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Summary

In the study of genetic divergence among organisms, generally the analysis
is done directly from the DNA molecule. Therefore, a possible outcome is
categorical being one out of four categories (looking at the nucleotide level).
Light & Margolin (1971) developed an analysis of variance for categorical
data (CATANOVA) and Pinheiro et al. (2000) employed a similar measure
of variation and extended the CATANOVA procedure taking into account
several positions in the sequence for balanced designs. Here we consider
variable number of sequences in each group, that is, the samples are unbal-
anced. In order to test the null hypothesis of homogeneity among groups,
the asymptotic distribution of the test statistic was found and its power is
evaluated. An application of the test to real data is illustrated using resam-
pling methods such as the bootstrap to generate the empirical distribution
of the test statistics.

KEYWORDS: Analysis of variance; Bootstrap; Categorical data; Asymptotic
distribution; Molecular data; Statistical genetics; Unbalanced designs.

1. Introduction

The fundamental question asked in evolutionary genetics is that given a col-
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lection of DNA sequences, what are the underlying forces responsible for the
observed patterns of variability (Durrett, 2002). Consequently, a large effort
has been devoted to develop methods for the estimation of parameters and
hypothesis testing from data derived from DNA sequences (see Weir, 1990;
Pinheiro et al., 2000, 2001; Pinheiro et al., 2003 and others). One hypothesis
of interest is to test for homogeneity among groups of individuals sampled
from a given region of the genome. Since DNA sequences are essentially cat-
egorical data in nature, i.e., if one looks at the nucleotide level, the response
is one out of four categories (A, C, T, G), one for instance can use methods
of categorical analysis of variance.

Based on a measure of variation for categorical data, expressed as fre-
quencies for each category, Light & Margolin (1971) developed an analysis of
variance for categorical data (CATANOVA). The properties of the variance
components were investigated based on the multinomial model, which made
possible the comparison of variability in the response variable within and
between groups. This method can be applied to genomic sequences with
only one position, but in the case of DNA sequences, one position does not
provide enough information.

Pinheiro et al. (2000) employed a similar measure of variation and ex-
tended the CATANOVA procedure taking into account several positions in
the sequence for balanced designs. When there is a binary response in each
position, such as the case with molecular marker of the class of Random
Amplified Polimorphic DNA (Williams et al., 1990), an analysis of variance
for binary data in unbalanced designs was proposed by Souza et al. (2004).

Here we consider variable number of sequences in each group, that is,
the samples are unbalanced. According to factors considered by Pinheiro et
al. (2000), measures of diversity for unbalanced designs were obtained on
Section 2. Assuming independence between sites we studied the asymptotic
properties of the test statistic under the null hypothesis of homogeneity be-
tween groups. On section 6 a study of the power of the test is also presented.
Finally, an application to real data is given in section 7.

2. Measures of diversity in unbalanced designs and the probability
model

Let X¥ = (X7, X2, ... X igK)/ be a random vector representing sequence i
of group g, where X fk represents the category present at site k£ of sequence
iof groupg,i=1,...,ng, k=1,..., K eg=1...,G. Note that for the
case of nucleotide sequences ka e{A, C, T, G}.

Using Simpson’s index of diversity (Simpson, 1949) and following Pin-
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heiro et al. (2000), the measures of diversity for unbalanced designs are:

C

TSI = 1—2(7;&)2; (0.1)
1 G C Neg 2

WSI = 1-——= 9 0.2
G;C:1<Kng> (0-2)

¢ 1 ¢ Neg. 2 e \ 2
BSI = TSI-WSI=Y_ EZ(Kn) - (Kn) . (0.3)
c=1

g=1

where TSI is the total Simpson index, which is the total variation in the
pooled sample; WSI is the total variation within group and BSI is the vari-
ation between groups.

