ON FACTORIZATION OF SCHATTEN CLASS TYPE MAPPINGS

CRISTIANE DE ANDRADE MENDES

ABSTRACT. We present some results on factorization of multilinear mappings and
polynomials of Schatten class type Sz through infinite dimensional Banach spaces,
L1 and L spaces. We conclude this work with a factorization result for holomorphic
mappings of Schatten class type Sa.

From the linear theory, we know that Hilbert-Schmidt operators factor through an
L1 space and an Lo, space (theorem 1.3) and also through infinite dimensional Banach
spaces (theorem 1.4). The converse is also true in both cases. When we work with
non-linear Hilbert-Schmidt mappings, we notice that none of those linear results can be
extended the same way [10]. The mappings of Schatten class type Sy are, in particular,
Hilbert-Schmidt mappings for which it is possible to obtain an extension of the linear
results cited above.

This work consists of 3 sections. In the first one, we remind some important definitions
and results which will be used later. In section 2, we study the factorization results for
multilinear mappings and polynomials and the third section is devoted to a factorization
result for holomorphic mappings of Schatten class type Ss.

1. PRELIMINARIES

Throughout this paper, the symbol IK represents the fields of real numbers and com-
plex ones. The set of all positive integers is denoted by IN. E, FEy,...,E,, F always
represent Banach spaces and H, Hq,..., H,, G, Hilbert spaces over IK. Bpg represents
the closed unit ball of the space E. L(FE4i,...,E,; F) denotes the space of the n-linear
continuous mappings from F; X ... X F, into F. If £y = ... = E, = E, we write
L("E; F). The space of the n-homogeneous continuous polynomials from E into F' is
denoted by P("E; F). If T € L("E;F), we write T € P("E; F) for the corresponding
polynomial. Pe L("E; F) indicates the symmetric n-linear mapping which corresponds
to P € P("E; F) [11]. W(K) denotes the set of all regular Borel probability measures
on K.

We indicate the space of Schatten-von Neumman (linear) operators of order p from H
into G by S,(H;G) and the norm ( p-norm if 0 < p < 1), by o,(.) [4].

The space formed by the absolutely (r; s1, ..., S, )-summing multilinear mappings from
Ey x ... x E, into F is indicated by Ly (r:s;,....s,,)(E1, ..., En; F) and the corresponding
norm (or r-norm, if 7 < 1), by || . [las,(risy,....sn)- I 81 = ... = 5, = 5, we write as, (r;5)
in the place of as, (r; 51, ..., $,) and if r = s, we just write as,r. We denote by P("E; F)
the space of the absolutely (r;s)-summing polynomials and we write || . ||qs,(r;s) for the
corresponding norm (or r-norm) [7], [1].

We indicate by Lg (s, ,....s,)(E1, .., En; F') the space of all (sq, ..., s,) - dominated mul-
tilinear mappings with the corresponding norm (or r-norm) || . |4 (s,,....s,)- If 51 =

. = 8, = 8, we just write d,s in the place of d, (s1,...,8,). Finally, we indicate by
Par("E; F) the space of the r-dominated n homogeneous polynomials from E to F and
we write || . |4 for the corresponding norm (or r-norm) [8], [1].
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For the holomorphic mappings, H(U; F') denotes the space of all holomorphic map-
pings from U C E (a non-void open subset of F) into F' (E and F are complex spaces).
The n-th derivative of f in z € U is represented by d" f(x) € L("E; F) and the corre-
sponding polynomial, by d" f(z) € P("E; F).

The space of all sequences (x,,),, in E such that || (zn)n ||p = <Z | p) < 00

nelN
is denoted by [,(E). I (E) denotes the space of all sequences (z,), in E such that

((z',2n))n is a sequence in I, = [,(K) for all 2/ € E'. A norm (p-norm if p < 1) is

1

x'€Bgr

oo
defined by || () [lpw = sup | > |a'(x;) [
Jj=1
Details about the linear theory and £, spaces can be seen in [4]. For the holomorphic
mappings theory, see [11].

