POSITIVE AND MULTIPLE SOLUTIONS FOR QUASILINEAR
PROBLEMS

FRANCISCO O. V. DE PAIVA

ABSTRACT. In this paper we establish the existence of positive and multiple solutions for
the quasilinear elliptic problem

—Apu=g(z,u) in Q
u=20 on 0,
where Q@ C R¥ is an open bounded domain with smooth boundary 92, g : & x R — R
is a Carathéodory function such that g(z,0) = 0 and which is asymptotically linear. We
suppose that g(x,t)/t tends to an L"-function, r > N/pif l<p< Nandr=1ifp> N,
which can change sign. We consider both cases, resonant and nonresonant.

1. INTRODUCTION

Let us consider the problem

—Apu=g(z,u) in Q (1)
u=0 on 0f),

where 2 C RY is an open bounded domain with smooth boundary 9Q and g : @ x R — R
is a Carathéodory function such that g(x,0) = 0, which implies that (1) possesses the
trivial solution © = 0. We will be interested in nontrivial solutions. Here A, denotes the
p-Laplace operator, that is, A,u = div(|Vul[P~2Vu).

Assume that ¢ have a subcritical growth, that is,

lg(z,t)] < e(1+[t]771), aein Q, teR, (2)

where ¢ € [1,p*[, where p* = pN/(N —p) if 1l <p < N and p* =00 if 1 < N < p.
The classical solutions of the problem (1) correspond to critical points of the functional F'
defined on W, " (), by

1
O(u) = —/ |Vul|Pde — / Gz, u)dz, ue WyP(Q), (3)
P Ja Q
where G(x,t) = fg g(z, s)ds. Under the above assumptions ® € C*.
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Let m(x) be a function in L, r > N/pif 1 <p < N and r =1 if p > N, which can
change sign in 2. Consider the eigenvalue problem

—Ayu = Am(z)|ulP?u in Q

u=0 on Of). (4)

It is well known (see [4]) that, if m(x) > 0 on a subset of positive measure in €2, the problem
has a first eigenvalue p1(m) > 0 which is simple, isolated in the spectrum and admits an
eigenfunction ¢, which is positive in Q. Moreover, p;(m) has the following variational
characterization

p1(m) = inf { /Q \VulPdz ; uw e WyP(Q) and/gm(x)]u\pdx = 1}. (5)

We define the second eigenvalue positive pz(m) as
p2(m) = min{\ € R ; X eigenvalue andA > py(m)}.
We denote by Ay = pp(1), ie. m=1, k=1,2.

Moreover, we assume that the L"-functions ky and L. defined by

gt L pG(z,1)
hete) = Hminf Tz and - Lu(e) = limaup S0

have nontrivial positive parts, and the limits are uniformly in z € €.

Theorem 1.1. Assume that there exists a constant ¢ € R such that |g(x,t)] < c|t|P~L.
Suppose that either puy(ky) < 1 < pi(Ly) or pi(k-) < 1 < py(L-), then problem (1) has
at least one nontrivial solution which is positive in the first case and negative in the second
case.

Remark 1.1. The existence of positive solution for the problem (1) with asymptotically
linear nonlinearities has been studied by many authors. More recently, Zhou [13] studied
the case 0 < L = Ly =1, K = K, = ky € L*® with ||L||oc < A1. Magrone in her
doctorate thesis [10] has considered the case LT and K are non trivial. The cited authors
used the Mountain Pass Theorem and where considered only the case p = 2. The case
p # 2 was studied by Zhou [14] with the assumption l =L, =1,, k=K, =k, (I, k € R)
and [ < A\ < k.

