Existence and Asymptotic Behavior of Solutions
for a Class of Quasilinear Elliptic Problems with
Condition Neumann

ILMA MARQUES *
IMECC - UNICAMP,
Caixa Postal 6065.
13081-970 Campinas-SP, Brazil
E-mail: imarques@ime.unicamp.br

Abstract

In this paper we study the existence of solutions and its asymptotic
behavior for the following class of quasilinear elliptic problems in radial
form

—(r*u/|"u’) =77 f(u), in (0,R)

u'(0) = u'(R) =0,
where a, 3,7 are given real numbers, ¢ > 0 is a small parameter and
0 <R < oo.

1 Introducao

In this paper we consider the following class of quasilinear elliptic problems in
radial form

—2(r |Pu’) =7 f(u), in (0,R)
(1) { W(0) = u'(R) = 0

where «, 3, are given real numbers such that v > o and 3 > 0, € > 0 is a small
parameter and 0 < R < oco. For that matter we make the following assumptions
on the nonlinearity f:

(f1) f:la,b] — R is a function of the class Ct, with f(a) = f(b) = 0;

(f2) f has exactly 2l + 1 zeros, a = a1 < 0 = ag < ag < ... < ag+1 = b with
1=1,2,3,... such that f(a;) =0,V iand f'(a;) <0, if 7 is odd;

(f3) 1My ay it > 0.

*These results appear in the author’s UNICAMP doctoral dissertation.



It has been emphasized in [4] that most of the phenomena occuring the study
of nonlinear elliptic equations can be more easily explained and understand when
these equations are written in radial form.

Let us consider the operator

Lu:= —(ro‘\u’\ﬁu’)’

acting (weak sense) in absolutely continuous functions w : (0, R) — R.

The motivation for our study is the fact that this operator includes the fol-
lowing operators, when considered acting in radial symmetric functions defined,
say in a ball of RV:

(i) Laplacian: « =vy=N —1, 8 =0,
(ii) p-Laplacian (1 <p< N): a=y=N—-1,8=p—2,
(iii) k-Hessian (1 >k <k/2): a=N—-k,y=N—-1,8=k— 1.

We consider the Banach space X r of absolutely continuous functions u :
(0, R) — R such that

R R
[|u||P2 = 62/ e () [P 2dr +/ r|u(r)|PH2dr < oc.
0 0

Let us denote by L{(0, R), ¢ > 1 and 6 > —1, the Banach space of Lebesgue
measurable functions u : (0, R) — R such that

R 1/q
lulpa = (/ r‘9|u(r)qdr> < 00.
0

Associated with each space Xg and weight 6 we define the critical exponent:

o oo 0B+
a—pf—-1
under the assumption that « — 5 —1 > 0.

Using standard variational methods (local minimization and the Mountain
Pass Theorem) we can prove that (1) has at least ! nonconstant solutions and
using monotone iteration methods we can prove that the nonconstant solutions
approach either a; or ag;41 in Q as € — 0 almost everywhere.

More difficult is to prove that the solutions given for Mountain pass Theorem
are different of a;. If 7 is even we use the existence of solutions and its asymptotic
behavior for the problem (1) with Dirichlet boundary conditions, which we prove
the follow. If 7 is odd we prove that a; is a local minimum in X r- This fact
isn’t trivial, since in this space we don’t have any result saying that if a; is a
local minimum in C* is also a local minimum in Xp. This result was obtained
in [10] for space Wy (), where Q a smooth bounded domain of RV,

Our main results are the followings

Theorem 1.1 Suppose that [ satisfies the assumptions (f1), (f2) and (f3).
Then, there exists eg > 0 such that, for all 0 < € < €y, problem (1) has at least
I nonconstant solutions satisfing

a1 <ur(r) <asz <wus(r) <as <..<ag—1 <w(r)<ags,



where l =1,2,3, ....

Remark 1.1 The theorem 1.1 still is true if we consider the a,s negatives for
allt > 3, i.e., a =ag41 < ... < ag <as =0<ay; =b. The condition az =0 is
not essential only make easy the presentation.

Theorem 1.2 Suppose that f satisfies the assumptions (f1), (f2) and (f3) for
=1 and let ue a nonconstant solution of problem (1). Given any 6 > 0, let

QF(e,p) == {r e (0,R): 0 <ucr) <p<as}

contain a open ball B(r,w*(¢,d)) centered at some r = r(e, u) € Q (e, u) whose
radius w* (e, i) is the mazimum of radii of open balls in Q7 (e, ). Then

1in(1) w* (e, ) = 0.

2 Auxiliary Results

A fundamental step in the proof of Theorem 1.1 consists in to show the existence
of solutions and its asymptotic behavior for the following Dirichlet problems

- { sgenipy

=r7f(u), in (0, R)
u'(0) = u(R) =0,

where 0 < R < o0, a, 7, are given real numbers such that v > « and § > 0.
€ > 0 is a small parameter. The function f satisfy the assumptions (f1), (f2)
and (f3) for I = 1.

We consider the Banach space Xg of absolutely continuous functions u :
(0, R) — R such that u(R) = 0 and

R
62/ e’ (1) P2 < .
0

We recall that A, denotes the first eigenvalue of the eigenvalue problem (see
p.145 [4])
) Lu = Ar’|ulPu, in (0, R)

u'(0) = u(R) =0,

where A, are given real numbers, 0 < R < co and is characterized by

fOR To‘\u’(r)|ﬁ+2dr

1n .
ueXp\{0} foR 7 [u(r)B+2dr

We show the following theorem.



