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Abstract

Two Augmented Lagrangian algorithms for solving KKT systems are introduced. The
algorithms differ in the way in which penalty parameters are updated. Possibly infeasible
accumulation points are characterized. It is proved that feasible limit points that satisfy the
Constant Positive Linear Dependence constraint qualification are KKT solutions. Bounded-
ness of the penalty parameters is proved under suitable assumptions. Numerical experiments
are presented.
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1 Introduction

Let F: R" — R", h: R" - R", l,buc R"{<u, Q={zxecR"|{<xz<u}.
Assume that h admits continuous first derivatives on an open set that contains €2 and denote

Vh(z) = (Vhi(z),..., Vhn(z)) = b () € R™™.

Let P4 denote the Euclidian projection operator on a closed and convex set A. A point x € {2
is said to be a KKT point of the problem defined by F, h and 2 if there exists A € IR™ such that

Palr — F(x) — Vh(x)A\] —x =0, h(x)=0. (1)
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If F =V f forsome f: IR" — IR, the equations (1) represent the KKT optimality conditions
of the minimization problem

Minimize f(x) subject to h(xz) =0, x € Q. (2)

The KKT form (1) allows one to consider more general situations, as equilibrium problems,
variational inequalities and some variations. See [21, 23, 26, 27] and references therein. The
introduction of the Fischer-Burmeister function [23] made it possible to reduce KKT systems
to suitable semismooth nonlinear systems of equations. See [29, 30, 31]. Many authors used the
semismooth approach to obtain interesting algorithms for solving KKT systems. See [18, 19, 20,
36].

The most influential work on practical Augmented Lagrangian algorithms for minimization
with equality constraints and bounds was the paper by Conn, Gould and Toint [11], on which
the LANCELOT package [9] is based. Convergence of the algorithm presented in [11] was proved
under the assumption that the gradients of the general constraints and the active bounds at any
limit point are linearly independent. See, also, [10]. In the present paper we do not use this
assumption at all. Firstly, we characterize the situations in which infeasible limit points might
exist using weaker assumptions than the linear independence condition. Moreover, the fact that
feasible limit points are KK'T points will follow using the Constant Positive Linear Dependence
(CPLD) condition [32], which has been recently proved to be a constraint qualification [1] and is
far more general than the regularity condition and other popular constraint qualifications. We
use regularity, following closely the development of [11], only for proving boundedness of the
penalty parameters.

This paper is organized as follows. The two main algorithms are introduced in Section 2. In
Section 3 we characterize the infeasible points that could be limit points of the algorithms. In
Section 4 it is proved that, if the CPLD constraint qualification holds at a feasible limit point,
then this point must be KKT. In Section 5 we prove boundedness of the penalty parameters. In
Section 6 we present numerical experiments. Conclusions and lines for future research are given
in Section 7.

Notation.
Throughout this work, [v]; is the i—th component of the vector v. We also denote v; = [v];
if this does not lead to confusion.
We denote:
JR+:{tEJR|t20},

R++:{t€R’t>O},
N=1{0,1,2,...},
{e1,...,e,} the canonical basis of IR".

If Jy and Jp are subsets of {1,...,n}, By j, is the matrix formed by taking the rows and
columns of B indexed by J; and J; respectively and By, is the matrix formed by taking the
columns of B indexed by Ji.

If y € IR", yjy,) is the vector formed by taking the components y; such that i € J;.



2 Model algorithms

From here on we assume that F' is continuous. Given z € 2, A € IR™, p € IR, we define

Gi(z, A\, p) = +Z)\Vh )+ 9> hi(z)Vhi(z

For p € IR, we define

Ga(z, A, p) +Z)\ Vhi( )—l—ipihi(a:)Vhi(x).
=1

If the KKT system is originated in a minimization problem, the mapping F' is the gradient
of some f: IR"™ — IR. In this case we define, for p € R4,

m p m
Ly(z, A p) = f(z) + > ik 52
i=1 i=1
and, for p € R, ,
1 m
La(z, A, p) )+ Z)\ hi( §Zpihi($)2
i=1

In these cases we have that VL, = G; and VLQ = (9. The functions L; and Lo are one-
parameter and many-parameters Augmented Lagrangians associated to the problem (2).

The mappings G1 and G5 will be used to define one-parameter and many-parameters Aug-
mented Lagrangian algorithms for solving the general KKT problem (1). These algorithms are
described below.

Algorithm 1.
Let g € Q, 7 € [0,1), v > 1, —00 < Apin < Mgz < 00, p1 > 0, A1 € [Mnin, Amaz]™. Let
{ek}rew C IRy be a sequence that converges to zero.

Step 1. Initialization
Set k — 1.

Step 2. Solving the subproblem
Compute x; € 2 such that

|Palzr — G1(@k, Ak, pr)] — Tklloo < ek (3)

Step 3. Estimate multipliers
Define for all i = 1,...,m,

Nes1li = Meli + prhi(ar). (4)

If h(zy) = 0 and Pqlxr — G1(xk, Ak, p)] — 71 = 0 terminate the execution of the algorithm.
(In this case, xy is a KKT point and A;41 is the associated vector of Lagrange multipliers.)



Compute

Akt1 € [Mmins Amaz]™ (5)
Step 4. Update the penalty parameter
If
1h(zk)lloo < TlIA(zE-1)l00 (6)
define
Pk+1 = Pk
else, define
Pk+1 = VPk-

Step 5. Begin a new iteration
Set k «+— k+ 1. Go to Step 2.

