MULTIPLICITY OF SOLUTIONS FOR RESONANT ELLIPTIC SYSTEMS

MARCELO F. FURTADO AND FRANCISCO O.V. DE PAIVA

ABSTRACT. We establish the existence and multiplicity of solutions for some resonant el-

liptic systems. The results are proved by applying minimax arguments and Morse Theory.

1. INTRODUCTION

Let us consider the problem

{ —Au = f(z,u) inQ, (1.1)

u=">0 on 0,

where Q C RY is a bounded smooth domain, N > 3 and f € C'(Q2 x R,R) is a subcritical
nonlinearity, that is,

[f(z,8)] < er(X+ s
for all (z,s) € @ xR and for some 2 < p < 2* = 2N/(N —2). We say that the problem (1.1)
is asymptotically linear if there exist a function « such that

o flxys)
|51|1E>noo T N Oé(x)

It is well known (see [1, 13, 9, 21]) that, in this case, the existence of solutions for (1.1) is
related with the interaction between the limit function a(z) and the spectrum o(—A, H} (2))
of the linear problem

—Au=Au inQ, u=0 on IS, (1.2)

A special class of such problems is the resonant case where
alx) = g (1.3)

for all z € Q and for some eigenvalue A, € o(—A, Hj(€Q)). This kind of problem (and its
variants) is interesting and seems to be more difficult because the associated functional may
not satisfy the classical Palais-Smale condition, which is important to prove the deformation

theorems that we need for applying minimax arguments.
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The aim of this paper is to study some classes of resonant elliptic systems. More specifi-
cally, we deal with the gradient system

—Au = F,(z,u,v) in Q,
(P) —Av = F,(z,u,v) in Q,
u=v=>0 on 0,

where Q C RY is a bounded smooth domain and N > 3. The function F' € C?*(Q2 x R?,R)
satisfies the subcritical growth condition:

(F) there exist ¢; > 0 and 2 < p < 2* such that
IVF(z,2)] < ci(1+|2)P7Y), V (z,2) € RY x R
Under the above hypothesis, the weak solutions of the system (P) are precisely the critical
points of the C?-functional I : H}(2) x Hy(Q) — R given by

I(u,v)=/g(|Vu|2—|—|Vv|2) dx—/QF(a:,u,v) dz.

In order to obtain such critical points we will impose some conditions in the behavior of
the potential F' at the infinity and at the origin. Before to presenting these assumptions,
we need to introduce some notation. So, let us denote by My (€2) the set of all symmetric

b
I ECRORY
b(xz) c(x)
where the functions a,b, c € C(Q, R) satisfy

(M;) A is cooperative, i.e., b(z) > 0 for all x € ,
(M) max,eq max{a(z),c(x)} > 0.

matrices of the form

Given A € M;(Q), we can consider the weighted eigenvalue problem

) —A (5) — MA(x) (5) in €,
u=v=0 in 9.

In view of the conditions (M;) and (M) above, we can use the spectral theory for compact
operators (see [12]) and some results contained in [7] to obtain a sequence of eigenvalues

0<A(A) < A(A) <o < (A) < -

such that A\ (A) — oo as k — oo (see Section 2 for more details). The problem (LP) will
substitute the eigenvalue problem (1.2) in the study of our system.
Since we need to control the behavior of F' at infinity, we denote by z = (u, v) an arbitrary

vector of R? and introduce the following condition
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(F) there exist Ao, € M5(2) such that
2F — (A
2F() — (Ag(@)n.2)

|2|—00 |2«’|2

=0, uniformly for a.e z € ,

Note that the natural generalization of the resonant condition (1.3) is to suppose Ao (z) = Ak
for some A, € o(—A, Hj(Q)). Here we use a more general condition, which already appears
for the scalar problem in [14], by assuming that A\;(A.) = 1, where A\y(As) is the k-th
positive eigenvalue of the weighted eigenvalue problem (LP).

