CHAIN CODES AND SPHERICAL TITS
BUILDINGS

Luciano Panek *and Marcelo Firer

Abstract

To a n-dimensional vector space V over a finite field I, it is pos-
sible to associate a structure of spherical Tits building. The chambers
of such building are maximal flags: maximal sequences of nested sub-
spaces. In the case ¢ = 2, there is a unique (n — 1)-dimensional 1-MDS
code C' C V. We show the existence of chambers associated to such a
code that are chain type (in the sense of codes theory) and given a com-
plete characterization of the connected components of the chain type
chambers.
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1 Introduction

In 1991 Victor Wei introduced the concept of generalized minimum Hamming
weights ([6]) motivated by several applications in cryptography, including the
wire-tap channel of type II. With different motivation, similar properties of
irreducible cyclic codes were studied by Helleseth, Klgve and Mykkeltveit in
1977 (see [1]).

Since generalized weights were introduced several results were obtained
generalizing already known results in codes theory. Great part of these results
can be found in the work [4] of Tsfasman and Vladut where the generalized
weights are calculated through the projective systems (see book [5]).

Given a k-dimensional linear codes C' C Fy, the r-th minimum Hamming
weights is defined as

d, (C)=min{||D| : D C C,dim(D) =r},
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with
1Dl = # [ Supp (v)
veD

where Supp (v), the support of v, is the number of non-zero coordinates of
v = (v1,...,0,). A code C with minimal weights hierarchy (di,...,d) is
called a [n; k;dy, ..., dg],- code.

Generalized weights naturally leads to the generalization of spectrum, the
r-th spectrum:

EM(C)={D:D c C,dim (D) =r and ||D| =i}.
As a consequence of the definition we have that
1<di(C)<dy(C)<...<dp (C)<n
([6, theorem 1]) and it follows that
r<d.(C)<n—k+r

forall r € {1,...,k} ([6, theorem 10]). A code such that d, (C') = n—k+r for
a given r € {1,...,k} is called r-MDS code (r-mazimum distance separable).
If for some r a code is r-MDS then it is also s-MDS for any s > r.

In this work we will study a special family of codes, introduced by Wei
and Yang ([7]), called chain codes. Using a terminology usual in Projective
Geometry, we say a sequence of linear subspaces

{0} =Dy C D1 C...C Dy 1 C D=0,

is a flag in C, or a mazimal flag in case dim (C;) =i, fori = 1,2, ..., k. A code
C' is called a chain code (or code of chain type) if there is a flag

DicDyC...CcD,=0C,

with ||D,|| = d, (C) for every r = 1,2,...,k, where k = dim (C). This is a
particular but significant class of codes, since it includes the Hamming and the
dual Hamming codes, Reed-Muller codes of all the orders, 1-MDS codes and
the Golay codes ([7, theorem 6]). We observe that we can describe a maximal
flag by giving an ordered base {vy, ..., vx} such that for every i = 1,2,.... k, C;
is generated by {vy,...,v;}. Similar construction can be made for other flags,
not necessarily maximal.

The principal result of this work is Theorem 4.1, where we show that the set
of flags associated to a chain code of codimension 1W1th fixed weight hierarchy
is connected, in the sense there is a sequence of flags a = ay,a0,...,q,, =
B, where all «; has the same weight hierarchy and each (ay, ;1) can be
determined by ordered bases that differ only by a transposition.
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This result is obtained through the characterization of the chain codes as
chambers of a spherical Tits building, as we will see in the following section.
This characterization, together with Theorem 4.1, enable us to count all the
chain codes with a given weight hierarchy (Proposition 4.3 and Corollary 4.1).

In section 2 we introduce basic concepts related to Tits buildings and enun-
ciate the proposed problems in terms of this structure. In the section 3 we
study in details the structure of chain codes with weights hierarchy (2,3, ...,n),
beginning the counting procedures, mainly Theorem 3.1. Finally, in the sec-
tion 4 we present the main results in this work: considering the family of all
flags associated to chain codes of codimension 1, we have that each connected

component of this family is determined exclusively by the weights hierarchies
(1,2,...,n—1) and (2,3,...,n) (Theorem 4.1 and Corollary 4.3).

2 Spherical Tits Buildings

We begin this section with generic definitions on abstract chamber systems
and basic concepts of Tits buildings. We present only the concepts that are
strictly necessary for this work, refering the reader to [3] for more details.

