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Abstract

We are interested in the parabolic equation u; — Au = f(z,u) in a bounded domain of RY with
Dirichlet boundary condition and f : Q x [0,00) — [0,00) a Carathéodory function. We study the
existence of solution, life span and analyze the behavior of the global(when the time ¢ — c0) solution
with respect to the solution of the elliptic corresponding problem —Awu = f(x,u) with the Dirichlet
boundary condition. A typical example where the results are applied is when f(z, s) = a(z)s?+b(z)s?
with0 < g<1<panda€L*RQ),bec L°(Q) with o, 3> 1 and a, 8 > N/2.
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1 Introduction

Let  be a bounded domain in RN, N > 1, with smooth boundary 9§, "> 0 and f : 2x [0, 00) — [0, )
is a Carathéodory function. In this work we consider the following nonlinear heat equation

u—Au = f(z,u) inQx(0,7)
v =0 in 9Q x (0,7) (1.1)
u(0) =wg in

where ug € L (Q) and ug > 0 a.e in Q. We consider only nonnegative solutions for (1.1).

The equation (1.1) appear in many areas of applications, e. g. in media flows and combustion theory
and has been considered by different authors, see for example [8],[9],[10].

A elliptic version of (1.1) is the equation

—Au = f(z,u) inQ
{ U 0 in 002 (1.2)

The existence of solutions of (1.2) has been extensively investigated, see [1],[5],[6],[12] for a survey.

The purpose of the present paper is to study the existence of nonnegative solutions of the initial value
problem (1.1) and the relation between the global(in time) solution of (1.1) and its stationary elliptic
problem (1.2) when the nonlinearity f(z,s) can be concave for s small and convex for s sufficiently
enough. The some sort of concavity and some sort of convexity of f(x,s) will be required to hold only
on open subsets ;1 and Q9 of Q(cf. hypothesis (Hs) and (Hy)).

A typical example to which our result apply is when the term nonlinear is of the form

f(z,s) = Aa(x)s? 4 b(x)s? for z a.e in , for all s >0 (1.3)

Here A > 0 is a parameter, p, g satisfy 0 < ¢ <1 < p, a € L*(Q),b € LA(Q), o, 8 > 1.

Results for the equations (1.1) and (1.2) with f given by (1.3) are knows. For the equation (1.1)
with @ = 0 or b = 0 see [9], [10], [14] and for the case a = b = 1 see [8]. For the equation (1.2) in the
case a = b =1 see [1] and for a most general case [12].
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Throughout the paper, (S(t))i>o is the heat semigroup, i.e, S(t) = 2. A function u will be called
solution of (1.1) in the interval [0,T), with T' < oo if for all 77 < T' we have that v € L*((0,7") x Q)
and satisfies the equation

u(t) = S(tyuo + /0 S(t — o) f(z, u(o))do (1.4)

for all t € [0,T). Here f : Q x [0,00) — [0,00) is a Carathéodory function satisfying the following
conditions:

(Hy) t — f(,t) € C([0,00),L7(Q)) with v > 1, v > N/2 and for every M > 0 there exists a
noincreasing sequence { f,,} of functions t — f,,(+,¢) and a sequence {a,} of functions t — a,(-,t)
in C([0,00), L7(£2)) such that || f, — fllc(o,m],27(2)) — 0 when n — oo and for z a.e. in 2 we have

[fn(@,8) = fu(z,0)] < an(z,s0)[s — 1| (1.5)
for all s,t > 0 and sy is some element of the interval [s, t].

(H2) There exists a nonempty open set 23 C , tp > 0 and a continuous and concave function
g :[0,t9) — [0,00), such that

(i) f(z,8) > g(s) a.e x € O and 0 < s < ¢,
(ii) For every M > 0, there exist L > 0 such that

for0<t<s< M.

o do
(iii)/ = <
o 9(o)
(H3) For N > 3(respect. N=1,2) there exist 0 < ¢ < 1 < p < 2*—1,(respect. 0 < ¢ < 1< p)a € L*(Q)
with a > (2*/(g+1))(respect a > 1) and a > 0 a.e. in Q, b € L?(Q) with 8 > (2*/(p+1))’(respect.
B >1)and b >0 a.e. in  such that
f(z,s) < a(x)s? + b(z)s?
a.e. x € Q and all s > 0. Here 2* = (2N)/(N —2) for N > 3.

(Hy) There exist 0 < ¢ < 1 < p, €2 > 0 and nonnegative functions a € LCE(QQ),I; € LB(QQ) with
&, > N/2, & > 1 defined on a nonempty open set 2o C €2 such that b > e for z a.e. in o,
meas(Qx N{a >0} N{b>0}) >0 and

f(x,s) > as? + bs? for all z a.e. in Qy, s > 0.
Here we denote {a > 0} the set of all z € Q such that a(z) > 0.

(Hs) There exist a nonempty open set 23 C £, t; > 0 and a continuous convex function h : [0, 00) —
[0,00), such that

(i) f(z,s) > h(s) for z a.e in Q3 and s > 0.
h(s)

(ii) iminfs .o =% > A1(€23), where A;(€23) is the principal eigenvalue associated to principal
eigenfunction ¢; of —A in H}(Q3) such that fﬂs Y(x)dx = 1.

(iii) /:O hcé‘;) < o0.

We make some observations on equation (1.4).