The definition of Hilbert-Schmidt m-functionals is due to Dwyer [5]. These mappings
were also studied by Matos in [9] for the vector-valued case.

Definition 1.1. A multilinear mapping T € L(H;, ..., H,; G) is a Hilbert-Schmidt map-
ping if, for each k = 1,....n, there exist an orthonormal basis (hk jred, of Hy, such that

)
Ik
( Z ||T(h}1,...,h?n)||2)% < 4o00. We denote by Lys(Hy, ..., Hp; G) the space of such

Jisesdn
mappings.

We can prove that, if T € Lgs(Hy, ..., Hy; G), then ( Z IT(h],, ..., h;-‘n)||2)% < 400

Jiseedn

for all orthonormal bases of Hy, ..., H,.

In the linear case, we have So(H;G) = Liys(H; G) and o2(.) =|| . ||ms- Pelczynski has
proved in [13] that Lus(H;G) = Lasp(H;G) for all p > 1 and B;l Il lazs <Il - llas,p
< A7'|| . ||lgs where A; and B, are constants of the Khinchin’s inequality [4].

Definition 1.2. A polynomial P € P("H; Q) is a Hilbert-Schmidt polynomial if P €
Lus("H;G). The space of such polynomials is indicated by Pus("H;G) and a norm is
defined by || P |lzs =[| P ||as-

We present now the results on factorization of Hilbert-Schmidt linear operators.

Theorem 1.3. (Lindenstrauss-Pelczynski, [6]) Let w € L(H;G). The following are
equivalent:

(i) u € Lus(H:G).

(ii) u factors through an L space.

(iii) u factors through an L1 space.

A more recent result was proved by Diestel, Jarchow and Tonge. A proof can be seen
in [4], 19.2.

Theorem 1.4. u € Lys(H;G) if and only if, for any infinite dimensional Banach space
Z, there are operators v € L(Z;G) and w € L(H; Z) such that w =v ow. Moreover, we
can choose w to be compact and v, compact and 2-summing.

About 1.4, write u(h) = ZTs(h | hs)gs, with 7 = (75)s € lo and (hs)s , (gs)s
s=1

orthonormal sequences in H and G, respectively. We will prove later (2.9) that 75, =

as050s, where 0 = (05)s € lo and o = (ay)s, 8 = (Bs)s € ¢o. On the proof of 1.4, we

1
can notice that w and v can be chosen in such a way that || w ||[< 8 || 8 ||& and || v ||as,2
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<12C || e ||soll B HEOH 0 ||2, where 1 < C' < 4 is a constant which depends on the space
Z considered.

An important factorization result for dominated mappings is the following Pietsch’s
theorem. We present a multilinear version of the theorem. The polynomial version is
analogous. For a proof, see [14], 3.17.

Theorem 1.5. Let r1,...,r, € [1,00), T € L(E1,...,Ey; F) and K; C Bg; a weak star
compact subset of Bp; with the property ||z;| = sup{|z’;(z;)|; 2 € K;}, j=1,...,n. The
following conditions are equivalent:

(i) T is (11, ..., n)-dominated.

(ii) For all j = 1,...,n, there exist p; € W(K;), X; C Ly, (ij) a closed subspace,
j=1.,nand S € (X1,...., Xn; F) such that T = S o (J,, 0ig,,...,Jr, 0ig, ), where
ig, : B; — C(Kj) is given by ig, (z)(z') = («',x), 2’ € K;, x € Ej and J,, : C(K;) —
Ly, (p5) is the formal inclusion, j = 1,...,n. In addition, || S || =[| T |la,(r,,....r0)-

2. MULTILINEAR MAPPINGS AND POLYNOMIALS OF SCHATTEN CLASS TYPE
The Schatten class type mappings were studied by Braunss and Junek in [3].