Theorem 2.1 Let f satisfy the assumptions (f1), (f2) and (fs)forl=1. Then
given any ball B(0,71) C B(0,R), 0 < r1 < R, There exists ¢g > 0 such that,
for all 0 < € < €q, the Dirichlet problem

—62(7’O‘|u’|ﬁul), =7r7f(u), in (0,r1)
) oS

has a positive solution 0 < u.(r) < ag in [0,7r1] such that u. — a3 as e — 0 on
every compact subset of (0,71). Moreover, the Dirichlet problem

—e(rofu|Pu) = 17 f(u), in (r1, R)
(6) { ’U/('f"l) = U(R) = 07

has a negative solution a; < ve(r) <0 in [r1, R] such that ve — a1 as e — 0 on
every compact subset of (r1, R).

The prove of Theorem 2.1 is done by combining argument of truncation and
method of lower and upper-solution.
A function u € Xg N L3° is said to be a lower solution of (3) if

R R
& / vl [P & dr < / ¥ f(wédr, ¥ 6 € Xp, 6> 0
0 0

u'(0) =0, u(R) <0.

In the same way, a function w € Xg N L5° is said to be a upper solution of
(3) if

R R
& / v (@) P (@) ¢ dr > / ¥ F@)édr, ¥ 6 € Xy 6> 0
0 0
(@)(0) = 0, w(R) > 0.

Lemma 2.1 Consider g : R — R, a function continuous and increasing, such
that g(0) = 0 and functions uy,uz € Xg N LY such that, for all $ € Xg, ¢ >0

R R
62/ 'ra|u'2|'3u/2¢’dr+/ g(uQ(r))gbdrgez/
0 0 0

Then us < uy a.e. (0, R).

R R
P\l [Py ¢l dr + / g (r))dr
0

The proof of this result is similarly the proof of the Lemma 2.2 in [3].

Lemma 2.2 Let g : R — R, a function continuous and increasing, such that
g(0) = 0. Then, for every function h € L% (0,R), where 1/q+1/q" =1, the
problem

—e2(rou'|Pu) + g(u(r)) = h(r), r € (0, R)
(7)



admits a unique weak solution uw € Xgr. Moreover, the associated operator T :
’ . . .
LY — Xg, h— u is conlinuous and nondecreasing.

Proof: We split the proof in two parts.
Part 1: Consider the function ¢ € C*(Xg,R) defined by

2

R R R
__€ o, /|B+2 _
o(u) ﬁ+2/0 | dr—l—/o G(u)dr /0 h(r)udr,

where

Claim 1: ¢ is coercive. Indeed,
o(u) = Flul™*+ [ Glwdr— [ h(rjudr
R
> allul? = [ heuar

Hence, ¢(u) — 400 as ||ul| — +o0, i.e., ¢ is coercive.
Claim 2: ¢ is weakly lower semicontinuous. Indeed, let u,, — v in Xg. By the
Proposition 1.1 [4] we have

vlu) = | " ) = plw) = / " o),

Hence, v is weakly lower semicontinuous. So, there exists ug € Xpg such that

B(uo) = minyex,, d(u).
Part 2: Let uq,us € X weak solutions of (7), i.e.,

R

R
(8) & / (r2 s |Ped, ) dr + /
0 0
and
R
9 & / (r2 iy Py i + /

By (8) and (9) we have

R
g(uq)pdr — / h(r)edr =0, ¢ € X
0

R R
g(usg)edr — / h(r)edr =0,V ¢ € Xg.
0

R R
& [l — ol Pl + [ lgtun) — gtuledr =0,
0 0

Choosing ¢ = (u; — u2)™ and using the fact that g is increasing, we obtain



R
0 = & [l ulPun) - b P (o~ )Y
OR
+ / [g(un) — g(u2)] (s — up)*dr

1B 18
= 52/> TO‘MI((ul—uQ)ﬂ’Fdr
U =u

2
u)|P — |ub|?
+ QMHUHZ_‘UIQP]CIT
Ul >usg 2
+ [g(u1) — g(u2)](us — uz)tdr > 0.
w1 >u2

Hence, (u; — u2)™ =0 a.e. in (0, R) or, equivalently, u; < ug a.e. in (0, R).
Choosing ¢ = (uz—wu1)™, using similar argument we obtain that (ug—uq)* =
0 a.e. in (0, R) or, equivalently, us < u; a.e. in (0, R).
Hence, the problem (7) has a unique weak solution u € Xg.
The fact that T is nondecreasing follows from Lemma 2.1.

O

3 Poof of Auxiliary Results

Proposition 3.1 Suppose that | satisfies the assumptions (f1), (f2) and (f3)
forl = 1. Then given any ball B(0,m) C B(0,R), 0 < r1 < R, there exists
€0 > 0 such that for all 0 < ¢ < €y, the Dirichlet problem (5), has a positive
solution 0 < ue(r) < ag in [0,71]. Moreover, the Dirichlet problem (6) has a
negative solution a1 < ve(r) <0 in [ry, R].

Proof: We start proving the existence of the positive solution for problem (5),
for this we use an argument of truncation. Let f; : R — R be defined by

flu), if 0<u<ag
filu) := 0, if u<0
0, if u > as.

Using (f1), we have that there exists M > 0 such that r7f;(¢t) + Mt is
nondecreasing in ¢ for ¢ € [0, as).
Now, we consider the following auxiliary problem

—(r*/|Pu') + Mu =77 fi(u) + Mu, in (0,71)
(10) { U/(o) = u(rl) =0. 1 1

Thus, we will to prove the existence of the positive solution for problem (10) by
using the method of lower and upper-solution. We prove this in tree steps.
Step 1: Observe that the function u(r) = as, for r € [0,r;] is a upper solution
of (10).