Remark 1.1 (i) Note that the definition make sense in L7 () since t — f(-,t) € C([0,00), LY(Q)).
(ii) Since v > 1 and f € L*((0,T),LY()) for all T < oo we have by mazimal regularity that
w(t) — S(t)ug € WHT((0,T), L7(Q)) N L7((0,T), W27 () N Wy () for 1 < r < oo and u satisfies the
equation (1.1) for a.e. t € (0,T).
(iv) Since v > N/2 and v > 1, then it follows from (ii) and Sobolev’s embedding that u — S(t)ug €
WLr((0,T), H-1(Q)) N L™ ((0,T), H}(Q)) for 1 <r < oo.

The difficulty to show the existence of a solution for (1.1) arises because we are supposing that f
can be ”singular” in the sense that can be concave(Hs condition) in the origin and therefore, it will not
be of Lipschitz. In addition, we do not completely have the aid of the maximum principle. In order to
show the existence of a solution of (1.1) we used with some modifications the methods of [9] and [8].

Before enunciating our first result we defined the following.

Definition 1.2 A solution u of (1.1) defined in [0,T) is a mazimal solution of (1.1) in [0,T) if given
any other solution v of (1.1) defined in [0,T), we have v < u.

On the existence of a solution we have the following result.

Theorem 1.3 Let ug € L>*(2) be a nonnegative function. If we assume (Hy) and (Hs) then there exists
a positive function u defined on a mazimal time interval [0, Tyax), © € L®((0,T) x Q) for all T < Tax
maximal solution of (1.1).

Moreover, we have the blow up alternative: either Tiax = 00(global solution) or else Tyax < 00 and
limy 7 |Ju(t)||Le = oo (blow-up solution).

Here are some comments on the hypotheses (Hy), ..., (Hy).

In the hypothesis (H;) a continuity of f is a well know condition, because we want to obtain a
solution u through approach of solutions u,, of (1.1) with f,, instead f. The nonincreasing condition of
fn is required to have the limit of the functions u,, as n — oo.

A situation where (H;) is valid is when f : Q x [0,00) — [0, 00) is continuous. Indeed, let M > 0
be and (p,,)n>1 be a sequence of mollifiers. We define h,, = p,, * f, where f is a continuous extension
of f to RN x R. Since h,, — f uniformly on compact sets, there exist a sequence (r,) such that

Pr, = fllo@xionn) < 1/2n(n 4+ 1)]. Set gn = hy, +1/n we have that gni1 < gn in Q2 x [0, M] and
set fn(z,t) = gn(x,t) for (z,t) € Q x [0, M] and f,(x,t) = g,(x, M) for (z,t) € Q x [T,00) we obtain
a sequence {f,} nonincreasing and f, — f in C([0, M],L7(f2)). In order to obtain a, we consider
1Yo (2, 5)] in Q x [0, M] and | % (z, M) in Q x [M, c0).

Another situation where (Hy) is valid, is when f(z,s) = a(z)h(s) with a € L7(Q) and h : [0,00) —
[0, 00) is continuous. In this case, f,(z,s) = a(x)h, where h,, can be obtained using the same argument
of the previous paragraph.

The condition (Hs) is necessary for the existence of a positive solution leaving u(0) = 0. (Hj3) is a
superior limitation of f, we used it to obtain estimates of energy associated to (1.1). Finally, (H4) and
(Hs) are used to obtain blow-up solutions in finite time.

With respect the global solutions, we have the following result.

Theorem 1.4 (Global solutions) Assume ug € L (Q), ug > 0, (H1) and (Hz). Let u be the maximal
positive solution of (1.1) defined in the maximal interval [0, Tmax). If f satisfies (Hs) and f(x,-) is
nondecreasing for x a.e. in ), then we can find explicitly constant n > 0 such that

llal 7= llbll " < n (1.6)
and there exist 6 > 0 such that if [|uo||gz < & with
/ VU()V(,D—/ flz,ug)p <0 (1.7)
Q Q

for all o € H} () with ¢ > 0, then Tyax = 00.



Moreover, there exist a function w € Hg () such that u(t) — w in L2(2) as t — oo, where w is a
solution of (1.2) in the following sense: for all o € HJ ()

/QVngoda::/Qf(:c,w)cpdx. (1.8)

Remark 1.5 The values of n and & are given by (4.28) and (4.29) respectively.
To our example of application (1.3) with ug = 0 we have.

Corollary 1.6 Assume f given by (1.3) with « > N/2, 3 > (pQ—_:l)', a,f>1 and ug = 0. Let u be the
mazimal positive solution of (1.1) in a mazimal interval [0, Tiax)-

Moreover, if 0 < g < 1 < p < 2* — 1, there exists e; > 0 and nonempty open set Q1 C RN such that
a(x) > €1 for x a.e. in O, then there exist a constant n > 0 such that for all

— —(1— -1
X < nllal| ol S/ @Y

w is global and u(t) converge to w in L*(Q) as t — oo, where w is the solution of (1.2) in the sense of

(1.8).
Concerning the blow-up solution we have the following.

Theorem 1.7 (Blow-up solutions) Assume uy € L*(Q), ug > 0, (H1) and (Hz). Let u be the
mazimal positive solution of (1.1) defined in the mazimal interval [0, Tinax)-

(i) If f satisfies (Hy), ug # 0 satisfies (1.7) and 1 (1h,$s) is the principal eigenvalue of —A on Hg ()
for the weight m = a=1/(=0p(1=0)/(r=9)  then it is possible find explicitly a constant c=c(p,q)
such that Thax < 00, if

Al(ﬁlﬁ Q2) < C(pa Q)

(i) If f satisfies (Hs), then there exist n > 0 such that if st upprdr > 1, then Thax < 00.

