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Abstract

We consider a tridimensional phase-field model for a solidifica-
tion/melting non-stationary process, which incorporates the physics
of binary alloys, thermal properties and fluid motion of non-solidified
material. The model is a free-boundary value problem consisting of
a non-linear parabolic system including a phase-field equation, a heat
equation, a concentration equation and a variant of the Navier-Stokes
equations modified by a penalization term of Carman-Kozeny type to
model the flow in mushy regions and a Boussinesq type term to take
into account the effects of the differences in temperature and concen-
tration in the flow. A proof of existence of generalized solutions for
the system is given. For this, the problem is firstly approximated and
a sequence of approximate solutions is obtained by Leray-Schauder’s
fixed point theorem. A solution of the original problem is then found
by using compactness arguments.

MSC: 35K65, 76D05, 80A22, 35K55, 82B26, 35Q10, 76R99

1 Introduction

This paper is concerned with a non-isothermal phase-field model that ac-
counts for both solidification/melting of a binary alloy and fluid motion.
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The present approach is based on ideas of Blanc et al.[1] and Voller et al.
[15] to model the possibility of flow and those of Caginalp et al. [2] for
the phase-field and the thermal properties of the alloy, and simpler versions
were also considered in [11] and [12]. It is described as the following coupled
system,

ae’p, + ae?v - Vo — Ap = %(qb — &)+ B(0 —chs— (1 —c)fp) inQ, (1)

Coy + Cyv - VO = V-ngve+éﬂwm in Q, 2)
cc+v-Ve = Ky(Ac+ MV -¢(l—¢)Ve) inQ, (3)

(e VOAU —vAv +v-Vou+ VP+ k(fs(¢))v = f(g 9) n lea (4)

div v = 0 in Q,., (5)

v =0 in Q,, (6)

a_qb:(), %:0, ﬁ:Oonan(O,T), v="0o0n 0Qu, (7)
on on on

¢(0> - ¢07 ‘9(0) - ‘907 C(0> = Co in Q? U(0> = Vo in le(0)7 (8>

where @ = Q x (0,7), 0 < T < 400 and Q is an open bounded domain of
R3 with smooth boundary 9. Here, ¢ is the phase-field which is the state
variable characterizing the different phases; # denotes the temperature, and
¢ € [0, 1] denotes the concentration, which is the fraction of one of the two
materials in the mixture; v is the velocity field; p is the associated hydro-
static pressure; v and vy are positive constants corresponding to viscosities
associated to the fluid material; fs € [0, 1] is the solid fraction.
The operator A is defined by

Av = —div (|[Vo[P7?Vo) , p > 3,

The penalization term k(f;) is the Carman-Kozeny type term and ac-
counts for mushy effects in the flow; its usual expression is k(f,) = Cofs>/(1—
f5)%, but more general expressions will be allowed in this paper. F(c,0) is
the buoyancy force, which by using Boussinesq approximation is given by
F(c,0) = pg (c1(0 — 0,) 4+ ca(c — ¢)) + F, where p is the mean value of the
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density; g is the acceleration of gravity; c¢; and ¢y are two real constants; 6,.,
¢, are respectively the reference temperature and concentration, which for
simplicity of exposition are assumed to be zero; F' is an external force. The
following physical parameter are assumed to be constant: a > 0 the relax-
ation scaling; 3 = €[s]/30, where ¢ > 0 is a measure of the interface width;
o is the surface tension, and [s] is the entropy density difference between
phases. C, > 0 is the specific heat; [ > 0 is associated to the latent heat; 64
and fp are the respective melting temperatures of two materials composing
the alloy; K5 > 0 is the solute diffusivity, and M a constant related to the
slopes of solidus and liquidus lines. Finally, K; > 0 denotes the thermal
conductivity, which we will assume to depend on the phase-field.

We observe that equation (4) is associated to a modified form of the
classical form of the Navier-Stokes equations as proposed by Ladyzenskaja
in [6], in which the effective fluid viscosity depends on the gradient of the
velocity.

The domain () is composed of three regions: @, @),, and @;. The first
region is fully solid; the second is mushy, and the third is fully liquid. They
are defined by

Qs = { (l‘,t) €Q / f8(¢($,t)) 1
Qm - { (l‘,t) € Q / 0< fs(¢(x> )) <1 }7 (9)
Q = {(@t)e@ /| f(o(z,1)=0

and Q,,; will refer to the not fully solid region, i.e.,

Qui=0QnUQ ={(z,t)e@Q /| 0<fi(o(x,t) <1} (10)
At each time t € [0, T, Q(t) is defined by

Qut) ={z€Q |/ 0< fui(p(z,t) <1}, (11)

In view of these regions are a priori unknown, the model is a free boundary
problem.

Throughout this paper we assume the conditions,

(H1) f, is a Lipschitz continuous function defined on R and satisfying
0 < fs(r) <1 for all r € R; moreover f! is measurable,

(H2) k is a non decreasing function of class C'*(0, 1), satisfying £(0) = 0,
lim k(z) = +oo,

r—1—

(H3) K, is a Lipschitz continuous function defined on R; there exist
0 <a<bsuchthat 0 <a < Ki(r) <bforall r € R,

3



(H4) F is a given function in L?(Q).

We use standard notation in this paper. We just briefly recall the follow-
ing functional spaces associated to the Navier-Stokes equations. Let G C R?
be a non-void bounded open set; for T' > 0, consider also Qg = G x (0,7
Then,

VG) = {we(CRE), divw—0},
H(G) = closure of V(G) in (L*(G))?,
VP(G) = closure of V(G) in (Wol’p(G))37
V(@) = closure of V(G) in (HX(G))’,
H™2(Q,,) Holder continuous functions of exponent 7 in x

and exponent 7/2 in ¢,
Wit (Qe) = {w € LY(Qq)/ Dyw, Diw € L1(Qq),we € LY(Qc)} -

When G = Q, we denote H = H(Q2), V =V (Q), VP = VP(Q). Properties of
these functional spaces can be found for instance in [7, 9, 14]. We denote by
(-, -) the duality pairing between H*(2) and H'(2)". We also put (-,-) = (-, ")q
the inner product of (L2(€2))*.

Our purpose in this work is to show that problem (1)-(8) is solvable in a
generalized sense to be made precise below.

The main result of this paper is the following.

Theorem 1 Let be T >0, p>3,5/2 < q<10/3, 2 CR? an open bounded
domain de class C®. Suppose that vy € H(Q,(0)), ¢o € W2 2/29(Q) N
HY(Q), 1/2 < v <1, 6y € L*(Q) and o € L*(Q), 0 < ¢g < 1 ae.

