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1 Introduction

The model of the Primitive Equations for Ocean and Atmosphere has been extensively studied
by several authors, ([10, 9, 2, 7, 5, 6]), who have established existence and uniqueness results
for the stationary and non-stationary models.

Let us recall that the Primitive Equations are a variation of the Navier-Stokes system, where
some simplifications have been made (based on the analysis of physical scales, because the
domains of study have a depth scale negligible in comparison to horizontal scales). Concretely,
rigid-lid hypothesis and hydrostatic pressure are imposed ([7]). These simplifications reduce the
dimension of the system from a numerical point of view. However, does not make easier the
mathematical analysis. For instance, this system is no longer parabolic for the vertical velocity,
which depends upon derivatives for the horizontal velocity, loosing an order of regularity.

As far as we know, all the results concerning strong solutions for the Primitive Equations are
based on Ziane’s results for the stationary and linear case, see [12].

In [6], F. Guillén-Gonzalez, N. Masmoudi and M. A. Rodriguez-Bellido used Ziane’s results to
obtain existence of strong solution for the (non-stationary nonlinear) Primitive Equations, global
in time for small data or local in time for any data. However, the fact of using a stationary
problem as an auxiliary result to prove existence (and uniqueness) of strong solution for the non-
stationary problem forced to impose some regularity hypothesis on the data (more precisely, on
the temporal derivative for the Neumann boundary condition) that we consider they are not
optimal.

In Conca’s work [3], the author defines a very weak solution for the Stokes problem. He
analyses what kind of regularity can be obtained for a Stokes system when Dirichlet boundary
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data are only of L?(09) type. We recall that a weak solution has regularity H'(f2), and this
implies that we have to impose Dirichlet data in H'/2(9Q). With his definition, Conca finds
existence of solution for the Stokes system in the case of a boundary data 1/2 degree minus
regular.

In the present paper, we pretend to study a very weak solution concept for the hydrostatic
Stokes problem, with Dirichlet-Neumann boundary conditions.

By sections, we present the following main contributions of this paper:

In Section 2 we set up the formulation of the stationary hydrostatic Stokes problem (1),
and we define the dual problem associated (2). Using a mixed formulation, we obtain,
first, a weak solution for the dual problem (where the “hydrostatic divergence condition”
does not vanish). Afterwards, we extend Ziane’s results to obtain strong solution for the
dual problem. Finally, we define the very weak solution for the hydrostatic Stokes
problem and, using the strong regularity for the dual problem, we prove existence and
uniqueness of very weak solution.

In Section 3 we give a differential interpretation of the very weak solution and a sense
for the boundary conditions, Dirichlet at the bottom and Neumann at the surface.

In Section 4 we apply the results obtained in section 2 to the non-stationary hydrostatic
Stokes Problem, and we weaken hypothesis upon time derivative for the wind stress tensor
(imposed in [6]), obtaining that what we estimate is an optimal regularity result. The
extension to the nonlinear non-stationary problem (non-stationary Primitive Equations)
is a simple exercise, rewriting the argument made in [6].

2 Existence of very weak solution

2.1

Formulation of the problem

We consider an open, bounded and Lipschitz-continuous domain © C R? given by

Q={(x,2) €R} x = (z,y) €S, —h(x) < z < 0},

where S is an open bounded domain of R? and h : S — R_ is the depth function. The boundary
02 can be written as 92 = I'y UT'y UT'; where:

and

s ={(x,0)/x €S},

[y = {(x, —h(x))/x € 5},

I''={(x,2)/x €085, —h(x) < z <0}.

In all of this work, we impose the fundamental hypothesis:

h > hmin >0 in S.

Concretely, the domain has the form:
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Figure 1: Domain to study.
We start from the hydrostatic Stokes problem:
( —vAu—1v302u+Vp = f in{,
V-(u = 0 infS,
(1)
vs0,u = 71 only,
u = 0 onlyUly,
0
where (u)(x) = / u(x, z)dz. The unknowns are u the horizontal components for the ve-
—h(x)

locity, and a potential p representing the surface pressure stress (and the centripetal forces).
The data for (1) are the external forces, f :  — R? , the wind tension stress on the surface,
7: Ty — R?, and the eddy horizontal and vertical viscosities, v > 0 and v3 > 0 respectively. A,
V and V- denote the 2-dimensional operator: 92, + 8§y, (Ox, 0y) and the horizontal divergence
operator, respectively.

We define the following dual problem:

—VA® — 1302, +Vr = g in{,
(2)
130, = 0 only,
® = 0 on 'y UTY,

where (®,7) are the unknowns and (g, ¢) the data.
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2.2 Weak and strong regularity for the dual problem.

The following functional spaces will be used:

H=V" = {ve L)% V- (v) = 0 in 5,(v) - ngs = 0},

_Hl 1 9 .
V=" —{ve B V- (v) = 0 in S, vir,or, = 0},
where
V= {p e CQ)% V- (p) = 0 in S},
and
Cg’j(Q) ={p¢€ COO(Q)Q; supp(p) is a compact set C Q\ (T, UT))}.

