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Abstract

We discuss the problem of deriving estimates for the resolvent of the

linear operator associated with three dimensional perturbations of plane

Couette flow, and determining its dependence on the Reynolds number R.

Depending on the values of the parameters involved, we derive estimates

analytically. For the remaining values of the parameters, we prove that

deriving estimates for the resolvent can be reduced to estimating the solu-

tions of a 4th order linear homogeneous ordinary differential equation with

non-homogeneous boundary conditions. We study these boundary value

problems numerically. Our results indicate the L2 norm of the resolvent

to be proportional to R
2.

2000 Mathematics Subject Classifications: 76E05, 47A10, 35Q30, 76D05.
Key words and phrases: Couette flow, resolvent estimates

1 Introduction

It is well known that plane Couette flow is stable for infinitesimal perturbations
for all values of the Reynolds number R [9]. In laboratory experiments though,
transition to turbulence is observed for Reynolds numbers as low as 350 approx-
imately [4, 13]. This discrepancy may be caused by a small domain of attraction
of the Couette flow. Therefore, it is of great interest to understand how this
domain of attraction scales with the Reynolds number R. Recent works use
the resolvent technique to derive a threshold amplitude for perturbations of the
base flow, that is, to give a lower bound on the size of perturbations that can
lead to turbulence [6, 5, 2].

Successful application of the resolvent method requires estimates for the re-
solvent (sI −LR)−1 of the linear operator LR associated with perturbations of
the base flow, for the parameter s belonging to the unstable half plane Re(s) ≥ 0.
For large enough values of |s|, depending on the Reynolds number, analytical
estimates for the L2 norm of the resolvent have already been proved [1, 7].
To derive an estimate valid for the whole unstable half plane, direct numeri-
cal computations have been used indicating the L2 norm of the resolvent to be
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proportional to R2 [5, 14]. In [7], R-dependent weighted norms are used. Di-
rect numerical computations indicate that in one of the norms considered, the
resolvent is proportional to R.

We study the 3 dimensional case, with periodic boundary conditions in two
of the directions. Our results indicate the L2 norm of the resolvent to be pro-
portional to R2, agreeing with the computations in [5, 14]. Our main result
is a theorem showing that the problem of proving the resolvent estimates can
be reduced to estimating the solutions of a 4th order homogeneous linear ordi-
nary differential equation with non-homogenous boundary conditions. Numer-
ical computations, which are simple and reliable in this case, are used only to
study the norms of the solutions of those boundary value problems. The anal-
ysis carried out here has other advantages. First of all, it clarifies the reasons
for the R2 growth of the L2 norm of the resolvent, since it shows exactly where
the extra factor of R comes into the game. It also gives some physical insight
about the problem, showing that different components of perturbations of the
base flow have different scales with respect to R. We also discuss the reasons
for the better dependence of the resolvent on R when the weighted norm from
[7] is used.

2 The problem

We first give some notations that will be used throughout this work.
In general, elements of R3 will be represented by bold face letters. The same

letter may be used for one of the coordinates of the vector. For example, when
convenient, we write x = (x, y, z) ∈ R3. We denote by Ω the set

Ω := [0, 2π]× [0, 2π] × [0, 1].

The euclidian inner product in R3 is denoted by ·, that is, for x = (x1, x2, x3),
y = (y1, y2, y3), we have

x · y =

3∑

i=1

xiyi.

The L2 inner product and norm over Ω are denoted respectively by

〈u1,u2〉 =

∫

Ω

u1 · u2 dx , ‖u‖2 = 〈u,u〉.

In our choice of coordinates, the Couette flow is the vector field U = (0, z, 0),
which is a steady solution of

Ut + (U · ∇)U + ∇P =
1

R
∆U

∇ · U = 0
U(x, y, 0, t) = (0, 0, 0)
U(x, y, 1, t) = (0, 1, 0)
U(x, y, z, t) = U(x + 2π, y, z, t)
U(x, y, z, t) = U(x, y + 2π, z, t),

(2.1)
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for P a constant. The positive parameter R is the Reynolds number. We
consider R ≥ 1, since this is the physically interesting case. We also note that
there are no technical reasons for this assumption, only a slight simplification
of the presentation. Problem (2.1) describes the flow of an incompressible fluid
between the two parallel planes z = 0 and z = 1, the plane z = 0 at rest and
the plane z = 1 moving in the y direction with constant velocity 1.