- 0
in §, satisfying the compatibility conditions (9—0 = 0 on 092. Under the
n
assumptions (H1)-(H4), there ezist functions (¢,0,c,v,x) satisfying

(i) ¢ € W2HQ), 6(0) = ¢,
(ii) 0 € L*(0,T; H(Q)) N L>(0,T; L*(R)), 6(0) = by,
(iii) c € L*(0,T; H'(Q)) N L>(0,T; L*(2)), c(0) = cp, 0 < c < 1 a.e. in Q,

(iv) v € LP(0,T;VP)N L>*(0,T;H), v =0 a.e. in és, v(0) = vy in Qy(0),
where Qs is defined by (9) and Q,,,(0) by (11),

(v) x € L(0,T5 (V7))



and such that for any ¢ € L*(0,T; HY(Q)) with { € L*(0,T;L*Q)) and
¢(T) =0 in 2, we have

ae’py + ae®v - Vo — EAp = %(925 — ")+ B0+ (05 —0a)c—05) a.e. inQ,

(12)
% =0 a.e ondQx(0,T), (13)
T T T
—C, 0¢C,dxdt — C, 0. dxd 0 - dxd
C/O/ngtC’/o/Qv vcxt+/0/QK1(¢)V V(drdl
[ (T
=3 /0 /Q fo(0)C dxdt + C, /Q 00¢(0)dx, (14)

—/OT/QcCtda:dt—/OT/ch-VCdxdt—i—KQ/OT/QVC-VCdxdt .
7 (15)
+K2M/ / (1 =¢c)Vo-V{dxdt = / coC(0)dzx.
0o Ja Q

Also, for anyt € (0,T) and n € LP(0,T; VP) with compact support contained
i1 QU Qi (0) U Qi (T) and such that n, € LP(0,T; (VP)), where Quy is
defined by (10) and Q. (t) by (11), there hold

t

On®) = [ s v [0 Tnds o, [ s
+ [ v [ ko) mas (16)
:/O (F(c, 0),m)ds + (v, 7(0)).

Moreover, (¢,0,c,v,X) is a generalized solution of (1)-(8), in the sense that

under the following additional regularity and integrability assumptions:

o fora.e. t € (0,T), the boundary 0y (t) of Qyy in 0 has zero Lebesgue
measure

o suppose that k(f(¢)) € L*(0,T; L**°(Q,u(t))), with s = p/(p —2), any
0 >0 when p=3 and 6 =0, when p > 3,

then x = Av in the sense of distribution in Q..



Remark: Interpreting the modified Navier-Stokes equations requires some
topological information about the set occupied by the fluid. In fact, one
should know that such a set is open to interpret the modified Navier-Stokes
equations at least in the sense of distributions. This information is in partic-
ular implied by the continuity of phase-field, which in turn depends on the
degree of smoothness of the other variables. In the two dimensional case,
that is Q2 C R?, and when v, = 0, an existence theorem for system (1)-(8)
was obtained in [12]. The main feature of [12] is that the smoothness of v,
0 and c suffice to yield the continuity of ¢. In the three dimensional case,
this does not appear possible. To stress this point, consider weak solutions
of the classical Navier-Stokes equations with external force in L*(Q). It is
well known that such solution satisfies v € L*(0,T;V)NL>(0,T; H) (see e.g.
[14]). If Q C R?, this regularity implies that |v| € L*(Q). This fact together
with (12)-(13) suffices to prove that ¢ is continuous, and therefore the set
Qi is open. In the three dimensional case, we just have that v € L'%/3(Q).
This modest degree of integrability of velocity prevents us from proving that
¢ is continuous. When v, > 0 and p is large enough, as it is the case of the
present paper, it is possible to get more regularity of v and then the required
continuity of ¢. In fact, if v € LP(0,T;VP?) N L>(0,T; H), by interpolation
([8] p- 207), we conclude that v € LP%/3(Q). Taking p > 3 is then enough
to yield the continuity of ¢ (see Thm 2) together the additional restriction
q > 5/2, because in this case W2'(Q) € H™/(Q), with 7 =2 —5/¢ ([7] p.
80). Therefore the set @, is open, giving a meaningful interpretation to the
velocity equation. The restriction ¢ < 10/3 is consequence of the obtained
regularity of temperature. This will be clear in the next section.

The previous existence result will be obtained by using a regularization
technique similar to the one already used in [1] and [11, 12]. The idea is to use
a auxiliary parameter to transform the original free-boundary value problem
in a penalized but more standard problem. This will be called the regularized
problem and will be studied by using fixed point arguments. Then, by using
compactness arguments as the auxiliary parameter goes to zero, we obtain a
generalized solution of the original problem.

The outline of this paper is as follows. In Section 2, we study an auxiliary
problem. Then, in Section 3, we study a regularized problem. Section 4 is
devoted to the proof of the main existence theorem.



2 An auxiliary problem

We consider the initial boundary value problem,

a€’py + ae’v - Vo — Ny = %(¢ — ¢ +g inQ, (17)
0

a—z = 0 ondQx(0,7), (18)

¢(0) = ¢ inf (19)

and prove the following result using a technique similar to the one already
used in [5] to treat a phase-field equation without convective term or in [12]
to treat the two dimensional problem.

Theorem 2 Let be T > 0,q > 2,p > 3. Suppose that g € LUQ), v €
LP(0,T; VP) N L=(0,T; H) and ¢ € W22/99(Q) satisfying the compatibility

condition % =0 on 0. Then
on

i) If 2 < q < b, there exists a unique ¢ € qul(Q) solution of problem
(17)-(19) , which satisfies the estimate

H(bHW}l(Q) <C <H¢0||W2*2/qvq(ﬁ) + l9llza@) + H¢0||%/V2—2/q,q(g) + HQH%Q(Q))
(20)
where C' depends on ||v||15(q), on Q and T,

ii) If ¢ > 5 and p > 3, there exists a unique ¢ € W>'(Q), r = min{q, p5/3}
solution of problem (17)-(19), which satisfies the estimate (20) where
C depends on ||[v]| 53y, on Q and T.

Proof: 1In order to apply Leray-Schauder fixed point theorem ([3] p.
189) we consider the operator T), 0 < A < 1, on the Banach space B =
L5(Q), which maps ¢ € B into ¢ by solving the problem

ae’d, + a?v - Vo — A = %(QAS — qg?’) +Ag inQ, (21)
0

a—i = 0 ondQx(0,7T), (22)

¢(0) = ¢o inQ (23)



We define G, = %(923 — %) + Ag and we observe that G, € L%(Q). Since

v € L5(Q), we infer from LP-theory of parabolic equations ([7) Thm. 9.1
in Chapter IV, p. 341 and the remark at the end of Section 9 of the same
chapter, p. 351) that there is a unique solution ¢ of problem (21)-(23) with
¢ € Wy (Q). Due to the embedding of W;"'(Q) into L'°(Q) ([9] p.15), the
operator T) is well defined from B into B.

To prove continuity of T}, let (;Sn € B strongly converging to (;S € B; for
each n, let ¢, = Th(¢,). We have that ¢, satisfies the following estimate ([7]
p. 341)

[6alhwz @) < € (IBul@) + 18alltsc) + lallzzey + ollin o)

for some constant C' independent of n. Since W3 (Q) is compactly embedded
in L2(0,T; H'(Q)) ([13] Cor.4) and in L?(Q), it follows that there exist a
subsequence of ¢, (which we still denote by ¢,,) strongly converging to ¢ =
T,\((;S) in B. Hence T is continuous for all 0 < A < 1. At the same time, T)
is bounded in W5"'(Q), and the embedding of this space in B is compact.
Thus, we conclude that T} is a compact operator for each A € [0, 1].

