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Abstract

In this work, we consider an elliptic system of two equations in dimension one (with
Neumann boundary conditions) where the nonlinearities are asymptotically linear at —oo
and superlinear at +00. We obtain that, under suitable hypotheses, a solution exists for any
couple of forcing terms in L2.

We also present a similar result in which the superlinearity is in only one of the two
equations, and we discuss the resonant problem too.

Introduction

In this work we are mainly concerned with the problem

where the principal hypothesis is

g12 €C([0,1] xR),  lim D2@:s) 0 gy, D2@8)

§——00 S s—+o0 S

uniformly with respect to z € [0, 1], and hy 2 € L%(0,1).
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Some hypotheses on the growth at infinity in the second variable of the nonlinearities g; o
will be needed to obtain the PS condition for the functional associated to problem (1.1): defining

Gia(w,8) = fos g1,2(z,&)d€, we ask

1
30 € (0, 5) , s0>0 st 0<Gra(z,s) <Osg12(x,s) Vs> sp; (H2)

1
ds; >0, Cop >0 st Gra(z,s) < Esglyg(x,s) +Cy Vs< —sy. (H3)

Moreover, for certain “resonant” values of A, u, also one of the following hypotheses will be
assumed:

lim g;(z,s) =0, hi(z) < —d <0 ae.z€[0,1]: i=1or2; (HRO)

§—>—00

dpo >0, MyeR s.t.
Gi(z,s) + Ga(z,s) + hi(z)s + ho(z)s < My a.e. z € [0,1], Vs < —py. (HRI)

An example of nonlinearities which satisfy the hypotheses above may be g 2(z,s) = e*; in
this case (HRO) and (HR1) becomes h;(z) < —d < 0 a.e. and hj2(z) > 0 a.e, respectively.

We will denote in the following with 0 = A1 < Ay < A3 < ... < g < ... the eigenvalues of —A
in H'(0,1) and with (¢, %k = 1,2,..) the corresponding eigenfunctions, which will be taken
orthogonal and normalized with ||¢x|| ;. = 1.

The main result of this work is the following theorem:

Theorem 1.1. For A\, > 0, VA € (0, 2/4), under hypotheses (H1), (H2) and (H3), there
exists a solution for problem (1.1) for any hy,hy € L?(0,1).

We will also consider the two limiting (resonant) cases:
Theorem 1.2. Under hypotheses (H1), (H2), (H3) and with hy,hy € L*(0,1) we have:

(1) For A, >0, \/Au = Xo/4, if hypothesis (HR1) is satisfied too, then there exists a solution
for problem (1.1).

(i) If X\ =0,u >0 (or X >0,u =0, or A\ =pu =0), if hypothesis (HRO) is satisfied for i =1
(or i =2, ori=1,2, respectively), then there exists a solution for problem (1.1).

We remark that problem (1.1) with A,z > 0, \/Au > A2/4 seems much more difficult to work
with, due to the more complicated interaction of the nonlinearity with the spectrum.

In the case A < 0 or p < 0 instead, it is simple to show that no result similar to theorem 1.1
may be achieved, actually we will show in proposition 7.1 that one may always find functions
h1, hy € L? for which no solution exists.

Observe that in problem (1.1), we are assuming a linear-superlinear nonlinearity in both
equations; however, we will show that few modifications in the proofs allow to treat also the
problem with the linear-superlinear term in one equation and a jumping nonlinearity in the
other: namely
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—u" = X+ g1(z,v) + hi(z) in (0,1)
—o" = ptut — pmuT + go(w,u) + ho(z) in (0,1) (1.2)
u'(0) =4/(1) =2 (0) =v'(1) =0

=

where u™(z) = max{0, £u(z)} and now

912 € CO([O’ 1] x R), limg, o a@s) _ 0, limg i gl(f’S) = +o00,
= 0,

S
gQ(Irs)
S

. . 92
limg oo lim;_, 4 oo T =

uniformly with respect to z € [0, 1], and still hy 2 € L?(0,1).
In this case we will assume hypothesis (H2) only for g;, while for g, we will assume the
equivalent of (H3) also at +00 too, namely

1
Ga(z,s) < Esgg(:v,s) +Cy Vs>sy. (H3*)
The result is the following

Theorem 1.3. For A >0, u* > p~ >0 and \/u=X € (0,\2/4), under hypotheses (H1*), (H2)
only for g1, (H3) and (H3*), there exists a solution for problem (1.2) for any hy,hy € L%(0,1).