We want to analyze the resolvent of the linear operator associated with
perturbations of the Couette flow U. Therefore, we consider the initial boundary
value problem

ut + (u · ∇)U + (U · ∇)u + ∇p =
1

R
∆u + F

∇ · u = 0
u(x, y, 0, t) = u(x, y, 1, t) = (0, 0, 0)
u(x, y, z, t) = u(x + 2π, y, z, t)
u(x, y, z, t) = u(x, y + 2π, z, t)
u(x, y, z, 0) = (0, 0, 0),

(2.2)

which is the linearization of the equations governing 3 dimensional perturbations
u(x, t) = (u(x, t), v(x, t), w(x, t)) of U. The forcing F(x, t) = (F (x, t), G(x, t), H(x, t))
is a given C∞ function, satisfying

∫ ∞

0

‖F(·, t)‖2 dt < ∞ , ∇ · F = 0. (2.3)

The pressure term p(x, y, z, t) in (2.2) is determined up to a constant in terms
of u by the linear elliptic problem

∆p = −∇ · ((u · ∇)U) −∇ · ((U · ∇)u) = −2wy

pz(x, y, 0, t) =
1

R
wzz(x, y, 0, t)

pz(x, y, 1, t) =
1

R
wzz(x, y, 1, t).

(2.4)

Moreover, if p is given by the problem above, the solution u of (2.2) remains
divergence free. Therefore, we drop the continuity equation and write (2.2) as
the linear evolution equation

ut = LRu + F

u(x, 0) = (0, 0, 0),
(2.5)

where the linear operator LR is defined by

LRu :=
1

R
∆u − (u · ∇)U − (U · ∇)u −∇p, (2.6)

with p given in terms of u by (2.4).
It was proven in [9] that all the eigenvalues of LR have negative real part

for all values of R, and that the eigenvalue with greatest real part is at least at
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a distance proportional to
1

R
from the imaginary axis. Our aim is to estimate

the L2 norm of the resolvent (sI − LR)−1 of LR on the unstable half plane
Re(s) ≥ 0, and to determine its dependence on R. Our results indicate the
resolvent constant sup

Re(s)≥0

‖(sI −LR)−1‖ to be proportional to R2, which agrees

with the direct numerical computations of [5, 14]. Our analysis clarifies the role
played by each component of the function u, and it allows to determine the
origin of the R2 growth of the resolvent constant.

3 Estimates for the resolvent

For large |s|, estimates were already proved [1, 7]. We state Theorem 1 from
[1]:

Theorem 1 If |s| ≥ 2
√

2(1 +
√

R), then

‖ (sI − LR)
−1 ‖2 ≤ 8

|s|2
(
1 +

√
R

)2

≤ 1.

Using these estimates and the maximum modulus theorem for holomorphic map-
pings in Banach spaces [3], one can prove (see [1]) that

sup
Re(s)≥0

‖(sI − LR)−1‖ = sup
ξ∈R

‖(iξI − LR)−1‖. (3.1)

Therefore, to our purposes, it is sufficient to consider s = iξ purely imaginary.
Using this result one can prove (see [1]):

Theorem 2 Let s = iξ, ξ ∈ R. If |ξ| ≥ 2(1 +
√

R), then

‖ (sI − LR)−1 ‖2 ≤ 8

|s|2
(
1 +

√
R

)2

≤ 1.

Hence, our aim is to estimate the resolvent (sI − LR)−1 for s = iξ, 0 ≤ |ξ| <

2(1 +
√

R). We write the problem (2.2) componentwise:

ut + zuy + px =
1

R
∆u + F

vt + zvy + w + py =
1

R
∆v + G

wt + zwy + pz =
1

R
∆w + H

ux + vy + wz = 0

u(x, 0) = v(x, 0) = w(x, 0) = 0,

(3.2)

with u, v, w vanishing at z = 0, z = 1 and 2π periodic in both x and y directions.
Taking the Laplace transform with respect to t of the equation in (2.5), we get
the resolvent equation

sũ = LRũ + F̃. (3.3)
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Componentwise, the transformed problem is

sũ + zũy + p̃x =
1

R
∆ũ + F̃

sṽ + zṽy + w̃ + p̃y =
1

R
∆ṽ + G̃

sw̃ + zw̃y + p̃z =
1

R
∆w̃ + H̃

ũx + ṽy + w̃z = 0.

(3.4)

Our aim is to get an estimate of the form

‖ũ‖2 ≤ CRγ‖F̃‖2, (3.5)

where C is an absolute constant. Since the most important part of the argument
is to determine the exponent γ, we keep the notation simple by representing by
C any absolute constant appearing in different parts of this work, possibly with
different numerical values. We obtain γ = 4, which implies the norm of the
resolvent to be proportional to R2. Actually, our analysis show that different
components of the velocity have different dependence on R. We get

‖ũ‖2 ≤ CR4‖F̃‖2

‖ṽ‖2 ≤ CR4‖F̃‖2

‖w̃‖2 ≤ CR2‖F̃‖2.

(3.6)

The inequalities above provide some physical insight about the problem. For a
given forcing, components of the perturbations which are parallel to the planes
may grow as R2, while the worst growth for the normal component is R.