To prove that for ¢ in a bounded set of B, T is uniformly continuous
with respect to A, let 0 < A\, A2 < 1 and ¢; (¢ = 1,2) be the corresponding
solutions of (21)-(23). For ¢ = ¢ — ¢ the following estimate holds

91wz < P = ol (I8l z2@) + 191135 + oz

where C' is independent of \;. Therefore, T} is uniformly continuous in .
Now we have to estimate the set of all fixed points of T}, let ¢ € B be
such a fixed point, i.e., it is a solution of the problem

ae’py + ae?v - Vo — Ny = %(¢ — )+ Ag inQ, (24)
do

n 0 on 0 x (0,7), (25)

¢(0) = ¢o inQ (26)

We multiply (24) successively by ¢, ¢, and —A¢, and integrate over 2 x (0, ¢).
After integration by parts and the use the Holder’s, Young’s and Gagliardo-



Nirenberg’s inequalities, we obtain in the usual manner the following estimate

[ 6+ 90R) da+ 1ol 00, < € (Il + o)

t @
+C/ <1 + HU||5L5(Q)> <||¢||2L2(Q) + ||V¢H%2(Q)) dt
0

where C' is independent of A. By applying Gronwall’s Lemma we get

l6llo@) < Cligllyarg < C'

where C' and C’ are constants independent of A. Therefore, all fixed points
of T\ in B are bounded independently of A € [0, 1].

Finally, for A = 0, it is clear that problem (21)-(23) has a unique solution.
Therefore, we can apply Leray-Schauder’s fixed point theorem, and so there
is at least one fixed point ¢ € BNW;"' (Q) of the operator T}, i.e., ¢ = T1(¢).
This corresponds to a solution of problem (17)-(19). Now we have to examine
the regularity of ¢. To prove i) we discuss the cases 2 < ¢ <3and3<¢<5
separately.

If 2 < ¢ < 3, since W;"'(Q) is embedded into L?(Q), we have that

1
G = §(¢— ¢*) + g € LYQ) and this implies ¢ € WrHQ). If 3 < ¢ < 5,

we have that G € L3(Q) and as a consequence ¢ € W2 (Q). According to
embedding ([9] p.15) we can conclude that ¢ € L*>(Q) and consequently
¢ € W2H(Q). To prove estimate (20) we restrict to the case 2 < ¢ < 3. The
proof for 3 < ¢ < 5 is similar. Observe that from LP-theory of parabolic
equations we have

IA

C (IGLa@ + lleollw-2/aay)
< C (lgllza) + ¢l o) + l10ll720q) + ||¢0HW2*2/‘11‘1(Q)>
< € (lgllin + Mollwzsigy + 19121 ) + I dollws-uaie)-

||¢||W§’1(Q)

Using estimate (27) we deduce (20).

If ¢ > 5 and p > 3, we have that G € L9(Q) and since v € LP*/3(Q), from
LP-theory of parabolic equations we can conclude that ¢ € W?21(Q) where
r = min{q, p5/3}. The estimative (20) is proved by analogous reasoning.

It remains to show uniqueness of the solution. Let us assume that ¢; and
¢ are two solutions of problem (17)-(19). Then the difference ¢ = ¢ — ¢



satisfies the following initial boundary value problem

aelp, + ae®v - Vo — €A = lgb (1= (¢7 + 12 +43) inQ, (28)

2
g_i = 0 ondQx(0,T), (29)
$(0) = 0 inQ, (30)

We remark that d := ¢? + ¢1da+ ¢35 > 0. Multiplying (28) by ¢ and using the
usual method of Gronwall’s Lemma give us ¢ = 0. Therefore, the solution of
problem (17)-(19) is unique and the proof of Theorem 2 is then complete. O

3 A regularized problem

In this section we turn to the full problem and introduce a regularized prob-
lem to lead with the modified Navier-Stokes equations in the whole domain
instead of unknown regions, as well as with suitable regularity to the co-
efficients. We prove an existence result using Leray-Schauder Fixed Point
Theorem ([3] p. 189).

Before doing so, we recall certain results that will be helpful in the intro-
duction of such regularized problem.

Recall that there is an extension operator Fzt(-) taking any function w
in the space W3 (Q) and extending it to a function Ext(w) € Wy (R*) with
compact support satisfying

I Bat(w) 2y < C 0z

with C independent of w (see [10] p.157).

For 6 € (0,1), let ps € C°(R?) be a family of symmetric positive mol-
lifier functions converging to the Dirac delta function, and denote by * the
convolution operation. Then, given a function w € VVQ2 ’I(Q), we define a
regularization ps(w) € C5°(R?) of w by

ps(w) = ps x Ext(w).

This sort of regularization will be used with the phase-field variable. We
will also need a regularization for the velocity, and for it we proceed as follows.
Given v € L*(0,T;V), first we extend it as zero in R*\@Q. Then, as
in [10] p. 157, by using reflection and cutting-off, we extend the resulting
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function to another one defined on R* and with compact support. Without
the danger of confusion, we again denote such extension operator by Ext(v).
Then, being § > 0, ps and * as above, operating on each component, we can
again define a regularization ps(v) € C5°(R?) of v by

ps(v) = ps * Ext(v).

Besides having properties of control of Sobolev norms in terms of the corre-
sponding norms of the original function (exactly as above), such extension
has the property described below.

For 0 < 0 < 1, define firstly the following family of uniformly bounded
open sets

Q' ={z R d(z,Q) <4} (31)
We also define the associated space-time cylinder
Q° = Q° x (0,7). (32)

Obviously, for any 0 < §; < 69, we have Q C Q% C Q%2, Q C Q" C Q%*.
Also, by using properties of convolution, we conclude that ps(v)|gas = 0.
In particular, for v € L*°(0,T; H) N L*(0,T;V), we conclude that ps(v) €
L>=(0,T; H(Q°)) N L2(0,T; V(Q)).

Moreover, since ) is of class C®, there exists §(2) > 0 such that for
0 < 0 < 6(9), we conclude that ° is of class C? and such that the C? norms
of the maps defining 9Q° are uniformly estimated with respect to § in terms
of the C? norms of the maps defining 0.

Since we will be working with the sets ©2°, the main objective of this last
remark is to ensure that the constants associated to Sobolev immersions and
interpolations inequalities, involving just up to second order derivatives and
used with Q% are uniformly bounded for 0 < § < §(f2). This will be very
important to guarantee that certain estimates will be independent of §.

Finally, let f° be any regularization of f;.

Now, we are in position to define the regularized problem. For § €
(0,6(92)), we consider the system

(v, ) + v(V0, V) + vo(A0’ u) + (00 - Vo' u) + (k(f2(6°) — 0)v°,u)
= (F(°,0°),u) YueVP ae te(0,T), (33)
) + ae?ps(v°) - Vo — EA¢°

= (&~ () 4B+ (85— 02) — 05) Q)

(34)
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Cuf + Cups(v') - VO = V - (Ki(ps(67)VE") + éff(ezs&)t in@Q’,  (35)

¢) — KoAC + ps (1) -V = KoMV - ((1— ) Vps(4°)) in Q°,  (36)

O’ 00° o 5
% = 0, % = O, % =0 ond° x (0, T), (37)
(0) =] in Q, ¢°(0)=¢), 6°0)=6, A0)=cinQ.  (38)

We then have the following existence result.

