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Abstract

The article analyzes a two-dimensional phase-field model for a non-stationary
process of solidification of a binary alloy with thermal properties. The model
allows the occurrence of fluid flow in non-solid regions, which are a priori
unknown, and is thus associated to a free boundary value problem for a highly
non-linear system of partial differential equations. These equations are the
phase-field equation, the heat equation, the concentration equation and a
modified Navier-Stokes equations obtained by the addition of a penalization
term of Carman-Kozeny type, which accounts for the mushy effects, and also
of a Boussinesq term to take in care of the effects of variations of temperature
and concentration in the flow. A proof of existence of weak solutions for
such system is given. The problem is firstly approximated and a sequence
of approximate solutions is obtained by Leray-Schauder fixed point theorem.
A solution is then found by using compactness argument.
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1 Introduction

Through the introduction of an extra variable to distinguish among physi-
cal phases, the phase-field methodology provides a continuum description of
phase change processes. This method has proved itself to be a powerful tool
for the study of situations with complex growth structures like dendrites,
and recently phase-field models for solidification have been extended to in-
clude melt convection, bringing interesting new mathematical aspects to the
methodology.

In an attempt to understand such mathematical aspects, we consider here
a two-dimensional phase-field model for a non-stationary process of solidifica-
tion with convection of a binary alloy with thermal properties. Our objective
is to prove the existence of solutions of a mathematical model that combines
ideas of Voller et al. [12, 13] and of Blanc et al. [1] for taking in consideration
the possibility of flow, with those of Caginalp et al. [2] for the phase-field and
the thermal properties of the alloy. The resulting system will be described
in detail in the next section. Here, we just observe that, besides having a
phase-field equation, a heat equation and a concentration equation, it also
includes the Navier-Stokes equations modified by the addition of a Carman-
Kozeny type term to take care of the flow in mushy regions and also by the
addition a Boussinesq type term to take in consideration buoyancy forces due
to thermal and concentration differences. Since these equations for the flow
only hold in an a priori unknown non-solid region, the model corresponds to
a free-boundary value problem. Moreover, since the Carman-Kozeny term
is dependent on the local solid fraction, this is assumed to be functionally
related to the phase-field.

The phase-field model with convection considered here includes advection
terms in each of its equations. In a recent paper, [9], a simplified version
of this model, which did not include the advection term in the phase-field
equation, was analyzed. We should say that the inclusion of this term brings
several new technical difficulties to an already hard problem. To overcome
these difficulties is the purpose of this paper; for this, we had to adapt to our
case the results presented in Hoffman and Jiang [5] concerning the phase-
field equation. We also had to restrict the analysis to the two-dimensional
situation. We will comment more about this point in the next section; here
we just remark that this restriction in the dimension of the space is clearly
of technical nature. We hope to remove it in the future.

Existence of solutions will be obtained by using a regularization technique



similar to the one already used in [1] and [9]: with the help of an auxiliary
parameter, we will transform the original free-boundary value problem into a
more standard penalized one. This regularized problem will then be studied
by using fixed point arguments, and then we pass to the limit to obtain a
solution of the original problem.

The outline of this paper is as follows. In Section 2 we detail the model
we consider; we also fix the notation and state our main result. In Section 3
we study an auxiliary phase-field problem. The description and the analysis
of the regularized problem is done in Section 4. Section 5 is devoted to proof
the main existence theorem.

2 The model and the main result

Consider 0 < T < 400, a bounded open domain ©Q C IR? with smooth
boundary 0f2, and denote Q = Q x (0,7)). Then, consider the following
problem:

vy —vAv+Vp + v-Vu+k(fs(p)v=F(c0) in Qpn, (1)
diveo =0 in Qu, (2)
v=0 in Q, (3)

aelp, + aev - Vo — A — %(925 - ¢3)

= B0 —chs—(1—0c)fp) inQ, (4)
Cy0,+Cyv-VO = V-Ki(¢)VO+ éfs(qb)t in @, (5)
cc+v-Ve = Ky(Ac+ MV -c¢(l—-¢)V¢) in Q, (6)

o 00 dc B
a—n—O, a—n—O, a—n—OOIl 8QX(O,T), v=0on 8le, (7)
#(0) =g, 60(0) =0y, ¢c(0)=coinQ, v(0)=1vyin Q,,(0), (8)