1
We denote H,}J(Q) the space of function of H'(€2) vanishing on T',UT (i.e. , Hle(Q) = ng(Q)H )-

Using a mixed formulation for the problem (2) and extending Ziane’s results about strong
regularity for the problem (2) (that only were presented for ¢ = 0), we will prove the following
result:

Theorem 2.1 Suppose that h € C3(S) and 0S € C3. If g € L?()? and ¢ € H, being

H=1{o)pc H(S), /Sgodx Y

then there exists a unique solution of (2) with ® € H?(2)? N Hg’l(Q)z, 7 € HY(S). Moreover, it
verifies the following estimate:

12120 + Il sy < € {IgllEeqay + lelngs) } - (3)

First of all, we will obtain a weak solution of (2) using a mixed formulation for the problem.
We set:
X = Hl},l(Q)zv M = L%)(S)ﬂ

and introduce the notation:

a(u,v) = V/Vu:Vde—l—l/g/ﬁzu'azde, Yu, v € X,
Q Q

bup) = [ 97 (w))dx Vue X, Vpe M,
S

(L,v) = /g~de, Vv € X,
Q

(R,q) = /cpqu Vg € M.
S

It is easy to verify that a(-,-) is a bilinear, symmetric and continuous form on X x X and elliptic
on the solenoidal space V = {v, v € X, b(v,p) =0, ¥p € L3(S)}; b(-,) is a continuous bilinear
form on X x M, L is a linear form on X and R is a linear form on M.

Then, we consider the (abstract) mixed problem: Find (®,7) € X x M such that:

{a(@,v)—i—b(v,ﬂ) = (L,v) VYveX,
b(®,9) = (R,q) VYqe M.
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Proposition 2.2 (Existence and uniqueness of solution for (4))(/4/) Suppose that:

e a(-,-) is a continuous bilinear V -elliptic form, i.e. there exists ag > 0 such that:

a(v,v) Z ao|vlx VvevV,

e b(-,-) is a bilinear form satisfying the inf-sup condition, i.e. there exists By > 0 such that:

b
inf S M > Bo.
PeM\{0} vex\{o} VI xIlpllas
Then, for each pair (L, R) € X'xM' the mized problem (4) has a unique solution (®,7) € X x M.
Moreover, in this case, the following mapping is an isomorphism:

(L,R)e X' x M — (®,1) € X x M

Therefore, in order to prove existence and uniqueness of weak solution of (2), ® € H},(Q)?
and T € L%(S ), we only have to prove that the inf-sup condition hold. To this aim, we use the
following result:

Lemma 2.3 ([/]) The 3-dimensional divergence operator, V- : W+ — L2(Q) is an isomor-
phism, where W = {v € H}(Q)3, V3 -v = 0}, W is the ortogonal space of W respect to the
H{(Q)-norm, and LE(Q) = {g € L*(), [, 9dQ =0}.

Lemma 2.4 The following inf-sup condition is verified:

/SpV-<v>dx

sup : >V huin [|Pllz2(s) Vp € L3(S).

vEHL ()2 HVHH5(9

1
Proof: We take p € L3(S). Easily, we can deduce mp € L%(Q) (using that A > hyn > 0)
X

and 0,p = 0. Indeed, we have:

1
<

LQ(Q) h(X)

1
1Pl 22(s)-

hx)"

Then, applying Lemma 2.3, there exists a function U = (u,u3) € Wt c H}(Q)? such that
1
Vs3-U = ——p and (in particular)

h(x)

1
IV5Ull 20 < C|[¥s - Ull 2 < C H—)p )

h(x

<oy
@ V)

Rewriting the bilinear form b(-, ), one has Vv € Hg()?
W) = = [ oV ax= [ Vpvax= [ vpvao
S S 0

= (as O,p = 0)/ Vsp - (v,v3)dQ = — / pVs - (v,v3) dS2
Q Q
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where v3 is any function belonging to H{ (). Then,

1
wmmz—[ﬁw«mwmﬂzémgﬁmzéﬁwzmﬁmy (6)

Therefore, using (5) and (6)

b(u, p)| _ Pl z2(s) N~ [IV3Ullr2 (o) -

IVull 2@ llpllz2s)  [IVullz2(o) IVl 2

hence

b(v
ap DL bl € L3(S).
vEHL(Q)\{0} HVHHI(Q
Applying the Proposition 2.2 in our context, we can deduce the following result:

Theorem 2.5 Suppose Q0 Lipschitz-continuous. If g € (H} (%) and ¢ € (L3(S))’, then there

exists a unique weak solution of (2), (®,7) € Hlil(Q)2 x L3(S). Moreover, there exists a constant
C > 0 such that:

12110 + Imllzacs) < € { el @y + lelleasy }- (7)