To derive the estimates, we use the well known equivalent formulation of the
problem in terms of the normal velocity and the normal vorticity [10, 7]. The
vorticity is defined by

η = (η1, η2, η3) := curl u. (3.7)

The transformed normal component of the velocity w̃ is the solution of

(
s + z

∂

∂y

)
∆w̃ =

1

R
∆2w̃ + ∆H̃

w̃(x, y, 0, s) = w̃(x, y, 1, s) = 0

w̃z(x, y, 0, s) = w̃z(x, y, 1, s) = 0.

(3.8)

The transformed normal component of the vorticity η̃3 satisfies

(
s + z

∂

∂y

)
η̃3 + w̃x =

1

R
∆η̃3 + G̃x − F̃y

η̃3(x, y, 0, s) = η̃3(x, y, 1, s) = 0.

(3.9)
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Expand in a Fourier series in the x and y directions. We represent by k1 and
k2 the respective parameters. Let k2 := k2

1 + k2
2 . The transformed functions ŵ,

η̂3 are the solutions of the system

1

R
ŵ′′′′ −

(
s +

2k2

R
+ ik2z

)
ŵ′′ +

(
sk2 +

k4

R
+ ik2k

2z
)
ŵ = k2Ĥ − Ĥ ′′

ŵ(k1, k2, 0, s) = ŵ(k1, k2, 1, s) = ŵ′(k1, k2, 0, s) = ŵ′(k1, k2, 1, s) = 0,

(3.10)

and
1

R
η̂′′
3 −

(
s +

k2

R
+ ik2z

)
η̂3 = ik1ŵ + ik2F̂ − ik1Ĝ

η̂3(k1, k2, 0, s) = η̂3(k1, k2, 1, s) = 0.

(3.11)

In the problems above, ′ denotes the derivative with respect to z. The equations
in (3.10) and (3.11) are respectively the classical Orr-Sommerfeld and Squire
equations [10, 8, 11, 12]. The transformed normal velocity ŵ, solution of (3.10),
acts as a forcing term in the equation of the transformed normal vorticity (3.11).
To simplify the notation, we define the differential operators T , T0 by

T :=
1

R
D2 −

(
s +

k2

R
+ ik2z

)

T0 := D2 − k2,

(3.12)

where D denotes the derivative with respect to z. Then, the differential equation
in (3.10) is written as

TT0ŵ = I := k2Ĥ − Ĥ ′′. (3.13)

The equation for the transformed normal vorticity is

T η̂3 = ik1ŵ + ik2F̂ − ik1Ĝ. (3.14)

The following Lemma follows directly from Parseval’s identity:

Lemma 3 If

‖û(k1, k2, ·, s)‖2 ≤ CRγ‖F̂(k1, k2, ·, s)‖2 (3.15)

for all (k1, k2) ∈ Z × Z and for all s ∈ C, Re(s) ≥ 0, then

‖(sI − LR)−1‖2 ≤ CRγ , ∀ s ∈ C , Re(s) ≥ 0. (3.16)

Therefore, we aim for an estimate of the form (3.15). We begin by estimating
the normal velocity.

3.1 Estimates for the normal velocity

We separate the analysis into three cases: k2 ≥ R√
2
, k = 0 and 0 < k2 <

R√
2
.
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Case k2 ≥ R√
2

The transformed normal velocity is the solution of problem

(3.10). By Theorem 2, we need only to consider s = iξ, ξ ∈ R, 0 ≤ |ξ| <

2(1 +
√

R). Therefore, (3.10) reads

1

R
ŵ′′′′ −

(
iξ +

2k2

R
+ ik2z

)
ŵ′′ +

(
iξk2 +

k4

R
+ ik2k

2z
)
ŵ = I

ŵ(k1, k2, 0, ξ) = ŵ(k1, k2, 1, ξ) = ŵ′(k1, k2, 0, ξ) = ŵ′(k1, k2, 1, ξ) = 0,

(3.17)

where I = k2Ĥ − Ĥ ′′. We prove the following:

Theorem 4 If k2 ≥ R√
2
, then

‖ŵ′′(k1, k2, ·, s)‖2 + (k2 + k2
1)‖ŵ′(k1, k2, ·, s)‖2 + k4‖ŵ(k1, k2, ·, s)‖2 ≤

≤ CR2‖Ĥ(k1, k2, ·, s)‖2.