Proposition 1 Let be T > 0, p > 3. For each § € (0,6(52)), let v} € H, ¢) €
H(Q0), 05 € HH(Q9),1/2 <y <1 and ¢§ € CHQ9),0 < ¢ < 1 in 9,

L . 08 905 9ch s
satisfying the compatibility conditions o o 0 on 0. Assume
that (H1)-(H4) hold. Then there exist functions (v°, ¢°, 0%, c®) which satisfy
(83)-(38) and

i) v° € LP(0, T;VP)NL>(0,T; H), v} € L (0,T;(VP)),
ii) ¢° € L*(0,T; H*(Y)), ¢; € L*(Q°),

iii) 6° € L2(0,T; H2(Q)), 0 € L*(Q°),

iv) ¢ € C2HQ%), 0<c < 1.

Remark: It is possible to obtain more regularity for ¢° when the initial data
are more regular. This will be done in the last section.

Proof: For simplicity we shall omit the superscript & at v°, ¢°, 6%, .
First of all, we consider the following family of operators, indexed by the

parameter 0 < A <1,
7, : B — B,

where B is the Banach space
B=1IP0,T;H) x L*(Q°) x L*(Q°) x L*(Q°),

and defined as follows: given (9, 6,0,¢) € B, let Tx(0,¢,0,¢) = (v, ,0,¢),
where (v, ¢, 0, ¢) is obtained by solving the problem

(v, u) + v(Vo, Vu) + vg(Av,u) + (v - Vo, u)

CNFE0), 1) — AE(F(S) — Yo, u) Vue VP, te (0.7), O
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a?, + acps(v) - Vo — A¢ — %(¢ — 4%

A 40
R R Y

O+ Cops(v) -0 =V - (K (ps(0)V0) + L F3(6), in @, (41)

e — KyAc + ps(v) - Ve = KoMV - (e(1 — ¢)Vps(4)) in Q°, (42)

o9 09 dc 5
5 =0 5o =0, = =00n02 x(0,T), (43)

v(0) =0 in Q, @0)=¢) 60)=6, c0)=cinQ’.  (44)

Clearly (v,¢,0,c) is a solution of (33)-(38) if and only if it is a fixed point
of the operator 77. In the following, we prove that 7; has at least one fixed
point by using the Leray-Schauder fixed point theorem ([3] p. 189).

To verify that 7, is well defined, observe that equation (39) is a variant of
Navier-Stokes equation and since k(f3(¢)—8)o € L2(Q), there exist a unique
solution v € LP(0,T;V?) N L>(0,T; H) N LP/3(Q) ([8] p. 207).

Since 0, ¢ € L*(Q%) and ps(v) € L?(Q°), we infer from Theorem 2 that
there is a unique solution ¢ of equation (40) with ¢ € W2"'(Q?).

Since K is a bounded Lipschitz continuous function and ps(¢) € C=(Q?),
we have that Ki(ps(¢)) € WHH(Q°%), 1 < r < oo, and since ps(v) € L>(Q°)
and f2(¢), = f§,(¢)¢t € L*(Q%), we infer from LP-theory of parabolic equa-
tions ([7] Thm. 9.1 in Chapter IV, p. 341 and the remark at the end of
Section 9 of the same chapter, p. 351) that there is a unique solution 6 of
equation (41) with 8 € Wy (Q°).

We observe that equation (42) is a semilinear parabolic equation with
smooth coefficients and growth conditions on the non-linear forcing terms to
apply semigroup results of Henry [4] p.75. Thus, there is a unique global
classical solution c.

In addition, note that equation (42) does not admit constant solutions,
except ¢ = 0 and ¢ = 1. Thus, by using Maximum Principles together with

c
conditions 0 < ¢} < 1 and = 0, we can deduce that
n

0 <c(z,t) <1, VY (z,t) € Q. (45)

Therefore, the mapping 7, is well defined from B into B.
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To prove continuity of 7, let (4% ok, «9’“ *), ke N be a sequence in B
such that converges strongly in B to (9, 0,0, ¢) and let (vF, ¢*, 6%, c*) be the
solution of the problem:

(vF w) + v(Vor, Vu) + v,(AvF u) + (vF - Yok, u)

= AF(EE07).0) ~ MR — 0iF ) Yue V7, te 0.1), )

aedf + ae’ps(vh) - Vo — A

= %((b’“ — (M + 2B (é’f + (0 — 0,)¢ — 93) in Q°, (47)

OOk + Cups(0h) - V0 = V- (Kalps(@)V0) + L f3(6), n @, (49)

— KA + ps(vF) - VP = KoMV - (F(1 = F)Vps(6")) in Q°,  (49)

Ok o0k oc

=0, — =0, — =00nd x(0,T 50
an 9 an Y an on X ( ? )7 ( )
oR(0) =) in Q,  ¢"(0) =¢), 6%(0) =0, *(0)=c)in Q. (51)
We show that the sequence (vk, @k, 0% c*) converges strongly in B to (v, ¢, 0, c)
= T\(9, ¢, 0,¢). For that purpose, we will obtain estimates to (v*, ¢*, 6, c¥)
independent of k. We denote by C; any positive constant independent of k.

We take u = v* in equation (46). Using Holder’s and Young’s inequalities

we obtain

/\vk %dx —H/o/ |Vvk|pdx—|—l// |VoF|?dx
< Cl/ <|F\2 + |05 + |05 + &) + \vk|2> z.
Then, by the usual method of Gronwall’s inequality, we get

HvkHLOO(O,T;H)an(o,T;Vp) < 01. (52)

Observe that operator A satisfies || Av|| < C||v||?". Now, from the equation
(46) we infer that

lofllry < Cr (M8 + 10y + 10812200y + 1F 220
11 z2(0) + 18|20 + 12 20 )
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then, using (52) and since 2p’ < p5/3, we obtain
108N 2 0,20y < Ch- (53)

From estimate (20) we have that

10llwz1 g < C <H¢0||H1(96) + 11051 2oy + ¥ M1 2 (o) + 1ol s
G112 20y + 1*11220s) + 1)
where C' depends on [|ps(v")]|5(@s). Therefore, using (52) we conclude that

||§Z5||W22,1(Q5) < (. (54)

Now, multiplying (48) by 6* one obtains

t t
\6k\2dx+/ / |V6k\2dxdt§(]1+(]2/ / (|¢F|* + |0"]?) dzdt (55)
s 0 Jos 0 Jos
and we infer from (54) and Gronwall’s Lemma that
10" oo 0,7 22(087) < Ch, (56)
hence, it follows from (55) that
||‘9k||L2(0,T;H1(Q5)) < (. (57)

We take scalar product of (48) with n € H(Q°), integrating by parts and
using Holder’s and Young’s inequalities, we obtain

16F 1 sy < Cr (IIV6* ]| 209y + o5l @i 0% | 2@ 16" | 2oy + 167 1 2(25))
and we infer from (52),(54) and (57) that
H‘ngLQ(O,T;Hl(Q%/) < (. (58)