Step 2: Construction of the lower solution of (10). Let

a = lim h(t)
=0 |¢]Pt




and Ay is the first eigenvalue of Lu := —(r®u/|°u/)’ in (0, R) subject to the
Dirichlet boundary condition. It follows by (f3) that given 6 € (0,a), there
exist to > 0 such that for all | ¢ |< ¢y we have

<_ fi(t)
(11) R

Let ¢3 > 0 an eigenvalue corresponding to the first eigenvalue A;. Take
B1 > 0 such that | B11(r) |< to and By (max(g,,) ¢1) < az. From (11)

f1(Brer)
| Bror |P Bror

Choosing €y > 0 such that 6(2)/\1:% < a — 6, we have that B, is a lower
solution of problem (10) for all 0 < € < €.
Step 3: We will show that there exists a minimal (and, respectively, a maximal)
weak solution u, (resp. u*) for problem (10) such that f1¢1 = u < u. < U= ag.
Consider the set

—6<

[u, 1] == {u € LT (0,71) : u(r) <u(r) <u(r) ae. in (0,71)}
with the topology a.e. of convergence, and define the operator S : [u,u] — L2
by

Sv=r7f1(v) + Mv € L7 (0,r1) C L2 (0,71),V v € [u, 7],

where ¢’ is such that 1/¢ + 1/¢’ = 1. We get that S is nondecreasing and
bounded . Moreover, if v,,v € [u, @], then

| St — 8o 12, = / 17 Fa(on) + My, — 77 f(v) — M |7 dr.
0

Let v, — v a.e. in 2. Applying the Lebesgue dominated convergence theorem,
we obtain that || Sv, — Sv [[L2— 0, and then, S is continuous.

Consider the continuous nondecreasing operator F : [u,u] — Xg defined by
F :=ToS, (where T is the continuous and nondecreasing defined in Lemma 2.2,
i.e., for a function v € [u,@], F(v) is the unique solution of problem (10) with
e=1.

Writing 1 = F(u) and u! = F(u) we obtain that ¢ € Xg, ¢ > 0,

1 T1 T1
/ | |ﬁu3¢+/ Mup = / (" f(w) + Mu)
0 0

1
/ r® | |Bus0’+/ Mugp
0 0
and

™1 1
[rrerwy e wyes [Tate = [Cenm+ame

0 0 .
/ @+ [ Mg,
0 0

v

IN
O



Applying Lemma 2.1 and taking into account that F' is nondecreasing, we obtain
u< F(u) < F(u) < F(u) <, ae. in (0,71), YV u € [u,Tl.

Repeating the same reasoning, we can prove the existence of sequences (u™) and
(uy,) satisfying u¥ = u , vt = F(u"), ug = u, upr1 = F(u,) and, for every
weak solution u € [u,u] of problem (10) with € = 1, we obtain

u=u <u; <..<up, <u<u"<..<u'<u’=7, ae in (0,71).

Then, u, — ., u™ — u*, a.e. in (0,7r1), with u.,vu* € [u, 7], and u, < u*
a.e. in (0,71). Since up41 = F(u,) — F(uy) and v = F(u") — F(u*) in
Xg, by continuity of F, then u.,u* € Xg with u, = F(u,) and v* = F(u*).
This completes the proof. Then, u, is minimal weak solution (respectively, u*
maximal weak solution) of (10) with ¢ = 1 such that u,,u* € [y, 7], V 0 <
€ < €. In particular, every solution u € [u, u] of (10) with € = 1 satisfies also
ux < u < u*, ae. in (0,r1). Since the solutions u,. and u* are between 0
and az then w, and u* are solutions of (5). Therefore, there exists a solution
Ue : Us € [Brip1,as] of (5), for all 0 < e < €.

To prove the existence of the negative solution v (r),where a; < v, < 0, is
enough to consider the truncation function f5 : R — R defined by

flw), if a3 <u<0
falu) := 0, if u<ai,
0, if wu>0,

and the problem

{ —2(ru [Pu’) =17 fo(u), em (r1, R)
u(r1) = u(R) = 0.

We consider here, A; the first eigenvalue of problem

—(ru!|Pu’) = Ar®|u|Pu, in (ry, R)
u(r)) =u(R) =0

and 1 > 0 the eigenfunction corresponding to the first eigenvalue A;. O

3.1 Asymptotic Behavior of a Class of Solutions

We have the following proposition which shows the asymptotic behavior of a
class of solutions of (5) as ¢ — 0.

Proposition 3.2 Let be 0 < u. < as a positive solution of (5) and let be
a1 < ve < 0 a negative solution of (6). Then

i) ue — asz as € — 0 uniformly on every compact subset of (0,71);

ii) ve — a1 as € — 0 uniformly on every compact subset of (r1, R).



Proof: i) The proof follows by adapting some arguments made in Theorem 4
of [7].

First, observe that exist u € (0,1) such that u. € C1#(0,r;), by Proposition
2.2 [4].

Consider the function f; : R — R defined at the Proposition 3.1 and ¢ > 0
an eigenfunction corresponding to the first eigenvalue \; of Lu := —(r|u’|?u’)’
in (0,71) subject to Dirichlet boundary conditions. Since f; > 0, f; # 0 and
1 > 0 from Lemma 3.2 in [4], we have ue > 01in (0,71), u. < 01in (0,71), ¢1 > 0
in (0,71) and ¢} <0in (0,7r1)

Consequently, there exists 41 > 0 such that for all 0 < € < ¢y, we have
ue(r) > P, and for a given n > 0 there is C,, such that

(12) ue(r) > Cy, >0,

for all » € Q, := {r € (0,71) : dist(r,m1) > n}. Take @1 such that || ¢ ||= 1.
Since u, is solution of (10) it follows that

(13) 62/ r |l [P ule'dr :/ 7 f1(ue)edr, ¥V o >0, ¢ € Xg.
0 0

In particular, for ¢ = 1, we obtain

71 T1
(14) 62/ |l [P uloldr :/ 7 f1(ue)prdr.
0 0

Claim: The expression in the left-hand of (14) goes to zero as € — 0. Indeed,
observe that 0 < u. < ag and f1(u.) < C. Thus, using the Holder inequality
and (13) with ¢ = u., we obtain

B+1)

2( L " Y e
Ce*( = 77 f1 (ue ) uedr
0

~ 2 ~
< (er+2, for some constant C.