Remark 1.8 The value of ¢ = ¢(p, q) is given by (4.22).
To our example of application (1.3) with ug = 0 we have.

Corollary 1.9 Assume f given by (1.3) with o, 8 > N/2, o, 3 > 1, uo = 0 and u the mazimal positive
solution of (1.1) defined in a mazimal interval [0, Tinax)-

If there exist e3 > 0 and nonempty open set Qo C RY such that b(z) > ez for x a.e. in Qy and
meas(Qe N {a > 0} N {b > 0}) > 0, then there exists ' = n'(p,q,2) > 0 such that for X > 7/,
Tinax < 00.

We make to observe the existing relation between the conditions (Hi), ..., (Hs) used here and the
conditions used in [12] for the show the existence of a solution of (1.2). From [12], we have that if f is
sublinear in 0, superlinear in co on nonempty subdomains €21, 2s C Q respectively, that is,

lim inf M > A1 () uniformly for z € Qq,
t—0 S (1.9)

1itm inf M > A1 (Q2) uniformly for z € Qo
—00 S
(compare with (Hs) and (Hj)), satisfy a standard subcritical growth condition, a weaker form of the
classical condition of Ambrosetti-Rabinowitz [2] and the bound from above (Hs) condition then there
exist n =n(p, ¢, N) > 0 such that if

llaol 7= 1Bol | o2 < (1.10)



with o, = (q%l)’, op = (1%)/’ then the problem (1.2) has at less two solution. The solutions of (1.2) are
understood in the sense of (1.8). They also showed that if there exists 0 < ¢ < 1 < p and nonnegative
function a, b such that

f(x,s) > as? + bs? for a.e z € Q and all 5 > 0 (1.11)

with m = a®~D/e-0p(-0@E=9) £ 0 on Q and m € L"(Q) for some r > N/2(compare with (Hy)),
then it is possible find explicitly a constant ¢ = ¢(p,q) > 0 such that (1.2) has no positive solution if
A1 (m, Q) < ¢(p, q), where A; (1, Q) is the principal eigenvalue of —A on Hg () for the weight .

With respect to uniqueness to the problem (1.1) with f given by (1.3) we have the following result.

Theorem 1.10 Assume a € L*(Q),b € L?(Q), a #0, a,3> 1, a > N/(q¢+1) and 3 > N/2. Let u be
the solution of (1.3) defined on a mazimal time interval [0, Tiax)

(i) If ug # 0, then the solution is unique.
(i) If ug = 0, then the set solutions of (1.1) consists of

(a) the trivial solution u =0,
(b) a solution u such that u(z,t) > 0 for any t € (0, Tiax) and x € Q,

(¢) a monoparametric family {u,} >0 defined on the maximal interval [0, Tryax+p), where u,,(t) =
u((t — p)+), u is the solution obtained in (b) and z4 = max{z,0}.

We make a commentary of our results. The Theorem 1.3 has been proved in [8] for f = f(u). We
used some modifications in the arguments used by them.

One of the main results of [8] for a = b =1 is the following: if ug = 0, then there exist \* such that
for 0 < A < A*, then Thax = 0o and the solution uy(¢) converge to uy in L°°(€)) when ¢t — oo, where u)
is a minimal solution of (1.2). If A > A*, then Tyax < 0o. These results too are valid [4] if f(z,s) = f(s)
with f € C! is convex plus a grown condition in the infinite. Our result(Corollary 1.6 and 1.9) show
that part of these conclusions remain valid.

The paper is organized as follows. In section 2 we state the comparison principle for (1.1) for several
situations of f. In section 3 we show the Theorem 1.3. The Theorem 1.4 is show in section 4. The
Theorem 1.7 and its corollary are prove in the section 5. The section 6 is dedicated to show the Theorem
1.10.

2 Comparison principle

We start by studying a comparison result for the equation (1.1).
We say that a function v € L2 ((0,T), HI(Q))OWlIO’CQ((O, T), H-1(Q))NC([0,T], L*())NL>((0,T) x

Q) is a supersolution of (1.1) if

v —Av > f(z,u) in (0,T) x Q
v >0 on (0,7) x 99 (2.12)
v(0) > g in .

subsolutions are defined analogously, with reversed inequalities in (2.12).
In the following proposition we establish a comparison result for the equation (1.3).

Proposition 2.1 Let a € L®(Q), b € L?(Q), a,8 > 1, a« > N/(g+ 1) and B > N/2. If u is a
supersolution of (1.1) with w(0) > ~ydq for some v > 0 and v is a subsolution of (1.1) both defined on
the interval [0,T],T > 0, then u(t) > v(t) for all t € [0,T].

>

Proof. Since uy — Au > 0 and u(0) > vdq, there exists n > 0 such that u(t) > ndq for all ¢ € [0,T].
Multiplying by w = (v —u)™ € H}(Q) the difference of the inequalities satisfied by u and v, we
obtain 1d
f—/ w2dx+/ |Vw|?dx < / a(vq—uq)wdac—i—/ b(v? — uP)wdx (2.13)
2dt Jo ) Q Q

Il 12




Let a1, p > 1 be defined by 1/(ay) = (14 ¢)/2 —1/a and 1/as = 1 — q/2. Using Holder’s, Hardy’s,
Gagliardo-Niremberg’s and Young’s inequalities, we have

L :/a(vq—uq)wdx
Q

< q/ augflwzdx; ug = Bu + (1 — 0)v for some 6 € (0,1)
{v>u}

L+ wl ™ 2.14
< 71_q\|a\|m||w q||La1||d1,q || Lo (2.14)
+1 L
< Cllallze ol 4L [V wll