1.1 Some comments about the techniques used and some related results

The main theorems will be proved by finding a critical point of the functional associated to
problem (1.1):

F:E=H'xH' - R:u= (u,v) = F(u) =

:/Oluu/_/ol (%v2+gu2> —/01 (Gl(x,v)+G2(x,u))—/01 (ho +hou) , (1.3)

or to problem (1.2), which is analogous to this except for the term fol (%v2 + %UQ) being replaced
by Jo (307 + 5 (wh)? + & )?).

We observe that one important characteristic of this kind of system is that, in order to
treat it variationally, we are led to work with this functional, which is strongly indefinite, in
the sense that there exist two infinite dimensional subspaces of E such that F' is unbounded
from above in one and from below in the other (see lemma 2.1). This implies that the standard
linking theorems are no more available to find critical points. Some of the techniques used
in approaching this kind of problems may be seen in [BR79, dFF94, HvdV93, dFdOR04]; in
particular, we will use an approximation technique (Galerkin procedure), namely we will solve
finite dimensional problems, then take limit on the dimension of such problems and prove that
the result is actually the critical point we were looking for (see for example [dFdORO04]).

The scalar counterpart of problem (1.1) is

—u" = u~+ g(z,u) + h(z) in (0,1)
u'(0) =u'(1) =0
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and it has been considered in many works.

For A < A; (no matter whether the boundary conditions are Neumann or Dirichlet) it is the
so called Ambrosetti-Prodi problem (first considered in [AP72]) and it has zero, at least one or
at least two solutions, depending on the forcing term h € L2. The result in the propositions 7.1
and 7.2 suggests that a similar phenomenon may happen for our system too.

For A > Ay, the behavior is quite different for Neumann and Dirichlet conditions: in [Mas03]
it is shown that, in the Dirichlet case, for any A > A;, there exist examples in which no solution
exists, while for the Neumann case (in dimension one), it was obtained in [dFR91] and later in
[Vil98] that for A € (0, A2/4), a solution exists for any h € L?; this result was then extended to
A€ (A/4, Ap41/4), k > 2 in [Mas04a].

Our theorems 1.1 and 1.3 look to be the equivalent of the results in [dFR91, Vil98] for the
problems (1.1) and (1.2), while the result in [Mas04a] appears much more difficult to be extended
to these systems.

In [dFR91], also the resonant case A = 0 is considered, with a nonresonance condition
similar, but weaker, to our (HRO); the resonance for A = Ay/4 was considered in [Per00] and in
[Mas04al; in this last one, the nonresonance condition is quite similar to our (HR1), although it
is interesting to remark that in (HR1) we could assume a joint condition on the nonlinearities
in the two equations, which is much weaker than asking the condition in [Mas04a] for both,
separately.

Finally, we remark that problem (1.2) with u™ = 4~ =1 and g2 = 0, ho = 0, becomes a
fourth order scalar problem, which was considered in [Mas04b] and (for higher values of A) in
[Mas03]: the result here may be seen as a generalization of that in [Mas04b]; however, since
here we are considering a more general nonlinearity, the result in [Mas04b] is stronger: it was
obtained up to dimension three and, for dimension one, the existence was proved for A € (0, ),
where v was approximatively 0.327%: a value much larger than A\3/16 = 7*/16 ~ 0.06257*,
which results from theorem 1.3. This is due to the fact that, since here we are considering a
more general nonlinearity, the sets chosen to estimate the functional may not be adapted to the
problem as well as there.

The techniques we will use in order to prove the main theorems will be inspired by those in
[dFRI1, Vil98] (which we will briefly describe in section 3), but will need to be adapted to the
more complex characteristics of the functional (1.3) and of its variational setting, which forces
us to use the Galerkin approximation technique described above.

2 Definitions and notations

Consider the eigenvalue problem
—u" = v in (0,1)
—v" = u in (0,1) : (2.1)
u'(0) =4/(1) =4 (0) =2'(1) =0

it is known that the eigenvalues of problem (2.1) are:

e \;, k=1,2,.. (with corresponding eigenfunctions the couples (¢, x)),

e — )\, k=1,2,.. (with corresponding eigenfunctions the couples (¢r, —pi)).
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In view of the above structure, let H = Hl(oa 1), F = H x H (with norm ||(u,v)||129 =
ull?, + [|v]|%) and define

Et ={(u,v) €E: u=v}, E ={(u,v) e E: u=—v}, (2.2)
Ef ={(u,v) € E: wu=wv € span{d1,...,dn}} , (2.3)
E, ={(u,v) € E: u=—-v € span{d1,..,Pn}} (2.4)
and finally
E,=Efo®oE,, (2.5)

so that J,en En = E.
Since the functional (1.3) has the term fol u'v’ as its principal part, the following estimates
will be useful:

Lemma 2.1.