IN

1
62/ r |l 1P uloldr
0

Define d,, := inf{p1(r) : 7 € Q,} > 0. Then,

13 d, [ P < /

Now, suppose by contradiction that there are a number C; > 0 and a sequence
€; — 0 such that the Lebesgue’s measure of the sets

T1
7 f1(ue)prdr < / 7 fi(ue)pr — 0, € = 0.
0

n

(16) Qg =1r € Qy:ue(r) <az—n}

are bounded from below by Cy. It follows from (15) that

(17) I = / 7 fi(ue, )dr — 0, as ¢; — 0.

3

Observe that in €, ;, from (12) and (16), we have C;, < ue; < az —17.



Since fi is bounded from below in the interval [C), a3 — 1] by a number
d > 0, from (16) it follows

b
Q
ac

for any 0 < d' < [OE which contradicts (17). Therefore, | Q, ; | does not
bounded from below, i.e., u.(r) — as, on every compact subset of (0,r;) as
e — 0.

ii) It follows similarly such as in the positive case i). t

7 fi(ue, )dr > d/ Pdr = dC > d'|,, | > d'Cy,
Qn,j

7,3

Demonstragao do Teorema 2.1: The proof follows directly from Proposition
3.1 and from the Proposition 3.2. O

4 Proof of Theorem 1.1

The proof is done by using a version of the Mountain Pass Theorem, due a Hofer
[11] in order to show the existence of critical points of the mountain pass type.

4.1 Particular Case

First, we consider the particular case of the Theorem 1.1.

Theorem 4.1 Let be f satisfying the assumptions (f1), (f2) and (f3) forl=1.
Then there exists eg > 0 such that, for all 0 < € < €y, the problem (1) has at
least one nonconstant solution ue verifying a1 < ue(r) < as.

In order to prove the Theorem 4.1, we use the results that we will prove
below.

Lemma 4.1 Let be f satisfying the assumptions (f1), (f2) and (f3) forl=1.
Then there exists functions of class C*, fi : (—oo,a1] — RT, f5 : [az, +00) —
R~ and real numbers n1 and 1, such that:

(1) fila1) = f(a1), fi(a1) = f'(a1) and fi(t) >0 for all t € (n1,a1);

(i) f2(as) = f(as), fi(as) = f'(as) and f2(t) <O for all t € (a3, 7My);

(iii) m and 7y are so that ;1 < a1 < az < T,

/ 0 f(t)dt'7

m < t(l — t)a3 + (a3 — al)t +a; <1y

a

Cht)dt =

1 as
dt| = d
R0 t’ /O F(t)dt

1 a;

and ¥ t € [0, 1], we have

and
m < t(l — t)(ll + (a3 — (ll)t +ar <7q.

10



Proof: We start proving the existence of 7.
We take
a(t) :==t(1 —t)ay + (a3 — a1)t + aq.

Thus, 0 = %(a(t)) = —2tay +ag if, and only if, t = 2. Moreover, since a; < 0

2a1 °
and i—ia(t) = —2a it follows that a(g5>) = % + a1 is the minimal value of
a(t). Finally we define
2
a3
= 2a;.
m la; +2a1

For the proof of the existence of j; we take
ﬂ(t) = t(]. — t)a3 + (a3 — al)t + ai.

We note that 0 = %(ﬂ(t)) = (1 —2t)az + ag — ay if, and only if, t =1 — L.

2
Since ‘é—iﬂ(t) = —2a3 and az > 0 we have §(1 — 7L) = 4'%13 + a3 is the maximal
value of 8. Now, we take
2
ay

ﬁl = 4 +2a3.

as

Now, we are going to prove the existence of function fi.
We take g(t) = f'(a1)(t — a1) and &;, & functions of class C! so that & =1
at a neighbourhood of a1, £&, = 1 at a neighbourhood of 7y, & (¢) + &2(t) = 1 for

all t € [n1,a1] and
0
/ f(t)dt‘.

/a O f(t)dt’.

/ Y et <

1

Now, we choose r > 0 such that

[ retig + @00l =

U

We define f; : (—o0,a1] — RT by

= { T S

We note that for ¢ < n; the graph of f; is the tangent line to f; at the point
(15 f1(m))-

Finally, we prove the existence of fs.

We take g(t) = f’(a3)(t — a3) and &1, & functions of class C so that & = 1
at a neighbourhood of as, {2 = 1 at a neighbourhood of 7y, & (¢) + &2(t) = 1 for
all t € [a3,7;] and

Now, we choose r > 0 such that

[ rewen + @(t)g(t)]dt\— / * rtyar.

3

11



We define f : [ag, +00) — R~ by
falt) := { réa(t)g(t) + & (t)g(t), as <t <7
2 rf'(a)t —raif'(a1), t>7;.

We observe that for ¢ > 31 the graph of f5 is the tangent line to fo at the

point (7, f2(71))-
Thus the proof of Lemma is concluded. O

As consequence of the Maximum Principle we have the following lemma.

Lemma 4.2 If u. is a nonconstant solution of the Neumann problem

—2(re|/|Pu’) =17 f(u), in (0,R)
(18) { W(0) = w/(R) = 0,

where f: R — R s a truncation function defined by

- f(t); ai S t S as
f(t) = fl(t), t § a1
f2(t), t=>as,

and f1 and fo are defined in Lemma 4.1. Then a1 < uc(r) < as, i.e., ue is
nonconstant solution of (1).