3. The probabilistic model

Denote by N4 the number of responses in category c, at site k for group g,
and let p.4x stand for the probability of falling into category c at position k
for group g. Assuming that responses in different groups are independent,
for groups g and position K, the responses (Nigy, Nogg, ..., Nogi) follow a
Multinomial distribution:

| C
Ng-

Pr{Nigr. = nigk, Nogk = Nagk, -, Nogk = Nogk} = ———— H(pcgk)"”gk
[Tz megr! 223

C C
where chgk = ng, chgk =1, pegk >0,c=1,...,C, Vk=1,..,K and
c=1 c=1

g=1,...,G. Therefore, E(negr) = ngpegk,  Var(negr) = ngPegk (1 — pegic)
and COV(Nclglk‘lachgzkz) = _5ngpclglk1pcgggk27
where 6 = I(g1 = g2 = g and k1 = ko).

If we assume that the positions are independent, the model is the product
multinomial given by

K G K G ol C
_ g .
H H Pr{nlg/i‘?anka "'7ank} - H H W H(pcgk)n gk
k=1g=1 k=1g=1 Lle=1"bcgk" c=1
It ng = (ngku ey NC’gk), and ng = (plgku s ngk),a k= ]-7 e 7K7
g=1,...,G, are vectors C' x 1 we can write

E(Vgr) =ngPg  and  Cov(Vg) = ngXy,
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where Ezk =Dy, — Pongggk, with Dy being a diagonal matrix C' x C

whose diagonal elements are pigk, ..., POgk-
Now, let Vg = (Vg1, Vo, ..., Vyg) and Py = (Pg1, ..., Pyx) be
vectors CK x1and V = (Vy, Vg, ..., V) avector GCK x 1. Therefore,

COV(V) =Y = Y10X¥p .. O kDX D... 0 Xx D ... ® XgK
= mEHE. oK) P(EH B ... BX ) D ... D

4. Moments of diversity measures

Let

1
T=——-U I 0.5
(Kn)2 OK6 ®Ico (0.5)
where n = Zg ng, Urc is a matrix KGx KG of 1's, I is an identity matrix
C x C and ® is the Kronecker product (Searle, 1982). The expression (0.1)
can thus be expressed in matrix form as

C 2
TSI=1- (I?N> —1-V'TV; (0.6)
T

c=1

Let M be a diagonal matrix G' x G' whose diagonal elements My, =

Gn?, = G(Kng)?. Then M™! is a diagonal matrix G x G with diagonal

clements M,' = 1/[G(Kny)?.
We can define a matrix W as follows:

W =[M'®Ug)®Id. (0.7)

It is thus possible to write expression (0.2) in matrix form:

G C 2
WSI = 1—%%2(}?—&) =1-V'WV (0.8)
and
BSI = —V'TV+V'WV =V (-T+W)V=VBV; (09)
where

1
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Thus, according to classic results from linear models (Searle, 1971),

) 1 c [e¢ K 2
B(TS) = 1+ (KnT)QZ DD ngbigr — (Z%ch) :
1 ¢ 1 1 K pcgk 2
EWSD) = 1=z —+amd > () P
) 1 c [e K 2
B(BSD) =~ e p? S0 ngply - (Z ngpcg->

c=1 | g=1k=1 g
G G K 2
1 1 1 pcgk 2
S N D I LA |
g=1 c=1 g=1 Lk=1

Define the population variation within group g at position &

C
Is(Pgr) = 1= plyr - (0.11)

Since our interest is to assess homogeneity between groups, the null
hypothesis is Hy : pegk = Pek, Where pegr is the probability of falling into
category c at position k in group g. Under the null hypothesis, for all g,
we have that Is(pix) = Is(pak) = ... = Is(pgr) = Is(pk), that is, the
within-group variance at the k-th site is the same for all groups, where
Pgk = (Pigks DP2gk, ---»Pcgk) is a vector C' x 1 representing the probabilities
associated with categories ¢ = 1,...C of group g at site k.