+1)(1-06 01(qg+1)+(1—
< Cllall e ol ™| [Vl 7070
< ellVulli: + ClallZ vl

where 0; = N/(a(¢+1)) and ©1 = 2/[(¢+ 1)(1 — 64)].
Analogously, we have

I :/b(vp—up)dx
Q
SpMp/ bw’dz
v>u
< pMP([b]| sl [ 200
< Cl[bl] s |V 722 o] 73~
< €l|Vwl[72 + CJblI 73wl |72
where M = max{||u[Le((0,1)x); [[V|[L=((0,7)x) }, 02 = N/(283) and ©2 = (23)/(28 — N).
From (2.13), (2.14), (2.15) doing 0 < € < 1/2 we obtain
1d
2dt Jg

(2.15)

widz < C(|[al|% + [15]1) /Q wdz

from which the result follows. 0O

In the following result we analyze the case where ug = 0.

Proposition 2.2 Let a € L*(Q), b € L?(Q), o, > 1. If u is a supersolution positive of (1.1) with
u(0) = 0 and v is a subsoluion of (1.1) defined on some interval [0,T],T > 0 with u,v € L*>((0,T) x
Q)N C0,T),L3(Q)) N L2((0,T), HX(Q)) N WL2((0,T), H-*(Q)) then, u(t) > v(t) for all t € [0,T].

Proof. Since u; — Au > 0, we see that u(t) > S(t — o)u(o) for all 0 < s < ¢ < T and since u is
positive, it follows from the strong maximum principle that w(t) > §(¢)dg for all t € (0,T] with §(¢) > 0.
By proposition 2.1 we conclude that u(t + o) > v(t) for all ¢ € [0, — o]. Fixing ¢ € [0, 7], the result
follows letting 0 — 0. O

Remark 2.3 [t is possible to observe from the above proof that in the case f satisfies the following
condition: there exist a € C([0,00), LY (Q2)) such that for all0 < s,t < M(M > 0),

|f($73) - f(.%‘,t)| < a(ac, 89)‘8 - t|

and sg € [s,t]. Then, the mazimum principle is hold without the condition u(0) > ~vydq for some v > 0.
Indeed, with the same notation of the proof of the previous theorem, coming in the same way that (2.13)
and (2.14) we have

d
G [t [1vl < [ (o) - feoleds
dt Jo ) Q
< / a(x, ug)w?dr, ug = Ou + (1 — O)v for some 0 € [0,1]
Q
< ||a||C([02,M],Lw)||w||§m' ,
< el[VulBx + CllallS2g 1 poll0l2s.



Therefore, choosing 0 < € < 1, we obtain

at w < C||a||c(o M],L7) ||w||L2

of which follows the result.
Another situation where the maximum principle is holds is the following.

Remark 2.4 Assume that f : [0,00) — [0,00) is continuous and satisfies that for every M > 0, there
exists L > 0 such that I
s

fly) = flz) < =(y—2)

forall0<z<y< M.
In this case the mazimum principle is valid as it was shown in [8]. In order to see this we used the
notation of the demonstration of the proposition 2.1. Then,

53 Lot [9el < [ 17 - st

<Ly —
{v>u}

< [co [

since (ydq) ™! < edy? + C(€). Choosing € > 0 sufficiently small we obtain

<
2dt w C/

)]w

[\~]

3 proof of Theorem 1.3.

Lemma 3.1 Let Q C RY be a domain. If 1 <r < s and ug € L"(2), then S(t)ug € L*(Q) and

15(#)

,%(L,,
@ <t

For the proof see [7].
We will divide the proof in some steps.

Step 1. Let M = |Jug||r=~ + 1 > 0 be and suppose that f € C([0,00), L7(2)) and there exists a
function a € C([0,00), L7(€2)) such that

[f(z,8) = f(z,0)] < alz,s9)[s — 1| (3.16)

where sg € [s,t], s,t > 0 and = a.e. in Q.
For T > 0, let E = L*°((0,T), L>(£2)) be and consider the set

B={u€ E;u(t) >0 and ||[u(t)||p < M for all t € (0,7)}

and the application ¢ : B — E defined by

u(t) = S(t)uo + /0 S(t— 0)f(z, ulo))do.

It is clear that B is a space of Banach with the metric induced by E. We will show that ¢ : B — B and
it is a strict contraction if 7" is small enough.



Since ug > 0 and f > 0, by the positivity of S(¢) we have that ¢u(t) > 0. By the Lemma 3.1 we
have that

t
lou®lli < uolli + [ (¢ =) F | ulo)ldo
t
< lhualle + [ (¢ =) laCul)l i (o)l + 1) 10} (3.17)
< [fuollzo= + 5= llalloqo.an,c0) M +11£(0)127]

Similarly, one shows that for u,v € B,

LN
l[pu(t) — gv(t)||L= < %HGHC((O,M),LW)HU = [z ((0,1),L () (3.18)

It follows from the estimates (3.17) and (3.18) that if 7" is small enough (depending on M), then
¢ : B — B is a strict contraction. Thus ¢ has a unique fixed point in B.

Using (3.16) we can to show a uniqueness and thus the solution can be extended to maximal interval
[0, Tinax)- On the other hand, since T' depend only of ||ug||r~ the blow-up occurs in standard way.