In the previous equations, the order parameter (phase-field) ¢ is the state
variable characterizing the different phases; v is the velocity field, and p is
the associated hydrostatic pressure; f € [0,1] is the solid fraction; 6 is the
temperature; ¢ € [0, 1] is the concentration (the fraction of one of the two
materials in the mixture.) The Carman-Kozeny type term k( f,) accounts for



the mushy effect on the flow, and its usual form is k(f,) = Cofs?/(1 — f,)°.
We do not restrict to this form and allow more general expressions. F(c, )
denotes the buoyancy forces, which by using Boussinesq approximation, we
assume to be of form F(c,0) = pg (c1(0 — 0,) + c2(c — ¢,.)) + F. Here, p >0
is the mean value of the density (constant); g is the acceleration of gravity;
c1 and ¢y are two real constants; 6, and ¢, are respectively the reference
temperature and concentration, which for simplicity of exposition will be
assumed to be zero, and F is a given external force field. Also, a > 0 is the
relaxation scaling; 8 = €[s]/30, where € > 0 is a measure of the interface
width; o is the surface tension, and [s] is the entropy density difference
between phases; v > 0 is the viscosity; C, > 0 is the specific heat; [ > 0 the
latent heat (constant); 64, 0p are the melting temperatures of two materials
composing the alloy; Ky > 0 is the solute diffusivity, and M is a constant
related to the slopes of solidus and liquidus lines. Finally, K; > 0 denotes
the thermal conductivity which is assumed to depend on the phase-field.

The domain ) is composed of three regions, Q)s, @),, and @);. The first
region is fully solid, the second is mushy and the third is fully liquid . They
are defined by

Qs = {(@t)eQ / [flo(z,t) =1}
Qm = {(zt)eQ [/ 0<[f(o(z,t) <1}, (9)
Q = {( )EQ / f8¢(x>t)):0}v

and Q,,; will refer to the not-solid region, i.e.,

Qm=QmUQ={(z,1)eQ [/ 0<[fio(zt)) <1} (10)
At each time t € [0, T, Q. (t) is defined by

Quit) ={xeQ | 0< f@le.1) <1}. (11)

In view of these regions are a priori unknown, the model is a free boundary
problem.

Throughout this paper we assume the conditions,

(H1) k is a non decreasing function of class C'[0, 1) satisfying £(0) = 0
and lim k(x) = +oo,

r—1~

(H2) f, is a Lipschitz continuous function defined on IR and satisfying
0 < fs(r) <1 for r € IR; f! is measurable,



(H3) K, is a Lipschitz continuous function defined on IR such that there
exist a > 0 and b > 0 for which

0<a<Kir)<b for all r € IR,

(H4) F is a given function in L*(Q).

Our purpose in this work is to show that problem (1)-(8) admits at least
one solution in a sense to be made precise below.

Before that, we comment on the restriction on the spatial dimension.
Since the modified Navier-Stokes equations only hold in the non-solid region
Q.1, this set must be open for these equations to be understood at least in
the sense of distributions. This information is in particular implied by the
continuity of phase-field ¢ which in turn depends on the smoothness of v. It
turns out that only for the bidimensional case we are able to show enough
regularity of v to yield the continuity of ¢. As we wrote in the Introduction,
such limitations are quite clearly of technical nature, and it is our hope to
remove them in the future.

We use standard notation in this paper. We just briefly recall the follow-
ing functional spaces associated to the Navier-Stokes equations. Let G C IR?
be a non-void bounded open set; for T > 0, consider also Qg = G x (0,7T)
Then,

V(@) = {we(CP(@)?, divw=0},
H(G) = closure of V(G) in (L%(G))?,
V(@) = closure of V(G) in (HHG))?,
H™/2(Q,) = Holder continuous functions of exponent 7 in

and exponent 7/2 in t,
W2HQs) = {w e LYQq)/ Dyw, Diw € LY(Qc), w: € LU (Qc)} -

When G = €, we denote H = H(Q2), V = V(). Properties of these func-
tional spaces can be found for instance in [6, 11]. We denote by (-,-) the
duality pairing between H'(Q) and H*(Q2)'. We also put (-,-) = (+,)q the
inner product of (LQ(Q))2 .

The main result of this paper is the following.