Proof. Taking the inner product of the differential equation in (3.17) with
ŵ and integrating by parts, one obtains

1

R
‖ŵ′′‖2 +

(
2k2

R
+ iξ

)
‖ŵ′‖2 +

(
iξk2 +

k4

R

)
‖ŵ‖2

+ ik2〈ŵ, ŵ′〉 + ik2〈ŵ′, zŵ′〉 + ik2k
2〈ŵ, zŵ〉 = 〈ŵ, I〉. (3.18)

As can be easily checked through integration by parts, 〈ŵ, ŵ′〉 is purely imagi-
nary, and 〈ŵ, zŵ〉, 〈ŵ′, zŵ′〉 are both real. Hence, taking the real part of (3.18)
and using the triangle inequality, one gets

1

R
‖ŵ′′‖2 +

2k2

R
‖ŵ′‖2 +

k4

R
‖ŵ‖2 − |k2||〈ŵ, ŵ′〉| ≤ |〈ŵ, I〉|. (3.19)

We note that (3.19) is valid for all values of the parameters.
If k2 6= 0, use the inequality

|〈ŵ, ŵ′〉| ≤ R

4|k2|
‖ŵ‖2 +

|k2|
R

‖ŵ′‖2

to get

1

R
‖ŵ′′‖2 +

(
2k2

R
− k2

2

R

)
‖ŵ′‖2 +

(
k4

R
− R

4

)
‖ŵ‖2 ≤ |〈ŵ, I〉|. (3.20)

Since k2 ≥ R√
2

implies
k4

R
− R

4
≥ k4

2R
, inequality (3.20) gives

1

R
‖ŵ′′‖2 +

k2 + k2
1

R
‖ŵ′‖2 +

k4

2R
‖ŵ‖2 ≤ |〈ŵ, I〉|. (3.21)
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The desired estimates follow from this inequality. To derive them, we first note
that the differential equation in (3.17) is linear. Therefore, if ŵ1, ŵ2 are the
solutions of

TT0ŵ1 = k2Ĥ

TT0ŵ2 = −Ĥ ′′,

both satisfying the same boundary conditions as ŵ, then ŵ = ŵ1 + ŵ2. We
prove estimates for ŵ1 and ŵ2.

Using inequality (3.21) for ŵ1, and the Cauchy-Schwarz inequality, one gets

1

R
‖ŵ′′

1‖2 +
k2 + k2

1

R
‖ŵ′

1‖2 +
k4

2R
‖ŵ1‖2 ≤ k2‖ŵ1‖‖Ĥ‖. (3.22)

This inequality implies

‖ŵ′′
1‖2 + (k2 + k2

1)‖ŵ′
1‖2 + k4‖ŵ1‖2 ≤ CR2‖Ĥ‖2. (3.23)

For ŵ2, first note that

〈ŵ2, Ĥ
′′〉 = 〈ŵ′′

2 , Ĥ〉, (3.24)

since the boundary conditions satisfied by ŵ2 imply that the boundary terms
after integration by parts vanish. Therefore, using (3.21), and the Cauchy-
Schwarz inequality, we get

1

R
‖ŵ′′

2‖2 +
k2 + k2

1

R
‖ŵ′

2‖2 +
k4

2R
‖ŵ2‖2 ≤ ‖ŵ′′

2‖‖Ĥ‖. (3.25)

This inequality implies

‖ŵ′′
2‖2 + (k2 + k2

1)‖ŵ′
2‖2 + k4‖ŵ2‖2 ≤ CR2‖Ĥ‖2. (3.26)

Since ŵ = ŵ1 + ŵ2, inequalities (3.23) and (3.26) imply

‖ŵ′′‖2 + (k2 + k2
1)‖ŵ′‖2 + k4‖ŵ‖2 ≤ CR2‖Ĥ‖2. (3.27)

If k2 = 0, then k1 6= 0 and inequality (3.19) is

1

R
‖ŵ′′‖2 +

2k2
1

R
‖ŵ′‖2 +

k4
1

R
‖ŵ‖2 ≤ |〈ŵ, I〉|.

¿From this inequality, estimates follow by the same argument as above, with no
restriction on k1. �

Case k = 0 In this case, we prove

Theorem 5 If k = 0, we have

‖ŵ′′(0, 0, ·, s)‖2 + ‖ŵ′(0, 0, ·, s)‖2 + ‖ŵ(0, 0, ·, s)‖2 ≤ CR2‖Ĥ(0, 0, ·, s)‖2. (3.28)
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Proof. For this case, problem (3.17) is

1

R
ŵ′′′′ − iξŵ′′+ = −Ĥ ′′

ŵ(0, 0, 0, s) = ŵ(0, 0, 1, s) = ŵ′(0, 0, 0, s) = ŵ′(0, 0, 1, s) = 0,

(3.29)

where s = iξ. Taking the inner product of the equation with ŵ and integrating
by parts, one gets

1

R
‖ŵ′′‖2 + iξ‖ŵ′‖2 = −〈ŵ′′, Ĥ〉. (3.30)

Taking the real part of this equation, and using the Cauchy-Schwarz inequality
on its right hand side, we obtain

‖ŵ′′‖2 ≤ R2‖Ĥ‖2. (3.31)

Application of the Poincaré’s inequality twice gives us the estimate

‖ŵ′′‖2 + ‖ŵ′‖2 + ‖ŵ‖2 ≤ CR2‖Ĥ‖2, (3.32)

finishing the proof.