Definition 2.1. Let 0 < p < oo. A maltilinear mapping T € L(Hy,...,H,; F) is of
Schatten class type S, if , for eachi = 1,...,n, there exist a Hilbert space K;, an operator
T; € Sp(Hi; K;) and S € L(Ky, ..., K F) such that T = S o (11, ...,T,). We denote the

space of such mappings as L(Sp)(Hi, ..., Hy; F). A norm (or P orm if p < 1) for that
n
is || T ||ls,= inf S T;).
space s || ||Sp T:SO(I%)MTH) ISl j]_;[lffp( i)
In [2], Braunss gives the following definition for polynomials.

Definition 2.2. Let 0 < p < co. A polynomial P € P("H; F) is of Schatten class type
S, if there exist a Hilbert space K, an operator S € Sp,(H; K) and Q € P("K; F) such
that T = Q o S. We denote the space of such polynomials by P(S,)("H; F) and also
| Plls,= Pirgos | Q|| 0p(S)". Braunss [2] has proved that || . ||s, is a g-norm, where

2
g=min{l,p} if n =1 and F is a Hilbert space; ¢ = min{1, %} ifn=1and F is a
p
2
Banach space (non Hilbert); ¢ = min{—, B} ifn > 2.
n'n

As in the linear case, we can prove the following

Proposition 2.3. Ifp > 2 and T € L(S,)(Hy, ..., Hy; F), then Z | T(h}17 s h ) P<

J1r--5dn

+o0 for all orthonormal bases (h3,)jes, of Hi, i=1,...,n.

The proposition above can be proved using the definition and the properties of the
Schatten linear operators (see [4], 4.7). As a consequence, we have

Corollary 2.4. (i) L(S2)(Hy,....Hn;G) C Luys(Hy,...,Hn;G). Moreover, | T |lus
<| T |ls, for all T € L(S3)(Hx, ..., Hy; G). The inclusion is strict in general.
(ii) P(S2)("H;G) C Pus("H;G). Moreover, | P ||gs < % I P |ls, for all P €
P(S2)("H;G). The inclusion is strict in general. .

The relationship between the norms || . ||gzs and || . ||s, can be extracted from the

proof of 2.3. To prove (ii) in 2.4, we use (i) of the same result and the fact that P €
P(S,)("H; F) if and only if there exist T € £(S,)("H; F) such that P =T.
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The example below shows that the inclusion in 2.4 is strict in general.

=1
Example 2.5. T € L(%ly;K), T(z,y) = Z;zjyj. It is clear that T € Lys(3lo;K). If
j=1
T was a Schatten class type Sy mapping, T would be written in the form T = So(Ty,Ts)
as in 2.1. For (z")721, (v*)72, € law(l2), we would have:

1 1
oo o) 2 o) 2
> I Tk y*) I <l S| <§ | Taa* ||2> <§ | Toy* ||2> < +oo.
k=1 k=1 k=1

Nevertheless, if ey, indicates the k-th element of lo usual basis ((ex)r € l2.w(l2)), we

o0 oo 1
have Z | T(ek,er) || = Z% = 00, a contradiction. Therefore, T ¢ L(S2)(*l2;K).
k=1 k=1

There is an interesting relationship between dominated mappings and Schatten class
type S mappings.

Proposition 2.6. (i) For alll < p < 2, we have L(S2)(H1, ..., Hy; F) = Lap(Ha, ..., Hyy F).
Moreover | T |ls, <|| T |lap < (ATH"™ || T ||s,, where Ay is a constant of Khinchin’s
inequality [4].

(i1) For all 1 < p < 2, we have P(S2)("H; F) = Lap("H; F). Moreover, | P |s,
<I P flap < (A7) [P s,

Proof. We will prove (i). (ii) can be proved the same way, making use of the analogous
theorems for polynomials.