Theorem 1 Let be T > 0, Q C IR? a bounded open domain of class C3.
Suppose that vy € H(2,(0)), ¢ € W2 2/0(Q)NH™(Q), 2 < g < 4,1/2 <

v < 1, satisfying the compatibility condition % =0 on 09, §, € L*(Q)
n



and ¢y € L*(Q) satisfying 0 < ¢y < 1 a.e. in . Under the assumptions
(H1)-(H4), there exist functions (v, ¢,0,c) such that

i) ve L*(0,T;V)NL>®(0,T;H), v=0ae. in 628, v(0) = vy in Q2 (0),
where Qs is defined by (9) and Q,,,(0) by (11),

ii) ¢ € WHH(Q), ¢(0) = oo,
iii) 6 € L?(0,T; HY(Q)) N L>(0,T; L*(2)), 6(0) = 6,
iv) ce L*0,T; H'(Q)) N L>(0,T; L*(2)), ¢(0) = cp, 0 < c < 1 a.e. in Q,
and such that
¢ ¢
O = [ ©mo,ods+v [ (Vo, V0, s
t t
£ [ Vo mads+ [ (k60 m)a,0ds(12)
t
= | F (.8 mauds + (0,000,
€ (0,7), for any n € L*(0,T;V(Quu(t))) with compact support contained

in QiU QL (0) U Qi (T) and ny € L2(0,T; V(Qu(t))') where Q. is defined
by (10) and Q,,(t) by (11),

ae’p, + ae®v - Vo — Ap = %(925 —¢*)+ B0+ (0 — 0a)c—0p) ae. inQ,
(13)

% =0 a.e. on IQ x (0,T), (14)

on

—CV/OT/QGdedt ~ CV/OT/QUG-VCdde—/OT/QKl(qb)VH-nga:dt

— é/()T/Qfs(qs)tgdxdwrCv/ﬂeoC(O)dx (15)

—/OT/Qchxdt—/OT/ch-V(dxdt + KQ/OT/QVOV(dxdt
+K2M/0T/QC(1 V6 V(dadt = /Qcog(())dx, (16)

for any ¢ € L*(0,T; H () with ¢ € L*(0,T; L*(Q)) and ((T) = 0 in .
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Remark. The restriction ¢ > 2 ensure the continuity of phase-field
because W2H(Q) € H™/*(Q) where 7 = 2 —4/q if ¢ > 2 ([6] p. 80).
Therefore the set @),,; is open giving a meaningful interpretation to equation
of velocity field. The restriction ¢ < 4 comes from the regularity of velocity
field. It will be clear in the next section.

3 An auxiliary problem

We consider the initial boundary value problem,

ae’py + ae’v - Vo — Ny = %(gb — ¢ +g inQ, (17)
dp

n 0 ondQx(0,7), (18)

¢(0) = ¢o inQ, (19)

and prove the following result using a technique similar to the one already
used in [5] to treat a phase-field equation without convective term.

Theorem 2 Suppose that g € LY(Q) with 2 < q¢ < 4,v € L*0,T;V) N
L®(0,T; H) and ¢y € W?2/99(Q) satisfying the compatibility conditions

% =0 on 02. Then there exist a unique ¢ € Wq“(Q) solution of problem

n
(17)-(19) for any T > 0, which satisfies the estimate

6ll2 oy < € (I6olbw-sraacay + gl zn@ + I0la-sraaey + lolecey)
(20)
where C' depends on ||v||pa(qy, on  and T.

Proof: 1In order to apply Leray-Schauder fixed point theorem ([3] p.
189) we consider the operator T, 0 < A < 1, on the Banach space B =
L5(Q), which maps ¢ € B into ¢ by solving the problem

ae’d, + a?v - Vo — A = %(95 — 453) +Ag inQ, (21)
0

a—i = 0 ondQx(0,7T), (22)

¢(0) = ¢o inQ (23)



We define G, = %(923 — %) + Ag and we observe that G, € L%(Q). Since

v € L*Q), we infer from LP-theory of parabolic equations ([6], Thm. 9.1
in Chapter IV, p. 341 and the remark at the end of Section 9 of the same
chapter, p. 351) that there is a unique solution ¢ of problem (21)-(23) with
¢ € W'(Q). Due to the embedding of W22’1(Q) into L7(Q), for any p € [1, 00)
([7] p-15), the operator T} is well defined from B into B.

To prove continuity of T}, let (;Sn € B strongly converging to (;S € B; for
each n, let ¢, = Th(¢,). We have that ¢, satisfies the following estimate ([6]
p. 341)

I6nllw21i) < C (I6nllz2@) + 1nllis@) + l9llz2@) + I boll @)

for some constant C' independent of n. Since W22 ’1(Q) is compactly embed-
ded in L2(0, T; WHP(2)) ([10] Cor.4) and in LP(Q), p € [1,00), it follows that
there exist a subsequence of ¢, (which we still denote by ¢,) strongly con-
verging to ¢ = T)(¢) in B. Therefore T} is continuous for all 0 < A < 1. At
the same time, 7T) is bounded in W22 ’I(Q), and the embedding of this space
in B is compact. Thus, we conclude that T) is a compact operator for each
A e 0,1].