Next, multiplying (49) by ¢* we conclude by analogous reasoning and using
(45) that

t t
/ |c*2da +/ / \Vck [Pdzdt < Cy + Cg/ (Vo 2dadt,
Qo 0 JQI 0 ol
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hence, from (54) we have,

¥ L2 (0.7 11 (@8 ))n oo 0.1:22(08)) < Ch- (59)

In order to get an estimate for (c¥) in L2(0,T; H'(Q°)'), we return to the
equation (49) and use similar techniques, then

1 || 20711 @3y) < Ch- (60)

We now infer from (52)-(60) that the sequence (v*) is uniformly bounded
with respect to k in

W, = {w € LP(0,T;VP), w, € L7 (0, T; (Vp)’)}
and in
Wo={w e 10, T; H), w e I7 (0,7 (v?))

the sequence (¢*) is bounded in Wy (Q?) and the sequences (6%) and (c*)
are bounded in

W3 = {w € L*(0,T; H'(Q°)), w, € L*(0,T; H'(?°)') }
and in
Wy = {w € L>(0,T; L*(Q°)), w, € L*(0, T; H'(2°)") } .

Since W is compactly embedded in L?(0, T'; H), Wy in C([0, T; (V?)'), Wy (Q?)
in L2(0,T; HY(Q°)), W5 in L3(Q°) and Wy in C([0,T]; HY(92°)") ([13] Cor.4),
it follows that there exist

LP(0,T; VP) N L>(0,T; H) with v, € L¥' (0, T; (VP)'),

LY (0,T; (VP)),

L2(0,T; H*(Q)) with ¢, € L*(Q%),

L2(0,T; HY(Q%)) N L>=(0, T; L2(Q?)) with 6, € L*(0,T; H'(Q%)),
L2(0,T; HY(Q%)) N L>=(0,T; L*(Q?)) with ¢, € L*(0,T; H'(Q0)),

A TOX
M M MMM
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and a subsequence of (v, ¢*, 0%, ¢*) (which we still denote by (v*, ¢k, 6%, c*)),
such that, as k — 00,

v — v in LP(0,T; H)N C([0,T]; (VP)) strongly,

o — v in  LP(0,T;VP) weakly,

Avk — x in L¥(0,T;(V?)) weakly,

oF — ¢ in  L20,T; H(Q°) NnC([0,T]; L*(2?)) strongly,

¢ — ¢ in  L20,T; H>(QP)) weakly, (61)
0 — 6 in L2Q°)NC([0,T); HY(Q®)) strongly,

8  — 6 in L2%0,T; HY(Q?)) weakly,

& — ¢ in LXHQ)NC([0,T); H(9)) strongly,

& — ¢ in L*0,T; H(?)) weakly

It now remains to pass to the limit as k tends to 400 in (46)-(51).

We observe that k(f°(-) — d) is bounded Lipschitz continuous function
from R in R then k(f2(¢*F) — 0) converges to k(f2(¢) — 6) in LP(Q), for any
p € [1,00). We then pass to the limit in the usual form as k tends to +oo in
(46) and get

%(U,u)ﬂt%(x,u)ﬂw(v% V) +(v- Vv, u) = A(F (&, 0),u)=Ak(f2($)—6)?, u)
for all w € VP ¢t € (0,T). Using that the operator A is monotone we can
conclude that y = Awv.

Since the embedding of W3 (Q°) into L°(Q?) is compact ([9] p.15), and
(¢*) is bounded in W;'(Q°), we infer that (¢*)? converges to ¢* in L*(Q%).
Also, since v* converges to v in LP(0,T; H) we have that ps(v¥) converges to
ps(v) in LP(0, T; H(2%)). We then pass to the limit as k tends to +oo in (47)
and get

ac’dy +ae®ps(v) - Vo — e Ad — %(¢—¢3) = A0 (é + (05 — 0a) — 93) in Q°.

Since K;(ps) and f¢" are bounded Lipschitz continuous functions and ¢*
converges to ¢ in L?(Q?) we have that K1 (ps(¢*)) converges to K;(ps(¢)) and
ffl(aﬁk) converges to ff,(aﬁ) in LP(Q°) for any p € [1,00). These facts and (61)
yield the weak convergence of K;(ps(¢*))VO* to Ki(ps(¢))VE and f§/(¢k)¢f
to fO(¢)¢, in L¥%(Q°). Now, multiplying (48) by n € D(Q°), integrating
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over 2% x (0,T) and by parts, we obtain

T
/ / Cy (67 + ps(v*) - VO*) n + Ki(ps(¢"))VO* - Vi dadt
(e

Tl
— [ [ 58 @hetndsar,
0 962

then we may pass to the limit and find that,

Ci+ Cops(v) - V0 =V - (Kalps(9))V8) + 1000 mn D(@"), (62)

and using LP-theory of parabolic equations we have that (62) holds almost
everywhere in Q°.

It remains to pass to the limit in (49). We infer from (61) that Vps(¢¥)
converges to Vps(¢) in L*(Q°) and since ||c¥||,(gs) is bounded, it follows
that c*(1 — c*) converges to ¢(1 — ¢) in LP(Q?) for any p € [1,00). Similarly,
we may pass to the limit in (49) to obtain

— KoAc+ ps(v) - Ve = KoMV - (¢(1 — ¢)Vps(0)) in Q°.

Therefore 7, is continuous for all 0 < A\ < 1. At the same time, 7, is
bounded in Wy x W, (Q?) x W5 x W3 and the embedding of this space in
B is compact; then we conclude that 7, is a compact operator.

To prove that for (v, .0, ¢) in a bounded set of B, 7, is uniformly contin-
uous in A, let 0 < Ay, Ao < 1 and (v;, ¢, 0;, ¢;) (i = 1,2) be the corresponding
solutions of (39)-(44). We observe that v = v; — vg, ¢ = ¢ — ¢g, 6 = 01 — Oy
and ¢ = ¢; — ¢y satisfy the following problem:

(vt,u)+u(Vv,Vu)+Vo§Avl Avy, ) (vy - VEJ,U) (v- Vg, u)
= (M = X)(F(&,0),u) + (A2 — M) (k(fL(9) — 6)D, u), (63)

for all u € VP, te( ,T),
a€dy — A + apy(vy) - Ve — %gb (1= (62 + 16 + 62)
= aeps(v) - Vs + (M = X253 (8 + (9 — 04)6 — ) n @,

Cy0p — V- Ki(ps (1)) VO = V - [K1(ps(¢1)) — Ki(ps(62))] Vb2
+Cvp5(U1) . Vtg = C’Vpg(v) . Vé’g (65)

l / l / !/
+§f§ (¢1)¢t + B [ff (¢1) - fsé (¢2)} ®g, In Qé,

(64)

18



¢t — KoAc+ ps(v1) - Ve = KoMV - (e1(1 — ¢1) [Vps(o1) — Vps(é2)])
+p5(v) - Vg + KoMV - (¢(1 = (e1 4 ¢2))Vps(¢2)) in Q°,

(66)

o 0 - O 5
a—n = 0, a—n = 0, an =0 on 09° x (O,T), (67)
v(0)=0in Q, ¢(0)=0, 6(0)=0, c(0)=0in Q. (68)

