) = w(8) | n/a,00) — O- (87)
0

Analogously, we obtain (86).

Now we will prove the weak continuity on the initial dada. We first noting that

for any ¢ € L&Y and ¢ € L'V we have

(7T Ma—a,0)] = |(a,e” T —g)

< Nalmeolle™ 0 = @ll 1y — 0, t — 17
|(€—(t—to)Bb —b, (b)‘ _ |(b,€_(t_t0)Ag0 _ 90)|

< Bl oo lle™ 0BG = @l 1y = 0, ¢ — 1t

As [|v]] (g% 0005 @]l (g*,00) < ¢ and t1/4||vH2n,t1/4||w||2n < ¢, we can obtain

t t
lim (/ e_(t_s)AP(wg) —/ e_(t_s)AP(v-Vv),qS) =0,
to

t—to to

' (t—s)B ' (t—s)B
l “UmBp_ [ em0B (. v =0.
tlintlo </tg ‘ f /to ‘ <U w), SO)

Letting m — oo in (43)-(44), we see by estimates above that (v, w) is a solution
of (40)-(41).
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The proof for uniqueness is standard, so we ma omit it.

It remains to estimate the time-interval T" of existence in terms of the prescribed
data. As k is determined by (54), there exists a constant k independent of tg
such that if Ko < k, then the conditions (53),(68), (83) are satisfied. Now, from
(52) we see that T' may be chosen as

k et
= ] (88)
ClMaX{”aH(n/a,OO)a ”b”(n/a,m) + ”fHBC(R;L(lW))}

This complete the proof of Proposition.
Remark 21 The solution (v,w) of integral equations (37)-(40) satisfies that
v € BC(to,to + T,LE)", w € BC(tg,to + T, LP),
for allp € (n,q*), with
[vllp < Cllvllg agy ity oys wllp < Cllwlli 2 1wl (89)

(n,00) n,00) (q*,00)
where X is such that 1/p = (1 — X\)/n+ \/q¢*.

Proof of Theorem 16. Being (v, w) the integral solution of (40)-(41), we can
prove the time Holder continuity of

F(v,w) = —P(v-Vv) + P(wg), G(v,w) = —(v-Vw) + f,

in the L(">) space. Indeed, we follow the ideas of [22], and use the Theorem
3.3.4 of [29].

Proof of Theorem 5. Let (u, ) the periodic solution of the integral equations
(12),(13) given by Theorem 4. As u € Y,6 € X, we have by the Lemma (10)
that u € BC(R; L 0 L1, § € BCO(R; L") 0 L@ ). Let T defined
by (39). By Theorem 16, for every ¢y € R, there exists a unique strong solution
(v,w) of (1)-(5) on (tg,to + T') with the initial data (u(to),8(to)). From (31),
(38) we have

sup [[o(t)[l(gr,00) + sUP  [[Vu(t)(g,00) < Cr1 (90)
to<t<to+T to<t<to+T

sup [Jw()llgr.00) ¥ sup  [[VO(B)[(g00) < Cr2 (91)
to<t<to+T to<t<to+T

where C71,C72 are independents of to. Replacing (a,b) by (u(to),6(to)) in
(40),(41), by (12), (13), we can see

u(t) —v(t) = -— /t e~ (A P(y - Vu)(s) + /t e~ =D4Pp(y . Vo)
+ /t e~ t=94pgr) — /t e~ =94 P(wg)
to t to t
= —/ e =DAP((u —v) - Vu) — / e~ =9AP(y. V(u—v))
to to

+ [ R0 - wg)

to
Il(t)+12(t)+l3(t), t0<t<t0+T, (92)
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0(t) —w(t) = — / te*“*s)B(u-ve)(s) + / t e" 9B (y . Vw)(s)
t(; to .
= — e*@*S)B((uw)-w)f/ e~ =9B (4. V(0 — w))(s)
to to
= L(t)+Is(t), to<t<to+T, (93)
Note que
t
()l (n,00) < C/t (t =) 72D (1 = 0)(5) | (n,00) [ Vt(5) [ (g,00) d5
< Csup||Vu(s)|lgoo)  sup (= 0)(5)]lm,00) (t = t0) " (34)

seR to<s<to+t

for all tg <t < tg+ T, where C'= C(n,q) is independent of ¢.

BO.0l = | [ 0o @- e -1gds

IA

t
C [ 1) 19620l ) = (5 e
0
< O swp o(s)llgroe)  supuls) = 0(5) o0y (= 0) 2Bl 1)
to<s<to+t to<s<tp+t
for all ¢ € Cg%, and for all {g < ¢ < tg + T, where C is independent of 5. By
duality, we have that

12y C sup  [[o(8)ll(gr00)  sUD  [|uls) = 0(8)ll(n,00) (t = t0)' /2%, (95)
to<s<to+t to<s<to+t

forall tg <t <to+1T.

t
13Dl (n,00) < 0/ (t = s)7"2Q00(s) = w(s)l (n,00) |9l b.0)
to
< C sup [0(s) = w(s)||(n00) (t — o) ", (96)
to<s<to+t
for all tg <t < tg + T, with C independent of #.

An similar analysis to I, Is implies

HaOllnoe) = € sup  |[VO(s)ll(gc)  sup (= 0) (8] (n, 00 (¢ — t0)~"/YT)

to<s<to+t 0<s<to+t
Ol € C s o)l sup  1005) = w($)ll ooyt — f0)'~"/208)
to<s<to+t to<s<to+t

for all tg <t < tg + T, with C independent of #.
From (90)-(98) follow that for all o <t < tg + T,

) = oWl < Ca(| supluls) = vls) o0t~ f0) 727 4
0<s<to

s [100) = () o)) (1) ) (99)

to<s<top+t

16(t) = w(®)llnoey < Co sup  [|8(s) = w(s)l|(n,00 (¢ — t0)' /27, (100)

to<s<to+t
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where C7, Cy are independents of tg.
For all ty <t < to+ T let E(t) = Max{||u(t) — v(t)|(n,00): [10(t) = w(t) | (n,00) }-
Hence, from (99)-(72) follow that for all tg <t <tg+ T

E(t)<Cs sup  E(s)(t —to) "/,

to<s<to+t

where p = Max(b, q). Therefore, E(t) < Cssup,, o<y, 4¢ E(s)T17"/?. Taking
¢ = min{(1/2C3)?*/2r=") T} we conclude that

E(t)<1/2 sup E(s), (101)
to<t<to+t

for all tg <t < tg+ T, and hence we encounter
E(t) =0 on [tg,to + ).

Since ¢ can be taken independently of tg, we have E(t) =0 on [tg,to+7T). This
imply that « = v on [tg,to +T),0 = w on [to,top + T).Finally, as tq is arbitrary
by Theorem 16, we conclude that (u, ) is the required solution in Theorem 5.
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