Algorithm 2 only differs from Algorithm 1 in the way in which penalty parameters are up-
dated. In Algorithm 2 we use one penalty parameter for each constraint.

Algorithm 2.
Let 2o € , 7 € [0,1), v > 1, =00 < Apin < Amaz < 00, p1 € R, A1 € [Mnin, Amaa|™. Let
{ek}rew C IRy be a sequence that converges to zero.

Step 1. Initialization
Set k — 1.

Step 2. Solving the subproblem
Compute xp € €2 such that

|Palzr — Go(@k, Ak, pr)] — Tklloo < ek (7)

Step 3. Estimate multipliers
Define for all i = 1,...,m,

Aet1)i = [Meli + [prlihi(xr) (8)

If h(zy) = 0 and Pqlxr — Go(x, Ak, p)] — 21 = 0 terminate the execution of the algorithm.
(As in Algorithm 1, zj is a KKT point and ;11 is the vector of Lagrange multipliers.)
Compute B B )
)\k—‘rl S [AminyAmax]m- (9)
Step 4. Update the penalty parameters
Foralli=1,...,m, if
hi(x)| < Tlh(zp-1)]l
define
[ors1]i = [prls-



Else, define
[o-+1li = V]l

Step 5. Begin a new iteration
Set k — k + 1. Go to Step 2.

Remarks.

1. The difference between Algorithms 1 and 2 relies on the updating formula for the penalty
parameters. In the case in which Algorithm 2 updates at least one penalty parameter,
Algorithm 1 updates its unique penalty parameter. In such a situation, other penalty
parameters may remain unchanged in Algorithm 2. Therefore, the penalty parameters at
Algorithm 2 tend to be smaller than the penalty parameter at Algorithm 1.

2. The global convergence results to be presented in the following sections are independent
of the choice of \i4; in (5) and (9).

3. The Augmented Lagrangian algorithms are based on the resolution of the inner problems
(3) and (7). In the minimization case (F' = Vf) the most reasonable way for obtaining
these conditions is to solve (approximately) the box-constrained minimization problem

Minimize L1 (x, \g, pr) subject to x € £ (10)
in the case of Algorithm 1, and
Minimize La(z, Ag, pr) subject to x € € (11)

in the case of Algorithm 2. Both (10) and (11) are box-constrained minimization problems.
Since €2 is compact, minimizers exist and stationary points can be obtained up to any
arbitrary precision using reasonable algorithms. Sufficient conditions under which points
that satisfy (3) and (7) exist and can be obtained by available algorithms in more general
problems have been analyzed in many recent papers. See [18, 19, 20, 21, 26].

3 Convergence to feasible points

At a KKT point we have that h(z) = 0 and = € Q. Points that satisfy these two conditions are
called feasible. It would be nice to have algorithms that find feasible points in every situation,
but this is impossible. (In an extreme case, feasible points might not exist at all.) Therefore, it
is important to study the behavior of algorithms with respect to infeasibility.

Briefly speaking, in this section we show that Algorithm 1 always converges to stationary
points of the problem of minimizing ||h(z)||3 subject to £ < x < u. In the case of Algorithm 2
we will show that the set of possible limit points must be solutions of a weighted least-squares
problem involving the constraints.

In the proof of both theorems we will use the following obvious property:

[Pa(u + tv) —ull2 < |[|[Palu+v) —ul2 YueQue R tel0,1] (12)



Theorem 3.1. Assume that the sequence {xy} is generated by Algorithm 1 and that x, is a

limit point. Then, x4 is a stationary point of the problem

Minimize ||h(x)|)3
subject to x € Q.

Proof. Let K C IN be such that limgc g xp = 4.
By (3) and the equivalence of norms in IR", we have that

Jim ([Pofzy — F(w) — Z(M + prhi(zk)) Vhi(zg)] — 2kll2 = 0.

1=1

(13)

(14)

By (6), if {pk}rex is bounded we have that h(z,.) = 0, so x, is a stationary point of (13).

Assume that {py}rex is unbounded. Since {pi} is nondecreasing, we have that

lim pg = oo.
k—o0

Then, pr > 1 for k € K large enough. So, using (12) with

u=ag, v=—F(xp) = (Ml + prhilew) Vii(ae), t =1/p,
=1

we have, by (14), that

Pq [xk _ Flaw) _ i (%’j + hi(xk)> Vhi(ack)} — 2

Pk =1

k—oo

2

lim ’

By (15) and (16), since {\; }rex is bounded, we obtain:

m

1Palz. =Y hi(2.)Vhi(w.)] — @.]|2 = 0.
i=1

This means that x, is a stationary point of (13), as we wanted to prove.

=0.

(15)

(16)

We say that an infeasible point z, € €2 is degenerate if there exists w € IR’ such that z, is

a stationary point of the weighted least-squares problem

Minimize > 1%, wih;(z)?
subject to x € €2,

and

Z wihi(:v*)Q > 0.
=1

(17)

(18)

Theorem 3.2. Let {x;} be a sequence generated by Algorithm 2. Then, at least one of the

following possibilities hold:



1. The sequence admits a feasible limit point.

2. The sequence admits an infeasible degenerate limit point.

Proof. Assume that all the limit points of the sequence {z;} are infeasible. Therefore, there
exists € > 0 such that
[h(@p)lloo > € (19)

for all £k € IN. This implies that

lim gy e = oo
k—oo
Let K be an infinite subset of IV such that
lPklloo > llpr-1llcc ¥V k€ K. (20)