UTeLlLyp(Hr, ..., Hy; F) C Lyo(Hy, ..., Hy; F), 1 < p < 2, then using theorem 1.5, we
have T' = So(J3oig,, ..., Jy oig,) , with || S ||=|| T |42 and J§OiHj € Las,2(Hj; La(p5))
= Sy(Hj; La(p15)) ([4], 2.9). Therefore, T' € L(S2)(Hy, ..., Hy; F') . Moreover

d,2 H | Jg ||as,2 <|T ”d,p

j=1

On the other hand, consider T' € L(S2)(H1, ..., Hy; F) and a decomposition for T', T =
Ro(S1,...,5,), S; € Sa(Hj; Kj), Kj aHilbert space j = 1,...,nand R € L(Kq, ..., Kp; F).
Using Pietsch’s factorization result (1.5 for the linear case), we can write S; = w; o vj,
where v; € Los,(Hj; X7), v; = Jp oim,, pj € W(Bg,), XJ is a closed subspace of
Ly(pj) and w; € L(XF; K;) is such that || w; || =[| S} lasp, j = 1,...,n. Write T =
Ro (wy,...,w,) € L(XP, ..., XE, F). If (B))7, € Hj, j =1,...,n, we have

(Z I T (R, ... B ||5> <[IT | <Z | vk II”> (Z | vnhi |p>
k=1 k=1

k=1

[T ls, <II'T

n
<N TT s llasoll (r)ier Nl

j=1
Therefore, T' € Lq,(Hi, ..., Hy; F). In addition,

n n
IT Nlap <UT I TT I vs flaso = B I wn oo lFwn I TT o sl i |

Jj=1 Jj=1

<IRITL N S) llasy < AT IR || [T oa(S)).
j=1 j=1

As the decomposition taken is arbitrary, we conclude || T ||la, < A7' || T ||s,- d
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We now present the factorization result for the Schatten class type mappings.

Theorem 2.7. Let T € L(Hy, ..., Hy; F). The following conditions are equivalent:
(i) T € L(S2)(Hy,.... Hy; F).
(i1) For each j = 1,...,n, there exist an L1 space Y, an operator R; € L(H;;Y;) and
Re Lyo(Y1,....;Yn; F) such that T = Ro (Ry,...,Ry).
(ii) For each j = 1,...,n, there exist an Lo space Xj, an operator S; € L(H;; X;) and
S e Ly2(Xq,....Xn; F) such that T = S o (S1,...,.5).

Moreover, given € >0, R, Ry, ..., R,, can be taken in (i1) in such a way that || R; ||= 1,
j=1.,nand | R ||a2< 1+ €)(Ka)" | T ||s, and S, S1,...,Sn in (i) such that
|| Sj ”: Lj=1,.,n and H S ||d,2§ (1 + 6) H T H52'

The result 2.7 is analogous to the linear factorization theorem due to Lindenstrauss
and Pelczynski. For the Hilbert-Schmidt case, it is possible to prove that (ii) = (i) and
(iii) = (i) (without the condition that S and R are 2-dominated). The converse (i) =
(iil) is not true in general. For the £, space case, we have no answer about the converse
[10]. We also have a multilinear version for the Diestel-Jarchow-Tonge result.

Theorem 2.8. A multilinear mapping T € L(Hy, ..., Hy; F) is of Schatten class type
Sy if and only if, given infinite Banach spaces Zu, ..., Zy, there exist S; € L(H;;Z;),
j=1,..,nand S € La2(Z1, ..., Zn; F) such that T = S o (S,..., ).

Moreover, given € > 0 and § > 0, S and Sy, ..., S, can be chosen in such a way that

484 \" _ 8
S Na2 <A4+e)|Tls, | —=55 ) » A>0is a constant, and || Sj ||gs,2 < ~.
’ n5+? ’ n1+§

We will prove theorem 2.8. The proofs of (i) < (ii) and (i) < (iii) in 2.7 are almost
the same, using 1.3 in the place of 1.4.
Before the proof of 2.8, we prove the following lemma.
Lemma 2.9. Givenn € IN, 6 > 0 and 7 = (75)s € la, there exist v = (vs)s € ¢, and
o =(0s)s € lo such that || v [|oo= —g75, | 0 [l2< A, A > 0 does not depend on the choice
n
ofn € IN and 15 = 505 for each s € IN.