In order to overcome the lack of compactness given by the resonant hypothesis, some extra
conditions has been appeared in the literature (see [16, 5]). Here we use the nonquadraticity
condition introduced by Costa and Magalhaes [10]. We then suppose that F' satisfies
(NQ) lim {VF(z,2) -z—2F(x,2)} = oo, uniformly for a.e. x € Q.

|z[—00

Under the above hypotheses we obtain the existence of a solution for the problem (P), as
stated in the result below.

Theorem 1.1. Suppose (F), (Fy) and (NQ) holds. If \p(Aw) = 1 for some k > 2, then
the problem (P) has at least one solution.

Now we observe that, if VF(x,0,0) = 0, the problem (P) possesses the trivial solution
(u,v) = (0,0). In this case, the key point is to assure the existence of nontrivial solutions
for (P). With this aim, we need to introduce a condition that give us information about the

behavior of F' near the origin. More specifically, we suppose that
(Fp) there exist Ay € My(€2) such that
lim 2F(ZL’, Z) — <A0(ZE)Z,Z>

|2|—0 |z|?

=0, uniformly for a.e z € ,

Our first result concerning the multiplicity of solutions for (P) can be stated as

Theorem 1.2. Suppose VF(x,0,0) =0 and (F), (Fp), (Fx) and (NQ) holds. If \e(As) =
1 for some k > 2 and A\, (Ag) < 1 < Apt1(Ao) for some m # k — 1, then the problem (P)

has at least one nontrivial solution.

In our next multiplicity result we suppose a nondegeneration condition and obtain the
existence of two nontrivial solutions. In this case, we consider the complementary case
A1(Ap) > 1 and prove

Theorem 1.3. Suppose VF(x,0,0) =0 and (F), (Fy), (Fx) and (NQ) holds. If \e(Ax) =
1 for some k > 3 and A\ (Ao) > 1, then the problem (P) has at least two nontrivial solutions
provided D*F (z,z) € M(Q) for all (z,z) € Q x R2.



4 MARCELO F. FURTADO AND FRANCISCO O.V. DE PAIVA

In the above theorems we do not allow resonance at the first eigenvalue A\ (Ay,). However,
in this case we are able to prove that the functional is coercive and we obtain the existence
of two nontrivial solutions for (P).

Theorem 1.4. Suppose VF(z,0,0) = 0 and (F), (Fy) and (Fw) holds. If \(Ag) < 1 <
Am+1(Ao), then the problem (P) has at least two nontrivial solutions, provided either

(i) M(Ax) > 1, or

(7i) M(Ax) =1 and (NQ) holds.

For related results in the study of asymptotically linear elliptic systems we can cite [11, 15].
Our results are not comparable and complement it, since we deal with the weighted linear
problem (LP). It also complement the paper of Bartsch, Chang and Wang [4], where a
Landesman-Lazer condition is assumed. Finally, we would like to cite [23], where a nonco-
operative system is studied with no compactness condition, and the recent paper of Li and
Yang [17], where the case of asymptotically linear Hamiltonian systems was studied.

In the proof of our theorems we use some critical point theorems and Morse Theory. As
it is well known, this kind of theory is based on the existence of a linking structure and on
deformation lemmas [2, 3, 20, 9]. In general, to be able to derive such deformation results,
it is supposed that the functional [ satisfies a compactness condition. In this article, we use
the (Ce) condition introduced by Cerami in [6]. We then recall that I satisfies the Cerami
condition at level ¢ € R ((Ce).. for short), if any sequence (z,) C H}(2) x H}(€) such that
I(z,) — cand || I'(2,)]|(1 + ||za]]) — O possesses a convergent subsequence.

The paper is organized as follows: in Section 2, after presenting the abstract framework,
we make a detailed discussion of the weighted eigenvalue problem (LP). In Section 3 we
prove the Theorem 1.1. Section 4 is devoted to the proof of Theorems 1.2 and 1.3. Theorem
1.4 is proved in the Section 5.