7
A chamber system over a set I is triple ( A, —, I |, where A is a set, [ is a set

i
of indices and for each i € I, — is an equivalence relation in A. The elements

of A are called chambers and if o — (6 we say that the chambers o and [ are
i-adjacent, or simply adjacent if we do not need to distinguish the adjacency
type. A gallery of length k and type i1is . . .1, joining two chambers a and [ is
a finite sequence of chambers a = «g, aq,...,ar = [ such that the chambers
a;_1 and «; are different but i;-adjacent for each j € {1,...,k}. A minimal
gallery joining o and (3 is a (not necessarily unique) gallery of minimal length
joining the chambers. A subset A’ C A is said to be connected if any two
chambers can be connected by a gallery. In this case, we define the distance
d (o, ) between two chambers as the length of a minimal gallery joining the
chambers. A subset A" C A is called convex if every minimal gallery between
any two chambers of A’ is entirely contained in A’.

If every i; belongs to some subset J C I, we say the gallery is a J-gallery.
A chamber system A is connected (or J-connected) if any two chambers can
be joined by gallery (or J-gallery). The J-connected components are called
residues of type J, or simply J-residues. We denote the equivalence class (J-
residue) of an element o« € A by Res («a; J). The rank of chambers system over
set I is the cardinality of I, and the corank of J C I is the rank of I\J. A
morphism ¢ : A — T between two chambers system over the same index set
I is a map defined on the chambers that preserves i-adjacency for any ¢ € I.



An isomorphism is a morphism that possess inverse that is also a morphism.

A Cozxeter group is a group W finitely generated by a set {rq, ..., 7, }, subject
only to the relations (r;r;)™% = 1, where m;; € NU{co} and m;; = 1, for any
i,j € {1,....,n}. The matrix (my;);;_, is called the Cozeter matriz of W and
denoted for M;. The generators of W define a structure of chambers systems
over [ in the group in a canonical way: two elements w,w’ € W are said to be
i-adjacent if and only if w’ = wr;. This systems is called Coxeter complex, the
fundamental ”bricks” that constitute a Tits building:

Definition 2.1 Let A be a chamber system and X a family of subsystems, all
1somorphic to a given finite Coxeter complex, such that:

(1) For any two chambers there is 3 € 3 containing both of them;

(13) For each pair ¥,%" € 3 with a chamber in common there is an isomor-
phism of chamber systems ¢ : ¥ — ¥/ that fizes X NY pointwise;

Then the pair (A, X) is called a spherical Tits buildings and the subsystems
of 3 apartments.

Being the Coxeter complex finite, it can be realized as a complex structure
on a metric sphere (see [2]).

Example 2.1 Let F, be a finite field with q elements and ¥y the vector space
of dimension n. We use the notation (Di)izl to represent the flag of length [

{O}:D()CDlCDQC...CDl,lCD[ZFZ.

A maximal flag is a flag of length n, and in this case dim (D;) = j. We
consider the building (A, %) defined as follows:

A=A, (g) = {(D)Z] : dim (D)) = j, D; C Fy}

3= {{(@0(1), . ,UU(¢)>)::11 to € Sn} A{vy, ..., v} base ofIFg}

where S, is the symmetric group and <UU(1), - ,vg(i)> is the space of Fy spanned
by the vectors {vg(l), e ,va(i)}. Fized a base {vy,...,v,} of [y, an apartment
of A 1s the set of all chambers

((Vor)s -+ Vo)) 1y

with o € S,,. Two chambers (D;)!—" and (D)1= in A are i-adjacent if D; =
Dy for any j # i. The Cozeter group associated to the building A, (q) is
isomorphic to the symmetric group S,,.

Example 2.2 All J-residue of a Tits building A of the type My is a Tits
building of type My (see [3, theorem 3.5]).



3 Connecting Chambers by Galleries

We denote by A, (di,dy,...,d,1) the set of all maximal flags of F} that
achieve the weights hierarchy (dy,ds,...,d,—1). Each of those flags is called a
chambers of type (di,da, ..., dp_1).

Consider the particular case when the maximal non trivial subspace of the
flag, M™~1 (2) C F%, is the (n — 1)-dimensional 1-MDS code. Since M"~! (2)
may be viewed as the set of all words w € F} with even weight, we have that

Ay (2,3,...,n) C Res(a,{1,...,n—2}).