Proof. With no loss of generality, we suppose that || 7 ||]2= 1 and 75 > 0 for all s €
IN.Write N, = 0. We can inductively define a sequence of positive integers N1 < No <

2n+k _
.. < Nj < ... such that, for each k € IN, 7'12+...+7']2Vk > otk and N is the smallest
positive integer with this property. Then, we write
1
INk_141 = - = TN, = m
ONp_1+1 = (n + k- 1)8+6TNk_1+1 y e 3y ONg, = (n + k- 1)8+6’7'Nk.

1
In this way, we can define the two sequences v = (7s)s € ¢, With || v [[w=—55 and
n

o = (0s)s such that o4vs = 75. We have to verify that o € .

SR - Al 2(8+6) .2 1)2(6+9) il 1
Si=3 S rke <Zn+k5 (1- =)

k=1 s=Ng_1+1

B o0 (n +k— 1)2(8+6) _ el (l 2(8+6) > l _ 1 (8+9)
o Z on+k—1 o Z 21 1 Z ol—1
k=1 l=n+1 =1

(1 - 1)2(8+6)

Using the ratio test, we can prove that A := Z =

=1

< 400. O
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Proof. (2.8) Given € > 0 and T € L(S2)(Hy, ..., Hy; F), for each j = 1,...,n, there exist
a Hilbert space K, an operator u; € So(H;; K;) = Las2(H;j;Kj), j = 1,...,n and
L € L(K,...,K,; F) such that T' = Lo (u1,...,up), with o2(u;) =1, j = 1,...,n and
Ll @A+e T |s..

Write u;(h) = Y 7 (h | AO)ED), where 70) = (70)), € Iy, || t9) |5 oa(uy) = 1,

s=1

(h)), is an orthonormal sequence in H and (k7)),, an orthonormal sequence in K.

By the lemma 2.9, given § > 0, we can write Ts(j) = agj)o'gj)l@gj) for each s € IN, where
oW = (0)s € b, || 6 [l2< A, o) = Y = W al) = (o)), and g9 = (89)),
€ o, With || @) [og =[| BY) [|oe =

nits’
Using theorem 1.4, for each j = 1,...,n, we have u; = v; o w;, where w; € L(H; Z;),
. 8 48A
vj € Las2(Z5; K;), with || w; || < S and || vj [las2 < e

If S=1Lo(vi,...,vn) € L(Z1,..., Zn; F), for (z])2y C Zj, j =1,...,n, we can write

(Z IS (zies 28) II5) <z (Z | v;2] ||2>
i=1 j=1 \i=1

m
<ILATT s lasell ()i N2
j=1

1
2 2

Then, 1§ llaz <l L1 I 1o lowa < 19 1 7 sy (o) s and o
i=1 e
T=S50(51,..,5)ifS;=v;,j=1,...n.
Suppose now that T' € L(H;, ..., H,; F) can be decomposed as described in 2.8. We
can use theorem 1.5 to get a decomposition for S € Lg2(Z1,..., Zn; F) say, S = So
(wh...,wn) with w; € ﬁas’Q(Hj;Lg(Mj)) = SQ(H]‘;LQ(/,LJ‘)), Hi € W(Bzg), j=1..n
and S € L(La(p1), -, La(pin); F). If we call v; = wj 0 S; , we have the decomposition
T=25o (v1, ..., v,) and we conclude that T is a multilinear Schatten class type mapping
Ss. O

For polynomials, the result is analogous.

Theorem 2.10. Let P € P("H; F). The following conditions are equivalent:
(i) P € P(S,)("H; F).
(i1) There exist an L1 space Y, an operator R € L(H;Y) and Q € Py2(Y; F) such that
P=QoR.
(i11) There exist an Lo space X, an operator S € L(H;X) and Q € Pga2(X; F) such
that P=Qo S.