Step 2. By the assumption (H1) we have that for n > 1, f,, satisfies (3.16). Let u™ be the solution
of (1.1) defined on the maximal interval [0,7}% ) obtained in the step 1, that is, u, € L*((0,T) x Q)
for all T' < T}, and satisfies

max

(un)t — Ay = fn(x7un) (l‘,t) €O x (OﬂTr?]ax)
u(z,t) =0 (x,t) € 092 x (0,T7..) (3.19)
u(z,0) =wuo x € Q.

Since fr4+1 < f, and the condition (3.16) is valid, we have by the maximal principle(remark 2.3) that
Un+1(t) < uy(t) for all t € [0,7) with T = min{T", ., T"+1}. By the blow-up alternative we conclude

that T\, < Tntl. Therefore, there exists lim,, o un(t) = u(t) > 0 for all t € [0,7] with T < T}

max — max * max"*

On the other hand, u™ satisfies the equation

W () = S(tuo + /0 S(t = 0) (-, u™ (o)) do. (3.20)

Let M = ||U1HL<>0((01T)XQ) be. Since [|u"||Le((0,r)x0) < M, we obtain of the convergence f, — f in
C([0, M)], L7 (€2)) when n — oo and the Lemma 3.1 that there exist a constant C' > 0 such that ||S(t —
o) fn(u(0))||Le < Ot - 0)1_% € L'(0,t). In addition, by continuity of f € C([0, M], L7(2)) and
the triangular inequality of f,, (-, u,(0)), f(-,u™(0)) and f(-,u™(c)) we have that S(t — o) fr(-,u" (o)) —
f(-,u(o)) for o a.e. in (0,t). Using the dominated convergence theorem we conclude of (3.20) doing
n — oo that u is the nonnegative solution of (1.1).

Step 3. Existence of a maximal solution. Let u the nonnegative defined in the interval [0,7] and
obtained by the step 2. We claim that u is the maximal solution in [0,T]. Indeed, if v is any other
solution of (1.1) defined on [0,7] then v is a subsolution of (3.19) in [0, 7], since that f < f, for each
n > 1. By the remark 2.3, u™ > v for all n. Letting n — oo we have that u > v.

Uniqueness of the maximal solution implies that the solution can be extended to a maximal interval
[0, T)1az) and the blow-up alternative follows.

Step 4. Existence of a nonnegative solution for ug = 0. We used the ideas of [8]. For t € [0,%y] we

define Ly
h(t):/o @.

Then, h(0) = 0 and & is increasing in [0, ]. Let v(t) = w(t)S(t)1q, for all ¢t € [0, h(to)] and w(t) =
h=1(t). We have that
v — Av=w'()S(t)lg, = g(w(t))S(t)1e,



Since that S(t)lg, < 1 and w(t) < ¢y by the concavity of the function g and (i) we have that
g(w()S(t)1a, < glw(t)S(t)1q,) = g(v). Thus, v is the subsolution of

u—Au =gu) z€Q,t>0
u(t,z) =0 x €001, >0
u(z,0) =0 x € Q.

Moreover, if A\;(£21) is the principal eigenvalue and ; is the corresponding eigenfunction of —A in Q,
then there exists a constant C' > 0 such that

v(t) = w(t)S(t)la, > Cw(t)S(t)hy = Cw(t)e Mt > 0 (3.21)

for all t € (0, h(to)].

On the other hand, let @& = u|q, be the restriction of the function u to ;. By the Remark 1.1,
we have that @ € L>®((0,T) x Q1) N L"((0,T), H* (1)) N WL ((0,T), H 1(Q4)),7 < oo where T <
min{Tmax, h(to)} and by (Hz) we have that @ satisfies

u—Au > gu) (z,t) € Q x (0,T)
u(t,z) >0 (x,t) € 0821 x (0,T)
u(z,0) =0 x €.

Then, by the maximum principle( remark 2.4) and (3.21) we have that @(¢) > v(t) > 0. Thus u(t) # 0
for all t € [0,7] and = a.e. in £.

Let t € (0, Tyax) and 7 € (0,¢) be with 7 < T. Since that u(t) > S(¢t — 7)u(r) and u(7) # 0, by the
strong maximum principle we have that u(t) > 0 for ¢ > 7. Let 7 — 0 we have that u(t) > 0 for ¢ > 0.
O

Remark 3.2 (i) In the proof we consider the sequence approzimation (fr)n>1 and we obtain the mazimal
solution u,. It is clearly to observe that this solution does not depend of the choice of the sequence (fy,).
(ii) Let u be the solution obtained in the Theorem 1.3 and defined on a mazimal interval [0, Trax).

If w(t) = u(t) — S(t)up = fot St —o0)f(-,u(o))do for all t € [0, Tmax), then w € C([0, Tmax), L=(9)).
This is consequence of the following lemma.

Lemma 3.3 Assume that [ : [r,T] — L*(Q) is measurable for some 1 < s < oco. If 1 <r < oo, § >0
and

(i) for each t € (1,T), S(t —-)f(-) € D((—=A%))
(”) fOT each t € (T7 T)a (7A)GS(t - )f() € Ll((Tv T)’LT(Q));
(iii) if T < tg < t < T, then limy_y, || [} (~A)°S(t — o) f(o)do]|L- =0,

then the function w : [r,T] — L"(Q) defined by

w(t) = / (—AYS(t — o) f(0)do
is continuous in [1,T].

For the proof, see [15](Lema 2.1). For more information on (—A)? see [13].
Proof of (i) of remark 3.2. Let M > |[|u||r~((0,1)xq) be with T' € (0, Tiyax). For 0 <to <t < T'it

follows . .
[lw(®)]Le Sfto(tfa)_ﬁl\f(wU(U))llL;
< CHfHC([o,M],Lv)(t - to)l_E — 0, if t — tg.