2. ABSTRACT FRAMEWORK

Hereafter we write [, u instead of [, u(x)dz. Let H be the Hilbert space Hy(€2) x H(f2)
equipped with the norm

2 = / (IVaf* + [Vol?)

for all z = (u,v) € H. By the Sobolev theorem we know that, for any 2 < o < 2* fixed, the
embedding H — L7(§2) x L?(Q2) is continuous and therefore we can find a positive constant
S, such that

JAEEEA 2.1)
Q

Moreover, if ¢ < 2*, the Rellich-Kondrachov theorem implies that the above embedding is
also compact.
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We proceed now with the study of the linear problem associated to (P). Let

a(r) b(x)
A €Tr) = ./\/lg Q
) (b(w) c(x))E )

and consider the eigenvalue problem with weight A(x)
—Au = Na(x)u+ b(z)v) in Q,
(LP) —Av = Ab(z)u + c(z)v) in Q,
u=v=0 on 0S.

A simple calculation shows that A is an eigenvalue of (LP) if, and only if,

Ta(u,0) = 5 (u,0),

where Ty : H — H is the symmetric bounded linear operator defined by

watwonoy = [ (a@ (1) (9))
_ /Q (a(@)u + b(z)v)e + (b(x)u + c(x)v)y.

Since the coefficients of A are continuous functions and the embedding H < L?(Q)x L*(Q)
is compact, we can check that the operator T4 is also compact. Thus, we we may invoke
the spectral theory for compact operators to conclude that H possesses a Hilbertian basis
formed by eigenfunctions of (LP).

Let us denote z = (u,v) and

ﬁ = ju(A) = sup {(Tuz2) : |12 = 1}

Recalling that A satisfies (M) — (Mz), we can use [7, Theorem 1.1] (see also [8, Theorem
1.1]) to conclude that the eigenvalue p;(A) is positive, simple and isolated in the spectrum of
T4. Moreover, if we denote by ®4 the normalized eigenfunction associated to A;(A), we can
suppose that the two function coordinates of ®¢' are positive on Q. By using induction, if
we suppose that iy (A) > pp(A) > 1 (A) are the k — 1 first eigenvalues of T4 and {®A}A}
are the associated normalized eigenfunctions, we can define

(A = ur(A) = SUP{<TA272> 2l =1, z € (Span{(b‘lA’ = '7®?—1})L}'

It is proved in [12, Proposition 1.3] that, if ux(A) > 0, then it is an eigenvalue of Ty with
associated normalized eigenfunction ®;. In view of the condition (M), we can argue as
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in the proof of [12, Proposition 1.11(c)] and conclude that ug(A) > 0. Thus, we obtain a
sequence of eigenvalues for (LP)

0<A(A) <A(A) <o < M(A) <o

such that A\z(A) — oo as k — oo. Moreover, if we set Vj, = span{®i',... &2} we can
decompose H as H =V}, & V- and the following variational inequalities hold

41 < M) [ (A()z,2), ¥ 2 €V 22)
Q
and
122 > AkH(A)/ (A(z)2,2), ¥ 2 € VE (2.3)
Q
3. PROOF OF THEOREM 1.1

In this section we present the proof of Theorem 1.1. As stated in the introduction, we will

look for critical points of the C2-functional I : H — R given by

I(z)—/g(|Vu\2+|Vv|2)—/QF(LZ).

The first step is to prove that [ satisfies the Cerami condition at any level ¢ € R. In order
to verify this, we first note that, given £ > 0, we can use (F,) to obtain R. > 0 such that

2F(2,2) — (Aw(2)2,2) | < el Vo € Q, |2| > R.