Let K; be an infinite subset of K and j € {1,...,m} be such that

[oklloc = [prl; VK € K. (21)
Then, by (20),
(k] = Ylpw—1l; VE € K.
By the definition of the algorithm, we have that, for all k£ € K1,
hj(zr-1)| > 7| M(@k—2)] -

So, by (19),
‘hj(l‘kfl)‘ >T1e V k€ Kj. (22)

Moreover, by the definition of the algorithm, (20) and (21), we have:

[ort; > ”'0’“71“‘” V ke K. (23)

Let K5 be an infinite subset of indices of {k — 1}rck, such that

lim z; = z,.

keKo
By (22) we have that
hj(z.) # 0. (24)
By (7) and the equivalence of norms in IR", we have:
Jm ([Pafzy — Faw) - > (ki + lowlihi(ex)) Vhi(zy)] — 2kl = 0. (25)
i=1

Clearly || pg|loco > 1 for k € K5 large enough. So, using (12) with
w=a, v=—F(wr) = Y ([Mei + [olihi(r)) Vii(wr), t =1/ okl cos
i=1



we have, by (25), that

m
. L el
lim {|Pq {ajk ( s hi(zy) | Vhi(zg)| —zk|| =0 (26)
ek Hpkum =2 e " Toell™ Z )
But
el 4 Vi=1,....m
[0k lloo
Therefore, there exist K3 C K2 and w € IR such that
lim [Pkl =w;, Vi=1,...,m.
keky || prlloo
Moreover, by (23),
w; > 0. (27)

Since { A\ }rek, is bounded, taking limits for k € K7 in (26), we get:
IPalz. sz () Vhi(24)] = 4|2 = 0.
=1

So, x, is a stationary point of (17). By (24) and (27), the condition (18) also takes place.
Therefore, z, is a degenerate infeasible point. O

Remark. Clearly, any infeasible stationary point of (13) must be degenerate. Moreover, if z is
infeasible and degenerate, by (18) and the KKT conditions of (17), the gradients of the equality
constraints and the active bound constraints are linearly dependent. The reciprocal is not true.
In fact, consider the set of constraints

hirz)=2z=0€ R', —1<z<1. (28)

At the points z = —1 and z = 1 the gradients of equality constraints and active bound con-
straints are linearly dependent but these points are not degenerate. In [11] it is assumed that,
at all the limit points of the sequence generated by the Augmented Lagrangian algorithm, the
gradients of equality constraints and active bound constraints are linearly independent (Assump-
tion AS3 of [11]). See, also, [10]. Under this assumption it is proved that the limit points are
feasible. By the considerations above, we see that Assumption AS3 is stronger than assuming
the nonexistence of infeasible degenerate points. In other words, the assumption on the problem
that guarantees that AS3 holds is that the gradients of equality constraints and active bound
constraints are linearly independent at all the points of the box (not merely at the feasible
points). This assumption does not hold in (28) and is much stronger than assuming that there
are no degenerate points in €.



4 Convergence to optimal points

In this section we investigate under which conditions a feasible limit point of a sequence generated
by the Augmented Lagrangian algorithms is a KKT point. The main result is that a feasible
limit point is KKT if it satisfies the Constant Positive Linear Dependence condition (CPLD).
The CPLD condition was introduced by Qi and Wei in [32]. More recently [1], it was proved
that this condition is a constraint qualification. A feasible point satisfies CPLD if one of the
following situations take place:

1. The point satisfies the Mangasarian-Fromovitz constraint qualification [28, 35].

2. The point does not satisfy the Mangasarian-Fromovitz constraint qualification but any set
of positive linear dependent gradients of active constraints (including equality constraints)
remains linearly dependent in a neighborhood of the point.

Obviously, the CPLD condition is weaker than the Mangasarian-Fromovitz constraint qualifi-
cation. The AS3 condition of [11], when applied only to feasible points, is the classical regularity
assumption (linear independence of the gradients of active constraints). In [1] examples where
the CPLD condition holds but the Mangasarian-Fromovitz condition does not were given. Of
course, at points that do not satisfy Mangasarian-Fromovitz the gradients of active constraints
are linearly dependent. Therefore, convergence results based on the CPLD condition are stronger
than convergence results that assume the classical regularity condition.

Theorem 4.1. Assume that {xy} is a sequence generated by Algorithm 1 or by Algorithm 2
and that . is a feasible limit point that satisfies the CPLD constraint qualification. Then, x4 is
a KKT point.

Proof. Let us write, for Algorithm 1,

Gk - Gl(xkh j‘kv pk)
and, for Algorithm 2, B

Gk = GQ(Q?}g, )‘lm Pk)

Define, for all k£ € IV,
Vi — PQ(.’L'k - Gk)

Therefore, vy € IR™ solves
Minimize |[v — (z3, — G¥)||3

subject to £ < v < .
By the KKT conditions of this problem, there exist uj; € IR}, ,uf; € IR} such that, for all k € IV,

n

ve — ap + GF ) [uflies = Y [upliei =0 (29)
1=1 =1



and
()i (i — [wx]i) = [,ui]z(fz —[zx])) =0V i=1,...,n.
By (3) and (7),

lim Vg — Tk :0,

k—oo
then, by (29),
Jim G* + ) uplies — Y _[ugliei = 0.
i=1 i=1

So, defining A;41 as in (4) and (8),

k—o0 . -
=1 =1

Assume now that K is an infinite subset of IN such that

lim zp = x,.
keK

Define:
IE = {Z € {1,,71,} ’ [x*]l :el}a

IL,={ie{l,...,n}| [z:]i = i},
In={ie{l,...,n}| b <[zs]i <ui}.
By (32), there exists kg € IN such that for all k € K,k > ko,
i€ o= <[z < u.
So, by (30), for all k € K,k > ko, we have:
pli=0vYi¢ I,

and
lug)i =0V i ¢ Io.