Taking u = v in equation (63), using Hélder’s, Young’s and interpolation
inequalities and the monotonicity of operator A we obtain

1
—i/|v\2dx + /V|Vv|2dx§/\v||va||v\dx

+ =l [ (1@ 0ol + k) = Sl ) da
< Cilluallio ol + 51007
4 C’2|)\1—)\2|2/Q\F|2+|é|2+|é\2+|@\2dx+03/9\v|2dx.
where 2/s+3/r = 1 and r > 3. Observe that due to assumption p > 3 we have

that v € L*(0,7; L"(R2)). Then, integration with respect t and Gronwall’s
Lemma give us

[0l 2o 0,20 1) < CrlAs = Aol (69)

Applying LP-theory of parabolic equations ([7] p. 341) to equation (64),
the following estimate holds

6lhuz1qe) < C1 (050 - Voallzagey + 101 = Xal (18111209 + 1l ey + 1))

where Cy depends on [|ps(v1)||1s(gs) and [|¢T + @12 + @3l £5/2(gs), which are
independent of \;. Therefore, using (69) we arrive at

111521 gs) < Cr A = Ao (70)
2@

Multiplying (65) by 6, integrating over Q° using Hélder’s inequality and
that K and ff/ are bounded Lipschitz continuous functions, we have

d
@/ \9\2dx—|—a/ |VO|*dx
0o 0o

<G /Q(S 105 (D)[V 02V O] + |p5(v)|[VO|10] + [64]10] + || P2, | 10]d
< Cil[0lI7 0,722 (00 IV b2ll L2(29) + Collvl|Zoo 0.7 V2 720
a
+Cs /m |64 + 1612 dz + Call 81| (0.7, 025y 1 D26 7225y + 5 /m V6|*dz.
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Integration with respect to ¢t and the use of Gronwall’s Lemma and (69)-(70)
lead to the estimate

10117 072205y < Cr[A1 = Aol (71)

We multiply (66) by ¢, integrate over Q° x (0,t) and by parts, and we use
Holder’s and Young’s inequalities and (45) to obtain

t
c]?dz + / |Ve|*dzdt
s 0 Jogo

< 0 [ [ (905060 = Vos(o + lpste) P+ Ief?)
Ot Qs .
< 01/0 /m (\V¢|2+|c|2)dxdt+01/0 /Q|u\2dxdt.

Applying Gronwall’s Lemma and using (69)-(70) we arrive at
lell7 e .22y < C1 1A = Ao, (72)

Therefore, it follows from (69)-(72) that 7, is uniformly continuous in A.
To estimate the set of all fixed points of 7, let (v, ¢,0,¢) € B be such a
fixed point, i.e., it is a solution of the problem

(v, u) + (Y, V) + vo(Av, u) + (v - Vo, u) (73)
= A(F(c,0),u) = AK(£2(6) — 0)v,u) Yu €V, t € (0,7),
ac’gy + aeps(v) - Vo — EA¢ - §<¢ —¢) (74)
= AB(0+ (0 — 0a)c — 0p) in Q°,

Ol Copilv) - V0 = V- (K(ps(6))V0) + ¢ f3(6), in @, (75)

e — KoAc+ ps(v) - Ve = KoMV - (e(1 — )V (ps(¢))) in Q°, (76)
00 _, 0 _ D _ ;
o = 5. =0 5o =00n00" x (0,7), (77)

v(0) =vdin Q, ¢0)=¢3 00)=6, c0)=cinQ.  (78)

0,
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We take u = v in equation (73). Then
th/ lv2dx +/ (V| VU + vVl + Ak(f2(¢) — 0)[v]?) da
gcl/w 101 + |of? + [v]2da (79)

< j |F|? + v|*dz + Cl/ 10)? + |c|*d.
0 oy

Multiplying equation (74) by ¢, integrating over Q° and by parts, using
Holder’s and Young’s inequalities we obtain,

2
%i/ 62ds + / 2V + 26t ) da
< (Jl+01/ (167 + e + |6]?) da
Q(S

By multiplying (75) by e = C,0 — éfs‘s(gzﬁ) and (76) by ¢, arguments sim-

ilar to the previous ones lead to the following estimates

Ca
2dt/ ef*dz

th/ |c|2dx+—/ \Vc|2da7<02/ |Vo|*du, (82)

where (45) was used to obtain the last inequality.
Now, multiplying (80) by A and adding the result to (79),(81)-(82), gives

d (1 ., d Aae? 2 2 1 .,
o gl 5 [ (B0 + glef + el ) ao

+/ (1ol Vol + v Vo + Me(£2(6) — 8)|o]?) da
Q

K
+ 72|Vc\2) dx

gclwl/ |v\2da:+01/ (6P + 6] + |c?)dz (83)
Q (el

2dx<C'2/ |Vo|*dz + C4 /|v\2dx (81)

us

A C
+/ ((Ae2 —20,)|Vo|* + §¢4 + =
(e
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where (] is independent of A\ and 4, being A € R an arbitrary parameter.
Taking A large enough and using Gronwall’s Lemma to obtain

[Vl Lo 0,150y + (|l Lo 0,2 (00)) + €l oo 072208y + el Lo 0.7 L2(08)) < Chy

1 l
where C; is independent of \. Since 6 = o <6+ §ff(gb)) and fo(¢) is

bounded in L>(Q?), we also have that 10| Lo 0,7, 22(06)) < C1. Therefore,
all fixed points of 7, in B are bounded independently of A € [0, 1].

Finally, for A = 0, we can reason as in the proof that 7, is well defined
to conclude that the problem (39)-(44) has a unique solution. Therefore, we
can apply Leray-Schauder’s Theorem and so there is at least one fixed point
(v, 6,0, c) € BN{LP(0, T; VP)NL®(0, T; H)} x W3 Q%) x W51 (Q°) x C*1(Q°)
of the operator 77, i.e. (v,0,0,¢) = Ti(v,¢,0,c). These functions are a
solution of problem (33)-(38) and the proof of Proposition 1 is complete. O

4 The proof of Theorem 1

To prove Theorem 1, we start by taking the initial condition in the previous
regularized problem as follows. For 0 < 0 < §(2) as in the statement of
Theorem 1, we choose ¢} € W?=2/44(Q0) N H'™(Q?), v3 € H, 03 € H'*(Q),
5 5 5

1/2 < v < 1, cg_e C(Q9), satisfying % = % = % = 0 on 9Q° and
0<c)<1in Q% v) — v in the norm of H(£2,,;(0)), and such that the
restrictions of these functions to Q (recall that Q C Q°) satisfy as § — 0+
the following: ¢J — ¢ in the norm of W2=%44(Q) N H'*(Q), 65 — 6 in
the norm of L*(Q), ¢§ — ¢ in the norm of L?(1).

We then infer from Proposition 1 that there exists (¢°,v?,6°, ¢®) solution
the regularized problem (33)-(38).