Remark 2.1 Taking into account that the space L*(S)?/R is isomorphic to (L3(S))', see [4],
we obtain (7) replacing [|¢llz2(s)y by lllr2(s)/m

To prove Theorem 2.1, we will use Cattabriga’s classic results for the Stokes problem in S, and
the results for elliptic problems in € (see [12] and references therein cited), that we recall here:

Proposition 2.6 (Regularity for the elliptic problem in 2, with mixed Neumann-
Dirichlet boundary conditions) Assume h € C3(S) and 0S € C3. Let u the unique solution

for:
—vAu—-v302u = d in €,

ro,u = T on Iy,

u = ¢ (resp. Pp) on Ty (resp. Iy),

Suppose d € L*()?, T € H)™ 3/2( Is)?, ¢ € Hy 1/2( I))?, ¢y € HY 1/2( T'p)? with 3/2 < s < 2.
Then, u € H*(2)2. Moreover, if vy, € Hg/2+6(Fb) , T E Hé/2+8(f‘s) and P € H§/2+E(Fl)2,
with 0 < € < 1/2, then u € H?(Q)2.

Proposition 2.7 (Regularity for the Stokes problem in S) Suppose S C R? an open set
such that 0S € C3. Let (u,p) be the solution for the Dirichlet-Stokes problem.:

—Au+Vp = a inlS,
V-u = b inS,

u = ¢ ondS.
Ifae LS)%, b e W Lo(S) and c € (T/Vs_é""(('?S))2 such that / bdx = / C - nyg, with
S oS
l1<a<4oo and 1< s <2 be such that s — é is not an integer, then:

€ (W**(S))? and pe WS 1(S).
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Proof of Theorem 2.1: From Theorem 2.5, we have that m € L3(5), and thus Vr € H=1(S).
Therefore, we might consider the auxiliary function v as the unique solution of the problem:

(8)

vAv = Vrm in S,
v = 0 on 0S.

Lax-Milgram’s Theorem implies that v € H{(S)?. Now, we look at the elliptic problem verified
by w = ® — v (without pressure and divergence nulle restriction):

—VvAw — 1302w = g in{,
vzd,w = 0 on I'y,
(9)
w = 0 on I,
w = —v onl}.

Due to the regularity of the data and Proposition 2.6 (for s = 3/2) we deduce that w € H3/2(Q)2.
Then, using Lemma B.1, (w) € H3/2(S)2. As v is independent from z, we obtain:

—V - (hv) =V (W) =V - (®) =V - (w)+p e H/3(S9).
Now, as . o
@V'(hv)— PR

then V- v € HY/2(S). In particular, V - v € HY/275(S) for all £ > 0. Therefore, if we consider
the Stokes problem in S that satisfies (v, 7):

v.v:

—vAv+Vnmr = 0 in S,
V-v € HY?7%(S), inS, (10)
v = 0 on 08,

from Proposition 2.7 (for s = 1/2 — ¢ and a = 2), we obtain that v € H3/27¢(S)? and 7 €
HY?=¢(8), Ye > 0.

Returning to system (9) and using again Proposition 2.6 (now for s = 2 — ¢), it verifies w €
H?7¢(). In particular,
0®  ow

5 a5 € H'™¢(Q)2. (11)
Now, we integrate (2); in the z-variable, obtaining the problem:
—VvA(®)+ h(x)Vr = G in S,
V-(®) = —¢ ins,
() = 0 on0S,

where G = (g) + v30,w(z,0) — v30,w(z, —h(x)) + Vh(x) - (V®)(x, —h(x)). We will see that
G ¢ L%(S)%. From g € L?(22)? and (11), we have that (g) + v30,w(x,0) — 130, w(x, —h(x)) €
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L?(S)2. Therefore, we focus our attention on the term Vh(x) - (V®)(x, —h(x)) coming from
(A®) = A(®) —Vh-(V®)|r,. Taking into account that ®|r, = 0, and deriving with respect to
the x-variables, we obtain:

(V®)[r, = (8:®)|r, VA(x).
Then,
Vh-(V®)[r, = (0:®)r, [Vh(x)[*.

Therefore, it suffices to analyse the regularity of (9,®)|r, |[Vh(x)|?.

Since h € H%(S), |Vh|?> € LP(S) for all p > 1. ;From (11), (9,®) |, € H'/>75(T}) — L% (Ty).
In particular, (9,®)|r, € L(S)? for a certain ¢ > 2. Then |Vh(x)|? (9.®)|r, € L*(9)%.

Notice that, using the equality h Vo = V(h7) — 7w Vh, the previous problem can be rewritten
as the Stokes problem:

—vA(®)+V(hr) = G+7Vh inS,
(®) = 0 on 08,

with G + 7Vh € L?(S)? (using that 7 € HY/27%(S)), ¢ € H'(S) such that /apdx = 0. By

S
Proposition 2.7, (®) € H?(S) and hr € H'(S). In particular, 7 € H'(S), using again that
h > hmin > 0.