So, by (31),

lim F h(xk)A U)ie; — liei = 0.
lim F(2g) + Vh(ze)desr + 3 [uilie: = D _luilier = 0

i€l i€ly
Define, for k € K,k > ko,

By, = F(ax) + Vh(z) k1 + > luplie — Y _uilies.
i€l i€ly
Clearly,

lim B, =0
keK

10

lim F(x) + VA(xp)Aep1 + D _uplies — > _[pglies = 0.

(30)



and

By — F(ak) = Vh(zg) A1 + Z[/fé]iei - Z[Mi]z‘ei (33)
i€l i€ly

for all k € K,k > ko.
By Caratheodory’s Theorem of Cones (see [2], page 689), for all k € K,k > ko there exist

I.c{1l,....m}, Ly C L, Iy, C I,

Neli Vi€ Iy, [af]; >0V 4 € Ly, [fig)i >0V i€ In,
such that the vectors

{Vhi(ze)}ier,» {eiticr,,» {—€iticr,
are linearly independent and
By — F(z) = Y liVhi(ar) + Y liflies — Y [glies. (34)
iij iefuk ieiﬁk

Since there is only a finite number of possible sets I ks fuk, fgk, there exists an infinite set of
indices
K1C{k€K|k‘2k}0}

such that . o o .
Iy =11 =1y, Iy, =1y

for all £ € Kj.
Therefore, by (34),

By — Flop) = Y [N Vhi(ze) + > [ikliei — Y _[iglies (35)
iel iely, iel,
and the vectors
{Vhi(zi)}icr{eiticr,  {—€itics, are linearly independent (36)

for all k£ € Kj.
Define

Sy, = max{max{|[\e)i|,7 € I}, max{[i%];,i € L.}, max{[fiy];,i € I;}}.
We consider two possibilities:

o {Sk}trekr, bounded;

o {Sk}rer, unbounded.

11



In the first case there exists Ko, an infinite subset of K7, such that

li ).
i Akl = i,

Jim [f] = A 2 0Vi € Iy
and
. TATEEETAN . = .
i [fgli = A 2 0V i € 1y
So, taking limits in (35) for k& € K3 we obtain that z, is a KKT point.
Suppose now that {Sk}rek, is unbounded. Let K3 be an infinite subset of K; such that
limge g, Sk = oo and S > 1 for all k € K3. Dividing both sides of (35) by S, for all k € K3, we
get:

By — F(z) i (] [fig )i

T = Z S—thl(xk) + Z Tkei — Z S, €;. (37)
iel iel, iel;

By the definition of Sy, this quantity is the modulus of one of the coefficients [Ar];, [i2];, [fif]:

that occur in (37). Therefore, we can extract an infinite set K4y C K3 such that, for all k € Ky,

Sy is the modulus of the same coefficient. But, since

X, 1. sul. ar
‘[)\kz]z < 1’ [:u]g]z < 1’ [Iuk;]’b < 1,
Sk Sk %
there exists K3, an infinite subset of K4, such that
N DV S 774 R 1A T
lim —— = X\;, lim —%= =% >0, lim =% = [; > 0.
kérlr(lg, Sk v kérlr(ls Sk i = kérfr(lf, Sk Hi =

Then, taking limits on both sides of (37) for k € K5 we obtain that

iel iely, iel,

Moreover, by the choice of K, the modulus of at least one of the coefficients 5\2-, i ,&f is equal
to 1. Therefore, the gradients

{Vhi(z:)}icr {ei}iefu ’ {_ei}iéfz

are positively linearly dependent. By the CPLD condition the gradients

{Vhi(2)}icr: {eiticr,, {—€ities,

must be linearly dependent in a neighborhood of x,. This contradicts (36). So, the theorem is
proved. O

12



5 Boundedness of the penalty parameters

In this section we assume that the sequence {xy}, generated by Algorithm 1 or by Algorithm 2,
converges to a KKT point z, € . To simplify the arguments, as in [11], we assume without
loss of generality that [z.]; < w; for all i = 1,...,n and that ¢; = 0 for all i = 1,...,n. The
Lagrange multipliers associated to x, will be denoted A\, € IR™.
We will assume that F’(z) and V2h;(x) exist and are Lipschitz-continuous for all x € ().
Finally, we will also make use of the following Nonsingularity Assumption:

Assumption NS Define

s

Jo={ie{l,... 0} [Flz)+ Y [\ Vhi(z)) = 0 and [2.); > 0}

<
Il
—

Jo={ie{l,....,n}|[F(.)+ > [M;Vhj(z.))i = 0 and [2.]; = 0}.
Jj=1

Then, the matrix

[F (2.) + 30 N V2 ()] (B (2))”
W ()1 0

is nonsingular for all J = J; U K such that K C Js.

Assumption NS, which corresponds to Assumption AS5 of [11], will be supposed to be true
all along the section. Moreover, we will also assume that the computation of A\, at Step 2 of
both algorithms is:

eli = max{ s min{ Aaes {0} (38)

foralli=1,...,m.
Finally, we will assume that the true Lagrange multipliers [A.]; satisfy

[)\mm]z < [)\*]1 < [)\ma:p]i V1= 1, e, M.

Lemma 5.1. Assume that the sequence {xy} is generated by Algorithm 1 and that, for all
kelN, B
Ak = A + preh(o).