Proof: We start proving that u.(r) < az. Indeed, let be
] ue(r) —as, if wu(r)>as
v(r) = { 0, if wuc(r)<as

and Q4 = {r € (0, R) : u.(r) > as}.
Notice that

R R
62/ e [Pul' dr = / r7 f(ue)vdr = / 7 fo(ue)vdr < 0.
0 0 ay

So,

R
/ e [P < 0.
0

Thus, it follows that |v/| = 0. Since u, is nonconstant, there exists r € (0, R)
with ue(r) < as. So that, v = 0. Therefore, u.(r) < ag, for all r € (0, R).
Similarly, we have a; < u,, taking

L UG(T) —as, ’U/E(’I") <a
w(r) = { (1), ue(r) > ai

and Q_ :={r € (0, R) : ue(r) < ag}.
This finishes the proof of Lemma. O

Thus, by Lemma 4.1, it follows that a solution for problem (18) is a solution
for problem (1), since f = f in [a1, a3]. Therefore, to prove the Theorem 4.1 is
equivalent to prove the following theorem.

12



Theorem 4.2 Let be f satisfying the conditions (f1), (f2) and (f3). Then there
exists €9 > 0 such that, for all 0 < € < €y, the problem (18) has at least one
nonconstant solution u..

Define a functional on X R by

2

5= 5 [ [T B
EU.—ﬂ+207"u T 07" w)ar,

where

Flu = [ Fioy

which is C' with derivative given by

R R
Ji(u)p = 62/ reu [P dr — / Y f(u)edr, ¥V ¢ € Xg.
0 0

Critical points of J. are weak solutions (18).

We will prove that J. verifies the Mountain Pass geometry, namely,

The functional J, satisfies the Palais-Smale condition if every sequence (u,,) C
X r satisfying J.(u,) — ¢ and J. — 0 has a subsequence convergent.

Lemma 4.3 The functional J. satisfies the condition Palais-Smale.

Proof: Let (u,) C Xg be a sequence satisfing J.(u,) — ¢ and J!(u,) — 0, as
n — o0o.

Hence,
2 (R R
(19) | Je(uy) |= ‘ / ra|u’|5+2d7°—/ r7F(up)dr|< d for some d > 0,
B+2 /) 0
and
R R
20) | T (un)v |= 62/ AL u;v’dr—/ 7 FlunYvdr| < 6a 0]
0 0

for all v € )?R where §,, — 0, n — oo.
Claim: (u,) is bounded. Indeed, define

_ un(r) - ﬁl? if Un(’l") Z ﬁl,
vnlr) = { 0, if un(r) <7y,

and Qy :={r € (0,R) : up(r) > 7, }

From (20), we have

< Snllvnll-

R R
62/ r“|v;\'@+2dr7/ Y f (up)vndr
0 0

13



~

Since f(un) < —C in Qq, it follows that

R R
(21) 62/ ol |PH2dr + C’/ Y opdr < 6, |vn]|
o 0
R
(22) C/ rivpdr < 6pllvp]|-
0
Define wy, := 2. Hence, |lwn|| = 1. Taking subsequence if necessary we

can assume that w, — w weakly in Xp, w, — w in LY and w,(r) — w(r) a.e.
in (0, R). Dividing (22) by ||v,||, we have

R
C/ rTwpdr < 6,.
0

Applying the limits on both sides and taking account that w,, > 0, we have that
w =0 a.e. in (0, R). Dividing (21) by ||v,]|, and taking the limit as n — oo, we
obtain

R /1842
(23) 8/ I
0 [[vnll

On the other hand,
R R
(24) 1= |wy,| = 62/ r“|w;|5+2dr+/ | w,, | P+ 2dr.
0 0

Thus,
R
62/ r|w! |PH2dr — 1.
0

Multiplying and dividing (23) by [|v,[?*?, we obtin

R /
v, ||PTte2 re Un_
[[vn |

0 [[vnl

Also, from (24) it follows that ||v,|| — 0 as n — co. Consequently, ||v,|| < C.
Now, define

842 R
dr = ||vn||ﬁ+le2/ Ta|w;|5+2dr — 0.
0

un(r), if m Swun(r) <My
zn(r) = 0, if m > un(r)
0, if u,(r)>m,

and Qg :={r € (0, R) : m1 < uy(r) <7}

From (20), we have

< 5nH2n||j‘éR-

R R
62/ r“|z;\ﬁ+2dr—/ Y f(up)zndr
0 0

14



Since |f(un)| < C in Q5 and |2,| < ¢1 in Qa, where ¢; = maz{|m|, |7,|}, we
obtain

R R
& / P2 dr < 8| zal] + / P Fun) | znldr < Ballzall + C
0 0

Hence,
R R
eall** = [T o124 [zl < € 4l
0 0

Since § > 0, then ||z,|| < C.
Finally, we consider the sequence

— Un(r) =1, if un(r) <m
tn(r) = { 0, if up(r)>m

and the set Q3 := {r € (0, R) : u,(r) < m < 0}.

Similarly, as in the case of the sequence (v,), we have ||t,] < C.

Let wy, := vy, + 25 + t. Then, (uy,) in bounded in Q. Thus, J. satisfies the
(PS) condition. O
Lemma 4.4 The functional J. is lower bounded.

Proof: Let Q; := Q3JQ4 and Qg := Q5 N, with

Q3 :={re(0,R):0<u(r) <as}, Qi:={re(0,R):as<u(r)< oo},
Qs :={re(0,R):a1 <u(r) <0}, Qs:={re(0,R): —oo<ulr)<ai}.

How Q3 and Q5 are bounded, we have

/Ql P E(u)dr = /QS Wﬁ(u)dr—l—/ PV F(u)dr

Qy
< C+ rFlas)dr < C
Q4
and
/ P F(u)dr = / PV F(u)dr +/ PV F(u)dr
QQ Q5 Q6
< C+ [ rF(a)dr < C.
Qe
Also,
R A~ ~ ~
/ 7 F(u)dr = / 7V F(u)dr +/ 7 F(u)dr < C.
0 951 Qo
Hence,
, (R R
Je(u) = ﬁ/ | |PH2dr —/ rVF(u)dr
0, 0
> ﬁe—;/o e |PH2dz) — C > —C.
Therefore, J. is lower bounded. O
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Lemma 4.5 a;, with i odd, is strict local minimum of J. in XR.