In the following, we will derive bounds, independent of ¢, for such solu-
tions and then use compactness arguments to pass to the limit as § approach
0 to establish the desired existence result. Such estimates will stated in fol-
lowing in a sequence of lemmas; however, most of them are ease consequence
of the estimates obtained in the last section (those that are independent of
§) and the fact that Q C Q°. We begin with the following:

Lemma 1 There ezists a constant Cy such that, for any ¢ € (0,6(Q2))

T
||06||L°°(0,T;H)0LP(0,T;VP)+/ /k(ff(¢5)—5)\v5\2d93dt§017 (84)
0 Q
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16° | 2 0.7:2200 022 0,711 (9) < N0 oo 0.7 L2 05 L2 0, m1 () < Cy (85)
H96HL°°(O,T;LQ(Q))OLZ(O,T;HI(Q)) < H96HL°°(0,T;L2(Q5))0L2(O,T;Hl(Q5)) < (i, (86)
1z 0.7 p2 @205 @) < ] 0. p2 @20 @) < Ci. (87)
Proof: The result follows from inequality (83). O

Lemma 2 There ezists a constant Cy such that, for any 6 € (0,6(Q2))

1¢° w2y < Ci,  forany 2 < q <10/3, (88)
||6’f||L2(0,T;H3(Q)/) < (f, (89)
||Cf||L2(0,T;H3(Q)/) < (. (90)

Proof: Note that (88) follows from estimate (20) of Theorem 2 and
Lemma 1.

Next, we take the scalar product of (35) with n € H}(€), using Holder’s
inequality and (H3) we find

Coll Ny < Cr (VO L2y + 10°]] oo 10 [l o) + 195 1l 2200) -

Then, (89) follows from Lemma 1 and (88).
Using that 0 < ¢® < 1 in @, we infer from (36) that,

1m0y < Cr (IVE L2y + 107|220 + IV [l 22(0)) -
Then, (90) follows from Lemma 1. O

Lemma 3 There exist a constant Cy and &y € (0,0(S2)) such that, for any
0 < 50,

||Uf||Lp’(t1,t2;VP(U)/) <G (91)

where 0 < t; < to < T, U C Qu(t1) and such that [t;,ts] x U C Quy U
Q0 (0) U Q0 (T).

Proof: Let 0 < t; <ty < T, U C Quu(t1) be such that [t;,t,] x U C
QiU Qi (0)UQ, (T). Tt is verified by means of (33) that for a.e. t € (t1, ),

(V) u) = —I/O/ Av‘sudx—y/ Vv‘s-Vudx—/v‘s-Vv‘sudx
U U U

- / k(f(¢°) — 6)v°udx + / F(&,0)udx, wueVP(U).
U U
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In order to estimate ||vf||y»(try, we observe that the sequence (¢°) is bounded
in W2(Q), for 2 < ¢ < 5, in particular, for ¢ > 5/2 we have that W' (Q) C
H™™/2(Q) where 7 = 2 — 5/q ([7] p.80). Consequently, because of Arzela-
Ascoli’s theorem, there exist ¢ and a subsequence of (¢°) (which we still

denote by ¢° ), such that ¢° converges uniformly to ¢ in Q. Recall that Q,,,; =

{(z,1) € Q/0 < fulo(x,1)) < 1}and Ly (t) = {z € /0 < fu(o(z,1)) <1}.
Note that for a certain 7 € (0,1) and for (z,t) € [t1,t2] x U,

fs(@(a,t) <1-7.

Due to the uniform convergence of f’ towards f, on any compact subset,
there is an g such that for all § € (0,dy) and for all (z,t) € [t1,ts] x U,

£ (x,1)) < 1—=7/2.
By assumption (H2) we infer that
k(fo((x,t) — 6) < k(1 —7/2)  for (z,t) € [t1,1o] x U and § < d.
Thus,

o llvey < Cl(llév‘SH@;lJrHv‘ngﬁsllv‘S %s(g)+|lF!\Lz(Q)6+Hcﬂlmm
HO N2 + K (6" (2, 8)) = )l [0° |2y

where 2/s+ 1/p = 1. Hence, (91) follows from Lemma 1. O

From (84), the sequence (v°) is also bounded in LP(ty, ty; WHP(U)); then,
by compact embedding ([13] Cor. 4), there exist v and a subsequence of (v°)
(which we still denote v°), such that

v’ — v strongly in LP((ty,t5) x U).

Observe that (),,; is an open set and can be covered by a countable number
of open sets (t;, t;11) x U; such that U; C €,,,;(¢;), then by means of a diagonal
argument, we obtain

v’ — v strongly in LV (Quar U Q2 (0) U Qi (T)). (92)
Moreover, from (84) we have that v € L*(0,7;V) N L>(0,T; H) and

v0 — v weaklyin  L2(0,T;V),

v S v weakly *in  L>®(0,T; H). (93)
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Since Av? is bounded in L¥' (0, T; (V?)') there exists y € L¥' (0, T; (V?)") such
that
Av® — x e LP(0,T; (VP)') weakly. (94)

We now infer from Lemma 1 and Lemma 2, using compact embedding ([13]
Cor.4), that there exist

9 € qu(Q) for 2 < ¢ <10/3,
6 € L*0,T;H' ()N L>(0,T; L*(2)),
¢ € L*0,T;H'(Q)) N L>(0,T; L*(Q)),

and a subsequence of (¢°,0°, %) (which we still denote by (¢°,#°,¢°) ) such
that, as 0 — 0,

¢ — ¢ uniformly in Q,
#° — ¢ strongly in LI(0, T; W14(Q)),
¢ —~ ¢, weakly in LI(Q),
° — 6 strongly in L*(Q) N C([0,T]; HX(Q)"), (95)
> — 6 weakly in L2(0,T; HY(Q)),
& — ¢ strongly in L*(Q) N C([0,T]; HL(Q)),
& — ¢ weakly in L2(0,T; H*(Q)).

It now remains pass to the limit as § decreases to zero in (33)-(38). We
start with the velocity equation.

We take u = n(t) in (33) where n € LP(0,7;V?) with compact support
contained in QU 2, (0) U Q,y(T) and n, € L (0, T; VP(Q(t))); after
integration over (0,¢), we find

/t ((vf,n) + v(V°, V1) + v,(A, n) + (v° - Vo°, 1)
0 ' (96)
+Wﬁwwwwm»m5ém@wwm&

Moreover, we observe that

A@&mw:—Amﬂmw+@%mm»—mmw»

Also, because of uniform convergence of f to f, on compact subsets, as well
as the assumption (H2), it follows that k(f°(¢?) — &) converges to k(fs(¢))
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uniformly on compact subsets of @,y U2, (0) U, (T). These facts, together
with (92)-(95), ensure that we can pass to the limit in (96) and get

t

(o(t),n(t)) — / (v, m)ds + v / (Yo, Vn)ds + v, / (xam)ds (97)
+ / (v- Vo, m)ds + / (k(fu(6))0, )ds = / (F(c,0), n)ds + (u0,1(0)),

Since v°(0) — v(0) in (VP(U))’, for any U such that U C ©,,,(0), by using
(97) it is easy to see that v(0) = vy in ©2,,(0).

Now, we check that v = 0 a.e. in (). For this, take a compact set K CQ),.
Then there is an 65 € (0,0(€2)) such that

(P (x,0) =1 in K for § < 6.