Given a € Ay (2,3,...,n), the j-sphere of center o and ray 1 is the set of
chambers in Ay (2,3,...,n) j-adjacent to a:

Bj(oz) = {ﬁGAQ(Q,Z’),...,n) Zd(a,ﬂ) =1 andﬁia}.
We will show those spheres are rather trivial. We start with a lemma:

Lemma 3.1 Given j € {1,...,n—1} consider D; C M"'(2) such that
dim D; = j and |D;|| = j+ 1. Then

1) B 0 if 1 is odd
B (Dy) = { (tY if i s even
Proof. Let {my,...,m;;1} = Supp (D;). If 7 : F§ — IF%H is the projection
T (21, 20) = (Tanys -+ Ty, ), then 7 (D;) C F3* is a subcode of dimen-
sion j. Since D; C M™ ' (2), we find that the Hamming weight of any word
in 7 (D;) is even. Then

n (DJ) = M7 (2) )

and the result follows. O

Let U C V' C Iy be linear spaces, with dimensions r and ¢ respectively. The
number of s-dimensional subspaces of V' containing U equals (see [4, lemma
2.2])

{ t—r } _ 1:[ (¢ —4¢")
s—r pale (qs—r _ qi—l)
Theorem 3.1 Letn > 2 and o € Ay (2,3,...,n). Then

(2 i i=1
#Bi(o‘)_{1 if i1

In particular, By (o) U {a} = Res (a; {1}).
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Proof. Let a := (Di);:ll € Ay (2,3,...,n). Since dim D;1/D;_1=2, it has
exactly 3 subspaces of dimension 1. One of them corresponds to the projection
of D; and the other two defines the two chambers i-adjacent to (Di)n_l but

=1

those are not necessarily contained in A, (2,3,...,n).

If i = 1, it is enough to notice that for any v € Ds\ {0}, ||v]| = 2 and it
this means that every chamber I-adjacent to (D;)7," is in Ay (2,3,...,n) and
it follows that #B; () = 2.

If ¢ # 1, we consider {vq,...,v;41} a base of D;y; such that {vy,... ,v; 1}
generates D;_; and {vy,...,v;} generates D;. Since D, is a chain code, we

can assume that l
# (U Supp (vj)> =1+1,
j=1

for every I € {1,...,i+1}. From Lemma 3.1, we find that D; and D;,
have respectively (“gl) and (232) words with weight 2. We claim there is
w; € Diy1,w; # v; such that ||w;|| = 2 and

# <<U Supp (%)) U Supp (ua)) =i+ 1.

=1

In fact, if Supp ((v1,...,v41)) = {m1,...,m;12} there are mg € Supp (v;11)
and m,. € Supp ((v1, ..., v;)) such that ms ¢ Supp ((v1, ..., v;)) and then, every
w; € Diy1 such that Supp (w;) = {m,, ms} satisfies the desired conditions. So,
we obtained two i-dimensional codes of chain type, let us say D; and D;}. The
amount of distinct words of weight 2 in those codes equals

EMN (D) + EMN (D) — BV (Di_y) .

Since the number of words of weight 2 in D; 1\ (D; U D}) is smaller then the
number of words of weight 2 in D; (or D)) that are not in D;_;, that is,

B (D) = (B (D) + B (D) = B (D)) < BS (D) — ES” (Dicy).

we conclude that just two i-adjacent chambers can be of chain type, because
the number of distinct words of weight 2 in a code D C M™ ! (2) such that

dim D =i and || D[ =i+ 1 equals ("}") (Lemma 3.1). O

From here on, we will withdraw the trivial case Fg and consider only codes
in n-dimensional spaces with n > 2.

If B(a) =; Bj(a), then #B () is called the valency of a, that is, the
number of chambers in Ay (2,3,...,n) adjacent to o. The next two corollaries
follows trivially from the preceding theorem.
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Corollary 3.1 Let o = (D;)!~] € Ay(2,3,...,n). Then
' Cr+l o r=1,2,...,n—2
#<UBJ(O‘>>_{T if r=n-1
j=1

Corollary 3.2 Let o« € Ay (2,3,...,n). Then the valency of o is n — 1.