Proof: First of all, we will prove that J. has a local minimum in C*. Also,
let § > 0 such that F(a;) > F(t), to |t —a;] < 6 and u € C! such that
lu(r) — aillcr = max{|u(r) — a4, |v'(r) — a;|} < §. We claim that there exists
n > 0such that Q,, := {r € (0, R) : |u(r)—a;| > n} has positive measure. Indeed,
let u € C1(0,R), u # a;. Then, there exists o € (0, R) such that u(rq) # a;.
Hence, there exists 7 > 0 such that either u(rg) > a; +n or u(rg) < a; —n.

Since u is continuous there exists a ball Bs(rg) such that |u(r) —a;| > n, for
all r € Bs(ro). Therefore, 2, has positive measure.

Now, we define ¢; := maz{F(a; — 1), F(a; + n)}. Since a; a strict local
maximum of F', we have

R
/ r F(u)dr < / ricidr + / rVF(a;)dr
0 Q (0,R)\2,

! R
< Fla;) / rdr + / r7F(a;)dr = / rYF(a;)dr.
Q 0, R\Q,y 0

n

Therefore,

R R
Je(u) > —/ 7 F(u)dr > —/ r7F(a;)dr = Je(ai),
0 0
i.e., a; is a strict local minimum of J, in C".
Take a; = az. Assume that ag is a local minimum of Je in C' and az is

not a local minimum in Xp. Then for all n > 0 small enough, there exists
vy € B, C Xg such that

(25) Je(vy) = vnelgl Je(v) < Je(as),

n

where B, is a ball of radius 7 centered at as,
By:={veXg:|v—as| <n},

since, B, is weakly close and J. is lower bounded in B,,.
Therefore, v, satisfies the Euler equation

(2600 J(v)e = G'(vy)p, ¥ ¢ € X, where G(vy) = ||vy — as].

ie.,
R R R R

& / rt (0] — / r”f(vn)sﬁun[ez / Pl [Pl + / Py —a)? (vg—az) |,
0 0 0 0

for all ¢ € X r and for some Lagrange multiplier p,. Since v, is minimum of J.
in B, then u, <O0.
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Rewriting the equation above, we have
R R
(27) (1- MW)EQ/O TG‘UHBU;L‘OI - /0 [r7 f(vg) + pnr vy — a3|ﬁ(vn — az)ep,

for all p € X r. Thus, v, is weak solution of problem

—(L = py)e(rfoy|Pop) = pyr®foy — as|’ (v, — as)

~

(28) +r7f(vy), i (0, R)

v, (0) = vy, (R) = 0.

We will show that a; < v,(r) < as, for all € (0, R).
Claim 1: v, is nonconstant. Indeed, if v, = constant then v, = a3, since
vy, — az in Xp, that contradict (25).
Claim 2: v, < a3. Indeed, let

_fovg(r)—as, if wvy(r)>a
v(r) = { (3), it vy(r) < az

and Q4 :={r € (0,R) : v,(r) > as}.
From (27), we have

R R
(1= [ el = [0 F) oo, - aal (@, — apludr
0

N j [ f2(vy)v + pyr® vy — a3|"*2)dr <0,
Qy

a.e. since, fa(t) <0, v > 0, pu, < 0. The function f5 is a function defined in
Lemma 4.1.
Since, (1 —py) >0, € > 0 e v), = v/, we have

R
/ r o |P+2 < 0.
0

It follows v = constant. Also, if v, (r) > as, for all r € (0, R) it follows that
v = v, — a3. Hence v,) = constant. It is a contradiction. Therefore, there exists
r € (0, R) such that v, (r) < ag, i.e., v(r) = 0. Then v(r) = 0, for all r € (0, R),
ie., v, <asforall r € (0,R).

Claim 3: a; < v,,. Indeed, it follows similarly as in the claim 2 if we take

_ o) —ar, vy(r)<a
w(r) := { 0, wy(r)>a

and Q_ :={r € (0,R) : v,(r) < ai}.
Therefore, of the claim 2 and 3, we have that a1 < v,(r) < as, ie,
sup(o,g) |yl < C*.
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Then from Theorem 2 in [14], we have that there exists a positive constant
¢ € (0,1) such that v, € C'? and moreover, there exists a positive constant
C =C((0,R),C*, B) such that ||v,|cre < C.

Thus, from Ascoli-Arzeld Theorem we get there exists a subsequence of
(vy,) = (vy) such that v;, — ag in C*. It contradict the fact that as is local min-
imum of J. in C*. Indeed, az local minimum of J, in C?! follows J,(a3z) < J.(v)
for all v € C* such that 0 < [|v — as||c1 < & for some dy > 0. Since v, — a3 in
C* it follows J(as) < Je(vy).

On the other hand, we have from (25) that Je(v,) < Je(as), for all n > 0
small enough. Hence the contradict. R

Therefore, a3 is local minimum of J, in Xg. R

Similarly, it follows that a; is local minimum of J. in Xg.

Without loss of generality, we suppose that a; is strict local minimum of J, in
Xp. Contrary case, for all § > 0, there exists vs € X such that Je(vs) = Je(as).
Hence, vy is a critical point of .J, in X R- O

We will use arguments of [5] to obtain the next lemma.
Lemma 4.6 If a is a strict local minimum of Je, i.e.,
(29) Je(a) < Je(u)

for all u € Xg such that 0 < lu —al|| < do for some dg > 0. Then, for any
0 < p < dy,

(30) inf{J.(u) : u € Xg and ||u— al| = p} > Je(a).

Proof: Assume by contradiction that the infimum in (30) is equal to J.(a) for

some p with 0 < p < dp. So there exists a sequence u,, € Xg with ||u, —a|| = p
and, say, Je(un) < Je(a) + ﬁ Call

A={uecXp:p—06<|u—al<p+d},

where § > 0 is chosen so that 0 < p— 46 and p 4+ < Jp. In view of our
contradiction hypothesis an (29), it follows that inf{J.(u) : u € A} = J(a).