Moreover, given € > 0, Q, R can be taken in (ii) in such a way that | R ||= 1 and
| Q llae < 1+e)(Kg)" || Plls, and Q, S in (iii) such that || S ||=1, j =1,...,n and
1Q llaz< (1+6) || P s,

Theorem 2.11. A polynomial P € P("H; F) is of Schatten class type S if and only
if, given an infinite dimensional Banach space Z, there exist S € L(H;Z) and Q) €
Pa2(Z; F) such that P=Qo S.
Moreover, given € >0 and 6 >0, S and Q can be chosen in such a way that || Q
48A 8
<a+a 1 Pls (

no+% nltd’

d2

n
> , A>0is a constant, and || S || <
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It is important to say that there are other ways to choose the sequences in 2.9 and
consequently, in 2.8 and 2.11. The choice made is (one of) the best for the proof of the
factorization result for holomorphic mappings.

3. HOLOMORPHIC MAPPINGS OF SCHATTEN CLASS TYPE

The main purpose of this section is to present a factorization result for holomorphic
mappings of Schatten class type Sz. The spaces considered in this section are complex.
The holomorphic mappings has been already studied by Braunss in [2].
Definition 3.1. Let 0 < p < oo and f € H(U; F), where U C G is a non-void open
subset of H. f is a mapping of Schatten class type S, in h € H ifd" f(h) € P(S,)("H; F)
1 -
for all n € N, and there exist real numbers C' > 0 and ¢ = 0 such that || —d" f(h) |s,
n!

< Cc" for allm € IN,.
If f is of Schatten class type in all h € U, we say that f is of Schatten class type on
U. We denote the class of such mappings by H(S,)(U; F).

The factorization result is

Theorem 3.2. Let U C H be an open subset of H, f € H(U;F) and h, € U. Then, f
is of Schatten class type Sz in h, if and only if, there exist an Lo, space X, an operator
S e L(H;X) and g € H(X; F) of 2-dominated type (see [8], 3.2) in x, = Sh,, such that
f=goS inU,, where U, is a neighborhood of h,.

1 -
Proof. We call P, = Ed”f(ho) € P(S2)("H; F) for each n € IN. Using 2.11, we can

write P, = Qp, 0 Sy, where S,, € L(H;l), || Sn || <
n
484 \"
[ @nllaz < (L+e€) | Pulls, perr B (*)
We denote X = loo(lso), in : loo — X the n-th inclusion and 7, : X — [, the n-th

8 s and Q, € Pg2("loo; F), with
1+3 '

projection, n € IN. Observe that || i, 0.5, HS

and by the comparison test, we have

that Z | in, © Sy [|< +00. So , we define S € L(H X), = Zzn o wy(h
n=1 n=1
If we define g(x) ) + ZQ” omp(x — x,), we have g € H(X;F) , because
limsup || @Qn o m, ||n: 0. Moreover, if U, is a neighborhood of h, where f(h) =
F(ho) + Y Pu(h — hy) for all h € U,, we have
n=1

(g © S) + ZQW S ﬂ'n Sxo) = f(ho) + ZQn O Ty <ZZk S wk(h - ho))

k=1

(ho) + ZQn owy(h —hy) = f(ho) + ZR" 0 v, 0wy (h — hy)

n=1 n=1

+ZR o up(h — ho) +ZP (h—ho) = f(h).
n=1

g is 2-dominated in z, = Sh, € X. In fact, we know that —'cf"g(xo) =Qupom, €
n!
Pa2(X; F) for all n € IN. Using (*) and the fact that || P, ||s,< Cc" for all n € IN,, we
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reach the desired conclusion.

(ii)= (i) For n € IN, %dﬂ F(hy) = %ci"g(Sho) 0§ € Pas("H: F) = P(Sy)("H; F) (sce
2.6). ' ’ O

We can show the result above for an £, space. We only use [ in the place of [, and
define X = 1;1(ly).

Remark 3.3. Using the same notation as in 3.2, if U is a h,-balanced set, then we have

f(h) = f(ho) + an(h — hyo) for all h € U and consequently, f = go S in U (see [11],
n=1
8.4).
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