4 Proof of the Theorem 1.4.

We start this section enunciating some preliminary results.

Lemma 4.1 Let A,B >0 and 0 < g <1 < p. Then there ezists a constant ¢ = c¢(p,q) > 0 such that
As? + BsP > cAP~D/(p=0) pl=a)/(p=a)

for all s > 0.

It is followed directly of Young’s inequality. The value of ¢ is

c= (max{

}) (4.22)

P—q¢ p—q

Lemma 4.2 Assume that 0 < q <1< p, A, B >0, and consider the function f(t) = t*> — At4T! — BtP+1
fort > 0. Then max;>o{f(t)} is positive if and only if

APTIBT < (p—1)P N1 —q) T (p — q)* P

For the proof see [12].

Lemma 4.3 (A singular Gronwall inequality) Let T > 0, A > 0, r,s € [0,1] and let f be a non-
negative function with f € LP(0,T) for some p > 1 such that p’ max{r,s} < 1. Consider a nonnegative
function ¢ € L>(0,T) such that

o(t) < A7+ /t(t — o) *f(o)p(o)do for almost all t € [0,T].
0

Then there exists C, depending only on T, r,s,p and ||f||L» such that
p(t) < ACt™"
for almost all t € [0,T].

For the proof, see e.g. [7].
For the equation (1.1) we defined the associated energy

B(u) = % /Q Vul? - /Q Glu) (4.23)

where G(u fo (x,0)do. We have the following lemma.

Lemma 4.4 Assume ug € L= (Q)NHY(Q). If u is the solution of (1.1) defined on the maximal interval
[0, Tinax), then u € C([0, Tiax), HE(2)).

Proof. Since S(t)ug € C(]0,00), H}(2)), it suffices show that w(t) = fo (t —o)f(-,u(o))do is
continuous at [0, Tinax). Let M > [|u(t, x)|| L ((0,1)x0) be with T" € (0, Tmax) For 0 <ty < t < T < Tiax
we have when o < 2,

lw®lgy =11 [ St —0)f( u(0))do||m
<Cfpt—o) i % T”Hf( u(o))||Lds
<C‘|f||L°°(OT) L (t—to)'™

where © = (1/2 + N/2)(1/a — 1/2) < 1. By analogy when « > 2 we have

w(®)[| 1 < CIFl 0,1y, ( — to) />
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Hence, w is continuous in [0, 7. Since T is arbitrary we have that w is continuous in [0, Tpax). O

Proof of the Theorem 1.4. Proof of (i). We only analyze the case N > 3, because our arguments
can easily be be adapted by standard modifications to the cases N =1 or N = 2. We consider some
steps.

Step 1. We affirmed that if wuy satisfies (1.7) then the solution u is nondecreasing. Indeed, Let
M > ||ug||r> be and let u, be the sequence of solutions of (1.1) corresponding to f,,a, given by the
(H1) hypothesis and defined in [0, then 0 < Aug + f(x,u0) < Aug + fn(z,up) a.e in Q. Thus, ug
is a subsolution of the equation

max)

(up)t — Auy, = fr(z,uy) t>0,2 €0
U, =0 t>0,z €00
un(0) =g,z €Q
Therefore, by the remark 2.3 we have that u,(7) > wg for all 7 € [0,T,.). Again, by the remark 2.3,
we have that u,(t +7) > u,(t) for all ¢t € [0,T2,. — 7). Since u,, is nonincreasing, doing n — oo, we
have that u(t + 7) > u(t) for all ¢ € [0,T2, — 7). Thus we concluded that u; > 0.

By the remark 1.1 (i), we have that u;, — Au = f(z,u) in L7(Q). Since that u(t) € W27 — LY (Q),
u(t) € H§(Q2) and u; > 0 we obtain that [, [Vu|*> < [, f(z,u)udz and by (Hs) we concluded that

/ |Vu|? < / a(x)ud™ 4+ b(z)uP T (4.24)
Q Q
Step 2. We show now that
sup  [|u(t)|[gz < oo. (4.25)
0<t<Tmax

It follows from (4.24) that
1
B(u(0) < 5 [ alaur + b))
Q

and by (Hs) we have that

1 1 1
E(u(t 2o — ot —— | p(x)uP T
(W) = 5 [ 1V = — [ @ = — [ b
Therefore,
2 2
/| _ 4t /a(m)uq+1 Ptz /b Pt <0
2(q+1) 2(p+1)

and by Holders inequality
1 +1 +1
gl\ulng = Cillal|La]lullT>- — Callbl| Lo llul[f2 <0

p+1

2" . By Sobolev’s inequality we have that

g+l 1 _
where C} = 42 |Q| ,Cy = g

2(q+1) |Q‘

2(p+1)
1
gl = Cillallze [l — Colbl|zallullf;" <0 (4.26)
where O] = C,/S@t1)/2 ¢ = Cy/SP+1)/2 and S is the best Sobolev constant, which is independent of

Q, ie.
= inf{/ |Vul?;u € Hy(2) and /
Q Q

We consider now the function f(s) = s — 2C}||a||L«t?T! — 2C5||b||stPT!. By the Lemma 4.2 we
have that if

llal = 1ol 5" < (4.27)
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with

—_ 11 o\ —9(p — g\ P
20—aC P Cy 1

then maxs>o{f(s)} is positive. Let § > 0 be the smaller root of the equation f(s) =0, that is,
8171 — 201 |al| o — 20| |b|| s P71 = 0. (4.29)

We choose ug such that |lug||zy < 6. Since that u € C([0, Trmax, HE(€2)) and (4.26) we conclude that
|[u(t)]| sz is trapped in the interval [0, so]. Thus we obtain that (4.25) is valid.