We now apply for each n Ekeland’s principle to the functional J, on A to
get the existence of v, € A such that

(31) Je(vn) < Je(un),
(32) m — ] < =,
Uy, — Up, >
1
(33) Je(vy) < Jg(u)—FﬁHu—vnH, YV ue A.

Our purpose is to show that v,, is a Palais-Smale sequence for J, in X R, i.e.,
Je(vy) < C (it follows by (31)) and J.(vy,) — 0, as n — oo.
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Once this is proved, we get, that v, has a convergent subsequence. Denote
this subsequence by v,, we havAe that v, — v in Xg. Notice that v € A, since
A is complete. Hence, v € Xp and therefore it satisfies ||v — a|| = p and
Je(v) = Je(a), which contradicts (29).

For we conclude the proof we will prove that J!(v,) — 0, as n — oo, We first
fix n > 1, take w € Xp and u; == v, + tw. We observe that for |t| sufficiently
small, u; = v, + tw € A. Indeed,

. 1
lim [lu — all = lon — afl < llvn —unll +[lun —all <~ +p <5+ p.
On the other hand,
1
lon = all 2 lla = unll = llun = vall 2 p = — > p = 4.

Also, we can take u = u; in (33),and then, for ¢ > 0,

Jo(vg) = J. t 11 1
e(Un) = Je(vn + tw) < ——||vn = tw — v, || < —||tw].
1 nt nt

(34)
Taking the limit in (34) as t — 0, we obtain (J/(v,), w) < £ |w||. Consequently,
1 ~
(i) w)| < Sl ¥ w e Zn

Also, J!(v,) — 0, n — oo and v, is a sequence (PS) for J. in W1P(Q). There-
fore, the proof of the lemma is concluded. O

Demonstracao do Teorema 4.2: We define
I:={heC(0,1],Xg): h(0) =ay e h(1) = as}

and
Ve := Inf Jnax Je(h(t)).

By Lemma 4.6 7. := infpcr max;epo,1] Je(h(t)) > ¢ = max{Jec(a1), Je(as)}.

Since J. satisfies the condition (PS), it follows from Theorem of [11] that
there exists @ critical point of J. such that J.(@) = v.. Moreover, @ is the
mountain-pass type, since if the critical points are not isolated in X r then
there exists an infinite of critical points of J.. Since a; and ag are strict local
minimum then @ # a; and u # as. Therefore, in order to show the existence
of a nonconstant critical point of J., we only need to prove that 7. < 0, since
J.(0) = 0.

We claim that 7. < 0. In fact, we consider B C (0, R) the open ball and we

define ") .
VelT), TE€E
wi)={ o TR,

where v, is the positive solution for the Dirichlet problem (5) in B and w, is
the negative solution for the Dirichlet problem (6) in [0, R]\B.
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Since (0, R) € C* and v, w, € LP(0, R) it follows that uy € Xg.
Now, given € > 0 we consider the special path

he(t) :==t(1 —t)ug(r) + (as — a1)t + a1, in T.

Then we claim that there exists a small number ¢y > 0, such that, for
all 0 < € < ¢ and for all ¢t € [0,1] maxJ.(he(t)) < 0. In fact, suppose by
contradiction that there is not exist this ¢y > 0. Then for any ¢y > 0, there is
an € < €g such that

(35) Je(he(te)) = 0,
for some t. € [0,1]. Then choose a sequence (€) such that

lim e, =0, Je(he(te,)) >0, 0< %ir%tek =60<1.

k—oo

Without loss of generality, let be €, = € and ¢., = t. Now, given any open ball
B C [0, R], we have

62
JO) = g [ O g [ e
ez )5 B+2Jor\B
_ / v B, (£))dr
0
BiQtﬁJrQ(l — t)f+2 </ ro‘|vé|’8+2d7’ +/ To‘|wéﬁ+2dr>
B (0,R)\B

R
—/ rTF(t(1 — t)ug + (a3 — a1)t + aq)dr.
0

Since
62/ ra|v;|ﬁ+2dr:/ 7 F(ve)vedr
B B
and
62/ To‘|wé|ﬁ+2dr=/ 1 fwe)wedr
(0,R)\B (0,R)\B
we get
Jo(he(t) = W{ / 7 Fve)vedr + / 1Y Fwe)wedr

(36) B (O,R)\B

R
—/ rYF(t(1 — t)uo + (a3 — a1)t + aq)dr.
0

Since v, — ag as € — 0 uniformly on every compact subset of B and w. — a;
as € — 0 uniformly on every compact subset of Q\B, so

o~ ~

lim [ 77 f(ve)vedr =0 and lim 7 f(we)wedr = 0.
e—0 Jp e—0 (0,R)\B
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If we take the limit on both sides of (36), it follows from the dominated conver-
gence theorem and the above facts that

R ~
lime_g Je(he(t)) = lime_g [—/0 rYF(t(1 — t)uo(r,€) + (az — a1)t + ay)dr
= —7"7}/7:(9(1 —0)az + (a3 — a1)0 + a1)|B|
—rVF(0(1 = 0)ar + (a3 — a1)6 + a1)|(0, R)\ B,

where |A| is the Lebesgue measure of A C RY. By an assumptions for f, Lemma
4.1, we have

~

(37) —F(0(1 —0)as + (a3 —a1)0 +a1) <0
and

(38) —F(0(1 - 0)a1 + (a5 — a1)0 + a;) < 0.
Since,

m < 0(1 —0)az + (a3 — a1)0 + a1 <7y,
m < 9(1 — 9)&1 + ((Lg — a1)9 +a; <1y
and F is zero only in 71, 0 and 77; then if (37) and (38) are zeros, we have that
9(1 - 9)0,3 + (0,3 - a1)9 +a; = 0= 9(1 - 9)(11 + (0,3 - al)ﬁ + ai,

ie., (1 —0)ag =0(1 —0)ay. Since a3 # ay, then (1 — 0) =0, i.e., either § =0

X

or 6 = 1. Hence either F(a;) = 0 or F(as) = 0. Then either a; = 0 or az = 0,
which is impossible. We conclude that either

—F(@(l — 9)&3 + (a3 — a1)9 + al) <0

or
—F(&(l — 6‘)(11 + (a3 — a1)9 + (11) < 0.