Then, there exist ko € IN, p, a1, a9, as, a4, as,ag > 0 such that, for all k > ko,

[ A1 = Aslloe < arek + azllzr — oo (39)
Moreover, if pr, > p, we have:

||5‘k - /\*Hoo

|2k — Zslloo < azer +ay
Pk

13



1Ak = Aelloo

[Aet1 — Aslloo < aser + agp (40)
Pk
and

1 a S\k - A
bzl < asei + (1 + 2 e = 2l (a1)

Pk Pk Pk
Proof. The proof is identical to the ones of Lemmas 4.3 and 5.1 of [11], replacing py by 1/px
and using the equivalence of norms in IR"™. a

Lemma 5.2. Assume that the sequence {xy} is generated by Algorithm 1. Then, there exists
ko € IN such that for all k > ko, -
Ak = Ak

Proof. By (39) there exists k1 € IN tal que
INe+1 — Ailloo < @16k + asl|zr — 24l|oo for all k& > ky. (42)

Define € = § min;{[A]; — Amin, Amaz — [As]i} > 0. Since ||z — 24]|oc — 0 and g — 0, by (42)
we obtain that there exists ky > ki such that

ki1 — Aslloo < € for all k> k.

By the definition of ¢ we obtain the desired result. O

Theorem 5.1 Assume that the sequence {xy} is generated by Algorithm 1 and that € is such
that

ek = min{ey, |h(k)l|o } (43)

where {e}.} is a decreasing sequence that tends to zero. Then, the sequence of penalty parameters
{pr} is bounded.

Proof. Let kg be as in Lemma 5.2. Then, for all & > ko, we have that A\, = \;.
Assume that py — co. By (41) and (43) there exists k1 > kg such that

ag T A — Moo
7)(1 a5>

hxk Sl"i‘
Il < (4 (G —a) "2

for all k> ky (44)

whenever % < 1.

Since /\;: = Ne—1 + pr—1h(xg—1) we get
_ = Ml o =1 = Alloo AR = Aufloo

h(zr—1)lloo
1hs—)l Pk—1 Pk—1 Pk—1
Then, by (40) and (43),
1 as
M= Ak]loo L —————(1+ ) ||h(zr-1) ]| 0o- 45
M0 = Ao € e (14 22 )] (45)

14



Replacing (45) in (44) we obtain:
1P (2x) oo < mi[A(zr—1) oo

whenever _
m
mg = —,
Pk
where m is a positive constant.
Since limg_.o, mg = 0, there exists ky > ki such that my < 7 and pgy1 = py for all k > ko.

This is a contradiction. O

From now on, if the sequence {x}} is generated by Algorithm 2, we define

Io={ie{l,....m}|[pkli = oo}, Io={ie{l,...,m}|[pk)i is bounded },

pe = min{lpgli}, m = > Ihiay)]
’LEI&

The following result corresponds to Lemmas 4.3 and 5.1 of [11], adapted for several penalty
parameters.

Lemma 5.3. Assume that the sequence {xy} is computed by Algorithm 2. There exists kg € IN
and positive constants by, ba, p, a1, o, as, ag, as such that, for all k > kg,

[Ae+1 = Aslloo < brek + bal|wk — T4|oo- (46)

If [pry)i > P for alli € I, then

|2k — 24lloo < a1 + a2mp + a3 Z D (47)
Zeloo [pk]
and
[Akr1 = Aelloo < quer + asl[h(@k) || oo- (48)

Proof. The proof of (46) is identical to the one of (39).

Using the definition of Ga(zk, Ak, pi), defining Ir as in the formula (5.6) of [11] and taking
Azy, = |[(xk — 24)(1,]l2, We obtain the following version of the inequality (5.27) of Lemma 5.1
of [11]:

(%)

for all k > k‘o, with b1 = a7+ ag + agbg, bis = 2(&7 =+ ag) + ag(blo + b2), b13 = a7+ ag + agblo,
b1o = b1 + by and for the constants a7, ag and ag considered in the proof of our Lemma 5.1.

By (8) and (46),

< M(byaeg + |h(zp) |2 + b1 (Axg)? 4 biaAzkeg + bizer?) (49)
2

[Pesali = il o Peali = Al + [Aeli = il

hilow)) = [Pk)i - [Pkl
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< ek + baflag — 2|2 + |[Akli — (Al
- [Pk

b3 = D" [hi(ze) >+ D hi(a)]

’Leloo ZEIa

a? < (X1 a;)? for a; > 0,i = 1,...,n, and the inequality (50) for all

i=1"

(50)

Now,

So, using that >
1 € I, we obtain:

Ml — [Asli bieg + bal|zr — 242
hGlle < me+ 3 W=Dl 6 I3 = Sla), (51)
Recall that
Hl’k — x|l < Axy, + €. (52)
By (52), replacing (51) in (49), we get
Ali = Al
fFl < Mlbaep+ e+ 30 1%
H < )\k+1 ) 2 (a4 Z;;O (oK)
> &k Aa:k
+b10; + 02|10 |7 + b1 Az + biaAzker, + biser?), (53)
k
where 510 = ‘Ioo‘(bl + bg).
Now, if k is large enough,
1
< min{1l A 4
er < min{l1, 4Mbl ——— 1} and Az < b (54)

Define p = max{1,4|I|Mbo}. If k is large enough, [px]; > p for all i € I. By (53) and
(54) we get:

Azy = ||k — @)z ll2 < AM((bra + bro + bug)er + e + Y w).
i€loo [pk]z
So, by (52), using the equivalence of norms in IR", we obtain:
5‘ 1 )\* 7
|7 — 24||oo < 16k + c2mp + 3 Z [[Ae]i = (Al
i€loo [pk]z

for suitable constants aq, ag and as. This proves (47).
Let us now prove (48). Using (54) in the inequality (49) we obtain:

Ax
Ay = ||(xk = w)ippll2 < =55 + M(biser + [[h(xe)]2),
where b15 = b3 + b14. Therefore,

Ay, < 2M (biser, + |h(@i)2). (55)

16



By (52), (55) and the equivalence of norms in IR", we obtain:
2k = Zulloo < aser + azl|h(xp)]|oo (56)

for suitable constants ag and as.
Replacing (56) in (46) and using again the equivalence of norms in IR", we obtain the
inequality
||)‘k+1 - )\*Hoo < oyel + Ol5||h(xk)‘|oo

for suitable constants ay and . Then, (48) is proved. O

Lemma 5.4. Assume that the sequence {xy} is computed by Algorithm 2. Then, there exists
ko € IN such that, for all k > ko,

S\k = A\g.
Proof. By (46), the proof is the same of Lemma 5.2. O

Theorem 5.2. Assume that the sequence {xy} is computed by Algorithm 2 and that €, is such
that

e = min{ep_1, | ()|l oo, €1, } (57)

where {e} } is a decreasing sequence that converges to zero. Then the sequence {py} is bounded.

Proof. Suppose that I, # 0. Let ig € I.
For all i € I, there exists ki (i) such that for all & > k1 (7), [px+1]i = [px)i- If k is large enough
we have that, for all ¢ € I,

hi(zk)] < Tlh(@p-1)]loo-
Then,
me =Y [hier)] < a7 h(zh-1)]|oo- (58)
i€l,

Let k >k = max;er, {ko, k1(7) }, where kg is obtained as in Lema 5.4.

By (8),
(B ()] = [er1lio - [Axlio | < [er1lio — [Aalio + [[Ak]io — P\*L‘O\.
[pk]lo [pk]m
So, by (46),
g ()| < 2aE T b2l = @ floo + [Akhio = Do

[pk]io
Thus, by (47),

Ji

(0 + oo + tacams + a3 LA g, g

1€

|hig ()| <

[Pkl
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Now, by (48) with Ag replacing Ax+1, (57) implies that
[eli = Al < 1Ak = Aulloo < (@ + as)[M(zk-1)lo @ =1,...,m. (59)

Since e < g1 < [[A(xk—1)|l0o, combining (58)-(59) we obtain:

[hig (2x)] < mi(io) (2 —1) oo,

where

melio) = o

and m > 0. . )
Since my(ip) — 0, there exists k(ig) > k such that

[hig (21)] < TlA(2—1)lloo

for all k > k(ig). Therefore, [pr11]iy = [pr]io- This is a contradiction. O

6 Numerical experiments

Our main objective regarding this set of experiments is to decide between Algorithm 1 and
Algorithm 2. From the theoretical point of view, Algorithm 1 has the advantage that the set of
possible infeasible limit points seems to be smaller than the set of possible infeasible limit points
of Algorithm 2. Thus, in principle, Algorithm 2 might converge to infeasible points more often
than Algorithm 1. On the other hand, Algorithm 2 tends to increase the penalty parameters
less frequently than Algorithm 1, a fact that has a positive influence on the conditioning of the
subproblems.

However, we are also interested on testing several different options for the implementation
of the algorithms. Namely: the best values for Apin and Amaz (large or small?), the best value
for the tolerance 7 that determines the increase of penalty parameters and the strategy for
choosing eg.

Summing up, the practical algorithms to be tested are defined by:

1. Strategy for updating penalty parameters

Option ONE: Algorithm 1.
Option TWO: Algorithm 2.

2. Choice of the safeguarded Lagrange multiplier approximations
Option BIG: M\pae = —Amin = 10%0.
Option SMALL: A naz = —Amin = 106.
3. Tolerance for improvement of feasibility
Option TIGHT: 7 = 0.1.
Option LOOSE: 7 = 0.5.
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4. Strategy for convergence criterion of subproblems
Option FIX : €, = gy, > 0 for all .
Option INEX: ¢;, = max{0.1%, g,,;,, } for all k.
Option ADPT: &} = max{0.1%, &, } for all £,

ek = max{emin, min{ey, [|h(zr)lloo}}
for Algorithm 1 and
ek = max{Emin, min{ep_1, ¢, [|A(zr) oo} }
for Algorithm 2.

Therefore, 24 different methods are defined. Observe that, when &,,;, = 0, the option ADPT
corresponds to the theoretical hypotheses used in Section 4 to prove boundedness of the penalty
parameters. Obviously, in practical (floating point) computations we must choose some small
Emin > 0.

The implementation decisions that are common to all the options were the following:

1. For solving the box-constrained minimization subproblems (10) and (11) at Step 2 of
both algorithms we used GENCAN [4] with its default parameters. The resulting code
(Augmented Lagrangian with GENCAN) will be called ALGENCAN.

2. We computed the Lagrange multipliers estimates using (4), (8) and (38).

3. We set p; = 10 for Algorithm 1, [p;]; = 10 for all ¢ for Algorithm 2 and v = 10 for both
algorithms.

4. The algorithms were stopped declaring Convergence when
||7)Q($k - F('Tk) - Vh(SUk)Ak—&—l) - kaoo < Emin

and

We used € = 1074

5. An execution is stopped declaring Time exceeded if the algorithm runs during 10 minutes
without achieving Convergence. Other stopping criteria were inhibited in order to ensure
an homogeneous comparison.