More generally consider the quasilinear eigenvalue problem

—Apu = ANm(z)(ut)P "t —n(z)(u" )P in Q
()t =y 0 o

where u* = max{£u,0} and m,n € L" with m™ and n™ nontrivial in Q. Under this

hypothesis Arias et al. [2] studied the eigenvalue problem (6) (for more references to this
problem see [2]). In [2], it was proved that min{u;(m), ui(n)} and max{u;(m), pi(n)} are
the first two positive eigenvalues of (6). Now we remark the construction of a nontrivial
eigenvalue of (6) made in [2].
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We will use a variational approach and consider the functionals

Au) = /|Vu|pdx,
Q

Byn(u) = /Q(m(qu)p + n(u”)?)dz,

which are C'-functionals on W,”. We are interested in the critical points of the restriction
A of A to the manifold

My ={u€ Wt ; B.(u) =1}

By Lagrange’s multiplier rule, v € M,,,, is a critical point of A if and only if there exists
A € R such that A'(u) = AB;, ,,(u), i.e.

/|Vu|p_2Vqudx = )\/ (mu™)P' +n(u )P ")ude, (7)
Q 0

for all v € W,?. Taking v = u in (7), one sees that its Lagrange multiplier \ is equal to
the critical value A(u). By the Proposition 2 in [2], we have that ¢,, and —¢,, are strict
local minima of A, with corresponding critical values p;(m) and mus(n). Consider

I'= {’Y S C([_la 1]>Mm,n) ) 7(_1) = Pm and ’7(1) = _Spn}
Then, it was proved in [2] (Theorem 7)
c(m,n) = inf max A(u) (8)

Vel uey([-1,1])
is a critical value of A, with ¢(m,n) > max{u;(m), u1(n)}. Moreover, problem (6) does
not admit any eigenvalue in | max{yui(m), u1(n)}, c(m,n)[ ([2] Theorem 11) and the eigen-
fuctions associated with ¢(m,n) change sign ([2] Corollary 19).

Now we start our results concerned with the multiplicity for the problems (1). We
assume that the L"-functions [+ and K defined by

PGt L pG(z, t)
+(r) = Bt and Kalo) = Bmawp =pe

have nontrivial positive parts, and the limits are uniformly in z € 2.

Theorem 1.2. Assume that ¢(Ly,L_) > 1 and pu1(Ky) > 1 . Suppose that either

(H1) m(ly) <1, or
(H2) there is n > 0 such that

li(2)t]P < pG(z,t) for 0<t<m, ae x€
I_(z)t|P < pG(z,t) for 0< —t<m, ae x€

Then problem (1) has at least two nontrivial solutions.
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Theorem 1.3. Assume that ¢(Ly,L_) > 1, min{p (K+)} =1 and that
lim [tg(z,t) — pG(x,t)] =

[t|—o0
Suppose that either (H1) or (H2), then problem (1) has at least two nontrivial solutions.

Remark 1.2. i) De Figueiredo and Massabo [6] studied the problem of existence when
p = 2 and py(K4) > 1; in this case the functional ® is coercive. In [6] the authors
also consider the resonant case and in this case they assume a kind of Landesmann-Lazer
condition. Moreover, in [6] the authors also considered the resonant case p; (K1) = 1 using
a kind of Saddle Point Theorem and a Landesmann-Lazer condition.

ii) The multiple solutions for the problem (1) was studied by Liu and Su [9] in the case
K = Ky < A\ and M|t]P < pF(z,t) < A|t|P for ¢ near 0, where A < X < Ay. Liu and Su [9]
considered the resonant case, with K = \;.

iii) Our results are new even for the case p = 2.

2. PROOF OF THEOREM 1.1

We apply the Mountain Pass Theorem [1]. We proove the theorem for the case uq(ky) <
1 < pi(Ly), the case py(k-) <1 < puy(L-) is analogous.
Set

f(x’t):{o, <o

—Apu = f(z,u) in Q ()
u=">0 on 0f2,

g(x,t), t>0,

and consider the problem

Define
1
= —/ \VulPdz — / F(z,u)dz, ue W,7(Q).
Q
where F'(z,u) fo f(z,t)dt, and ¥ € C.

Lemma 2.1. Under the assumptions of Theorem 1.1 the functional ¥ satisfies the (PS)
condition.