Under the null hypothesis, the expected values of diversity measures are:

1
Eo(TSI)=1— —— + 12
o) <1 g S St
1 & 1 & “1\ &
SUTIRSERS SE RS S 1§ SER D S Pt I
Gngl ng GK —~ e )
(0.13)
1 1 C K
Eo(BSI) = - — 2 — Npp?
1 &g 1 < C1\ &
- = 2 2
o SE TR T i1 DOES Dyt oy L3
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Since V follows a multinomial distribution we can use the Central Limit
Theorem and

V2 N(u,®), when Ny— oo, (0.15)
where p is the vector of expected values of V, ¥ is given in (0.4), and
No = min ny,.

1<g<G

Under Hy, forg=1, ..., G,

where X, is a matrix C' x C, of the form

0k = Dk — HorBok, (0.17)
where Dy, is a diagonal matrix C'x C' whose diagonal elements are pig, ..., pck
and po = (p1gs - -, por). Thus, under Hy

2=3=1n®X%j (0.18)

where 7 is a diagonal matrix G' x G whose diagonal elements are 7y, = nq
and X is given by (0.16) . Therefore, under Hy, asymptotically,

v -2 N (g, X0);  where  po= ((n1, na, ..., ng) ®Py)’  (0.19)

/

with Py = (p11, ..., pc1, P12, .-+, Dc2, ---» PIK, ---, PCK)

5. Asymptotic distribution of the test statistic

The interest now is to derive a statistic to test the hypothesis of homogeneity
among groups. To that end we propose a test statistic in terms of Simpson’s
indexes and, therefore, we obtain the asymptotic distribution of the statistics
V'BV,V'TV and VWYV that are related to Simpson’s indexes BSI, T'ST
and W S1, respectively.

From (0.9), BSI can be written as,

C 1 G N 2 N 2
BSI =V'BV = — 9 ) — ) 2
s > leX(x%) - (75) (020

Let ecgk = Ncgk — EO(Ncgk) = Ncgk — NgPck- Then,

G K
O =D D gk =Ne. =Y ng > _ Dk (0.21)
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As Ny = min ngy, under H,
1<g<G

0 2 N(0,5)), when Ny — oo, (0.22)

where 8 = (0111 ... Ocq1 ... Ocar) and Xg is given by (0.18). Therefore,
we can write

C G 2 2
i 1 Hcg- + NgPe. Oc.. + pen
BSI = ), EZ<T> - (K—n
c=1 g=1 9
= 6'BO + A¥6; (0.23)

where A = (a1 A* agA* ... agA*) =a® A* is a vector 1 x CGK, a = (ay)

is a vector 1 X GG being a4 = ﬁ — NLT’ e A* is a vector 1 x CK of the form
g

2

A=
GK?2

(P1ey «ovy POy Ploy vy DOy «voy Dloy -vny DC-) (0.24)

As we have already seen, 6 has normal asymptotic distribution, then

CGK
0Bo 2 Z i (X%)i; when Ny — oo (Searle, 1971) (0.25)
i=1

where (X%); s are independent random variables chi-square distributed with
com 1 degree of freedom and {)\;, i =1, ... CGK} is a set of eigenvalues of

B, =B(n®Xj) = [(—(K,]ifT)ZUKG =+ (M_l ®UK)> ®Ic] (n®X5)

by (0.10) and (0.18). Note also that from (0.22),

A6 2. N (0,AX5AY); (0.26)
with
4 1 1 & (&
AESA, = (GK2)2 Z [(n_g - N_T> Z (ZPE [nQPCgk(l _pCQk)] +

C K
+ Z Z —MNgPec.Pc! . PegkPc! gk
d#c=1k=1
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Then, we can say that, under Hp,
CGK
BSI=0'BO+A0 2 3" A (x3), + N (0,ASFA") ; (0.27)
i=1
that is, BSI is the sum of a linear combination of random variables x?
distributed and the other normally distributed. By Lemma 5.1 we have

that 'BO and A0 are not independent and therefore the distribution of
V'BYV is not a convolution of these random variables.