Step 3. We show that Tiyax = 00. We use the follow argument. Let s = 2*/(p — 1) be. Since that
8> (1%)’ it is possible to observe that %(% + 1) < 1. Hence,

¢
lu(®)l|ze < [luollLe +/ (t—U)_%||a||Lﬂ||uq||L°°d0+
o, . (4.30)
(t—o) 2(5ts P pdo.
0

Since, sp > 2%, we have that

p—1

1
o» < IIMHLQ* U] 7o - (4.31)

[lullz

It follows from (4.25), (4.30) and (4.31) that

t
_N
[lu(®)]] e SIIUoIILm+/ (t — o)~ 2= ||al[La][1 + ul| Lo do+
0
t
(t—o0)”
0

ﬂ
D] o ful 55

ul|pcdo

t
< luol 1o + Crt =3 + Cy / (¢ — )73 + (t — o)~ TG [Ju(0)||p~do
0

for all t € (0, Tiax). Therefore, if Tihax < 00, then it follows the generalized Gronwall inequality (Lemma
4.3) that

sup  {[|u(t)||r=} < o0
0<t<Tmax

Impossible.

Step 4. Asymptotic behavior. We used the ideas of [4]. Let L = sup;>o{[|u(t)|[s; } be finite by the
step 2. Multiplying the equation (1.1) by the principal eigenvector ¢1 of —A in Hg () and integrating

/Q w1 — /Q Aup; = /Q £z, u)pr. (4.32)

Since —Au € L7(Q) — H~1(Q) we have that

/—Au% =< —Au,p1 >g-1 g1
Q

VuV, (4.33)
< Lﬁv@1||L2~
On the other hand, by Poincare’s inequality
[ uttrer < s IVu®llalor s < sl (4.34)
0 A1 ( ) A(Q)
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Since u; > 0 and f(z,.) is nondecreasing, integrating (4.32) in (¢,¢ + 1) and using (4.33), (4.34) we

have that .
/Q e ut)e < /i /Q fa,u)p

< )\7||<P1||L2 + L||Vel| 2 (4.35)
< @A)l
1
Since || < oo and by (4.35) we have that
L
sup/ u(t,z)de < = |Q|'/? (4.36)
>0 Ja A1
and I
sup/ f(z,u)prde < )\—(1 + )1l g - (4.37)
>0 Jo 1

Since u¢ > 0 by monotone convergence, it follows from (4.36) and (4.37) that w(¢) has a limit w in
L'(Q) and that f(z,u(t)) converges to f(z,w) in L'(Q,dodx) as t — oco.
Let ¢ be with ¢ € C(2) and (|sn = 0. Multiplying (1.1) by ¢ and integrating on §2 and (¢,t + 1) it

follows i1 .
[uairt = [ [uac= [ [ s

[ a0 = [ s (4.38)

Letting t — oo we find

for all ¢ € C?(Q) with (|aq = 0.

From (4.25) we have that there exist a sequence (¢,) with ¢, — oo when n — oo such that w(¢,) —
z € H}(2)(weak convergence). By the compact immersion of Hg(2) — L?(Q)(Rellich’s theorem) and
after extracting possibly a subsequence we have that u(t,) — z in L?(Q2) when n — co. Therefore, we
conclude that w = 2z € H}(Q).

Taking ¢ € C§°(R) in (4.38) and integrating by parts we obtain

/Q Vuv( = /Q fa, ) (4.39)

and by density we have that (4.39) is valid for all ¢ € H}(Q).

5 Proof of the Theorem 1.7

proof of (i). We assumed that €2 is smooth enough. Let v; be the positive eigenfunction associated to
the principal Dirichlet eigenvalue A1 (112, Q2) of —A on H}(Q2) for the weigh m = ar=1/(r-p(l-a)/(p—a)
Since &, 3 > N/2 and meas{Q N {a > 0} N {b > 0}} > 0, we have that 7 € L"(Q) for some r > N/2
and m # 0. By regularity theory we have that 1; € C1(Qy U 9Q2) N H2(Q2) and g—f < 0 on 09y where
v denotes the unit exterior normal to 5.

Multiplying (1.1) by v, integrating on Qs, using (H4) and Lemma 4.1 we obtain

d -
— [ ur— [ Awpy >clp.q) [ mu. (5.40)
dt Qg Qg Q2

Since ug satisfies (1.7) we have that w is nondecreasing( step 1 of the proof of (i)). Therefore, if
A1(m, Q2) < ¢(p, q) and ug # 0, then we have from (5.40)

w2l - X0 9)) [
Qo Qo
> [e(pyq) — )\1(77”0,92)]/Q mug.
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Thus, we have that

/ u(t)ypr = Cle(p, q) — A (m, Q)] (5.41)
Q2
for all t € [0, Tiax), if A1(m, Q2) < c(p, q).

On the other hand, if ¢, is the principal eigenfunction associated to the principal eigenvalue A1 (Q2)

of —A on H}(€2), such that sz ¢1 = 1. Then multiplying (1.1) for ¢y, integrating in Qs, using Jensen’s
inequality and the fact that b > €5 on Q5 we obtain

d U¢1+>\1(Q2)/ upr > [ buP¢y

dt Ja, 2 % (5.42)
> el [ w0
Q2
From (5.42) we know that if there exist tg € [0, Tax) such that
A (€
/ ulte)pr > (21E%2)y1/p-1 (5.43)
Qo €2

then w blow-up in finite time. Therefore, if Tihax = 00, then from (5.41) we have that (5.43) is valid for
some to > 0. Impossible.