Now, we go back to the dual problem (2). Moving the pressure term to the right hand side,
we consider the corresponding elliptic problem. Then, using the new regularity hypothesis for

7 and applying Proposition 2.6, one guarantees that ® € H2(Q)2. Finally, inequality (3) can

be deduced by construction, thanks to the continuous dependence of the auxiliary problems (8),
(9) and (10). n

2.3 Very weak regularity for the primal problem.

Suppose the following regularity hypothesis for the data:

(H) fe(HXQ*nH,(Q)?%, 7eH¥XT,).

Denote by (-, -)s the duality in (H'(S))’, H'(S), by (-, -)o the duality (H*(Q)NH,,(2))', H*(2)N
H},(2) and by (-, )r, the duality H—%2(T,), Hy'*(T).
Let [ : L?(2)? x H — R defined by:

l(g,¢) = (£, ®)a+ (1, ®)r,,

with (®,7) the solution for the dual problem (2) with data (g, ¢). It is easy to prove that [ is
a linear and continuous operator from L?(Q)? x H into R. Indeed, from (3) one has

W2y < € {IE oy oy + 17l r-2r2e }
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Definition 2.8 A pair (u,p) is said a very weak solution of (1) if and only if the following
conditions are verified:

uc L%(Q)?, peH,

(12)
/ u-gdQ+ (p,p)s = l(g,p), VgeL*(Q)? VpeH
Q

Applying the classical Riesz’ identification, one has easily the following:

Lemma 2.9 Assuming (H), there exists a unique very weak solution (u,p). Moreover, it veri-
fies:
lullze) + el < € {1 lgr@nm,y + 17la-ssw, | - (13)

In order to rewrite the bilinear form of (12) in terms of (®, ), one needs the following result
Proposition 2.10 The space (H'(S))' /R is isomorphic to H'.

Proof: In Appendix A.

Using the dual problem (2), we rewrite the very weak definition as:
ue LXQ)?,  pe(H'(S))/R,
/Qu (—vA® - V302, ® + VTF) dQ — (p,V - (®))s = (£, ®)q + (1, P)r,, (14)
V@ € H?(Q)? N Hbl,l(Q)2 and 0,®|r, =0, VYre HY(S).

Notice that from ® € H?(Q)? N Hl}’l(ﬂ)2 one has V- (®) € H'(S) and [(V - (®) = 0. On the
other hand, p € (H'(S))’'/R means that p € (H'(S))’ is defined up to an additive constant.

Now, we are able to show the result about existence (and uniqueness) of very weak solution:

Theorem 2.11 Under the regularity hypothesis (H), there exists a unique solution (u,p) of
(14) in L2(2)? x (HY(S))'/R. Moreover, it verifies:

lallz2) + Pl sy /m < C{||fH(H2(Q)ﬁH§J(Q))’ + ||7_HH—3/2(I‘S)} - (15)
Proof: From Lemma 2.9, there exists a unique pair (u,p) € L?(€2)? x H’ such that:
/Qu -gdQ + (B @) =g, v) VgeL*(Q)? VpcH.

As by Proposition 2.10, (H'(S))’/R is isomorphic to H’, we can identify p with a distribution p
in (H(S))'/R such that (P, )31 = (p, ©)(m1(s)y,H1(S)> V¢ € H. Therefore, we conclude that
(u,p) is a solution of (14), and we finish the proof of existence of solution. The uniqueness is
deduced from the linearity of the problem.
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In order to obtain the continuous dependence of the very weak solution from the data, we use
the continuous dependence for the dual problem. Indeed, one has:

[((w,p), (8, ) L2 x(H1(9)) /R, L2 () xH1(5)| = |l(8, p)| = (£, ) + (T, @)1, |

< HfH(HQ(Q)ﬂHZ},Z(Q))’Hq)HHQ(Q) + 7l 320 ) IR0 52 (ry)
< (IENrenm @y + I7li-s2ey ) 1@l 20

< (Il oy + Il ) (el + lells)) -
Therefore,
Il 20) + [Pl () e < C (Hf”(HQ(Q)mH,}J(Q))’ + HT||H*3/2(FS)> )

that concludes the proof of the Theorem. |

3 Interpretation for the differential problem

3.1 Differential equation

;From now on, we fix f € L%(Q)? instead of (H%(Q) N Hbl’l)’ (in order to have a space of
distributions) and (u, p) the very weak solution of (1). Taking # = 0 and ® € D(Q2) in (14),

/ u- (—vA® — 1302,@) dQ— (p,V - (®))g = / f- ®dQ,
Q Q

hence we can deduce (1); in the distributional sense. Taking ® = 0 and © € D(S) in (14),

/ VrdQ) =0

hence we can deduce V - (u) = 0 in D’(S). Therefore, we have:

Proposition 3.1 Let (u,p) € L?(2)? x (H'(S))'/R be the unique very weak solution of (1).
Then u and p verify (1)1—2 in the distributional sense in Q0 and S, respectively.