All experiments were done in a Sun Fire 830 with 8 900 Mhz UltraSPARC III Processors, 32
Gb of RAM memory, running SunOS 5.8. The codes were written in FORTRAN 77 and compiled
with Forte Developer 7 Fortran 95 7.0 2002/03/09. We used the option -O4 to optimize the
code.

We considered all the nonlinear programming problems with equality constraints and bounds
of the CUTE collection [8]. As a whole, we tried to solve 128 problems.
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Consider a fixed problem and let D A= 1,...,24, be the final point of method M applied

final’
to that problem. In this numerical study we say that xéﬁ)l is feasible if

()], <o

Joest = mj\/}n { f (xi(i]rg) ] xéﬁ)l is feasible}.

We say that method M found a solution of the problem if xlg]r\i)l is feasible and

We define

f (wéﬁ@) < foest + 1073 foese| + 1075

Let tM) M =1,...,24, be the computer CPU time that method M used to arrive to a:f(iji)l We

define
thest = mj\/i[n{t(M ) | method M found a solution},

and we say that method M is one of the fastests method for the problem when
t(M) < tpest + 0.01 tpest-

These definitions are the same used in [3] for comparing different Augmented Lagrangian for-
mulae.

We are interested in comparing the 24 variants of Augmented Lagrangian algorithms with
respect to Feasibility, Robustness and Efficiency. We say that a particular algorithm is robust
for solving some problem if it finds the solution of the problem according to the criterion defined
above. We say that it is feasible if it finds a feasible point and we say that it is efficient if it is
one of the fastests method for solving the problem. In Table 1 we report, for each combination of
parameters, the number of problems in which the corresponding algorithm was robust, feasible
and efficient, respectively. More precisely, the symbol p(q) under column R indicates that the
algorithm found the solution of ¢ problems, according the criterion above and that its rank with
respect to robustness was p. The symbol p(¢q) under column F means that the algorithm found a
feasible point in ¢ cases and ranked p with respect to feasibility. The same symbol under column
E means that the algorithm was one of the fastests in ¢ cases and ranked p with respect to this
criterion.

Some preliminary conclusions may be drawn by inspection of Table 1.

e One of the methods (Algorithm 2 with 7 = 0.5, Mae = 102, ex = £1nin) appears to be the
best one, considering feasibility, robustness and efficiency.

e Algorithm 2 is better than Algorithm 1. This means that using different penalty param-
eter and increasing separately each of them is better than increasing “all” the penalty
parameters when the improvement of just one constraint is not enough, as Algorithm 1
does.
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Method Performance

Strategy for Choice of the Tolerance for Strategy for

updating safeguarded improvement convergence

penalty Lagrange of feasibility  criterion of R F E
parameters  multiplier subproblems

approximations

TWO LOOSE BIG FIX 1(96)  1(102)  1(56)
TWO LOOSE BIG INEX 1(96)  2(101) 13(28)
ONE LOOSE BIG FIX 3(95) 11(100)  5(52)
TWO TIGHT BIG FIX 3(95) 11(100)  4(53)
TWO TIGHT SMALL FIX 3(95) 11(100)  3(54)
TWO LOOSE SMALL FIX 3(95)  2(101)  2(55)
TWO LOOSE SMALL INEX 3(95)  2(101) 14(27)
ONE TIGHT BIG FIX 8(94) 11(100)  5(52)
ONE LOOSE BIG ADPT 8(94) 16(99) 23(12)
ONE LOOSE SMALL ADPT 8(94) 19(98) 23(12)
TWO TIGHT BIG ADPT 8(94)  2(101) 15(26)
TWO TIGHT SMALL ADPT 8(94) 2(101) 16(25)
TWO LOOSE BIG ADPT 8(94)  2(101) 22(15)
TWO LOOSE SMALL ADPT 8(94)  2(101) 22(15)
ONE TIGHT BIG INEX 15(93) 11(100) 12(36)
ONE TIGHT SMALL INEX 15(93) 16(99) 11(37)
ONE LOOSE BIG INEX 15(93) 16(99) 17(24)
ONE LOOSE SMALL FIX 15(93) 21(97) 5(52)
ONE LOOSE SMALL INEX 15(93) 19( 98) 17(24)
TWO TIGHT BIG INEX 15(93)  2(101)  9(38)
TWO TIGHT SMALL INEX 15(93)  2(101)  9(38)
ONE TIGHT BIG ADPT 22(92) 23(95) 19(21)
ONE TIGHT SMALL FIX 22(92) 21(97) 5(52)
ONE TIGHT SMALL ADPT 22(92) 23(95) 19(21)

Table 1: Performance of ALGENCAN
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e In general, using a fixed small convergence criterion in the subproblems (g, = &) is
better than using inexact choices of ¢ at least in terms of efficiency. With respect to
feasibility and robustness the different choices of ¢, are equivalent.

e The option LOOSE for increasing the penalty parameter is slightly better than the option
TIGHT. It is not be very relevant the choice of Az between 10% and 10%°. Preliminary
experiments showed that smaller values of A, are not convenient.

In order to test the consistency of our algorithms we compared our winner Augmented La-
grangian algorithm with the default version of LANCELOT [11] and with the same version with
true Hessians and without preconditioners. The last one is more adequate since the version of
GENCAN that we use does not use preconditioners at all. It must be observed that GENCAN
does not use true Hessians either. Matrix-vector products involving Hessians are replaced by
incremental gradient quotients in GENCAN. ALGENCAN was more efficient and robust than
the version of LANCELOT without preconditioners. It was also more efficient than the precon-
ditioned LANCELOT but not as robust as this method. The corresponding performance profile
[14] is shown in Figure 1.