1
/ 2u'v' > >\k+1/ u? +0%) for u=(uv) € (E & E'/,;")L (2.6)
0 0
1 1
/ 2u'v' < >\k+1/ u? +v?) for u=(u,v) € (E; @ E")* (2.7)
0 0
1
/ 2u'v < A\ / uw? +v?) for u=(u,v) EE @®E; (2.8)
0
1 1
/ 2u'v' > —)\k/ (u? +v?) for u=(u,v) € E, ®E" (2.9)
0 0
Proof. In (E~ @ E;')* one has u = v and then
1 1 1 1
/ u'v' =2 [ |u? > 2>\k+1/ u? = Ak+1/ u? +v?, (2.10)
0 0 0 0

proving (2.6).
Then observe that fol 20 = % fol |(u+v)"|> = |(u—v)'|? and that for u € E~ & E;} one has
(u+wv,u+v) € E;, then

1 1 1 1
1 1
/ 2u'v < 5/ |(u +v)' |2 < )\ki/ (u? + v? + 2uv) < Ak/ u? + 07, (2.11)
0 0 0 0

proving (2.8).
The same argument gives the other two estimates. O

3 Proof of theorem 1.1

In [dFR91, Vil98], the solution of problem (1.4) is found as a mountain pass critical point: the
functional J associated to the problem is such that:

e J is bounded from below in the set S = {u € H'(0,1) such that supzepo,u(r) = 0},
provided A < I 4 ,
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e limy 1 J(t¢1) = —00, provided A\ > 0;

since H'(0,1) C C([0,1]), the set S splits H'(0,1) into two components and £¢; lie on the
opposite sides of it, so one gets the linking structure which provides (through the PS condition) a

critical point. Moreover, the value %2 = % was obtained through the variational characterization
2 1 u')2

L fofi) with u € S\{0} (3.1)
4 Jo v

(this characterization is the one used in [Vil98], the one used in [dFR91] it is slightly different).
We will try to adapt this idea to our problem.
First of all, the following lemma will allow us to work with simpler hypotheses:

Lemma 3.1. In the hypotheses of theorem 1.1, problem (I.I)Aadmits a solution with the param-
eters \, v if and only if it admits a solution with parameters A\ = i = \/Ap.

Proof. 1f we change the unknown functions u,v with the new ones U = v and V = dv, being
0= \/5 , then we obtain a new system with parameters = it = /A, and in which the given
hypotheses are still satisfied; then the two problems are equivalent. [l

Then, we make the following definitions: given u = (u,u) € E™, we define:

o(u) = sup u(z); (3.2)
z€[0,1]

then we define (for n > 1) the following sets and quantities:

Tn:{u:(u,u)eE,j:/oluqsl:o}, (3.3)

Sp={u=(u,u) € Ef: o(u) =0}, (3.4)

1o 1
Tn = imf{fof(iul2 with u = (u,u) € Sn\{O}} , (3.5)

1
OU

L, = {u:(u,v)e(EneaEf): /Olu2+v2:1}, (3.6)
L, = {u:(u,v)e(EneaEf): /01u2+v2g1}. (3.7)

First we will prove some properties of the above definitions:
Lemma 3.2. The function o : ET — R:uw~ o(u) is continuous.

Proof. We have, since H*(0,1) C CY[0, 1] with continuous inclusion,

lo(u,u) = o(0,0)] < flu =] e < Clu—vlg < Ci(u,u) = (v,0)]lg - (3.8)
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Lemma 3.3. The set S, is homeomorphic to T,, moreover Sy links in E, with RLy, for any
R > 0.

Proof. Observe that E, = E, @ Ef’ ® T}, and denote by Py : E, — T}, and P, : £, = E, @Ef‘
the two orthogonal projections.

The map M : T, = Sy, : (u,u) = (u,u) — o(u)(1,1) is continuous by the previous lemma
and has the restriction of Pr to S, as its inverse, so it is a homeomorphism.