Case 0 < k2 <
R√
2

For this case, we show that the problem can be reduced

to estimating the solutions of linear homogeneous ordinary differential equations
with non-homogeneous boundary conditions. The method used here is similar
to the approach in [1] to estimate the stream function for the case of two space
dimensions.

Theorem 6 If for all R ≥ 1, The solutions φ1(k1, k2, z, s) and φ2(k1, k2, z, s)
of

TT0φ1 = 0

φ1(k1, k2, 0, s) = 0

φ1(k1, k2, 1, s) = 0

φ′
1(k1, k2, 0, s) = 1

φ′
1(k1, k2, 1, s) = 0

TT0φ2 = 0

φ2(k1, k2, 0, s) = 0

φ2(k1, k2, 1, s) = 0

φ′
2(k1, k2, 0, s) = 0

φ′
2(k1, k2, 1, s) = 1

(3.33)

satisfy
|k|‖φ1(k1, k2, ·, s)‖2 ≤ C

‖φ′
1(k1, k2, ·, s)‖2 ≤ C

|k|‖φ2(k1, k2, ·, s)‖2 ≤ C

‖φ′
2(k1, k2, ·, s)‖2 ≤ C,

(3.34)

for some absolute constant C > 0 and for all 0 < k2 <
R√
2
, s = iξ, ξ ∈ R,

0 ≤ |ξ| < 2(1 +
√

R), then

|k|‖ŵ′(k1, k2, ·, s)‖2 + k2‖ŵ(k1, k2, ·, s)‖2 ≤ CR2‖F̂‖2, (3.35)

for all R ≥ 1, 0 < k2 <
R√
2
, s = iξ, ξ ∈ R, 0 ≤ |ξ| < 2(1 +

√
R).
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Proof. The transformed normal velocity ŵ is the solution of

TT0ŵ = I

ŵ(0) = ŵ(1) = ŵ′(0) = ŵ′(1) = 0,
(3.36)

where I = k2Ĥ − Ĥ ′′. To simplify the notation, we do not write explicitly the
dependence of ŵ on all the parameters.

Let g and h be solution of the system

Th =

(
1

R
D2 −

(
iξ +

k2

R
+ ik2z

))
h = I, h(0) = h(1) = 0

T0g = (D2 − k2)g = h, g(0) = g(1) = 0.

(3.37)

Taking the inner product of the first equation with h, and integrating by parts,
one gets

− 1

R
‖h′‖2 − k2

R
‖h‖2 − iξ‖h‖2 − ik2〈h, zh〉 = 〈h, I〉. (3.38)

Taking the real part of the equation above, and noting that 〈h, zh〉 ∈ R, we get

1

R
‖h′‖2 +

k2

R
‖h‖2 ≤ |〈h, I〉|. (3.39)

As done before, since the equation satisfied by h in (3.37) is linear, we study
separately h1, h2, the solutions of

Th1 = k2Ĥ, h1(0) = h1(1) = 0

Th2 = −Ĥ ′′, h2(0) = h2(1) = 0.
(3.40)

For h1, inequality (3.39) is

1

R
‖h′

1‖2 +
k2

R
‖h1‖2 ≤ |〈h1, k

2Ĥ〉| ≤ k2‖h1‖‖Ĥ‖, (3.41)

which implies
‖h1‖2 ≤ R2‖Ĥ‖2. (3.42)

For h2, using inequality (3.39) and integrating by parts once, we have

1

R
‖h′

2‖2 +
k2

R
‖h2‖2 ≤ |〈h2,−Ĥ ′′〉| = |〈h′

2,−Ĥ ′〉| ≤ ‖h′
2‖‖Ĥ ′‖. (3.43)

Therefore,
‖h′

2‖2 + k2‖h2‖2 ≤ CR2‖Ĥ ′‖2. (3.44)

¿From (2.3), we have

Ĥ ′ = −ik1F̂ − ik2Ĝ. (3.45)

Therefore, (3.44) gives

‖h′
2‖2 + k2‖h2‖2 ≤ CR2

(
k2
1‖F̂‖2 + k2

2‖Ĝ‖2
)
≤ Ck2R2

(
‖F̂‖2 + ‖Ĝ‖2

)
, (3.46)
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which implies
‖h2‖2 ≤ CR2

(
‖F̂‖2 + ‖Ĝ‖2

)
. (3.47)

Using (3.42) and (3.47), we conclude that h = h1 + h2 satisfies

‖h‖2 ≤ CR2
(
‖F̂‖2 + ‖Ĝ‖2 + ‖Ĥ‖2

)
= CR2‖F̂‖2. (3.48)

For g, estimates follow in a similar and simpler way. Taking the inner product
of the second equation in (3.37) with g and integrating by parts, one can prove
that

k2‖g′‖2 + k4‖g‖2 ≤ C‖h‖2. (3.49)