Hence, lim¢_,¢ Je(he(t)) < 0, which is a contradiction to (35). Also, 7. < 0. O

Corollary 4.1 Let f be satisfying (f1), (f2) and (fs) for 1 =1 and let u. the
nonconstant solution of (1) such that J.(uc) = ve. Then

liH(l) supJe(ue) < 0.

Proof: From the proof of Theorem 4.2 there exists a number €; positive such
that Je(he, (t)) < 0 for all ¢ € [0, 1], where

he, (t) = t(1 — t)ugp(r, e1) + (a3 — a1)t + aq,

ug is defined in proof of Theorem 4.2.
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Hence, for all 0 < € < €1, Je(he, (1) < Je(he, (t)) < 0 for all t € [0,1]. Tt
follows from the intermediate value theorem that there exists ¢, € [0, 1] such
that he, (t.) = u.. Consequently, Je(h, (t)) = Je(u.), for some t. € [0, 1], and
so the assertion is true. O

Demonstragao do Teorema 4.1: The proof follows directly from the Theo-
rem 4.2 and Lemma 4.2 (]

Demonstragao do Teorema 1.1: For each [ = 1,2,.... we consider the func-

tion f : [ag;—1 — agy, agiy1 — az] — R of class C*t defined by f(t) := f(t + aa).
Then from Theorem 4.1, the problem

(39) { =’ |72 +0) =17 f(v), 7 € (0, R)
v'(0) =v'(R) =0,
has a nonconstant solution v;(r) such that ag_1 — ag; < vi(r) < ag+1 — asy,
where v = u — ag;. So, u; = v; 4+ ag; is a nonconstant solution for the problem
(1) with ag_1 < wu; < ag)41-
Hence, there exists at least | nonconstants solutions for the problem (1)
satisfy

a1 <ur(r) <as <us2(r) <as < ..<ag_—1<w(r)<agi-

5 Asymptotic Behavior for a Class of Solutions

Demonstragao do Teorema 1.2: Let 0 < p < az. We shall prove by contra-
diction. Suppose that lim, o w*(e, ) # 0. Then there is a convergent sequence
{w*(eg, 1)} such that limy_,oc w*(eg, ) = o, > 0. This means that, for each
e > 0, there is r, = r(eg, p) € QT (eg, 1) so that the ball B(ry, a,), centered at
the point 74 with the radius a,, is contained in QF (e, p1).

Notice that ue is a upper solution of the Dirichlet problem

(40) { —ex (r|u/ P2 =17 f(u),r € B(rg, a,)
w(0) =u(r) =0, r € 0B(rg, ).

Claim: There are €k, and $; > 0 such that Bi¢; is a lower solution for the
problem (40) for all 0 < € < €., where ; is an eigenfunction corresponding
to the first eigenvalue \; of operator Lu := —(r®|u/|?+2u’)’ subject to Dirichlet
boundary condition. In fact, this follow similarly as in the step 2 in proof of the
Proposition 3.1.

Also, from Theorem 2.1 we know that the problem (40) has a minimal solu-
tion v* with G191 < u* < u. and so that ™ — ag on every compact subset of
B(rg, cy,) as € — 0. This leads to a contradiction for p < as. O
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Remark 5.1 If we choose an open ball B = B(x,w*(e, 1)) centered at some
point r = r(e, u) whose radius w* (e, p) is the mazimum of the radii of balls in

Q (e,u) ={re(0,R):a1 < —p <u(r,e) <0}
we can prove, by a similar method, that lim._,o w* (e, u) = 0.

Remark 5.2 By a translation we can remark that Theorem 1.2 and remark 5.1
give us the asymptotic behavior of any solution w;(x) obtained in the Theorem
1.1.

5.1 Examples
Example 5.1 Let f: R — R defined by
_ [ulPu(p — plul”)
= T )

Hence, [ satisfies the conditions (f1), (f2), (fs), for Il = 1, where a1 = —1,
az =0 and az = 1.

Also, by Theorem 1.1 there is ¢y > 0 so that the Neumann problem
*62(ra|u’|ﬁu’)’ — w%’ in (O,R)
u'(0) =u'(R) =0,
has a nonconstant solution a; < u, < ag for all 0 < € < ¢y and p > 2.

Example 5.2 Let f : R — R defined by f(u) = u(a — u?), where a € RT.
Hence, f satisfies the conditions (f1), (f2), (f3), for I = 1, where a; — /a,
as =0 and ag = \/a.

Since, by Theorem 1.1 there is ¢y > 0 so that the Neumann problem

{ —(r*W/|Pu') = rTu(a —w?), in (0,R)
u'(0) = v'(R) =0,

has at least [ nonconstant solutions satisfy
a1 <up(x) <az <wug(z) <as < ... <ux) < agyr
for all 0 < € < €.

Example 5.3 Let f: [-m, (2l — 1)7] — R defined by f(u) = sen(u). Hence, f
satisfies the conditions (f1), (f2), (f3), forp=2,1=1,2,3,... where

a1:77r<a2:0<a3:7r<...<a21:(2l72)7r<a2l+1:(2171)71
Hence, from Theorem 1.1 there is ¢y > 0 so that the Neumann problem

{ —e2(r®|u'|Pu’) = r7sen(u), in (0, R)
u'(0) =u'(R) =0,

has at least [ nonconstant solutions satisfy
a1 <up(z) <ag <ug(x) <as < ... <wlr) < ag1

for all 0 < € < €.
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