This and the continuity of F' provide M. > 0 such that

Flz,2) > % (A (2)2, 2) — %w _ ML (3.1)
and |
F(z,2) < §<Aoo(x)z,z> +§|z|2+M€, (3.2)

for any (z,2) € Q x R?.
Lemma 3.1. If (F) and (NQ) hold, then I satisfies (Ce). for any c € R.

Proof. Let (z,) C H be such that I(z,) — ¢ and ||I'(z,)||m+(1 + ||za]|]) — 0. Since the
nonlinearity F' has subcritical growth, standard arguments [20] show that the lemma is
proved if we can show that (z,) has a bounded subsequence. Suppose, by contradiction,
that ||z, || — oo as n — oo. Then, there exists M > 0 such that

liminf/QH(a:, zp) = lim inf/Q (21(z,) — (I'(2), 2n)) < M, (3.3)

n—oo n—oo
where H(x, z,) = VF(x, z,)-2,—2F (z, z,). We obtain a contradiction by the following claim:
there exists 2 C 2 with positive measure, such that up to a subsequence, |u,(x)| — +oo or

v ()| = +00 as n — +oo, for a.e. z € Q.
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Assuming the claim, by Fatou’s lemma and (NQ), we have

liminf/H(x,zn) Z/liminf[—](x,zn):oo,
Q 0

which contradicts (3.3).
Now we proceed with the proof of the claim. Given ¢ > 0, by (3.2) and I(z,) — ¢ we
have, for n sufficiently large,

1 1
Vel < ernyalt / (Ao (2) 20, 20} + & / eal? + ML
2 Q 2 Q

2
1 s
< A4+—:/<Awtw4“%)+§—ﬂpﬂﬁ
2/, 2

(3.4)

Defining z,, = (U, ) (|tnl, |vn]), we may assume that w, — u, v, — v strongly

1
= G t) = T unl
in L*(Q) and u,(z) — a(z), U,(x) — 0(z) for a.e. x € Q. Thus, dividing (3.4) by ||z.]?,
taking n — 0o, € — 0, we conclude that

1g%xA4@aa, (3.5)

where 2 = (u,v). By denoting

and recalling that b, (x) > 0, we can use (3.5) and Young’s inequality to obtain
1 < /@@@#+%Q@m+%@W)
0

< [ (o) + b)) + [ () + )7

Q

and therefore there exists ) C Q such that u(x) #0orv(x) #0, ae. x € Q). The claim is

now proved by observing that we are assuming that ||z,|| — 400 as n — 4o0. O

Lemma 3.2. If (F) and (NQ) holds, then there exist My, > 0 such that

1
F(x,z) — 5 (As(z)2,2) < My, ¥V (2,2) € Q x R%,

Proof. Defining G(z,2) = F(x, z) — 5 (Ax(2)2, 2), we have

1
2

VG(2,2) -2 —2G(x,2) = VF(x,2) -z — 2F(x, 2).
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For any fixed z € R? with [z| = 1, it follows from (NQ) that, for every M > 0, there is
Ry > 0 such that

VG(x,sz) - (sz) — 2G(x,s2) > M, ¥ |s| > Ry.
Thus,

>

d [G(x,s2)|  VG(z,s7) - (sz) — 2G(7, 52)
ds B
Integrating the above expression over the interval [t,T] C [Ras, +00) we obtain

G(z,1z) < G(z,TZ) N M [ 1 1] '

M
E.

52 53

2 = 12 2 |72 P
Letting T — +o00, we conclude that G(z,tz) < —M/2, for t > Ry, for a.e. x € Q. In a
similar way, we have G(z,tz) < —M/2, for t < —R); and a.e. x € . Hence

|1|im G(z,z) = —oo, uniformly for a.e. z € Q.
The lemma follows from the above equality and the continuity of G. U

We are now ready to prove our first theorem.