Using the differential equation for g in (3.37), one can also bound g′′. Therefore,
one gets

‖g′′‖2 + k2‖g′‖2 + k4‖g‖2 ≤ C‖h‖2. (3.50)

Using (3.48) and (3.50), we conclude that

‖g′′‖2 + k2‖g′‖2 + k4‖g‖2 ≤ CR2‖F̂‖2. (3.51)

It follows from the definition of g that it satisfies

TT0g = k2Ĥ − Ĥ ′′

g(0) = g(1) = 0.
(3.52)

Therefore, g is the satisfies the same differential equation satisfied by ŵ, but with
different boundary conditions, since g′(0) and g′(1) do not necessarily vanish.
But those values can be estimated. Indeed, using the 1-dimensional Sobolev
inequality |g′|2∞ ≤ ‖g′‖2 + 2‖g′‖‖g′′‖, and (3.51), we have

|k||g′(0)|2 ≤ |k||g′|2∞ ≤ |k|‖g′‖2 + 2|k|‖g′‖‖g′′‖ ≤ CR2‖F̂‖2

|k||g′(1)|2 ≤ |k||g′|2∞ ≤ |k|‖g′‖2 + 2|k|‖g′‖‖g′′‖ ≤ CR2‖F̂‖2.
(3.53)

Now, let φ be the solution of

TT0φ = 0
φ(0) = φ(1) = 0
φ′(0) = g′(0)
φ′(1) = g′(1).

(3.54)

Then, ŵ = g − φ, as can be easily checked. Since we already have estimates for
g, estimates for φ will imply estimates for ŵ. Now, note that if φ1 and φ2 are
the solutions of

TT0φ1 = 0

φ1(0) = φ1(1) = 0

φ′
1(0) = 1

φ′
1(1) = 0

TT0φ2 = 0

φ2(0) = φ2(1) = 0

φ′
2(0) = 0

φ′
2(1) = 1,

(3.55)
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then φ = g′(0)φ1 + g′(1)φ2. Therefore, if for some absolute constant C we have

|k|‖φ1(k1, k2, ·, s)‖2 ≤ C

‖φ′
1(k1, k2, ·, s)‖2 ≤ C

|k|‖φ2(k1, k2, ·, s)‖2 ≤ C

‖φ′
2(k1, k2, ·, s)‖2 ≤ C,

(3.56)

then, using (3.53), we get

k2‖φ‖2 ≤ 2k2|g′(0)|2‖φ1‖2 + 2k2|g′(1)|2‖φ2‖2 ≤ CR2‖F̂‖2

|k|‖φ′‖2 ≤ 2|k||g′(0)|2‖φ′
1‖2 + 2|k||g′(1)|2‖φ′

2‖2 ≤ CR2‖F̂‖2.
(3.57)

Since ŵ = g − φ, inequalities (3.51) and (3.57) imply

|k|‖ŵ′‖2 + k2‖ŵ‖2 ≤ CR2‖F̂‖2, (3.58)

which proves the Theorem.

We study the solutions φ1 and φ2 of (3.55) numerically. These problems
are suitable for a numerical approach for two main reasons: first, they are
homogeneous problems, with fixed non-homogeneous boundary conditions for
all values of the parameters k1, k2, ξ, R. Second, they need to be studied only

for bounded values of k1, k2 and s, namely for 0 < k2 <
R√
2
, and s = iξ, ξ ∈ R,

0 ≤ |ξ| < 2(1+
√

R). The results are shown in Section 4, providing evidence for
the bounds (3.56).

Therefore, from the three cases studied above, we conclude that for all values
of the parameters k1, k2, and s , we have

|k|‖ŵ′‖2 + k2‖ŵ‖2 ≤ CR2‖F̂‖2, k2 6= 0

‖ŵ′‖2 + ‖ŵ‖2 ≤ CR2‖F̂‖2, k = 0.
(3.59)

Having bounds for the normal velocity ŵ, we now derive the bounds for the
normal vorticity, and use them to estimate û, v̂, the remaining components of
the velocity.

3.2 Estimates for the normal vorticity

We prove

Theorem 7 if the estimates (3.59) hold, then

‖η̂′
3‖2 + k2‖η̂3‖2 ≤ CR4‖F̂‖2. (3.60)

Moreover, inequality (3.60) implies

‖û‖2 + ‖v̂‖2 ≤ CR4‖F̂‖2. (3.61)
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Proof: The function η̂3 is the solution of

T η̂3 =
1

R
η̂′′
3 −

(
iξ +

k2

R
+ ik2z

)
η̂3 = ik1ŵ + ik2F̂ − ik1Ĝ

η̂3(k1, k2, 0, ξ) = η̂3(k1, k2, 1, ξ) = 0

(3.62)

Taking the inner product of the differential equation with η̂3, and integrating
by parts the first term of the resulting equation once, we get

1

R
‖η̂′

3‖2 +
(
iξ +

k2

R

)
‖η̂3‖2 + ik2〈η̂3, zη̂3〉 = −ik1〈η̂3, ŵ〉− ik2〈η̂3, F̂ 〉+ ik1〈η̂3, Ĝ〉.