Lemma 3.2 Let o« € Ay(2,3,...,n) andi € {2,3,...,n—2}. Then there is
a unique chamber (D, ..., D,_1) € A,—1(2) that is i-adjacent to o, and such
that

IDil| =i +2.

Proof. Suppose D; C D;;; C M™!(2) are codes with ||D;, || =i + 2. Since
D; C D;41 we have that || D;|| < ||Dis1|| = ¢ + 2. Since D; is i-dimensional we
cannot have || D;|| < 4, because this means || D;|| < d; (M™ ! (2)), contradicting
the minimality of d; (M ! (2)). It follows that ||D;|| =i+ 1 or | D;|| =i + 2.
Since ||D;]| € {i + 1,7+ 2} and for i > 2 there are only 2 chambers i-adjacent
to «, exactly one of them of type (2,3,...,n) (Theorem 3.1), we must have
one of them satisfying the equation || D;|| =i + 2. O

Despite the fact it is very simple, Corollary 3.2 has an interesting conse-
quence: given two chambers in the building

(‘D%7"'7D717,71) ) (D%,...,Di,l) S An—l (Q)

such that dim (D} N D?) = ¢ — 1 for any i € {2,3,...,n— 1}, they can be
connected by a galleries of length 2n — 3 (the indexes under the lines indicate
the adjacency type):

(D1, D3, D35+, Dy, Dy y) (D3N D3, D3, D3, Dy 5 Dy 1)

2

(DinD2,DinD2,...,D:_NnD2_,,DL )

n—1’

w—— (DinD2,DiNDE DL,... DL _,,DL )

n—1
(DinD2,DinD2,....D}_nNnD2_,,D2_|)—n ... —— (DiND2 DiND2 D% ...,D2_, D2 ))

n—1’

2

(DAnD3,D%,D%,...,D2_,,D2_,)

n—2

(D}, D3, D3,.... D} 5, D7 1)

If the initial and final chambers of the gallery above are in Ay (2,3,...,n),
the whole gallery is contained in A, (2,3,...,n), as follows from the next
theorem.



Theorem 3.2 If (D )7, . ,(D?)f € Ay(2,3,...,n) and dim (D! N D2) =
z—lforany@€{23 — 2}, then

D2 D2 =
for anyr € {2,3,...,n—2}.
Proof. The proof is by induction on r. For r = 2, the result is trivial since
every 0 # u € D} satisfies ||ul| = 2, for i = 1, 2.

We assume now that || D} N D?|| =i for every i € {3,...,r} and suppose

that || D}, N D2,,|| # r+1. By Lemma 3.2 we get that|| D}, N D2, || = r+2.
Let {i1,...,4,} be the support of D} N D% Since

(DN D?) c (D},,ND},) C DL, (j=1,2),

we have that
Supp( lmDr+1) :{il,...,imll,lg}

and since (D} N D2) € D!, (j = 1,2) we find that
Supp (D?,1) = {i, . vin, iy, i} (5 =1,2).

But (D}, N Dr—i—l) C DZH (7 = 1,2), and we can assume with no loss of gener-
ality that l; =4, and ly = @/,,. But then, Supp (D}, ;) = Supp ( 2.1), and

since HD +1H HD +1|| = j+1, it follows from Lemma 3.1 that D}, , = D2,
and dim (DT L ND2 ) =r+1, contradmtlng the hypothesis of that dimension
dim (D1 1 ND? ) T. O]

Corollary 3.3 [f( ES 1 ,(Dz)Z L €Ay (2 ,3,...,n), dim (D} ND?) =i—1
for any i € {2,3,....,n— 3} and # (Supp (D7) N Supp (D?)) = 1, then

|D;j + D}|| =i+2
forany i€ {1,2,...,n—3}.

Proof. From Theorem 3.2 we know that support ||D} N D?|| = i for any
i €{2,3,...,n—3}. Since | D} + D2|| = ||D}|| + || D?|| — |D} N D?||, we have
that ||D} + D?|| =i+ 2 for any ¢ € {2,3,...,n— 3}. For the case i = 1, we
notice that # {Supp (D}) N Supp (D?)} = 1, and ||Di|| = ||D?|| = 2 and find
that ||Dj + D3| = 3. O



4 Connected Components

The main result of this work is presented in Theorem 4.1, where we characterize
the connected components of chain codes. To prove that A, (2,3,...,n) is
connected, we will show that the set of chambers of type (2,3,...,n) can be
described (see Example 2.2 for details) as the disjoint union of apartments in
the Tits Building

Res (o;{1,2,...,n—2}),a € Ay(2,3,...,n).