Hence, k(f%(¢°(x,t) —6) = k(1 — ) in K for § < . From (84) we infer
that
k(L= 0) ||V’ 72) < C1 for 6 < O,

where C is independent of §. Thus, as § tends to 0, by assumption (H2),
k(1 — &) blows up and, consequently, [|[v°||z2(x) converges to 0. Therefore
v = 0 a.e. in K, and since K is an arbitrary compact subset, we conclude
that

o

v=0 ae. in Q,

Now, we proceed with the other equations.

It follows from (93)-(95) that we may pass to the limit in (34), and find
that (12) holds almost everywhere.

In order to pass to the limit in (35), we note that given ¢ € L*(0,T; H*(Q))
with ¢ € L*(0,T; L*(Q)) satisfying ¢(T) = 0, we can consider an extension
of ¢ such that ¢? € L*(0,T; HY(?)) with () € L?(0,T; L*(Q°)) satisfying
¢%(T) = 0. Now, we take the scalar product of (35) with ¢?,

T T
—c, | 0¢50)de - C, 0Cidzdt — C, N . VP dad
| ¢ /0/954“ /0/95p5<v) V¢ dudt
T T
s [ Koo - veade = o [ [ g o dndnos
0 Qo 0 Qo

Observe that since ps(v?) converges weakly to v in L2(0,T; HY(Q)) and #° —
0 strongly in C'([0, T]; HL(2)") we have that ps(v?)8° converges to v in D'(Q).
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Observe that f&' — f/ in LI(R) for 2 < q < oo, then from (95) we infer that
£ (¢°)¢? converges weakly to f/(¢)¢ in L9/2(Q). Moreover, from Lemma 1
the integrals over 9\ are bounded independent of § and since |Q°\Q| — 0
as 0 — 0, we have that these integrals tend to zero as 6 — 0. Therefore, we
may pass to the limit in (98) and obtain

—C, / / 0¢,dxdt — C, / / 00 - Vdadt + / / K1 (6)V0 - V( dadt
:5/0 /Qfs qbtgdxdtJer/QGog

for all ¢ € L*(0,T; H(Q)) with ¢, € L*(0,T; L*(R?)) and ((T) =

It remains to pass to the limit in (36). We proceed in similar ways as
before, taking the scalar product of it with ¢° € L2(0,T; H(Q°)) with ¢ €
L?(0,7T; L*(Q°)) and ¢*(T) = 0,

T
/ / Al ddt — / / ps(v°)e® - VCdadt + K, / Vel - Vdxdt
Qs Qs 0 Qs

+K2M/ /m (1 —)Vps(4®) - VCdadt = /mcggé(O)dx

then from (93),(95) and using that the sequence (¢°) is bounded in L>(Q)
we may pass to the limit as 6 — 0 and obtain

T T T
— / / c(idxdt — / / ve - V{dxdt + Kg/ / Ve - V(dxdt
0 Jo 0 Jo 0 Jo

+K2M/0 /Qc(l —)Vo¢ - V{dxdt = /QCO((O)dx

holds for any ¢ € L*(0,T; H'(Q)) with ¢ € L*(0,T; L*(Q)) and ((T) =
Observe that since 0 < ¢ < 1 and ¢® converges to ¢ in L?(Q)) we have that
0<c<1lae in@Q.
0
Now, it follows from (95) that 8_¢ =0, ¢(0) = ¢y, 0(0) = 0y and ¢(0) = o,
n

and the first part of the proof of Theorem 1 is complete.

Under the additional regularity and integrability hypotheses stated in
the second part of the statement of Theorem 1, in the following we will

show that y = Av. We will use the monotonicity and the hemicontinuity of
operator A ([9] Chp. 2) by adapting an argument that is usual in the theory
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of monotone operators. For this, we take any ¢ € LP(0,T;V?) such that
supp ¢ is contained in the closure of §2,,;(0) U @, U £, (T") and define

t
1
X! = yo/ (Av® — Ay, v° — ) ds + §||Ua(t)”%2(9)

0
t t
+v ||Vv‘5H%2(Q)ds+/ /k(ff(¢5)—5)\v5\2dxds. (99)
0 0 Q

Since A is monotone and €, (t) C €,

1 t
X2 SO+ [ 199 g s
0

t (100)
4 / IE2(f5(6%) — 8)0 |2 o -

Observe that v°(t) — v(t) weakly in H, v° — v weakly in L”(Q); thus, thanks
to (92), v> — v a.e. in Q,,. Note also that k'/2(f3(¢?) — &) — k'2(f.())
a.e. in (),,;; hence

EV2(f5(87) — 6)0° — KM2(fo(@))v  ace. in Qu

t
From (84) we have that / 1KY2(£2(¢%) — (5)|216|H%2(le(s))ds is bounded.
0
Therefore ([8] Lemma 1.3),

EV2(£0(¢0) — 0)0° — kY2(f(¢))v  weakly in L2(Qp)-

Thus, we conclude from (100) that

o 1 !
(151_1}(1)1an§ 2 §||U(t)||%2(ﬂml(t)) + V/ IVol|Z2,,(s)) d8
0

t (101)
+/0 1B 2 (s (D011 260,095

On the other hand, by using (33) with u = v°, after integrating in [0, ¢], we
t
obtain an expression for 1, / (Av°®,v%)ds that substituted into (99), gives
0

1

t t t
Xi = Sledlnart [ 00 s, [ (48 )ds—v, [ (ai—p)is
0 0 0
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By letting 6 — 0 in this last expression, we conclude that
1 ¢ ¢ ¢
Xf— X'= §HUOH%Q(Q)+/ (F(c, 9),U)ds—yo/ (X,lp)ds—yo/ (A, v—1))ds
0 0 0

Now, from the fact that v =0 a.e. in és and our additional hypothesis that
the measure of 9, is zero for a.e. ¢t € (0,t), we can write X' as

t

1 t
X = ol + / (7(e,0): Ve ds = / Do whds
t
—1/0/ (A, v —)ds.
0

This and (101) imply that

1 t
§HUOH%Q(QW(O)) +/ (F(c,0),v)q,,(sds — ’/o/
0

0
1 t t
> 10 B + v [ V00 ds + [ BN, opds
0 0

t

(%, $)ds — v, /0 (A, v — )ds

Now, we recall that (97) holds for a.e. ¢ € (0,7) and any n € LP(0,T;V?)
with compact support contained in @, U$2,,,;(0) U, (T) and such that n, €
L¥(0,T; (V?)"). Thus, our previous estimates and our additional hypothesis
on the integrability of k(fs(¢)) allow us to use density arguments to conclude
that (97) holds for any n € L?(0,T; V?) with support contained in the closure
of Qi U Qi (0) U,y (T) and such that n, € Lp/(O, T; (VP)). In particular,
v has this properties, and we can take n = v in (97) and integrate in time on
the interval [0, ] to find an energy identity that used with the last inequality
furnishes

t
Vo/(x—Azﬁ,v—w)dsZO a.e. t.
0

Therefore, by standard arguments using the hemicontinuity of operator A
([8] Chp.2), we can conclude that x = Av, and the proof of Theorem 1 is
then complete. O
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