Now observe that the action of the map M is a translation parallel to the subspace E, @& Ef“
(in which lies El) and that 7;, is orthogonal to this subspace. Then we may extend the map M
to the map

M : E, = Eyp : (uw) — (u,v) — o(Pr(u,v))(1,1) (3.9)

which is still an homeomorphism and which translates each plane parallel to El by the same
quantity. Since the plane containing L, intersects T, in the origine and o(0,0) = 0, this plane
is not translated and then M|Ln = Id.

Finally, con81der any map v : L — E, with 9|, = Id and consider the composition
¥ =Ppo Mo ¢: W is the identity on Ly and so the topological degree deg(¥, Ln,O)
deg(Id, Ln,O) =1, since 0 € L,. This implies that there exists p € L, such that U(p) =0, that
is ¢(p) € M(Ker(PL)) = Sp, giving the claimed linking property. O

Lemma 3.4. Let y, be given by (3.5). Then v, > X2/4 (in fact, {yn} is non increasing and
Yn — )\2/4).

Proof. The definition in (3.5) is analogous to that in (3.1), except for the fact that the inf is
taken on S, which is an increasing sequence of subsets of S which fill it. O

Now we define, for n > 1 and R,, > 0,

e, = inf sup F(u) (3.10)
V€LY R, uey(Bt1)

where now
R ={yeC®(B""E,) s.t. 7lgpet1 is an homeomorphism onto R,L,} . (3.11)

What we intend to prove is the following proposition, which in fact implies theorem 1.1 by
virtue of lemma, 3.1.

Proposition 3.5. Under hypothesis (H1), for A = p € (0,X2/4), h12 € L*(0,1) and suitable

R, large enough, the values e, are critical for the restriction to Ey of the functional F'.
Moreover, under hypotheses (H2) and (H3), up to a subsequence, e, — e € R for n — o0

and the critical points corresponding to the values e,, converge to a nontrivial solution of problem

(1.1).

First, we need to estimate F' on the sets defined above, in order to obtain the claimed critical
points: observe that since h; 2 € L? and using hypothesis (H1), we can find constants Cy, Cy
and C5 as follows:
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e C1(0,h1,2) such that

1
0
[ o bl < 3 (e + ol + C1(6,hra); (3.12)
0
[ ] 02((5, 9172) such that
1 _ — d 2 2
Gilw, ~v7) + Golar,—u7)| < § (Il + I0ls) + G0 g10); (313)
0
[ ] 03(9172) such that
1
/ Gi(z,v") + Ga(z,u’) > —C3(g1,2) - (3.14)
0

Lemma 3.6. If A= > X =0, then VC € R there exists R > 0 such that F|,gpn+1y < C for
any y € I‘:‘%R, n > 1.

Proof. Let u = (u,v) € Ly: then fol (u® +v?) =1 and fol u'v' < A fol (u? + v?) (in fact, here
AL =0).
By using the above estimates one gets (for p > 0)

Flpu) /lufvl_é/l (v2+u2)_/1 Gi(z, pv) + Ga(z, pu) _/1 hipv + hapu
0 0 0 0

2 2

p 2 p p

- 1 1 - R

< M A/ (v2+u2)+/ Gl —pv )EGQ(% P )‘-i- (3.15)
2 Jo 0 P
/1 Gi(z, pv™) + Ga(z, pu™) /1 hypv + hapu

- 2 L A e e

0 p 0 p

<o A A+d N C1(8, h12) + C2(d,912) + Cs(g1,2)

2 p?
Then by choosing 0 < 6 < A — A; we have that the first part is negative and then for R
large enough (namely R? > 20_01(6’h1’2);£2§ig1’2)_03(91’2)) one gets the claim for u = (u,v) €

RL,. U

Lemma 3.7. For A = pu < \o/4, there exists ) such that F|g, > n for any n > 1.

Proof. For u = (u,u) € S,, we have u(z) <0 and fol (u')% > 7, |ull2, then we may estimate:

Flu) = /Ol(u')z—A/Oluz—/olGl(a;,u)—i—GQ(m,u)—/Olhlu—i—hgu (3.16)

) 1 5 1
(Yo = A) [Jull72 — <§/0 u? + Co(9, 91,2)) - <§/0 u?® + C1 (9, h1,2)>

1
> (= A—0) / W2 = Co(0,g1.9) — Co (6, h1).
0

v

Now, if A < A2/4, we may choose § < A2/4 — A so that the first term is non negative for any
n > 1 by lemma 3.4 and so F(u) > —C5(d,912) — C1(9, b1 2). O
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Lemma 3.8. For A = p € (0,2/4), there exist (,n € R such that
( >ep>m, for any n > 1.