Proof of Theorem 1.1. Let k£ > 2 be given by the condition (F,). For any 1 < j < k—1,
let CIDJA‘X’ be the normalized eigenfunction associated to the j-th positive eigenvalue \;(Ax),
as explained in the Section 2. If we define

V =span{®y>~ ... 2=} and W =V,

we have that H =V @W and dimV =k — 1 < oco. We claim that the functional I satisfies
the geometry of the Saddle Point Theorem, that is,

Claim 1: I(z) — —o0 as ||z]| — o0, z € V,
Claim 2: there exists v € R such that I(z) > ~, for all z in W.
Assuming that the above claims are true, use can use Lemma 3.1 and the Saddle Point

Theorem [20, Theorem 4.6] (see also [22, Theorem 2.13]) to get a critical point for I. As
explained before, this critical point is a solution of (P) and we have done.

It remains to prove the claims. Let us first consider the first one. Since £ > 2 and
M (Ax) < Aa(As) we may suppose, without loss of generality, that Ax_1(As) < Ap(As) = 1.

Thus, the inequality (2.2) implies that, for any z € V'\ {0},

121 < A (Aoc) / (Ans(2)7,2) < / (Ans(2),2).

) Q
Recalling that V' is finite dimensional, we obtain ¢ > 0 such that

2l — / (An(t)z,2) < —0|2|2, V2 € V.
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Thus, we can use (3.1) and (2.1) to get

1) < gl -3 | @)z +5 [ 1R+ 00
£ (=0 +25) 2] + M0
By taking € = 0/(25) we conclude that I(z) — —oo as ||z]| — o0, z € V.

<

In order the verify the second claim we take z € W and use A\;(As) = 1, (2.3) and Lemma
3.2, to get

1) = ghelt =20 [ s - [ (Pl - 5 (el 2)

> —M,|9.

Hence the Claim 2 is true and the theorem is proved. O

4. PROOF OF THEOREMS 1.2 AND 1.3

In this section we prove our multiplicity results concerning the resonance at higher eigen-
values. Since we will apply is Morse Theory, it is useful to recall some concepts. Let zg € H
be an isolated critical point of I, ¢ = I(zp) and p be a nonnegative integer. We define the

j-th critical group of I at zy as being
CJ(L ZO) = HJ'(ICv]C \ {ZO})a

where I = {u € H : I(u) < ¢} and H;(I°1°\ {20}) denotes the j-th relative singular
homology group with coefficients in (Z, +) (see [9] for more details). The critical groups will
enable us to distinguish the critical points obtained by different kinds of links.

Proof of Theorem 1.2. Let w be the solution given by Theorem 1.1. It is sufficient to
show that w # 0. With this aim we first note that, since w was obtained by the Saddle
Point Theorem with the finite dimensional subspace having dimension k£ — 1, we know by |9,
Theorem 1.5 of Chapter 2] that

Cr—1(I,w) # 0. (4.1)
Recalling that F' € C?(Q x R?,R) and using some calculations we can see that the matrix
Ao(x) given by the condition (Fp) is precisely the second derivative D*F(x,0). Thus, the
condition A, (Ag) < 1 < Apy1(Ap), implies that 0 is a nondegenerated critical point and the
Morse index of I at 0, which we denote by m(7,0), is equal to m. Thus, by applying |9,
Theorem 4.1 of Chapter 1], we get
Z, if j =m,

Cj(lao) = {

0, otherwise
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Since we are assuming that m # k — 1 the above equation and (4.1) show that w # 0 and
the theorem is proved. [l

Before to presenting the proof of Theorem 1.3 we need the following result.
Lemma 4.1. Suppose VF(2,0,0) = 0 and (F), (Fy) and (Fx) holds. If \i(Aog) > 1 and
Me(Aso) = 1 for some k > 3, then the functional I has the mountain pass geometry, that is,
I(0) =0 and

(i) there exist o, p > 0 such that I(z) > «, for all z € H such that ||z|| = p,

(ii) there exists e € H such that |le|| > p and I(e) < 0.
Proof. Given € > 0, we can use (Fp) to obtain d. > 0 such that