Lemma 5.1 8'BO and A@ are not independent. (Proof in A.1) ]

As an alternative to obtain the distribution of VBV, let us define R as a
matrix CGK x CGK such that RER' = Iogr and Y =RV = V =RY.
Therefore, as Ny — oo,

Y 2 NRp,Icgx) and VBV =Y/ (R})BRY = Y'CY,
where C = (R™!BR L.

Let P be an orthogonal matrix such that PCP’ is a diagonal matrix and
Y*=PY =Y =P 'Y* = P'Y*. Therefore,
Y* -2 N(PRp, Icck);

VBV = Y/'CY = (Y*)PCP'Y* = (Y*)C*Y*,
with C* = P(R™!YBR™'P’. Therefore,

CGK
BSI = (Y*YCY* 2 N e (63 (0u) 5 (5.28)
=1
(17)?

where 01; = , being pF the i-th element of the vector u* = PRy and

c;’s the elements of the diagonal of C*, ¢ € R.
Reminding that, TSI =1 — V'TV, under Hy, V N N(pg, Xo). Since
T3, is not idempotent, the distribution of VTV is not x?

(rank(T), o T Hby)"
Nevertheless,

VTV = 0'TO+ A0 + §; (5.29)
where Ao’ = (A% A% ... A%) = (1¢ ® A%) is a vector CGK x 1, 1 is a

row vector of 1’s of size G and A3 is a vector 1 x C'K of the form

2
A*

2:K2—]V’T(p1'7 ...y PC, P1.y, +--5 DPC.y -5 D1, 7pC)
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According to Lemma 5.2, 8T and A58 are not independent and in this
case V'TV will not be the convolution of these variables.

Lemma 5.2 0'TO ¢ A20 are not independent. (Proof in A.2) |

Under Hy,

CGK
0'T0 2> 3" 2o (x3), and Az0 5 N(0,AsS0A}),  as Ny — cc.
i=1

Therefore, asymptotically, we can say that VTV is the sum of a linear

combination of y? random variables and a normally distributed random

variable.
CGK

VTV 25 57 hi (33), + N (0, AsSoAS) + 6
i=1
where Ao;,i =1, ..., CGK is the set of eigenvalues of

1 1
TS = —— T8y = ——T° .
0= ®n)? - 0T (&2 MO0

Alternatively, we have that the distribution of V'TV is analogous to
that obtained in (5.28):

CGK * \2
VTV = (Y3)C3Y5 5 Y 5 (03(62)),  with &y = % (5.30)
=1

where ¢3,’s , ¢5; € R, are the elements of the diagonal matrix
5 = Pz(Rz_l)/TRz_lpz,

where P2 is an orthogonal matrix and p3; the i-th element of the vector
ps = PaRop, with Rg being a matrix CGK x CGK such that RoXR, =
Icck. Note that
D
Y5 — N(p3 Icak);

In the case of the within-group Simpson’s index we have WSI = 1 —
V'WYV and under Hy,

VWV = 60'W0 + A30 + §; (5.31)
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where A3 = (A5 A% ... AY) = (n3 ® A}) is a vector CGK x 1, ng =

(o

form

is a row vector of size G and Aj is a vector 1 x CK of the

v

2
K2G

We also showed (Lemma 5.3) that V"WV is not a convolution of "W@
and Az6.

A‘gz (pl-""?pc.’pl.?"‘7po.7"'7p1.?“'7pc.)‘

Lemma 5.3 0'W6 and A36 are not independent. (Proof in A.3) ]
Therefore,
CGK
VWV 2 37 0gi (43), + N(0, AsSAL) +6;
i=1

where A3;,7 =1, ..., CGK is the set of eigenvalues of
W3 = (M@ Ugk) ® I0| .