Proof. Let {u,} € Wy be a sequence such that {¥(u,)} is bounded, and ||¥'(u,)|| — 0
asn — oo (i.e. {u,} is a (PS) sequence).

We need to show that {||u,||} is bounded. Since 2 is bounded and f is subcritical, then
if {||un||} is bounded, by the compactness of Sobolev embedding and by standard processes
we know that there exists a subsequence of {u,} in VVO1 P which converges strongly, hence
the Lemma will be proved.

Assume then by contradiction that ||u,| — oo as n — oco. Let v, = u,/||u,l||, then
||vn]| = 1. So we can assume that v, — v weakly in W, strongly in L” and a.e. in Q.

Let us divide the proof in three steps.

Step 1) v # 0.
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Arguing by contradiction, if v = 0, then v, — 0 in L?, and

— 0
| [P ’

since ||W'(u,)|| — 0 and p > 1. This means

|an|pdx - M\vn\pd:p — 0,
o [un[P~?u
ie.,
_ 1 a: u" P
1= JLIEO/ = 2Un| Up|Pd. (10)
Since |uJ; (;ﬂgn is bounded and v, — 0 in LP, we have that the right side in (10) goes to 0,

a contradiction. Hence we have v # 0.
Step 2) v > 0.

For any v € W,” we have
V(u)v)
[ [P~
So, since f(x,0) =0 for s <0,
flz,uf) (uf)P™
o (wh)P=H [lug[P~!

f@uid)

(uz )Pt

/ |V, P2V, Vvdr — vdz — 0. (11)
/(z, ut)
(uz )P~1
weak topology * o(L>, L), to some function w € L*. Now (v;)P~tv € L', by (11), we
have

Since is bounded, by the Alaoglu’s Theorem w,, =

converges in L, in the

/]VUV’ *VoVvdr — / () ()P lvde =0, VveW,”.

/|Vv Pdx = 0,

which implies that v > 0 and satisfies the equation
—Ayv =w(z)v? v in Q. (12)

Then by a Harnack inequality proved in [12], we have that v > 0 in Q. In particular
p(w) = 1.

It is a contradiction with the hypotheses pq(ky) < 1. In fact, since v > 0, we have
U, — 00 a.e. in 2, as n — oo. So

Using v = v, one gets

lim inf J(w,un) =ky(x) ae in (), (13)
n—oo un
and
im 2% ) i x o(L, L), (14)

n—00 Up,
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Given a function v € Wy, by (13), Fatou’s Lemma and (14), we have

/ by (2)uffde = / lim inf £ %) “")| P
Q Q

< hmmf/f 2, Un) |ulPdz
= /w(a:)\u]pd:c
Q
So,
1 Jow(@)|ufPdz Jo kot (@) |ulPd 1
,U1<w) u€W1p fQ|Vu|pdx uew? fQ|Vu|de pa(ky)
u;ﬁO u#0
ie., p1(w) < pi(ky) < 1. Thus we have the contradiction, then ||u,|| is bounded. O

Now we prove that the functional ¥ has the mountain pass geometry.
We have, by the variational characterization of uy(L, ), see (5) ,

1 - JoLilulPdx
in(Ly) = JoVulrds
Given € > 0 there exists 6 > 0 such that
pF(z,t) < Ly(x)t? +et?, for 0 <t <.

Vuec WP\ {0}. (15)

By (2), we have, for a constant c,
|F(z,t)] <clt|?+¢, p<qg<p*.
Then
Flat) < %L+(x)tp + ]%tp Lt VieR.

Using this inequality, we have

U(u) = 1/|Vu]pda:—/F(x u)dx

> [ varde = [ L@ty = [ = [ ul
> - Vupda:—i/ Vup——/ Vup—c/uq,
p/ﬂ| | PM1<L+) Q| | PA1 Q’ ’ Ql |

where the last inequality follows from (15). Using the Sobolev inequality, we obtain

1 1 €
Uu) > —(1-— — — ) ull? — c||ul|?.
@ 2 (1=~ )l =l

Now, since u1(Ly) > 1, we can choose € small enough such that (1 — m — ) > 0. So,
since p < ¢, there exist a > 0 and p > 0 such that if ||u|| = p then ¥(u) > a > 0.