3.2 Sense for the boundary conditions.

;From u € L?(2)2, it is easy to deduce that (u) € L?(S)2. On the other hand, since V- (u) = 0,
in particular V - (u) € L%(S). Then we can conclude that (u) - ngg € H~'/2(S). Moreover,
taking ® = 0 and 7 € H'(S) in (14), we get that:

/u-deQ: 0,
Q

0= /<u> VmdS = ((u)-n, )5, ¥re HL(S)
S

hence

where (-, -)gs denotes the duality H—1/2(dS), H'/?(dS). We can then deduce that:
(u) -ngg =0 in H1/2(d8). (16)
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3.2.1 Dirichlet boundary conditions

In order to give a sense at the boundary conditions (1)4, we define the operator

Duy) HY2(,Ul) — R,
”¢ = D(u,p)(w)a
such that
D (1) = [ 0 (~vA® 002 8)d2 — (5,7 - (8)5 — (£, B,

Q

where ® = ®(v)) is the unique weak solution, ® € H?(Q) N H{ (), for the problem:
A’® =0 in Q,
® =0 on 01,
0P

—— =14 onlpuly, 9,2=0onl;.
d(n,n3)

It is easy to show that Dy ) is a linear continuous operator. Then, we can define the map:
(w,p) € L*(Q)? x (H'(S))'/R — Dy, € HY2(D, UTY).
Replacing 7 = 0 and ® = ®(¢)) in (14), we obtain that:
Dy (¥) =0, Yy e H/*I,Uly)

Thus, it follows that Dy ;) = 0 as an element of (HY2(I', UTy))’. We denote this operator the
generalised trace over ', UT7.

3.2.2 Neumann boundary condition
In this case, in order to give a sense at the boundary conditions (1)3, we define the operator

HY?(9)2 — R,

Y = Ny (¥),

N

u,p)

such that:
N (#) = [ 0 (cvA® = 1502, 8)d0 = (0.7 - (8)5 — (£.®)a.
where ® = ®(v)) is the unique weak solution,® € H?(Q), for the problem:
A2 =0 in O,
®=9 onl;, ®=0o0nT,UTY,

0P
d(n,n3)

Replacing m = 0 and this new ® = ®(v)) in (14), we obtain that:
Ny (¥) = (r.¥)r., Vo € Hy*(S)

Thus, it follows that N, = 7 as an element of (Hg’/Q(S))’ = H%/2(S). We denote this
operator the generalised normal trace over I';.

=0 on JN.
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4 Application to the non-stationary problem

According to the purpose stated in the Introduction of this work, we want to weaken the data
hypothesis necessary for getting a strong solution for the linear non-stationary Primitive Equa-
tions, also called non-stationary hydrostatic Stokes problem:

ou—vAu—1302u+Vp = F in (0,T) x Q,
Vo = 0 in(0,T)xS,
ll|t:0 = W in Q, (17)

v30,u = 7 on (0,T)xTy,

u = 0 on(0,7)x (I'yULy).
The following result is given in [6]:

Theorem 4.1 Let S C R? be a domain C* and h € C3(S) with h > hpyin >0 in S. IfF €
L2((0,T)xQ)?%, up € V, 7 € L*0,T; Hé/2+6(1“s)2), for some e > 0 with &,7 € L?(0,T; H-Y/2(T,)?),
then there exists a unique strong solution u of (17) in (0,T"). Moreover, there exists a constant
C > 0 such that:

”uH%oo(v) + Hu||2L2(H2(Q)) + ”&qu%?(H) <C {HU-OH%/ +{|7(0 )”H 1/2(T

(18)
2 2 2

+Hmemyﬂwamﬁwa@ﬂpw4mmJ

The proof of this theorem is based on the following weak regularity result due to Lions-Temam-
Wang [10], and the strong regularity result due to M. Ziane [12], respectively:

Lemma 4.2 Suppose S C R? such that @ C R? be Lipschitz-continuous. If f € Hb_ll(Q)2 and

T € HY2(T,)2, Then the problem (1) has a unique solution u € H'(Q)%. Moreover, there

are continuous dependence of the solution from the data, i.e. there exists a constant K1 =
K1(Q,v,v3) > 0 such that:

Il < 50 { sy + 161 1 - (19)

Lemma 4.3 Let S C R? be a C3 domain and h € C3(S) with h > hypin > 0 in S. If f € L?(Q)?
and T € H1/2+6(Fs)2, for some € > 0, the unique solution u of the problem (1) belongs to
H?(Q)2NV. Moreover, there are continuous dependence of the solution from the data, i.e. there
exists a constant Ko = Ko(Q,v,v3) > 0 such that:

Il < Ko {171 e + 1B - (20)