In other words, V'WV is the sum of a linear combination of x? random
variables, a normally distributed random variable and a constant.
As in (5.28) we obtained that

CGK
VWV = (Y5)C5Y5 - D o5 (x3(03:))  with 03 = (p i’;) (5.32)
=1

where c3;’s, 03Z € R, are the elements of the diagonal matrix
C% = P3(R3™!)'TR3 ' P}, where P is an orthogonal matrix and p; the
i-th element of the vector u3 = PsRau.
Note that
Y5 2 N, Ieer):

where Rg is a matrix CGK x CGK such that RgXR% = Icgk.

To test for homogeneity between groups we need to obtain the asymp-
totic distribution of a statistic that is a function of BSIT/W ST. We thus need
to study the order of convergence of some statistics and their moments.

Let Ny = 1%216:719. We have from (0.14), (0.12) and (0.13), respectively,
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91 = E()(BSI)
G C K cC G
B 1 1 1 1 ) 1 1,
-~ " KNr GKZ::ng KQNT;;M GKQ;;an’“
C K p2 C p2
b = Eo(TSI) =1+ - (ZZ%—Q— e
T c=1 k=1 c=1
C pg
= 1+ 0(Nyh) ng
c=1
G c a 9
1 1 1 1 P
Os = BoWSD=1-pd ot Grad D vk~
= c=1 g=1
C 2
- 1+0(N51)_Z%
c=1

Defining now,
Ti=BSI—06; 1To,=TSI—0y and T3=WSI—0s.

If ng = O(Ny) Vg,9 =1,...,G we have

CGK
1. 'TO ~ Z Ao; (X%)Z = Op(NO_l)7 since {A2;,7 = 1,..., CGK} is the
i=1
set of eigenvalues of TXg = O(Ny);

2. A0 = 0,(N; /%), since A28 ~ N (0, A3X0A%), Ay = O(N;') and
3o = O(No);

1 C
3. 0= ﬁng = 0(1).
c=1

Analogously we have,

CGK
L OWO =" s (xi), = Op(N; )
=1

2. Agf = 0,(N; /).
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Therefore, Ty = TSI — 0y = 0,(Ny /%), T = WSI — 65 = 0,(N, /%)
and BST = 0'BO + A0 = 0,(N; ") + 0,(N; /%) = 0,(N; /?). Then, to
test the hypothesis of homogeneity among groups we propose the following

statistic:
BSI
F EN1/2 — | .
1 0 <WSI> ; (5.33)

And we can write I} as

BSI 1/9BST T3
Fo= NP (22D ) o N2 (g
! 0 (T3+93) 0 6 03 + T3

BST _
NYPEZL Loy M) = o(1);

since Ny/2BSI = 0,(1), 63 + Ts = O(1) + 0,(N; '/*) = 0,(1) and

¢ 2
03 =1— % + O(Ny 1Y) =65+ O(Ng ).
c=1
Therefore, by (5.28), we have that, for n, = O(Ny) and Ny — oo,
F is expressed as a linear combination of non-central chi-square random

variables.

CGK ,,1/2
BSI N,
F = N(}/2W ~ Z o?g ck (x3(5)), (5.34)
=1

where ¢ and d; are obtained according to (5.28).
When the sample sizes nys are small we can call upon resampling meth-
ods such as the bootstrap and obtain the empirical distribution of Fj.

6. Power of the test

We will consider now the following alternative hypotheses in order to eval-
uate the power of the test:

H ! + for all 1 G

1 * Pegk = ——"cgk T Pck orallg=1,...,G.
Vg

These are called the Pitman alternative hypothesis (Pinheiro et al., 2000).
Therefore, it is also possible to assess the behavior of the power of the test
for alternatives that get closer to the null hypothesis as Ny increases.
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We are interested in the case where .4 # 0. Under the alternative
hypothesis we have:

Yegk
acgk = Ncgk_E(Ncg)_Ncgk_ng< o +pck>7

Vg
Yeg-
Ocg. = Neg. —nyg <\/—Z_g +pc.) and
Veg-
f.. = N.. — n < —|—pc.>.
HES
Now,
C G 2 2
1 ecg- + NgDe. Oc.. + pen
psi = X \e (M) - ("
c=1 g=1 9
c G
+ Z Z {i [2 Veg- ng(ecg- + ngpc-):| - [2 Zg Ng7Veg- (90 + npc-):|
s G \/n_g (Kng)2 \/@ (Kn)2

+ g \*_ [ 2g"9 s ’
Kng,/frg Kn, /g ‘
From (0.23) we have
2\/71_%5,. 0.,. 0...
BSI = 60'BO+ A0+ [ J ( o )]
Sy (e 5
ZZ 2pc-\/n7g709' 1 _L
— < K2 GN, Nr
FS¥ae | () ()
— = GK? |\ /g Ny
= 0'BO+ (A+ Ay)0+ 5,

+

where A is a vector 1 x CGK defined in (0.23) and (0.24), and Ay =

(A}, A}, ..., A}), avector 1 x CGK, being A} = (A}, AL, ..., Alg)
1 x CG, with A}, = (ajy,, @iy, -5 A)g,), 1 X C,

LM 11 ¥ 2Ny

4cg K2 GN92 NT ’ng (KNT)Q’YCQ .

9'#g
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Since /B0 and A0 are not independent (Lema 5.1), B e (A + A4)0
are also not independent. Therefore, the distribution of V'BV is not a
convolution of a linear combination of x? random variables and a random

variable normally distributed.
If A = A 4+ Ay, then

1
V,BV — 0/B0 + A**O + 5** — X/X _ Z(A**)/B_IA** + 5**7

where X = B1/20 + %B*1/2A**.
Suppose that B is semi-definite positive, then its elements € R, as is

the case with balanced samples (Pinheiro et al., 2000). In this case, if
I = B/2%(BY2) and p** = 1B7/2A** then

X ~ N(p™;T).

Let P4 be an orthogonal matrix such that P4T'(P4) = A, where A is a
diagonal matrix. If Y = P4X = X = P/ X, then,

CGK
Y ~ NPy A) and X'X=YPP,Y ~ > XN(x7(): (535)
=1

where \; are the eigenvalues of A, in this case the elements of the diago-

nal matrix A. Note that A is semi-definite positive and therefore A; > 0.
2

a’

0; = i, being a; o i-th element of vector %P4B_1/ 2A** which is a linear
i

combination of the ~y.g’s.

1
If the constant ¢ = —Z(A**)’B*IA** + 6™, then,

Pr(F; > u) = Pr(y/NoX'X > 05u — /Noc). (5.36)
However,
1 -
c= _Z(A**)/B—IA** + 5 = O(NO 1/2)’

since ng = O(Np). Therefore, v/Noc = O(1), with the increase of the non-
centrality parameter §; the distribution of the x? random variable tends to
the right and, for Ny — oo, the probability in (5.36) tends to 1, indicating
that the power of the test converges to 1.
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In cases where B is not semi-definite positive, more studies are needed
on the power of the test. Nevertheless, in these cases the power of the test
can be evaluated numerically.