Proof. The bound from below is given by lemma 3.7 and the linking property in lemma 3.3.
For the bound from above one may simply build a map ¥ € I'},  such that ¥(B"*') = RL,
and then the same computations in lemma 3.6 provide the estimate

A —A+6 [ - -
sup F(u) < AR / (u2 + 1)2) + Cy ((5, h172) + 02(5,9172) + C3(g172) ; (3.17)
uE:y(B"Jrl) 2 0
then again by choosing 0 < 5 < A— A1 one gets the claimed estimate from above with ( =
C1(8, hi2) + Ca(8,91.2) + C3(g1,2)- 0

Now we may conclude:

Proof of proposition 3.5 and theorem 1.1. By lemma 3.8 and lemma 3.6 with C < n we can
apply a linking theorem to obtain that the levels e, are critical for the restriction of F' at the
finite dimensional subspace FE,, that is there exists u, = (uy,v,) € F, such that equation (4.2)
below holds.

Moreover, the estimates ¢ > e, > n implies (4.1) below and then we have, by proposition

4.1, that (up to a subsequence) u,, Bu= (u,v) € E, which is a solution of problem (1.1) (using
also lemma 3.1). m

4 Proof of the PS* condition

In this section we prove that the sequence of points in £ obtained in the first part of proposition
3.5, contains a convergent subsequence (this is known as PS* property) and that its limit is
actually a critical point for F.

Proposition 4.1. Let the sequence {u,} = {(upn,vn)} C E with (uy,v,) € E, be such that

1 1 A m 1
|F(un)| = / U';z ;1 _/ Evn + U2 _/ Gl 33 Un) + GQ(Q; Un) _/ hivy + houp
0 0 0

S Ta
(4.1)

1 1
(' (), (,9)) = /0 uf + ol — /0 Avnth + ittt
1 1
_ /0 91, v ) + g2, n) b — /0 hatp + had = 0 V(p,9) € En . (42)

Then, for X\,u # 0 and under hypotheses (H1), (H2) and (H3), there exists u = (u,v) € E
such that

1 1 1 1
/ W o / Mo+ pud— / 91, 0) -+ g2, w) - / hapthod =0 V() € B, (4.3)
0 0 0 0

that is, (u,v) is a solution of problem (1.1).
In fact, up to a subsequence, u, — u in FE.
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The proof will be in most parts very close to that in [Mas04a], for the scalar problem: we
sketch it here, underlining the differing parts:

1. First one estimates (from hypothesis (H1))
for any € > 0, 5 € R and M € R, there exist Cy;, C. € R (of course depending also on 3)
such that

gi2(z,s) > Ms—Cy  for s>5, (4.4)
lg12(z,8)| < e(—=s)+C. for s<3; (4.5)

Then one supposes that the sequence u,, is not bounded in £ and so assumes ||u, ||, > 1,
|luy || — +o0, defines z, = (Up, V) = ﬁ, so that z, is a bounded sequence in E and
nllg

then we can select a subsequence such that z, — zy = (Up, Vj) weakly in E and strongly
in [L?]? and [C°[0, 1]]2.

2. Claim: Uy, Vp <0.

Proof of the claim. From (U (unon)y(61,61)) — () ope gets (remember that in this case ¢ =

fanls
1) 1
h h
/ Loy fe (4.6)
o g llunllg

/1 gi@,vn) | g2(,un)
0
Then we proceed as in [Mas04a] to obtain that, for any Z such that Vy(Z) > 0, we have

1
/ AV +uUy | +

0

lunllp  lwallp

i SLUE00) (4.7)
n—+oo |[up|p
and that (for any z € [0,1])
C
gl(xavn) > _€|Vn| _ M, : (48)
[l g [l g
now taking liminf we get
fiminf 250 S v o) (4.9)
n—+oo |lup| g
for any choice of € and then
fim inf L2 %) 5 (4.10)

n=too uglg

The analogous to (4.7) and (4.10) hold replacing ¢g; with g2 and v with u.