To understand the structure of those buildings defined by residues, we take
a close look at the 4-dimensional case. We notice that A, (2,3,4) is the union
of the four apartments defined by the bases bellow:

{(]"07 071) Y (07 1707l> Y (0707 ]"l)} ? {(07170’ ]‘) ) (071’ ]"0) ) (1’1’ 07 0)} Y
{(0,1,1,0),(1,0,1,0),(0,0,1,1)},{(1,0,0,1), (1, 1,0,0), (1,0,1,0)}

The underlined coordinates suggest the picture we wish to generalize: we chose
a co-dimension 1 subspace defned by a non-zero coordinate and in this space
we take a base formed by vectors with weight two. This will produce the
apartments of Ay (2,3,...,n) and constitute the foundation of the proof that
Ay (2,3,...,n) is connected.

Lemma 4.1 Given (Di)?:_ll € Ay (2,3,...,n) there is a base {vy,...,v,_1} of
M"Y (2) and | € {1,2,...,n} such that:

(1) (v1,...,v) = D; foranyie {1,...,n—1};

(23) Supp (v;) N Supp(v;) = {i}, for anyi,j € {1,...,n— 1} with i # j.

Proof. Since M"™ ' (2) is of chain type, there is a base {wy,...,w, 1} of
M"1(2) such that

# <O Supp (wj)> = d; (M"71(2))

j=1
and
<U}1,. .. 7wi> - Di7
with 7 € {1,...,n — 1}. We note that since d; (M"!(2)) = 2 we have that
|lwi]] = 2. Lets say Supp (wi) = {i1,%2} and Supp (w;) = {i;,i41}, J €
{2,3,...,n — 1}, withi; € Supp (w;_1) and i;41 € {1,...,n — 1} \Supp (D;_1).
Defining
V1 = Wy,

v = Vi1 +w;, J=2,...,n



we find that

v1 = wy, Supp (v1) = {i1, 42},
Vi—1 = V2 +wi_y, Supp (vi-1) = {i1, i1}
Then we put | = 4; and find that Supp (v;) N Supp (v;) = {l} for any i,j €

{1,...,n — 1} with @ # j and the base {vy,...,v,_1} satisfies the requested
conditions. 0

Let us define the vector v} € Fy as

s [ (0.0,15,0,0,0,1540,0,...,0) i >
771 (0,...,0,1;,0,...,0,1;,0,...,0) if j<i

where the subindex indicate the corresponding coordinate we are assigning
non-zero values . As M"~ ! (2) is an (n — 1)-dimensional subspace containing
all words of F with even weight, and since {vi, v}, ..., v}_,} is linearly inde-
pendent, we find that for each i € {1,...,n}, the set {Uﬂj =1,...,n— 1} is a
base of M™!(2). So it defines the apartment 3; C Ay (2,3,...,n):

Y= {<<vf,(1), ...,vfr(j)y?_z Mt (2)) Lo € Sn_l} :

j=1"

Proposition 4.1 With the notation above defined,

Proof. By construction, |J_, X; C A (2,3,...,n) and it is left to prove

that each chamber o = (D;)7-' € Ay(2,3,...,n) is contained in some of
those apartments. Let us consider a base {vq,...,v, 1} of M" ! (2) such

that (v1,...,v.) = D, and Supp (v;) N Supp (v;) = {l}, whenever i # j and
r€{1,2,...n — 1} (existence guaranteed by Lemma 4.1). Setting

i1 € Supp (vi) \{I}, .., i1 € Supp (vn-1) \ {}

and
0,...,0,1;0,...,0,1;,0,...,0),
we have that o = (D;);—, = <<vl’i1, o ,vl7ij>n_1 M1 (2)> € ¥, and it fol-

=1
lows that Ay (2,3,...,n) =, X O

Proposition 4.2 Let i,5 € {1,2,...,n} with i # j. Then #(X;NY;) =
(n—2)L.
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Proof. Consider two apartments ¥; and ;. Let o € S,,_; such that ¢ (1) = j,
and suppose that 7 <. Then