7. Application

The data presented in this section are derived from a study of popula-
tion genetic structure using sequences of the mitochondrial DNA genome
of the freshwater turtle Hydromedusa mazimiliani, conducted in the state
of Sao Paulo in southeastern Brazil (Souza et al., 2003). This freshwater
turtle inhabits topologically complex habitats characterized by sequences
of ridges and valleys, each drained by river and stream systems. For this
study, an area of approximately 2700ha containing three drainages (hereafter
drainages I, IT and IIT) was sampled based on the natural spatial hierarchy
formed by rivers and streams. Within each drainage, specimens of H. mawi-
miliani were randomly hand-caught in the natural habitat of shallow rivers
and streams. The data set consists of 48 sequences of the mitochondrial
DNA genome of freshwater turtles of the species H. mazimiliani collected
from watersheds I, IT and III, having sample sizes of 30, 7 and 11 sequences,
respectively (Souza et al., 2003). Drainage I, the larger drainage sampled
and which yielded the larger sample size, was further subdivided according
to the spatial hierarchy of the main rivers and their tributaries, resulting
in three sample sites. Sample sizes for each site were 4, 12, and 9, re-
spectively. From each individual in these samples, a 1,400 bp fragment of
the mitochondrial region encompassing cytochrome b, 125, and Thr-proline
genes, as well as the D loop region was obtained. Sequences were obtained
from these fragments with a 377 Automated DNA sequencer. Details of the
molecular procedures can be found in Souza et al. (2003). These sequences
were obtained from two different regions of the mitochondrial genome, the
cytochrome b gene with 262 sites and the control region with 413 sites.
Since the sequences were taken from two different regions of the mito-
chondrial genome the analysis will be carried out separately. Under Hj :
Pegk = Pck, Where pei is the proportions of sequences in site k showing
category ¢, where ¢ € {A, T, C, G}. Initially, we compare groups corre-
sponding to the three watersheds sampled for the cytochrome b and then
we compare sequences from the control region. These comparisons were
also performed for the three partitions within watershed I. Since the sample
sizes are small, we call upon resampling techniques to generate the empirical

distribution of F; under Hy. The procedure is as follows:
N1k + Ne2k + Nesk

n

Step 1: Estimate p. from the data, i.e., P =

, which is
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the observed proportion of sequences in the pooled sample that in position
k falls in category c, and compute the observed value of the test statistic F}
(Flobs)-

Step 2: Generate n = 48 sequences with K = 262 (for cytochrome b gene)
and K = 413 (for the control region) positions each from a Multinomial
distribution (48; D1k, ﬁgk,ﬁ3k7ﬁ4k).

Step 3: Compute the value of the test statistic F} from the generated data.
Step 4: Repeat steps 2 and 3 10,000 times.

Table 1 shows the observed values of F} and the respective p — values
corresponding to the cytochrome b gene and control region sequences of
the mitochondrial DNA sampled from the freshwater turtle populations in
watersheds I, II and III.

The histograms of Figure 1 show the behavior of the distribution of
the test statistic F;. Figure 2 shows the behavior of the distribution of Fj
for subpopulations of freshwater turtles within watershed I. The observed
values of F} and the respective p-values from cytochrome b gene and control
region for the comparisons of partitions 1, 2 and 3 within watershed I are
on Table 2.

For the significance level of 5%, we reject the hypothesis of homogeneity
among groups if the p —value < 0.05. If the observed value of F} is negative
then the p — value = 2P(F; < Fis), otherwise, p — value = 2P(Fy >
Fiops). Among the three watersheds we find strong evidence to reject the
hypothesis of homogeneity among groups, that is, analyzing the sequences
for the control region there is statistical evidence for genetic variation among
the three populations from watersheds I, II and III. Comparing sequences
for the control region of individuals from watershed I, we also obtained
strong evidence for the rejection of the null hypothesis of homogeneity among
groups. Therefore, at the level of DNA sequences it was possible to observe
genetic variation among individuals of watershed I.

A pairwise comparison of partitions indicated which turtle samples dif-
fered between partitions 1, 2 and 3, within watershed I (see Table 2). Pair-
wise comparisons were adjusted by the Bonferroni correction and at the
significance level of 5% the hypothesis of homogeneity between groups is
rejected if the p — value < (0.05/3) ~ 0.017.

Therefore, there is strong evidence for genetic diversity between water-
sheds I and II (Table 1). Diversity is also evident between partitions 1 and
2 and between 1 and 3 (Table 2). The empirical distribution of F} for the
pairwise comparisons have symmetric distributions around zero and the case
of pairwise comparisons between partitions within watershed I is shown on
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Figure 3.
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APPENDIX

A.1 Proor oF LEMMA 5.1

0'BO and A0 would be independent if and only if AX(B = 0 (Searle,

1971).