Since Uy, V;, are uniformly bounded (by their C° convergence) and |[uy ||z > 1, (4.8) implies

that the functions gﬁff’ﬁ n) and g|2|1(1x’\1|Ln) are bounded below uniformly so that we can use
nll g nll g

Fatou’s Lemma and get from (4.6), (4.7) (supposing U;” # 0 or V" # 0) and (4.10)

too = /lliminf (91(x,vn) +92($,un)> <liminf/1 02, | o)
o wor ol ™ Tunlly ) =55y Tunlly Tl

/1 h1 N ho
o llunllg  llunllg

VAN

+

1
< liminf(/ AV, + pUy
0

n—-+0o

) . (4.11)
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The right hand side can be estimated since the first term is bounded by (A[|Vy|lp +
pUnll 1) < A4 p and the last one clearly goes to zero; then equation (4.11) gives rise to
a contradiction unless Uy, Vy < 0. [l

3. Claim: Using hypotheses (H2) and (H3) we obtain a constant A such that

/ g1(w,vp)vn < A “unHE ) / g2(m, up)u, < A “unHE ) (4.12)
Un >80 Up>S0

at least for n big enough.

Proof of the claim. From |2F(u,) — (F'(u,),u,)| < 2T one gets

/ gl(xavn)un - 2G1($7'Un) + / gZ(xaun)un - QGQ(LE,’U,H) <

n >80 n>80

1
/ 2G1(z,vn) — g1(z,vn)vn +/ 2Go(z,up) — go(x, up ) up + / hivyn + houy |+ 2T,
vn <Sp U, <80 0
(4.13)
and proceed as in [Mas04a] to obtain (by using hypotheses (H2) and (H3))
A A
91(z, vn) v + 92(2, up )un, < 9 lunllp + 9 < Alflug |l (4.14)
Un >S0 Un >80
for some constant A; but by hypothesis (H2), both integral are nonnegative, and then we
obtain (4.12). O
4. Claim: . .
o g o lunllg
Proof of the claim. As in [Mas04a]. O

5. Claim: A, p # 0 implies (Up, Vp) = (0,0).

Proof of the claim. For any given (¢,1)) € Ej we get, from M with n > h:

lunllz

<

1 1
/ Ul +Vig — / AVt + uUn
0 0

! |91(1U,Un)| |92($7Un)|
< / ] + 6] +

[l Il

/17h1¢+h2¢ ©(4.16)
0

lanl

but now the right hand side goes to zero by equation (4.15), and then we get, taking limit
and using weak convergence of (Up, V), that

1 1
/ U’ + Vo' — / Aoy + plUpdp = 0. (4.17)
0 0
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Since ;¢ B is dense in E, this remains true for arbitrary (¢,4) € E and then (U, Vp)
satisfy the system

Ul =XV in (0,1)
—Vy = uly in (0,1) - (4.18)
Up(0) = V5(0) = Up(1) = V5(1) =0
Since we know that all solutions of this system with A\, i # 0 change sign (while Uy, V) < 0),
this implies (Uy, Vo) = (0,0). O

. Claim: (uy,vy) is bounded.

Proof of the claim. From W = 0 one gets
nllg

IN

/ Oy + (v
0

< [0+ [l oVl OV
—Jo e 0 | 5 0 a5

Using (4.15) and the fact that (Uy,, V) — (0,0) in [L?]? and in [C°[0, 1]]?, (4.19) becomes

1
JRCASRIAETS (4.20)
0
which gives contradiction since one would get 1 = ||(Uy, V,,)||p — 0. O

. Thus u,, is bounded and so there exists a subsequence such that u,, — u = (u,v) weakly
in E and strongly in (L?)? and [CY[0, 1]]%.

By taking limit in (4.2) for a given (¢, ) € Ej and using the weak convergence of u,, one
obtains (the nonlinear terms are continuous: if v, — v in C° then g (z,v,) — g1(x,v) in
L?)

1 1 1 1
/ Wy o' — / Mot + prucp — / 01(,0)9 + go(e, u)b — / hap+ hadp =0 (4.21)
0 0 0 0

and, again, this remains true by a density argument for arbitrary (¢,) € E. O

. Finally, we prove that in fact u, — u strongly too.

Let P, : H — H, = span{¢1,..,¢n} be the orthogonal projection map, then P,u — u
and P,v — v in H and so P,u — u,, — 0 and P,v — v, — 0 in L.