Proof of (ii). Assume that Tp,a, = 0o. Since that ¢y is the principal eigenfunction of —Awu in H}(Q3)
we have that % < 0 on 90€23. Multiplying the equation (1.1) by v, integrating on Q3 and using (i) of
(H5) we obtain

4 uhr + )\1((23)/ uy > h(u)ir. (5.44)

dt Ja, Qs Qs
Again by (ii) of (Hs), there exist 1, x > 0 such that

h(s) > A (Q3) + h(s), for all s > 7. (5.45)

From (5.44), (5.45) and since that v; is normalized, that is, an 11 = 1, we obtain using Jensen’s
inequality that
d
dt Jq, Qs
Thus, from (iii) of (Hs) and (5.46) we have that [, wib1 blow up in finite time, if [, uoyr > 7.
Impossible.

Proof of the Corollary 1.9. Since u is positive there exist 7 > 0 such that u(7) > 0. Let
v(t) = u(t + 7) for all ¢ € [0, Tinax — 7). Since that u is nondecreasing(step 1 of the proof of Theorem
1.4) we have that v(0) = u(r) satisfies (1.7) and therefore, the result is followed of the Theorem 1.4.

Remark 5.1 In (5.40), (5.42) and (5.44) we used the following inequality

[ =awo<n@ [ uo

where u € W27(Q), v > N/2 and ¢ is the principal eigenfunction associated to principal eigenvalue
A1(Q) of —A in H} (). This is clear if u € C§°(Q), since ¢ = 0 on 9Q and % < 0 by Green’s identities.
For the general case we used a density argument.

6 Proof of the theorem 1.10.

For the proof we consider some steps.

Step 1. Uniqueness of the positive solution for ug = 0. Let u the maximal solution and v any other
solution positive with v(0) = 0. Since that u is maximal, we have that u > v. On the other hand, since
v is a positive solution by the maximum principle (Proposition 2.2) it follow that v > w. Thus, u = v.
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Step 2. Non-uniqueness for uy = 0. It is clear that for every u > 0, u,(t) = u((t — p)+),
t € [0, Tax + 1), is a solution of (1.1). We show that if v be an other nontrivial solution of (1.3) with
v(0) = 0 defined on the maximal interval [0, Tjax) and different of the positive solution u, then v belongs
to the family {u,},>0.

Since v is nontrivial and different of a positive solution

7 = inf{t;v(z,t) > 0 for some z € O}

verifies 7 € (0, Thnax). Then v(7) = 0 and since that v(t) # 0 for t € (7, Tmax) it follows that v(t) >
0 for t € (7,Timax). Defining @(t) = v(t 4+ 7) for t € [0, Timax — 7) we concluded by the maximum
principle(Proposition 2.2) and the uniqueness of positive solution that @ = u and Tnax = Thax + T
Therefore, v = u..

Step 3. Uniqueness for u(0) = ug # 0. Let u be a maximal solution of (1.3) obtained in the Theorem
1.3 and let v be another solution of (1.1) such that v(0) = ug. We assume that both solutions are defined
in the same interval [0, T], T > 0. Thus u(t) > v(t) for all ¢ € [0,T7].
Let M > max{||u|| = (0.1)x9) ||v]| Lo ((0,7)x0) } be. Since u? — vP < pMP~!(u — v) it follows that
(u—2v)—A(u—v) =a(u? —v?) + b(uP — vP)
< a(u—v)?+ pbMP~1(u — v)

and (u — v)(0) = 0. Let us consider now z the positive solution of the equation

u — Au = au? +pMP~ou  in (0,T7) x
u =0 on (0,71) x 09 (6.47)
u(0) =0 in Q.

Then, by the proposition 2.2 we have that z > v — v in [0,T3) with T, = min{7, T }.
On the other hand, since ug # 0, exist T3 € (0,T3] such that u(t) > z(t) in [0, T3](Remark 3.2 (ii)).
Thus, if w(t) = 2(t) — u(t) + v(t) > 0 for all t € [0,T%), then w(0) = 0 and

wy —Aw > a(z? —u? +v9) + pbMP~L(z — u + v)
> aw? + pbMP~ 1w

where the last inequality is obtained from following inequality
(6 +a) = (y+a)? <af =y

for0<y <z, a>0,doing z=v,y=2—u+wv, « =u—wv. Therefore, w is a supersolution of (6.47) in
[0, T5]. Suppose that w = 0, this is u = z + v, in some interval [0, 7) with 7 < T3 sufficiently small, then

a(z+v)14+b(z+v)P =u— Au
=z —Az+v, — Av
= a(29 +v9) + b(pMP~1z + vP).

Thus a[(z +v)? — (27 +v9)] + b[(2 + v)P — vP — pMP~12] = 0, which is absurd, because as z, v is positive
we have (2 +v)? < 29+ 9 and for some 6 € (0,1), (z+v)P —vP —pMP~ 1z = pz[(0z+v)P~1 — MP~1] <0,
if 7 is choosing such that ||z e ((0,7)x0) + [[V]|zo((0,r)xq) < M. Therefore, for all ¢ € (0,T3) w(t) # 0.
But since w > 0 we deduce from (6.47) that w(t) > 0 for all ¢ € (0,73). By the Step 1, we have that
w =z in [0,T3), thisisu =v in [0,73). O
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