7 Conclusions

Augmented Lagrangian methods are useful tools for solving many practical nonconvex mini-
mization problems with equality constraints and bounds. Its extension to KKT systems and,
in consequence, to a wide variety of equilibrium problems (see [18, 20, 21, 23, 26, 27, 36]) is
straightforward. We presented two Augmented Lagrangian algorithms for this purpose. They
differ only in the way in which penalty parameters are updated. There seems to be an important
difference between these two algorithms with respect to convergence properties. According to
our feasibility results the set of possible infeasible limit points of Algorithm 1 seems to be strictly
contained in the set of possible infeasible limit points of Algorithm 2. This could indicate that
Algorithm 2 converges to infeasible points more frequently than Algorithm 1. However, this
property was not confirmed by numerical experiments, which clearly indicate that Algorithm 2
is better. So, it seems that maintaining moderate values of the penalty parameters is the more
important feature for explaining the practical performance. However, it is still an open problem
if stronger results than Theorem 3.2 can be obtained for Algorithm 2.

The question about convergence to optimal (KKT) points is also relevant. Up to our knowl-
edge, convergence to KKT points of algorithms of this type had been obtained only using
regularity assumptions (linear independence of active constraints). Here we proved that a much
better constraint qualification (CPLD) can be used with the same purpose. Again, the problem
of finding even weaker constraint qualifications under which convergence to KKT points can be
guaranteed remains open.

The superiority of Algorithm 2 over Algorithm 1 in numerical experiments was not a surprise
since every optimization practitioner is conscious of the effect of large penalty parameters on
the conditioning of the subproblems and, hence, on the overall performance of Augmented
Lagrangian and penalty methods. A little bit more surprising was the (slight) superiority of
the algorithms based on accurate resolution of the subproblems over the ones based on inexact
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resolution. Careful inspection of some specific cases lead us to the following explanation for that
behavior. On one hand, GENCAN, the algorithm used to solve the subproblems is an inexact-
Newton method whose behavior is many times similar to Newton’s method especially when the
iterate is close to the solution. This implies that, after satisfying a loose convergence criterion,
the amount of effort needed for satisfying a strict convergence criterion is usually small. In
these cases it is not worthwhile to interrupt the execution for defining a new subproblem. (One
would be “abandoning Newton” precisely in the region where it is more efficient!) On the other
hand, the formula used for updating the Lagrange multipliers is a first-order formula motivated
by the assumption of exact solution of the subproblems. When the resolution is inexact, other
updating formulae ([24], p. 291) might be more efficient (although, of course, more costly).

The conclusion about the relative efficiency of solving accurately or inaccurately the sub-
problem may change if one uses different box-constrained solvers. The excellent behavior of the
spectral gradient method for very large convex constrained minimization [5, 6, 7, 12, 33, 34] is
a strong motivation for pursuing the research on inexact stopping criteria for the subproblems,
since in this case quadratic or superlinear convergence is not expected.

Valuable research has been done in the last 10 years in Augmented Lagrangian methods
for solving quadratic problems originated in mechanical applications [15, 16, 17]. Adaptive
criteria that depend on feasibility of the current point (as in the assumptions of our penalty
boundedness theorems) have been successfully used and justified from several different points of
view. (Antecedents of these practical strategies can be found in [25].) More recently [15], Dostél
showed that, for some convex quadratic programming problems, an updating strategy based on
the increase of the Augmented Lagrangian function have interesting theoretical and practical
properties. Extension of his philosophy to the general nonquadratic and nonconvex case must
be investigated.

The recent development of efficient sequential quadratic programming, interior-point and
restoration methods for nonlinear programming motivates a different line of Augmented La-
grangian research. The “easy” set {2 does not need to be a box and, in fact, it does not need to
be “easy” at all if a suitable algorithm for minimizing on it is available. (The case in which € is
a general polytope was considered in [10].) However, many times the intersection of Q2 with the
general constraints h(z) = 0 is very complicate. In these cases, using the Augmented Lagrangian
approach to deal with the general constraints and a different nonlinear programming algorithm
to deal with the subproblems is attractive. Certainly, this have been done in practical applica-
tions for many years. The convergence properties of these combinations using weak constraint
qualifications deserve to be studied.

We presented our methods and theory considering KKT systems and not merely minimiza-
tion problems to stress the applicability of the Augmented Lagrangian strategy to the general
KKT case. We performed several experiments for general KKT systems, where the algorithm
used for solving the subproblems was the well known PATH solver (see [13]). We compared the
resulting algorithm with the PATH method for solving directly the original problem. On one
hand, we confirmed the following warning of [22]: “Typically, singularity [of the Jacobian]| does
not cause a lot of problems and the algorithm [PATH] can handle the situation appropriately.
However, an excessive number of singularities are cause of concern. A further indication of pos-
sible singularities at the solution is the lack of quadratic convergence to the solution”. In fact,
for some tested problems, the effect of singularity of the Jacobian was more serious in the direct
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application of PATH to the original problem than in the “Augmented Lagrangian with PATH”
algorithm. In many other situations the direct application of PATH to the KKT system was
more efficient. Clearly, the Augmented Lagrangian framework intensely exploits the minimiza-
tion structure of the problem when the source of the KKT system is nonlinear programming
and loses this advantage when the KKT system is general. However, much research is necessary
in order to evaluate the potentiality of the Augmented Lagrangian for equilibrium problems,
variational inequalities and related problems.
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