2F (e, 2) — (Aole)z, 2) | < eloP, V€ Q. |2] <.
Moreover, condition (F) provides A, > 0 such that
|F(z,2)] < Az|P, V2 e, |z] > 6..
It follows from the two above inequalities that
1
P(2,2) < 2 {Ao(w)2,2) + SI2P + ALl2P (42)

for any (z,2) € Q x R?.
Thus, for any z € H, we can use the above inequality, (2.3) and (2.1) to get

> P =5 [ o= 5 [P - A [y

1
> —(1-— 2 P
> 2(1 SO — 285 |2]? - A,z "

Recalling that A;(Ag) > 1, we can take € > 0 small in such way that (1 —1/A(Ag) —S3) =
v > 0, and conclude that

14 v —
1) 2 Sl = ASllal? = (5 = AS,ll2172) 1211

I(2)

Thus, we can check that the item (i) holds for p = (v/(4A.S,))"/®~? and a = p*v/4.
Let ®'> be the normalized eigenfunction associated to A (As). In view of (3.1) and (2.3)
we have,

1
1(td)~) = -4u¢fww-—jgfwx¢@fw>

IN

t? A A t’e Ao |2
——— <A z) @i, Pl +7 |P1>|* 4+ M|
Q

t2 1
= —(1-—— = |?) + M0
5 MM@*fA'l'»*E'
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Since A (Aw) < M(Ax) = 1 we can choose € > 0 small in such way that (1 — 1/ (Ax) +
e o |1®1=[) = Kk < 0, and therefore

t2
Hﬂ#“%§§n+AMQM+—mL

as t — oo. Thus, for sufficiently large to > p we have I(t,®'>) < 0. This proves item (ii)
and concludes the proof of the lemma. O

Proof of Theorem 1.3. Let w be the nontrivial solution given by Theorem 1.2. In view of
Lemmas 4.1 and 3.1, we can apply the Mountain Pass theorem [20, Theorem 2.2] to obtain
a nontrivial solution w of the problem (P). In order to prove the theorem it suffices to show
that w # w.

Firstly, we note that

O\ (1, @) # 0.

Now, by the Shifting theorem ([9, Corollary 5.1 of Chapter 1]) we have that m(/,w) < 1. If
m(I,w) = 1 then, by the Shifting theorem, we have

B {Z,ﬁj:L
Ci(I,w) = (4.3)

0, otherwise.

If m(I,w) = 0 then w is a degenerated critical point and the assumption that D*F(z,w) €
M5(Q2) implies that dim Ker!”(w) = 1 (see [7]). Again, we can use [9, Theorem 1.6 of
Chapter 2| to conclude that (4.3) also holds in this case.

Recalling that & > 2, we conclude that Cy_1(/,w) = 0 and it follows from (4.1) that
w # w. The theorem is proved. O

5. PROOF OF THEOREM 1.4
In this final section we consider the resonance at the first eigenvalue \;(A.). We start by
proving that, in this case, the functional I is coercive on H.
Lemma 5.1. IF (F,) holds and we have either

(i) M(Ax) > 1, or
(17) M(Ax) =1 and (NQ) holds,

then the functional I is coercive on H, i.e., I(z) — oo whenever ||z|| — oo.
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Proof. We first present the proof of (i). Given ¢ > 0 small we can use (3.2), (2.3) and
A (As) > 1 to obtain

1 1
1) 2 gl =5 [ (An@zh =2 [ B = bl
S R SO NN VALY (5.1)
- 2 A (Ax) c

1%
> ZJalP - M9,

for some v > 0. Thus, I(z) — +00 as ||z|| — +oo and the lemma is proved in this first case.
For the second case (ii) we note that, if

1
Gla,2) = Fla,2) — 3 {Awle)z,2),
then we can argue as in the proof of Lemma 3.2 and conclude that
|llim G(z,z) = —oo, uniformly for a.e. z € Q. (5.2)

Now we suppose, by contradiction, that the lemma is false. Then there exists (z,) C H

such that ||z,|| — oo as n — oo and I(z,) < C, for some C' € R. By writing z, = (up,v,)

2 = (Up, Uy, ). Passing to a subsequence if necessary, we

we define the new sequence z,, = T =
n

may suppose that
Zn — 2 = (u,v) weakly in H,

Zn— 2 in L?(Q) x L*(Q), (5.3)
Zn(z) — Z(2) for a.e. x € Q.