1

AXB = — Kn)zA(" ®35)(Uke @Ic) + A @ )M @ Uk @ 1¢)
1 *

= _W(a ® A¥) [nUg @ I5(Uk @ Io)]

+ (@a®A*) [ M @ B§(Ug @ 10)]

= [aTl (—ﬁug + M—1>] ® [A"E5(Uk @ Io)]

Let a* = (p1....pc.). Remember that 3§ = 3§, & X6, & ... & Xk

2
A*S((Ug ©1¢) = GK2 (a"¥G; a"¥g, ... a"¥ik) (Uk ® Ic).

For each k, of (0.17) we have,

C C C
a* Xy, = (plk <p1- - ch.pck> P2k <p2~ — ch-pck> .- PCk (po — > Pepek

c=1 c=1 c=1

)
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The first element of the vector A*35(Uk ® 1) is

2
GK? (pn (pl. - Zpopd) + P12 (pl- - ch-pd) + ...+t ik <p1~ - Z%-%K))

2 2
o (S (- Tnens)) = 2 - e S 20
k c c k
As an (*WUG + M_1> # 0 = 6'BO e A0 are not independent. m

A.2 PrROOF OoF LEMMA 5.2

0'TO and A20 would be independent if and only if AsXoT = 0 (Searle,
1971).

1
AT = WA2(TI (%9 28)(UG QUK ® Ic)
1
= &g (1g ® A3)InUg @ E5(Uk @ I)]
1

= ——(1gnU ALYS Ic0)).
(Kn)g( ¢nUc ® A335(Uk ® Ie))

From Lemma 5.1 we have

AUk @10)) = (@*Xf, a*Xfy ... a'Siy) (Ug @ I¢) #0.

2
K?n
As 16nUg # 0 = 0'TO and A28 are not independent. [ |

A.3 PROOF OF LEMMA 5.3
0'W 0 and A 36 would be independent if and only if A3¥oW = 0 (Searle,
1971).

AsT)W = As(n@Xf)[(M ' e Uk) @1
(n3 © A3) M ' @ Z5(Uk @ 1¢)]
= n3nM ' @ A5 (Uk @ 10).

From Lemma 5.1

* 2 * *
ASTH(Uk ©10)) = 5 (a°S5 2, .. a'Six) (Ux € 1) #0.

As nggM~! #£ 0 = 0'TO e A30 are not independent. ]
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Table 1: Observed Values of F} and p-values

Sequence Watersheds Fiops p—value
Cytochrome b gene LII, II1 0.0000 0.4923
Control region I, IT, 11T 0.0003 0.0025
I, II 0.0004 0.0070
Control region I, I11 0.0001 0.1955
11, 111 0.0001 0.0270

Table 2: Observed Values of F; and p-values: Watershed 1

Sequence Partitions Fiops p—value

Cytochrome b gene 1,2,3 0.0000 0.8112

Control region 1,2,3 —0.0003 0.0020

1,2 —0.0005 < 0.0002

Control region 1,3 —0.0020 0.0136

2,3 —0.0010 0.1330
1400 1400
1200 1200
1000 1000
800 800
600 600
400 400
200 200
0 0

(@) (b)

Figure 1: Empirical Distribution of F;: DNA sequences of freshwater turtle
populations. (a) Cytochrome b gene. (b) Control region.
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Figure 2: Empirical Distribution of Fj: DNA Sequences of Turtles from
Watershed 1. (a) cytochrome b gene. (b) Control region.
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Figure 3: Empirical distribution of Fj: DNA Sequences for the Control
Region from Watershed 1. (a) Partitions 1 and 2. (b) Partitions 1 and 3.
(c) Partitions 2 and 3.