POSITIVE AND MULTIPLE SOLUTIONS FOR QUASILINEAR PROBLEMS 7
Let ¢r, be the first eigenfunction associated to j1(ky) such that ¢, > 0. We have,

using the Fatou’s Lemma,
Wt 1 F(x,t
Yitor,) —/|Vg&k+|pd:ﬂ— / lim inf Fl@ tor,) 90/@)902
P PJa o tooo (g )P T

1/ 1/

= —[|V Pde — = | ko(z)b dx

; Q| Oy | o) +(@)ey,
Vet - [ (Ve

= - T — x

plo The p(ks) Jo  F

1( 1
= —(1=—)ligw.lI" <.
p Mk "

Then there exists ¢, > 0 such that V(tppr,) < 0. So VU satisfies the assumptions of
Mountain Pass Theorem, then there exists u € Wy \ {0} such that

/ |VulP2VuVedr = / fz,u)ode, ¥ ¢ e Wy,
Q Q

Taking ¢ = u~, and since f(x,t) =0 for t <0, we get

/|Vu_|p _0.
Q

Therefore u > 0, so u is a solution of problem (1). O

lim inf

t—o0

IN

3. PrROOFS OF THEOREMS 1.2 AND 1.3

Local linking. In this subsection we started some results that we will use in the proof of
Theorems 1.2 and 1.3; their proofs can be found in [11] and [9].

The next definition can be found in [11] and generalizes the notion of local linking
introduced by Li and Liu in [8].

Let J be a real C''-functional defined on a Banach space X.

Definition 3.1. Assume that 0 is an isolated critical point of J with J(0) =0 and let n,
be positives integers. We say that J has a local (n, 3)-linking near the origin if there exist
a neighborhood U of 0 and subsets A, S, B of U with ANS =0, 0¢ A, AC B such that

(1) 0 is the only critical point of J in Uy NU, where Jo ={u € X ; J(u) < 0},
(2) denoting by iy : H,_1(A) — H,_1(U\ S) and iy : H,_1(A) — H,_1(B) the embed-
dings of the groups induced by inclusions,

ranki; — rankiy > 3,

(3) J <0 on B, and
(4) J >0 on S\ {0}.

Let u € X be an isolated critical point of J with J(u) = ¢ € R, the group
Ok(J,U):Hk<JC, Jc\{u}), ]{3:0, 1, 2, ceey
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is called the k-th critical group of J at u, where J¢ = {u € X ; J(u) < ¢} and H(.,.) is
the k-th singular relative group with integer coefficients. We say that w is an homological
nontrivial critical point of J if at least one of its critical points is nontrivial.

Example 3.1. If u is a strict local minimum of .J, then

Z if k=0,
C’“(‘]’W:{o it kA0,

Theorem 3.1. (Theorem 3.1 [11]) If F' has a local (n, B)-linking near the origin, then
rank C,(F,0) > .

Theorem 3.2. (Theorem 2.1 [9]) Suppose that F satisfy the (PS) condition and be bounded
from below. If J has a critical point which is homological nontrivial and is not a minimizer
of J, then J has at least three critical points.

Some Lemmata. In this subsection we show that the functional ® satisfies the hypotheses
of Theorem 3.2.

Lemma 3.1. Suppose that either

(i) p(Kx) > 1, or
(i) min{u (Ky)} =1 and

lim [tg(z,t) — pG(x,t)] = o0.