Since 〈η̂3, zη̂3〉 ∈ R, taking the real part of the equation above and using the
Cauchy-Schwarz inequality, we have

1

R
‖η̂′

3‖2 +
k2

R
‖η̂3‖2 ≤ |k1|‖η̂3‖‖ŵ‖ + |k2|‖η̂3‖‖F̂‖ + |k1|‖η̂3‖‖Ĝ‖. (3.63)

If k2 = 0, the desired estimates follow directly. For k2 6= 0, (3.63) implies

|k|
R

‖η̂3‖ ≤ |k1|
|k| ‖ŵ‖+

|k2|
|k| ‖F̂‖ +

|k1|
|k| ‖Ĝ‖ ≤ ‖ŵ‖ + ‖F̂‖ + ‖Ĝ‖ ≤ CR‖F̂‖,

where we used (3.59) to bound ‖ŵ‖. Therefore,

k2‖η̂3‖2 ≤ CR4‖F̂‖2. (3.64)

Using (3.63) and (3.64), we can bound η̂′
3 by

‖η̂′
3‖2 ≤ CR4‖F̂‖2. (3.65)

Inequalities (3.64) and (3.65) together give

‖η̂′
3‖2 + k2‖η̂3‖2 ≤ CR4‖F̂‖2, (3.66)

which proves the first part of the Theorem.
We now use (3.64) to bound û, v̂, components of the velocity. The velocity

components u and v can be recovered once one knows the normal velocity w

and normal vorticity η3 by solving, with appropriate boundary conditions, the
equations

−uxx − uyy = η3y + wxz (3.67)

−vxx − vyy = wyz − η3x. (3.68)

For the transformed functions, the equations above are

k2û = ik2η̂3 + ik1ŵ
′ (3.69)

k2v̂ = ik2ŵ
′ − ik1η̂3. (3.70)
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Using (3.59) and (3.64), the estimates

k2‖û‖ ≤ CR2‖F̂‖ (3.71)

k2‖v̂‖ ≤ CR2‖F̂‖ (3.72)

follow. �

Inequalities (3.59), (3.71), (3.72) and Theorem 2 together imply

‖û(k1, k2, ·, s)‖2 = ‖û(k1, k2, ·, s)‖2 + ‖v̂(k1, k2, ·, s)‖2 + ‖ŵ(k1, k2, ·, s)‖2

≤ CR4‖F̂(k1, k2, ·, s)‖2 + CR4‖F̂(k1, k2, ·, s)‖2 + CR2‖F̂(k1, k2, ·, s)‖2

≤ CR4‖F̂(k1, k2, ·, s)‖2,

for all (k1, k2) ∈ Z × Z and for all s ∈ C, Re(s) ≥ 0. By Lemma 3, this implies
the resolvent estimate

‖(sI − LR)−1‖2 ≤ CR4 , ∀ s ∈ C , Re(s) ≥ 0 (3.73)

Remarks about weighted norms In [7], the authors define a weighted norm
‖ · ‖3, which is given in our coordinate system by

‖ũ‖2
3 := ‖ũ‖2 + ‖ṽ‖2 + R2‖w̃‖2. (3.74)

Via direct numerical computations, they conclude that

‖ũ‖2
3 ≤ CR2‖F̃‖2

3. (3.75)

Our analysis shows that, if one gets estimates of the type (3.27) for all values
of k1, k2, that is, estimating the normal velocity by the normal component of
the forcing only, inequality (3.75) follows. Indeed, in this case, the estimates for
the normal vorticity would be

‖η̂′
3‖2 + k2‖η̂3‖2 ≤ CR2‖F̂‖2 + CR2‖Ĝ‖2 + CR4‖Ĥ‖2,

and then, using (3.69) and (3.70),

‖û‖2 ≤ CR2‖F̂‖2 + CR2‖Ĝ‖2 + CR4‖Ĥ‖2

‖v̂‖2 ≤ CR2‖F̂‖2 + CR2‖Ĝ‖2 + CR4‖Ĥ‖2.

Therefore,

‖û‖2 + ‖v̂‖2 + R2‖ŵ‖2 ≤ CR2‖F̂‖2 + CR2‖Ĝ‖2 + CR4‖Ĥ‖2 = CR2‖F̂‖2
3.