Consider equation (4.2) with ¢ = u, — P,u and ¢ = 0:

1 1 1 1
/ ul (up, — Pyu)' — / Aoy, (g, — Ppu) — / g1(z,vn)(up — Pyu) — / hi(u, — Pyu) =0;
0 0 0 0
(4.22)
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g1(z,vy) is bounded in L?, (u, — P,u) — 0 in L? and then
1
/ up, (U, —u +u — Pyu) — 0, (4.23)
0
which implies u,, — u strongly in H.

The same argument gives v, — v strongly in H. O

5 Proof of theorem 1.2: the resonant cases

5.1 The resonance in \,/4

Since we may make a change of unknowns as in lemma 3.1, assume A\ = p = Ay/4 and (HRI).
Since lemma 3.6 and proposition 4.1 still hold in this case, the only difference arises in lemma
3.7, where one has to exploit (HR1) to obtain

Fu) = /Ol(u')2 AZ/ /Glxu)+G2(:v u) — /01h1u+h2u (5.1)

A2
> (= 22) Il - oy

actually, we assumed without loss of generality that py = 0, since fue[fpo 0] Gi(z,u)+Go(z,u)+
hiu + hou is bounded. O

\Y

5.2 The resonance in zero

We observe that the resonance in zero is more complicated: we may no longer proceed as in
lemma 3.1, that is suppose A = pu; however, we may exploit the same kind of change of unknowns
to assume, without loss of generality, A\, u < Ao /4 This 1mphes that the conclusions of lemma,
3.7 still hold, by simply replacing the term )\fo u? with )‘+“ f u? in (3.16).

So consider first the case A = p = 0 and assume (HRO) holds for ¢ = 1, 2.

Modifications in the proof of lemma 3.6. We will estimate (for §, M > 0)

_/Olhlv < /0 hivt || + / hiv™ <5/ +C§—d/01v_,(5.2)
/01|G1(a;,v_)+G2(m,u_)| < 6/ v 4 u” )—I—C(s, (5.3)
/01 Gi(z,v") + Go(z,ut) > M/ w)?] — Cy(gra, M), (5.4)

(5.5)

where we used (HRO) in the first two lines (and the same holds with hy and u in place of h; and

).
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Then we may join the above estimates to obtain, in place of (3.15) (recall that A = p =\ =
0):

F(pu)

A\

<
S
e
e

Ky — ( 2/01 [(v+)2 + (u+)2]> + <5p/01 v +u> +
. (_dp/ol (v* +u7) n 5/02 /01 ((v+)2 + (u+)2)>
1 1
< Kua+ M40 [ (07 + @)+ (drip [ (00,

where we collected all the constants in Ky s.

Now, by choosing § < d < M, we obtain a negative contribution from both the positive and
the negative part of the functions; however, fol [(vT)? + (uT)?] + fol (v~ 4 u™) is bounded away
from zero in L,, but not uniformly with respect to n: this implies that we may find the claimed
R but depending on n; however this is not a problem since in the proof of proposition 3.5 R
may depend on n. O

Modifications in the proof of proposition 4.1. From equation (4.18) we now obtain that Uy and
Vi are two independent nonpositive constants.
However, by using equation (4.2), with test functions the couples (¢1,0) and (0, ¢1) we get,

respectively
1 1 1 1
/ gl(:v,vn) + / h1 = 0, / gg(x,un) + / h2 =0 (57)
0 0 0 0

where (if Uy, Vo # 0), up,v, — —oo uniformly and so we get, by (HRO), the contradiction
fol hy 2 — 0; then as before Uy = Vy = 0. O

Finally, the case in which only one of the parameters is zero is similar: let A = 0, 4 > 0 (and,
without loss of generality as observed above, u < A2/4) and assume (HRO) only for ¢ = 1: then
in (5.6) one has also a term —p fol u? which may be exploited as in equation (3.15), so that it is
no more necessary to assume (HRO) for ¢ = 2, while from system (4.18) one obtains Uy = 0 and
Vo < 0 constant, and proceeds as above to show that in fact V) = 0 too by (HRO).

Remark 5.1. By comparing hypothesis (HR0) and proposition 7.1 below, one sees that if in
addition to (HR0) we have also g; > 0, then the sufficient condition h; < —d < 0 and the
necessary one fol hi < —inf,epo,1), ser(9i(7, 8)) =0, become similar enough.

6 Proof of theorem 1.3

To deal with this problem, we may exploit a change of unknown as done in lemma 3.1; in this
case we will assume A = = € (0,\2/4) and p™ > 0.