In this section, using Theorem 2.11 instead of Lemma 4.2, we will obtain the estimate (18)
imposing less regularity over d;,7 (replacing H~/2(T'y) by H=%/2(Ty)). More precisely, the new
result is:
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Theorem 4.4 Let S C R? be a C3 domain and h € C3(S) with h > hyin > 0 in S. If
F e L2((0,T) x Q)% wy € V, 7 € L20,T; HY*™(T,)2) n L=(0,T; H-Y*(T,)?), for some
e > 0 with 9, € L*(0,T; H3/2(T4)?) and 7(0) € H~'/?(T's)2, then there exists a unique strong
solution u of the problem (17) in (0,T). Moreover, there exists a constant C > 0 such that:

HuH%oo(v) + HUH%Z(HZ + HatuHLZ < C {HUOHV + HfHLQ L2(Q))

+ ”T( )HH 1/2 + ||T||L°°(H 1/2(F + ||T||ZQ(H1/2+5( ) + ||8tT|iQ(H3/2(FS))}
(21)

Remark 4.1 In case of S smooth enough, the hypothesis T € L®(0,T; H~/?(T,)%) and 7(0) €
H=Y2(T,)¢ are not necessary, because from v € L*(0,T; H1/2+5(F5)d) and Oy € L2(0,T; H—3/2(T4)%)
we can deduce T € C([0, T); H='/2(T',)%) with continuous dependence (see Appendix B).

Proof: Uniqueness is obtained thanks to the linearity of the problem. To get the existence, we
will separate the proof in the same steps of the proof made in [5, 6]:

Step 1: Existence of weak solution. It can be obtained as the limit for the Galerkin
approximates solutions u,, € C([0,T];V;,) (being V,,, a m-dimensional subspace of V) such
that:

7 um gon—FV/Vum Vgon+V3/8um~8 w d§2

:/Fm-godﬂ—i—/ Tm - @lr, do Yo € Vi,
Q s

u,,(0) = projection of ug over V,,,

where F,, € CO([O,T];Hb_ll(Q)Q) and 7, € C°([0,T); H-'/?(T'5)?) are smooth approximates of
F and 7, respectively.

Taking ¢ = u,,, we can deduce that the sequence u,, is bounded in L>(0,T; H) N L?(0,T; V).
Reasoning in a standard way, we obtain weak regularity for the limit u.

Step 2: Lifting of the Neumann boundary conditions. We define B : 7 € H-/2(I',)? —
u = BT € V as the operator that solves the stationary hydrostatic Stokes problem (1) with
f=o0.

We also define e(t) = B(7(t)) a.e. t € (0,T). Using Lemma 4.2 and Lemma 4.3, taking into
account that 7(t) € H1/2+E(FS) a.e. t € (0,T), we obtain that e(t) € H2(Q)INV a.e. t € (0,7T),
and

le@®II < Killr @120y, Nle® () < Kallr(@®)II? Fb/2e

Therefore e € L2(0,T; H*(Q)NV) N L>®(0,T;V) and

(Ts)’

lell3o vy < KllrlBe rs/20y (22)

lell () < K2||T|!iQ(Hé/2+s(Fs))-

On the other hand, using Theorem 2.11 we have that, as 9;7(t) € H=%/%(I') a.e. t € (0,T), w
can define &(t) = B(8;7(t)) a.e. t € (0,T), with &(t) € L*() and [[€(t)[| 12() < Cl0y7 || 5~ 8/2(1,)-
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Now, let us see that e(t) = dre(t); taking

el elt) (ren ) Y
) 0
as w — o7 (t) € H*3/2(F5), from Theorem 2.11, we deduce that:
t+6) —T7(t
Hu6(t)HL2(Q) <C M - 8t7'(t)H —0 asd — 0.
H*3/2(F3)

Therefore, we can conclude that €(t) = d;e(t) in L?*(Q) a.e. t € (0,7). In this way, we obtain
the bound:

[0e() | 22() < CllOT ()l r-3/2(r,)
and

[0wellL2(r2(0)) < C1llOT | L2(m-3/2(r,))- (24)

Remark 4.2 Observe that previous step is the fundamental step in the proof, because the fact
of using estimate (15) (and Theorem 2.11) instead of estimate (19) (and Lemma 4.2) allows us
to weaken the hypothesis on OyT.

Step 3: Strong solution for the homogeneous problem. The function y = u — e verifies
the following system:

( Oy —vAy —uv302y+Vr, = h in(0,T)xQ,
Vly) = 0 in(0,T)x8,
Yl=0 = yo inS,
v30,y = 0 on (0,7)x T,
L y = 0 on(0,7)x (Tyuly),

where h = F — die € L?(0,T; L*(Q)%) and yo = ug — e(0) € V. Again, arguing by a Galerkin
procedure, we denote by y,, : [0,7] — V,, the Galerkin approximate functions, where V,, is
the subspace of V = {w',w?,...,w™} spanned by the eigenfunctions of the hydrostatic Stokes
operator. These approximates solve the ordinary differential problem:

d

— [ ym(t) - vidQ + V/ V¥m : Vv, dQ + 1/3/ 02Ym * VindS)
dt Jo Q Q

(R) = / h,, - v dQ, Vv, €V,
Q

Ym(o) =Yom = ZTzl </Q(VYO : vvj + 0.yo - azvj> ij
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being h,, a smooth approximated function of h. Let us now obtain strong estimates for y,,.
First, we construct yo,, € V;, and such that yo,, — yo in V. Taking v,,, = Ay.,(t) € V;,, as test
functions in (R), we deduce the inequality: V¢ € [0, 7],

d
EHym(t)H%/ + 1 Aym ()12 () < Ihml72q)