[t|—o0
Then the functional ® is coercive.
Proof. (i): Given € > 0, we have, for a constant ¢ = c(e),

(K. @)+l +c for t>0
pG(x,t) S{ (K_(z) +e)|t|P +¢ for t <0

So we can estimate

1 1
b(u) > —/]Vu]pdx— —/K+(x)]u+\pdx
bJa PJa

1
——/K_(:z:)|u_\pdx _ f/ ufPdz — |9
DJa DJa
By the variational characterization of the first eigenvalue we obtain
1 1
O(u) > —/|Vu|pdx— —/|Vu+|pdx
pJa pia(K5) Jo
1 / _ € /
————— | |Vu Pdx — — [ |Vu|Pdx — c|Q2
pra(K-) Q| | pA1 Q| | 4
1

1 €
N\l - —— — Vu© [Pdx
P< ,Ul(K ) )\1>/§z| |

1 1 €
+— (11— ———— — /Vu_pda:—cQ
B i <) |7 ol

v
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Since p(K+) > 1 we can get € > 0 such that min{(1 —
coercive.

(ii): For that matter we introduce the functions F': @ x R - Rand f: Q@ xR — R
defined by

Hl(K:l: — )\i)} > (. Therefore ® is

1
G(z,t) = 5Ki(x)]t|p + F(x,t), for t>0, (t<0),

and
g(x,t) = ke()|t|P 2 + f(x,t), for t>0, (t<0).

F(x,t t
limsupp (z.8) _ =0 and liminf f(@.t)
t—too U] im0 [tP2t

And since ki (x) < Ki(x) a.e. x € Q (it is clear), we get

|t|—o0
It follows that for every M > 0, there exists Ry, > 0 such that
tf(z,t) —pF(x,t) > M, V|t| > Ry, ae. x €.

Now consider ¢ > 0

Then

d {F(a:, t)} _ (9(@,t) = Ky (@)t~ [t — pF () |t}
AL |t[*
o tg(il?,t) —pF(:C,t) — Ki(x”t'p
N [t
tf(zt) — pF(a,t) + (ke(r) — Ki(2)) |t

i

tf(l',t) _pF(xat)
= 1]t '

It follows that (see the proof of Lemma 3.2 in [9])
lim F(x,t) = —o00 a.e € Q. (16)

[t| =00

Let {u,} € W{ be such that ||u,|| — co. Assume by contradiction that ®(u,) < C for
some constant C. Taking v, = u,/||u,||, we may assume that there is some vy € W} such
that v, = vo in W{, v, — v in L?, and v, (z) — vo(z) a.e. on Q. Now

PC_, p2un) / [VonlPdz — / POIT tn)
Q

[l [P [ [? [[un [P

F
- ferne [t [ [,
|| P
C
> /|an|pdx—/[(+ pdw—/K Vg — |
[P
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So
1= limsup/]an| < /K+(v0+)pdx+ /K(vo)pdx. (17)
Q Q Q

n—oo

If max{u,(K4)} > 1, we have

1 1
1§/K v*pda:jL/Kvpdx < /Vv*pda:jLi/vadx
QO +(0) QO () pa (K ) Ql 0| pa () Q’ 0!

/|Vv6r|pdac+/|VU0|pdx—/]Vvo|pdx
Q Q Q

< lim [ |V, |Pdz =1,
Q

n—oo

A

a contradiction. If p; (K1) = 1, it follows that

1< [Koydes [K@prds < [ VoiPdot [ (9o pas
Q Q Q Q

< /|Vvo|pdx§ lim /|an|pdx: L.
Q n— Jo

This implies that [|vg]| = 1 and so v, — vy in W{. By (17), we have that

/K+(var)pd:p—|—/K_(vo_)pdm = /|Vvo|pdm.
Q Q Q

Hence either vy = ¢, or vg = —¢i_. Take vy = ¢k, , then u,(z) — oo a.e. on 2. So by
(16) we have F(z,u,) — —oo a.e. in €. Therefore,

C’z—/F(:U,un)d:cHoo as n — 00.
Q

This is a contradiction. Hence ® is coercive on W' U

Remark 3.1. The coercivity of the functional ® implies that it satisfies the (P.S) condition.
Since the (PS) sequences should be bounded and the nonlinearity g is subcritical.