In view of Lemma 3.2, we have that

C > I(z,)
1 5 1
= Nl =} [ @)z — [ Gz
Q Q
1 5 1
> §HZnH ) <A00<'T)Zmzn>_Moom|'
Q

Dividing this expression by ||z, ||?, letting n — oo and using (5.3), we obtain

1< [ (Ae@)23).
Q
On the other hand, recalling the weak convergence in (5.3) and that A\j(Aw) = 1, we can
use (2.3) to get
1< / (A (2)2,2) < |IZ]1? < liminf ||Z,]|* = 1,
Q n—oo

from which follows that ||Z]| = 1. This and the above expression show that z = +®¢>= the

first eigenfunction of (LP). Since in both cases the components of Z have the same constant



MULTIPLICITY OF SOLUTIONS FOR RESONANT ELLIPTIC SYSTEMS 13

sign, we conclude that |u,(x)| — oo and |v,(z)] — oo as n — oo. This fact, A\ (As) = 1,
(2.3) and (5.2) imply that

C > 1) = 5lalf =5 [ (An@nz) = [ Glaz)

o[ et o
Q

as n — oo. This is a contradiction and the lemma is proved. O

In order to verify that I has a local linking at the origin, we take Ag be the function given
by hypothesis (Fp). Recalling the spectral theory of the operator T, discussed in Section 2,

we set
V =span{®{°, do ... dM} and W =V
Thus, we have the direct decomposition H =V & W. Moreover, the following holds.

Lemma 5.2. If (Fy) holds and \,,(Ag) < 1 < Ap11(Ao), then the functional I has a local

link at the origin, i.e.,

(1) there exists p; > 0 such that I(z) <0, for all z € V N B, (0),
(i) there exists p, > 0 such that I(z) > 0, for all nonzero z € W N B,,(0).

Proof. Given € > 0, we can use (Fp) and (F') as in the proof of Theorem 1.3, to obtain
0., Ac > 0 such that

Flo,2) = 5 (Ao(@)2,2) = 5|2l = Al (5.4)

[\Dlr—t

for any (z,z) € Q x R2.
By taking e > 0 sufficiently small we can use (5.4), (2.2), (2.1) and A\x(Ap) < 1 to obtain

1) < gl =3 [ (@) +5 [+ A [ lap

1 1
< = 2 P
< 2(1 X (AO>+552) 2|7 + A.S, ||2]|

< (G +ASleP) e
for some k < 0 and for all z € V. Hence, the condition (i) holds for p; = (—/4;/2AgSp)1/(p72) >
0.

In order to verify (ii), we choose € > 0 small and use (4.2), (2.3), (2.1) and A\g41(A4g) > 1
to get

1 1
I(z) > =(1—————¢€S 2|2 — ALS,||2||P
@ 2 5 (1= 5o~ =) el - A el

i _
> (5 +ASEP2) )22
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for some p > 0 and for all z € W. As before, we can check that (ii) holds for p, =
(11/2A.5,)" "™ > 0. The lemma is proved. O

Proof of Theorem 1.4. In view of Lemmas 5.1 and 5.2, we can invoke the Three Critical

Point Theorem [18] (see also [19, Theorem 2.1]) to obtain two nontrivial critical points for I.

As before, these critical points are nontrivial solutions of (P) and the theorem is proved. O
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