Integrating in time, we get:

T T
lym(@®)% + /O Ay () Byt < llyoml3 + /0 (1) 22 0 -

Therefore, the sequence (y,)m is bounded in L2(0,T; D(A)) N L*>(0,T; V), so its limit belongs
to the same space and

1y 17 oo 1y + HYHL2 D(A) = lyoll?- + HhHL2(L2(Q)) (25)
Now, taking Oyy,, € Vi, as test functions in (R) and integrating in time, we have:
Hatym||%2(H) < lyomli + HhmH%Q(L%Z))’
and the limit d;y € L*(H) and verifies the same inequality:
10512200, < lyolls + Bl z20) (26)
Adding (25) to (26), and using that yo = up — e(0) and h = F — 9,e, we conclude that:

112y I912eppay + 199220, < 4 {I1ull? + (@))%

+ P32 >+||3te‘|%2<L2<9>>}'

Finally, replacing estimates (19) for (0) in V and estimates (24) for dye in L2(0,T; L?(12)), we
obtain (18). [

Remark 4.3 Aplications to the non-stationary nonlinear Primitive Equations. The
extension of the result from Theorem 4.4 to the nonlinear case is identical to that obtained in
[5, 6], replacing the use made there of Theorem 4.1 by Theorem 4.4.

A The isomorphism

Proposition A.1 (before cited as Proposition 2.10) The space (H'(S))' /R is isomorphic
to H'.
Proof: Recall that H = {¢ /¢ € H'(S), [qpdx = 0}.

a) H'(S) = H ® H*, identifying H* with the space spanned by the constant functions over
S. In fact, w = 1 is the unique solution for the linear problem:

—Aw+4+w = 1 in S,

(27)
a_w = 0 on0S.
on
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Using (27)1, we deduce that:
((w, )1 = / Vw - thdx—l—/w(pdx = / pdx =0, VYpeH,
S S S

where ((-,-))1 denotes the inner product in H'(S). Therefore, w = 1 is perpendicular (in H'(S))
to 'H.
On the other hand, every function v € H'(S) can be written in a unique manner as:

v=p+a, a €R,
1
Witha:—/vdxandcpzv—ae'H.
15| Js

b) The isomorphism: We define the operator

T : (HY(S)/R — H
q — Tq

as
(Tq, P)r 1 = (@) (m1(5))y,HI(S), Vo €H.
Such operator is well-defined because if ¢ is a constant, T'(¢+¢) = Tq. Indeed, (T'(¢+¢),p) =
(q+ ¢, ) = {q, ), because of / @ dx. Tt suffices to prove that T is a continuous bijection.
S

T is one-to-one: Suppose that T'q = 0, i.e. (T'q, ) = 0, Vo € H. Let v € H'(S) and write,
1
following the previous decomposition, v = ¢ + o with a = E vdx and ¢ € H . Then,
S

1
(@) sy HI(S) = (@ + Q) ms)y,as) = {Tese)wn+ E(Q, 1) (a1 (8)),H(S)) /Svdx

1
—{g, 1 / d
]S]<q’ ) (H(S)) ,HI(S)/SU X,

1 1
therefore (q—E@, 1) (m1(s)y m1(8) V) (1 (8)),Hi(s) = 0 Vv € H'(S), and thus q—g<q, 1) (a1 (8)),H(S)

belongs to the zero equivalent class in (H'(S))'/R, and therefore ¢ = 0 in (H'(S))'/R.

T is surjective: If [ € H', we have to prove that there exists an element ¢ € (H'(S))'/R
such that T'q = [, i. e., (¢, 9) 1 (s)y,m1(5) = (L) Vo € H. Indeed, it suffices to define
(@) sy m(s) = Lewnifv=p+a

T is continuous: Using the standard norm definitions,

lall sy m = Inf g + cll(z1(s)y = inf  sup (g + ¢, ) (s)y,m1(S)

ceR ye i sy vl m(s)

\Y]

inf sup

ceR per ol (s) {a+ o) (s)y.ms)

= sup

T \49; 1 ’
oM ||90||HI(S)< P S) H(S)

= sup (Tq, o)1 = || Tq|l

vert 1ol s
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B Regularity in S
Lemma B.1 Suppose that w € H*(Q), 1 < s <2, and h € H?(S). Then, (w) € H*(S).
Proof: If w € L?(Q)?, then integrating in (—h(x),0) we obtain:

0 0
w(x,z)dz| < w(x, 2)2dz | h(x).
/h(x)< ) (/h(x)u ) )()

Integrating now in S, we obtain:

[(w)Pdx < | h(x) 0 w(x, 2)|*ds | dx
fierac < [ ([ wis )

hmaX/Q (%, 2)/2dQ = hunaxl|w]l32

2

[(w)]? =

A

IN

that implies:
[{(w)llz2(s) < V Pmax w220 (28)

Deriving (w), we get that V(w) = (Vw) + w|pr, Vh. Taking the L2—norm over S and using (28),
we obtain:

IVl L2(s) < VW) L2(s) + lwlry, VAllL2(s) < v hmaxl[wl20) + [[wlr, [

Let us focus our attention on the terms of L*(S)-type:

fule s = ([ rw<x,—h<x>>r4dx)1/4=< [t =Gyt (1 [mGo) do>1/4

lwllzar,) < Cllwllgg)

1/2 IvhH1/2

5)| LA(S)"

IN

where we have used that H'()) — L*(9€2). On the other hand,
IVhlrasy < Cllbllazs)
where now we use that H?(S) — W14(S). Therefore,
IV ()1 Z2(s) < hmax [Vl 2y + C llwll ey 12l 2 0)- (29)
The estimates (28) and (29) let us deduce that if w € HY(Q) and h € H%(S), then (w) € H'(S).

Now, we study the case where w € H?(2) and h € H?(S). ;From the previous estimates, we
only need to estimate second order derivatives for w. For simplicity, we reason for 62, (w), and
then we will extend the result for the other derivatives. We have:

0z (w) = (07,w) + 2(0zw)|r, Duh(x) — (9:w)Ir,|0h(x)* + wir, 97,7 (x).
Therefore, using the same arguments as before:

||8§< >”L2(5 < maxuameLz(Q)

+  C (10wl g 17l 52y + 102w g ) 1Al gy + 1wl oo ()12l H2es)
()

IN

hmax 102, w720 + Cllwllm2ollhll m2es) (1 + Al #2(s)) -
(30)
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where we have used in the last term that if w € H?(Q), then w|sq € H3/?(09) «— L®(9S2). The
expression (30) together with (28) and (29), let us deduce that if w € H?(Q) and h € H?(S),
then (w) € H%(S).

We have just proved that, supposing that h € H2(S), if w € H*(Q) then (w) € H'(S), and
if w € H?(Q) then (w) € H?(S). In the case when s € (1,2), interpolation results let us see
H3(Q) = [HYQ), H*(Q)]p and H*(S) = [H'(S),H?(S)]p with § = s — 1. Then, under the
hypothesis h € H?(S), we can deduce that if w € H*(2), then (w) € H*(S). n

C Interpolation results

Lemma C.1 Let S be a bounded open set of R%, with smooth enough boundary S € C®. Ifr €
L?(0,T; Hé/2+€(5)) for somee > 0 and oyt € L*(0,T; H-3/2(S)), then T € C°([0,T]; H'/2(S)).

In order to proof this lemma, we will use some interpolation results appearing in Lions-Magenes

[8]:

Theorem C.2 ([8], page 79)
Suppose that T's € C°. Let s1, so > 0 such that s; # A+ 1/2 (X integer, i = 1,2). Let 6 € [0, 1]
such that:

(1—-60)s1 —0sa#pu +1/2 and # —p—1/2 (pinteger > 0). (31)

Then,

(1—0)s1—0s2 ; _ -0 0
H (Ts) if (1—0)s1 s2 >0,

[HSI(I ), H > (1 S)}e ) - -0 0 .
f(1-0)s1 952({*5) if (1—6)sy s2 < 0.

Proposition C.3 ([8], page 53) Let X and Y two separable Hilbert spaces such that X C'Y,
X dense in'Y with continuous embedding. Then:

[H" (2 X), H2(0; V)], = HI D0 402(0; X, v],).

Proof of Lemma C.1: In our case, taking in Theorem B.2, 4 =0, s1 =1/2+¢, s9 =3/2+ «
with a < € one has

|:H3/2+5(P8)’H73/27a(118)]6 — H71/2+ﬂ(rs)’

if one imposes that (1 — 6)s; — 0sy = —1/2 4+ 3 < 0 where [ is small enough, then:

_1l4e-p

= >
24+

1
5 (taking € > o + 203).

By hypothesis for 7, 7 € H'(0,T; H=3/2(I's)) N H°(0, T; Hé/2+€(f‘s)). We use then Proposition
C3fort; = 0,1ty =1, X = H/*T,), Y = H32%T,) and Q = (0,T). Then, 7 €
HY(0,T; H-Y/2+8(T,)) (with # > 1/2), hence in particular one has 7 € C°([0,T]; H~Y/3(I')). m
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