Now we show that the hypotheses (H1) and (H2) imply that the functional ® has a
homological local (1,1)-linking at origin.

Let ¢(Ly,L_) be defined by (8), and Z defined by
Z = {u e W, /yvuypdx > c(L+,L)/ (Lo (ut ) + L,(u’)p)d:c}. (18)
0 0

Lemma 3.2. There exists p > 0 such that ®(u) >0 if u € Z and ||ul| < p.

Proof. Given € > 0 there exists 0 > 0 such that

(Ky(z)+e)|t|P for 0<t<$
pG(x,t)S{ (K_(z) + e)|t]P for 0< —t <.
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And by (2), we have, for p < ¢ < p*,
1
G(z,t) < —L(@)|t]? + S|t + Clul?, VteR.
p p

Let be u € Z, using the estimate above, we have

O(u) = 1/|Vu|pd:v—/G(a:,u)dx
PJa Q
1/|vu\Pd;c— 1/(L+(x)]u+|p+L(:c)|u|p)daz— f/\uyp—c/myq
0
/|Vu|pda:— /|Vu|pdx— —/|Vu|p Cllul|?
L+7

1
= - p q
p( It n =) lull” = C1lul

v

Y

Since ¢(Ly,L_) > 1 we can get € > 0 such that (1 — m + %) > 0, so there exists
p > 0 such that ®(u) > 0if v € Z, and ||u|| < p, since p < g. O

Now assume that (H1) holds. Given € > 0, there exists 6 > 0 such that
pG(z,t) > 1_(z)[t]P —€|t]P, for —d <t <O.

Let ¢, > 0 be the eigenfunction associated to pq(l4), such that ||¢. || = 1. Since ¢, €
L, consider t_ < 0 so that —§ < ty; < 0 for all t_ <t < 0. Then for t_ <t < 0, we

have
|t]P . |t? | | P »
D(tp ) < " Ve | |w |Pda
Q

tp
M/W@Z P — 7/|V‘Pl P+ l/|V901 ks
P Ja . P Ja

|t 1
= — (] - — D

Since uy(l-) < 1 we can get € > 0 such that (1 - ﬁ + %) < 0. Therefore ®(tp; ) <0
for t_ <t <0 (and so v = 0 is not a minimizer). Analogously , there exists ¢, > 0 such
that ®(ty;, ) <0 for 0 <t <.

Now let r > 0 be defined by r = min{p, t,, —t_}, and consider U = B,.(0), A = {r¢,, },
S=UNZand B={ty, ; 0<t<r}U{ty, ; 0< -t <r}. Itis easy tosee that U, A,
S and B satisfy the Definition 3.1, i.e., ® has a (1, 1)-linking near the origin (observe that
. € Z) . Thus, by the Theorem 3.1, we have

C1(®,0) # 0. (19)

IN

In particular 0 is not a minimizing of ®.
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Assume that (H2) holds, and let ¢, > 0 be such that typ;, < nfor 0 <t < ty, then we
have

pG(IutSOH) 2 (tQOlJr)ler(.f), VO<t<ty.
Thus for 0 <t < t,,

p
viig) = L [V rae - [ Gt
P Ja Q
= e d Gz, tor, )d
= L@t de— [ Glato )
(thlJr)p
= /Q<l+(:1c) . G(x,tgol+))dx
<0

Analogously, there exists t_ < 0 such that ®(t¢; ) < 0 for t_ < ¢t < 0. Like in the case
(H1), ® has a (1,1)-linking near origin, 0 is not a minimizing of ®, and we have that

C1(2,0) # 0. (20)

Proofs of Theorems 1.2 and 1.3. By Lemma 3.1 the functional ® is coercive, hence ® is
bounded below and satisfies the (PS) condition (Remark 3.1). Since ® has a (1, 1)-linking
near the origin, u = 0 is homological nontrivial and is not a minimizing (it follows from
(19) and (20)). The conclusion follows from Theorem 3.2.
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