(Wi b )y MO (2)) €3
Let h € {2,3,...,n}. Since

Ly o™i o (k) € {1,2,...,i—1}
Ua(t) TV = | o1 if o(h)e{ii+tl,...,n—1}"

we find that

<<0' 7"'7gl)>llaMn1 )EEJ
and therefore 3, N3, # @. Since we have an total of (n — 2)! permutations of
type (1j...) € S,,—1, we conclude that # (3, N %;) = (n —2)L. O

Corollary 4.1 The number of chambers in Ay (2,3,...,n) is n!/2.
Proof. We note that
(X NE)N(ENY) =
if i # j and i,j # [. So, if we assume that i # j with i, 7 # [, we have that
NI UENIy)U... U N _y)
is a disjoint union. Therefore

#A2(2,3,,n):#(21UUZn)

n i—1
= #21 + Z (#Zi - Z# (XN Ej))
i=2 Jj=1

R L I e
n!
=3

Corollary 4.2 For anyn > 3, Ay (2,3,...,n) is connected.
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Proof. Let o, € Ay(2,3,...,n). If o, 5 € ; for some 4, then the chambers
can be connected by a gallery, since each apartment ¥; is convex ([3, theorem
3.8]). Suppose now that a € ¥; and § € ¥; with o, 8 ¢ £, N X;. Since the
intersection is not empty (Proposition 4.2), we can connect o to v € £; N %;
through a gallery in ¥;, and 3 to y through a gallery in ;. Making the jux-
taposition of these two galleries, we obtain a gallery joining « to 3 (passing
through ), entirely contained in ¥; UX; C Ay (2,3,...,n). O

Proposition 4.3 The set of chambers A, (1,2,...,n — 1) is an apartment of
A,_1(q). In particular, A, (1,2,...,n — 1) is convex.

Proof. Consider the canonical base e; = (1,0,...,0), e = (0,1,0,...,0),...,
en = (0,...,0,1). It follows immediately from the definition that

{(<eg(1), . ,eg(i)>)2:1l 10 € Sn} CA,(L,2,...,n—1).

Let « = (Dy,...,Dyp1) € Ay(1,2,...,n — 1) and choose a base {vy,...,v,-1}

of D,,_; such that '
# <U Supp (Uj)) = di(Dy—1)

j=1
for any ¢ € {1,...,n — 1}. We have to prove there is a permutation o € S,
such that

(U1, ...,0) = <ea(1), e eg(i)> ,i=1,...,n.
This means that, up to re-scaling by scalars, this ordered base is just a per-

mutation of the canonical one.
Indeed, since dy(D,,—1) = 1, we find that

vlz(O,...,O,kl,O,...,O), k‘l#(),

so that k'v, = e; for some j € {1,...,n—1}. Since [[{v;,v2)|| = 2, we
have that Supp (v2) = {7,1} or Supp (v2) = {l} (assuming, without loss of
generality, that [ > j). In the second of these possibilities we have that vy =
(0,...,0,ks,0,...,0), ky # 0, or in other words, that k; 'vy = ;. In the first
case, we find that

UQZ(0,...,0,]€3,0,...,0,]€4,0,...,0)

and it follows that (—k3)e; + k; 'va = ¢;. Proceeding with this process in the

same manner, we find that « € {(<ea(1), e ,eo(i)>)::11 co € Sn}.
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The convexity follow of the fact that apartments are convex ([3, theorem
3.8]). O

Let us notice now that there are many codes C' C F} of codimension 1
with weights hierarchy (1, 2,... ,anL\l, e ,n). Indeed, any such code may

be described as the kernel of a linear functional ¢ :— Fy; the code M1 (2) is
the kernel of ¢ (vy,...,v,) =v1 + ...+ v,. In the general case, a code of type

(1,2,...,777—1—\1,...,71) is the kernel of

U1, 0) =014+ F 0+ F 0, U (1)

With this we have a total of

n+(Z)+(g>++(nf2> —2(2 —1) —n

codes of codimension 1 in F4 that are neither of the type (2,3,...,n) nor
(1,2,...,n—1).
We denote by Ag {iq,..., iy} the set of chambers with weights hierarchy

(1, 2,... ,nT—l—\l, e ,n) that has the codimension 1 code defined as the kernel

of a functional as in (1).