To prove that for ngb in a bounded set of B, T) is uniformly continuous
with respect to A, let 0 < Aj, A2 < 1 and ¢; (¢ = 1,2) be the corresponding
solutions of (21)-(23). For ¢ = ¢ — ¢ the following estimate holds

I6llz1) < CIA = Aol (I9llz2@) + 18135y + llgll 2@

where C' is independent of \;. Therefore, T} is uniformly continuous in .
Now we have to estimate the set of all fixed points of T}, let ¢ € B be
such a fixed point, i.e., it is a solution of the problem

ae’d, + a®v - Vo — A = %(gzﬁ —¢*)+Ag  inQ, (24)
0

a—i — 0 ondQx(0,7T), (25)

¢(0) = ¢o inQ (26)

We multiply (24) successively by ¢, ¢, and —A¢, and integrate over 2 x (0, ¢).
After integration by parts and the use the Holder’s, Young’s and interpolation



inequalities, we obtain in the usual manner the following estimate

/Q (¢2 + |V¢\2) d + quHing,l(Q) <C (H9||2L2(Q) + ||¢0H%{1(Q))
t
+C [ (L4 Iolltsey) (16N + V615 dt

where C' is independent of A. By applying Gronwall’s Lemma we get

18]l zs(@) < Clldllwz1(g) < C'

where C' and C” are constants independent of A. Therefore, all fixed points
of Ty in B are bounded independently of A € [0, 1].

Finally, for A = 0, it is clear that problem (21)-(23) has a unique solu-
tion. Therefore, we can apply Leray-Schauder’s fixed point theorem, and so
there is at least one fixed point ¢ € B N W5 (Q) of the operator T1, i.e.,
¢ = T1(¢). This corresponds to a solution of problem (17)-(19). Observe
that W22’1(Q) is embedded into LP(Q) for any p € [1,00), this implies that

G= %(925 — ¢%) + g € L(Q) and further ¢ € W21(Q).

To prove estimate (20), observe that from LP-theory of parabolic equa-~
tions we have

C (G| zs(q) + lléollwz-2a0(e)
¢ (HgHL"(Q) + 19l + Hfb”?i&z(@) + ||¢0HW2—2/q,q(Q))
C (HgHLq(Q) +18llwz1(g) + I8I5210) + Haﬁollwmm(m)-

HfbHW}l(Q)

IAINA

IN

Using estimate (27) we deduce (20).

It remains to show uniqueness of the solution. Let us assume that ¢; and
¢9 are two solutions of problem (17)-(19). Then the difference ¢ = ¢ — ¢
satisfies the following initial boundary value problem

aedp +ac’v - Vo — A = %qb (1= (@t + ot +¢3) inQ, (29)

g_i = 0 ondQx(0,T), (29)
6(0) = 0 i (30)

We remark that d := ¢? + @192+ ¢3 > 0. Multiplying (28) by ¢ and using the
usual method of Gronwall’s Lemma give us ¢ = 0. Therefore, the solution of
problem (17)-(19) is unique and the proof of Theorem 2 is then complete. m
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4 A regularized problem

In this section we introduce a regularized version of the original problem.
As in [1] and [9], the idea is to modify the problem in such way that the
Navier-Stokes equations will hold in the whole domain €2 instead of only in
a apriori unknown region. For technical reason, we also introduce a suit-
able regularization of the coefficients of the equations. For this regularized
problem, we prove an existence result by using Leray-Schauder Fixed Point
Theorem ([3] p. 189).

For this, we need to recall certain results. We start by recalling that there
is an extension operator Fzt(-) taking any function w in the space Wy(Q)
and extending it to a function Exzt(w) € W' (IR?) with compact support
satisfying

HExt(w)||W22,1(R3) <C Hw||w22=1(Q)a

with C independent of w (see [8] p.157).

For § € (0,1), let ps € C$°(IR?) be a family of symmetric positive mol-
lifier functions converging to the Dirac delta function, and denote by * the
convolution operation. Then, given a function w € W3''(Q), we define a
regularization ps(w) € C5°(IR?) of w by

ps(w) = ps x Ext(w).

This sort of regularization will be used with the phase-field variable. We
will also need a regularization for the velocity, and for it we proceed as follows.

Given v € L2(0,T;V), first we extend it as zero in IR*\Q. Then, as
in [8] p. 157, by using reflection and cutting-off, we extend the resulting
function to another one defined on IR?* and with compact support. Without
the danger of confusion, we again denote such extension operator by Ext(v).
Then, being 6 > 0, ps and * as above, operating on each component, we can
again define a regularization ps(v) € C§°(IR?) of v by

ps(v) = ps * Ext(v).