Observe that the right hand side of the second equation may be rewritten as p u + (p* —
p)ut + go(z,u) and that the term go(z,u) = (u™ — p~)u™ + go(x,u) satisfies the estimates
(3.13) and (3.14) since p™ > p~. Then lemmas 3.6 and 3.7 still hold.
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Modifications in the proof of proposition 4.1. Estimate (4.4) now holds only for g;, while go sat-
isfies an estimate as (4.5) also for s > s; then (4.11) becomes

) (6.1)
and implies VO+ = 0.

1
/ lim inf M < lim inf

0 n—-+00 ||un||E n—-+00

Later, in (4.13), one passes the whole term containing go and G2 to the right hand side and
estimates it with (H3) and (H3*), and so obtains (4.12) (and (4.15) later) for g; only.

Finally, in place of (4.18) one gets

+

/1 hi + ho + go(x, uy)
0

1
/AVn +ptUS — U,
0 ”unHE

—Ul = Vi in (0,1)
-V = ntUS —p Uy in (0,1) ; (6.2)
Up(0) = V5(0) = Up(1) = V5(1) =0

and again deduces (Up, Vp) = (0,0), actually since A # 0 and V) does not chande sign, Uy may
only be a constant and so Vy = 0, but then the second equation implies that Uy = 0 too since

p* # 0.
The rest of the proof follows straightforward. O

7 The case A\, < 0 and an analogous result for the Dirichlet
problem

As anticipated in the introduction, we will show here (proposition 7.1) that when X or u is below
the first eigenvalue A; = 0, no result like theorem 1.1 may hold, since it is always possible to
find forcing terms h; or hs for which no solution exists.

This result has an analogue for the Dirichlet problem, which will be given in proposition 7.2.

Proposition 7.1. For A < 0 (resp. u < 0), under hypotheses (H1), the problem (1.1) has no
solution if:

Jo gy > = mingepo ), ser [As + g1 (2, 5)] (resp.fy hay > — mingepo ), ser (15 + g2, 9)])-

Proof. Consider the case A < 0: by testing the first equation against ¢; = 1 one gets

1 1
0 = / v + g1(z,v) +/ h1 (7.1)
0 0

1
> i A h 7.2
> it oe s [ "

where the minimum above is well defined by the continuity of g; and the hypotheses (H1) and
A < 0. Then we obtain the necessary condition fol h1 < —minge 1), ser [As + g1(7, 8)]-
Analogous computations give the result for p < 0. O

The same kind of nonexistence result may be proved for the Dirichlet problem, with some
more complicated computation: in the following A\; and ¢; will denote the first eigenvalue and
eigenfunction of the Dirichlet problem.
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Proposition 7.2. For A\ <0, or p <0, or /Au < A1, under hypotheses (H1), there exists two
constants C' € R and m > 0, such that z'fmfo1 hio1 + fol ho¢1 > C, then problem (1.1) has no
solution.

Proof. Let £ > 0, test the equations against (1, multiply the first by &, integrate by parts and
sum them: this gives

1

1 1
0= / (X = A)vpr +E€gi(z,v)p1 + / (p = EX)upr + ga2(z,v)p1 + / Ehipy + hapy . (7.3)
0 0 0

Now, if (€A — A1) and (pu — £A1) were both negative, then as in the proof of proposition 7.1
one could get the minimum obtaining the necessary condition

1 1
5/ hip1 +/ hopy <
0 0

1
—( min (€)= A)s + g1 (@, 8)) - min [(u—sxl>s+gg(w,s>l) A
z€] 0

0,1], s€R z€[0,1], seR

But this may always be obtained: for A, u > 0, /A < A1 one may choose £ = \/g, while if
A < 0 (resp. p < 0), then a good choice is ¢ sufficiently large (resp. sufficiently small). O

Remark 7.3. Observe that these nonexistence results may be extended straightforward to any
spatial dimension, whenever the usual conditions (on the superlinearities g12) which allow to
use variational techniques are satisfied.
Moreover, the hypothesis (H1) was used just in order to guarantee that the functions \s +
g1(z, s) etc. were bounded from below; then superlinearity is not necessary, one could simply ask
91(,5)

liminfs | oo A+ 5= > 0 and an analogous condition for g2, in the Neumann case, and a some

more complicated condition (since the two equations remain coupled) for the Dirichlet case.
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