Theorem 4.1 The set Ay <1,2, e ,m, e ,n) 1s a disjoint union of the

J-connected components Aol , with I = {iy,... in} and J ={1,2, ..., m, ...,
n — 2}. Consequently the set

U 2d.di)

(diyeeesdn—1)

has exactly 2™ — n connected components.

Proof. Each partial flag (D;)" | € Ay {i1,...,%,} may be described as the se-
quence of subspaces defined by an ordered base {¢;,,...,e; } of D,,. In others
word, the set of all such partial flags is J'-connected, for J" = {1,2,...,m — 1}.
The partial flags (D;)/~" 410 Ay {iy, ..., i)} are obtained from the vectors
(0,...,0,1;,,0,...,0,1,,,0,....0),
where j; is the first non-zero positionin {1,2,... , n}\I and j» € {1,2,...,n}\I,
Jo # j1. The set of all such partial flags is J”-connected, J” ={m + 1, m + 2,
..., n—2}. It follows that Ay {i1,...,4,} is J' U J"-connected.
Finally, we prove that

Ao{ir, ..y imf UA {1,y Jm ),
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is not connected, for {iy,...,in} # {j1,...,Jm}. Assuming so, there is an
Jr & {i1,...,im}. As happens with connected spaces in topology, we will have
only to prove that Ag {i1, ..., 0m} N A2 {j1,. ., jm} = 0.

Indeed, let a = (D)2, € Ay {iy, ... iy} and § = (D;):L SAVE Y Iy
and suppose that a and  can be connected by a gallery in Ay {i1,... i} U
Ao {j1,.-.,Jm}. But adjacency in A,,_; (q) is defined by permutations of the
elements of a given base, so that a gallery joining « to  needs to change, at
some place the subspace D,, by the subspace D! . But in order to do so, we
must have {e;,,...,€;,,¢e;} C D,_1 N D,_,. But in this case, the subspace
(€iyy- - €ins€j.) C FY has dimension m+1 and generalized weight equal m+1,
contradicting the minimality of d,,;1 = m + 2. 0

Let 1 <1 < ... <r <n bea sequence of integers, N = {1,2,...,n},
I = {iy,...,im} C N and I¢ = N\I. We denoted by F" (ry,...,r) the
set of all the flags D,, C ... C D,, formed by subspaces of Fj such that
dim (DTj) = r;. We define the inclusions

i : B — F2,
i A (2) = F(1,...,m)

and

~

i Apem (2) > F (m+ 1, n—1)
respectively as
i (x1, .. @) = (0,...,0,(21);,,0,...,0, (zn); ,0,...,0),
i (DyC...CDy)=1i;(Dy) C...Cis(Dp)
and
S (D C oo C Dont) = ige (DV) @i (FF) C .. C e (Dyr) @ i (FT).

Given chamber systems A, Ay over Iy, I, the direct product Ay x Ag is
a chamber system over the disjoint union I; U 5. Its chambers are the pairs
(o, a0) , with oy € Ay, and (aq, ag) is said to be i-adjacent to (01, 52) fori € I,

(t=1or2)if a; = f; forj#tandatiﬂt in A,.
Notice now that the direct product

(Ao (1,2,... m—1)) x4 (Mg (2,3,...,n—m))

is isomorphic to the set Asl. So, if we place A = Ay (1,2,...,m —1) and
A'=Ay(2,3,...,n—m), we have the coproduct

() .
[TAa xa = Jir(a) xi; (A
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and as a particular case of Theorem 4.1 we have the following:

Corollary 4.3 The set A, (1, 2, ..., 7??1, ,n) 18 1somorphic to the coprod-
uct

()

[TAax 2,

k=1
where the codes of dimension m and n —m — 1 in each product A x A’ are
identified with the codes <{eij };n:1> and <{v§;}>, J1,J2 € I¢. Consequently
JAS (1, 2,... ,m/—l—\l, e ,n) has exactly n!/2 chambers.

5 Final Remark

We have characterized the connected components of the union of chambers of
chain type in F3, U As(di,...,d, 1), and determined the cardinality

of each such connected component. Those results are summarized in the table
below.

Ay (1,2,...,n—1) n! Proposition 4.3
Ay (2,3,...,n) nl/2 Corollary 4.2
Ao {ir, ...y im} m!(n—m)!/2 | Theorem 4.1
AV (1,2,...,n7—|—\1,...,n> n!/2 Corollary 4.3
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