We believe this to be the case. In our argument though, we need to use all the

components of the forcing F̂ to bound ŵ for 0 < k2 <
R√
2
. We do not see how to

overcome this technical difficulty at the moment. To get a better R growth for
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the perturbations using our estimates, we could define a weighted norm ‖ · ‖R,
scaling the components of û in the obvious way

‖û‖2
R :=

1

R2
‖û‖2 +

1

R2
‖v̂‖2 + ‖ŵ‖2. (3.76)

For this norm, we have
‖û‖2

R ≤ CR2‖F̂‖2, (3.77)

but this does not imply a resolvent estimate, since we do not have the same
norms on both sides of the inequality.

4 Numerical results

The only part of the argument that relies on numerical computations are the
estimates for φ1 and φ2, solutions of

1

R
φ′′′′

1 −
(
iξ +

2k2

R
+ ik2z

)
φ′′

1 +
(
iξk2 +

k4

R
+ ik2k

2z
)
φ1 = 0

φ1(k1, k2, 0, ξ) = φ1(k1, k2, 1, ξ) = 0

φ′
1(k1, k2, 0, ξ) = 1

φ′
1(k1, k2, 1, ξ) = 0,

and
1

R
φ′′′′

2 −
(
iξ +

2k2

R
+ ik2z

)
φ′′

2 +
(
iξk2 +

k4

R
+ ik2k

2z
)
φ2 = 0

φ2(k1, k2, 0, ξ) = φ2(k1, k2, 1, ξ) = 0

φ′
2(k1, k2, 0, ξ) = 0

φ′
2(k1, k2, 1, ξ) = 1,

for the parameter range

(k1, k2) ∈ Z , 0 < k2 = k2
1 + k2

2 <
R√
2

ξ ∈ R , 0 ≤ |ξ| < 2
(
1 +

√
R

)
.

(4.1)

We solved these problems using the MATLAB boundary value problem solver
BVP4C, which makes use of a collocation method. For each value of R, we cal-
culate the maximum of |k|‖φ1(k1, k2, ·, ξ)‖2, ‖φ′

1(k1, k2, ·, ξ)‖2, ‖φ2(k1, k2, ·, ξ)‖,
‖φ′

2(k1, k2, ·, ξ)‖ for the parameter range (4.1). The results, for values of R up to
10000, are shown in figures (1), (2), (3), (4). The numerical computations were
performed with different absolute and relative tolerances, using continuation in
the Reynolds number for the initial guess of the solution. The results were sim-
ilar in all cases. Moreover, one just needs to assure that the values of the norms
above are bounded. Therefore, even though the problem is stiff for some values
of the parameters, the results should be reliable. They indicate that, for all R,

|k|‖φ1(k1, k2, ·, s)‖2 ≤ 1

‖φ′
1(k1, k2, ·, s)‖2 ≤ 1

|k|‖φ2(k1, k2, ·, s)‖2 ≤ 1

‖φ′
2(k1, k2, ·, s)‖2 ≤ 1,
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for 0 < k2 <
R√
2
, s = iξ, ξ ∈ R, 0 ≤ |ξ| < 2(1 +

√
R).

0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
0.002

0.004

0.006

0.008

0.01

0.012

0.014

0.016

0.018

R

|k
| |

| φ
1 ||

Figure 1: max
k1,k2,ξ

|k|‖φ1(k1, k2, ·, iξ)‖2 for 0 < k2
1 +k2

2 <
R√
2
, 0 ≤ |ξ| < 2(1+

√
R).
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‖φ′
1(k1, k2, ·, iξ)‖2 for 0 < k2

1 + k2
2 <

R√
2
, 0 ≤ |ξ| < 2(1 +

√
R).
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R√
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, 0 ≤ |ξ| < 2(1 +

√
R).
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5 Conclusions

The estimates derived here indicate the L2 norm of the resolvent of the linear
operator associated with 3 dimensional perturbations of plane Couette flow to be
proportional to R2 for the whole unstable half-plane Re(s) ≥ 0. They agree with
previous numerical computations [5, 14]. In our argument though, numerical
computations are used only to estimate the solutions of 4th order homogeneous
linear ordinary differential equations, with nonhomogeneous boundary condi-
tions. Deriving the estimates analytically for the entire unstable half-plane is
an open problem, as far as we know. We believe that Theorem 6 may be useful
towards a complete proof of the resolvent estimates. We hope to address this
question in the future.

References

[1] P. Braz e Silva. Resolvent estimates for 2-dimensional perturbations of
plane couette flow. Elect. J. Diff. Eqns., 2002(92):1–15, 2002.

[2] P. Braz e Silva. Stability of Plane Couette Flow: The Resolvent Method.
PhD thesis, The University of New Mexico, 2003.

[3] S. B. Chae. Holomorphy and Calculus in Normed Spaces, volume 92
of Monographs and Textbooks in Pure and Applied Mathematics. Marcel
Dekker, 1985.

[4] F. Daviaud, J. Hagseth, and P. Bergé. Subcritical transition to turbulence
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