Besides having properties of control of Sobolev norms in terms of the corre-
sponding norms of the original function (exactly as above), such extension
has the property described below.
For 0 < § < 1, define firstly the following family of uniformly bounded
open sets
Q= {z € R? : d(z,Q) < 0} (31)
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We also define the associated space-time cylinder Q° = Q° x (0, 7).

Obviously, for any 0 < 6; < &, we have Q C Q% C Q% Q C Q" C Q%.
Also, by using properties of convolution, we conclude that ps(v)|ses = 0.
In particular, for v € L*°(0,T; H) N L*(0,T;V), we conclude that ps(v) €
L>(0,T; H)YN L2(0, T; V(Q°)).

Moreover, since 2 is of class C®, there exists §(2) > 0 such that for
0 < 0 < 6(), we conclude that ° is of class C? and such that the C? norms
of the maps defining 99 are uniformly estimated with respect to § in terms
of the C? norms of the maps defining 0.

Since we will be working with the sets ©2°, the main objective of this last
remark is to ensure that the constants associated to Sobolev immersions and
interpolations inequalities, involving just up to second order derivatives and
used with ©°, are uniformly bounded for 0 < § < §(€2). This will be very
important to guarantee that certain estimates will be independent of §.

Finally, let f° be any regularization of f;.

Now, we are in position to define the regularized problem. For § €
(0,6(9)], we consider the system

%(v‘s,u) + (Vo Vu) + (v° - Voo, u) + (k(f2(¢°) — 0)v°,u)
= (F(&,0%),u) forallu eV, te (0,T), (32)

0] +adps(t?) VS — A — (& — (&))
= B(0°+ (05 —04) —05) nQ°, (33)

l
Cub) + Cups(v”) - VO =V - (K1 (ps(¢°)) V") + §f§(¢6>t inQ, (34)
¢ = Ko + ps(v) - Ve = KoMV - (1= ) Vps(¢))  in Q°, (35)
1) 1 &
000 oo
on on on
(0) =] in Q, ¢°(0)=¢), 6°0)=6, A0)=cinQ. (37

We then have the following existence result.

=0 on 0Q° x (0,7), (36)

Proposition 1 For each § € (0,6()], let v§ € H, ¢) € HT(Q°), 6 €

HY(Q0),1/2 < v <1, and ¢ € CHQ), 0 < ¢ < 1 in QF satisfying the
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s g9 5
compatibility conditions % = % = % =0 on 9. Assume that (H1)-
(H4) hold. Then there exist functions (v°, ¢°,0°, %) which satisfy (32)-(37)
for any T > 0 and
i) v € L2(0, T;V)NL>(0,T; H), v’ € L*0,T;V"),
ii) ¢° € L*(0, T3 H*(Y)), ¢} € L*(Q°),
i) 07 € [2(0,T; X)), 6 € 1(Q°),
iv) & € C*(Q%), 0<c <1

Proof: For simplicity we shall omit the superscript § at v°, ¢°, 62, .
First of all, we consider the following family of operators, indexed by the

parameter 0 < A <1,
7, : B — B,

where B is the Banach space
B=1I0,T; H) x L*(Q°) x L*(Q°) x L*(Q°),

and defined as follows: given (9, 6,0,¢) € B, let Tx(0,¢,0,¢) = (v, 6,0, ¢),
where (v, ¢, 0, ¢) is obtained by solving the problem

Low) + (Yo, V) + (v Vo, u) = AF( 0), u)

dt
— ME(f2($) = 8)d,u) for allu e V, t € (0,T), (38)

0ot ape) Vo — Ao (6 &)
= AB(0+ (05 —0a)¢—05) nQ°,  (39)

Cll+ Cops(0)- 90 = V- (Ka(ps(0)) V) + 3£2(0), n @', (40)

¢ — KyAcH+ ps(v) - Ve = KoMV - (c(1 —¢)Vps(¢)) in Q°, (41)
o9 00 O

o T e
v(0)=2)inQ, ¢0)=2¢) 60)=0, c0)=cinQ°.  (43)

0 on 9 x(0,7T), (42)
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We observe that clearly (v, ¢, 6, ) is a solution of (32)-(37) if and only if
it is a fixed point of the operator 7;. In the following, we prove that 7; has
at least one fixed point by using the Leray-Schauder fixed point theorem ([3]
p.189).

To verify that 7 is well defined, observe that equation (38) is the classical
Navier-Stokes equation and since k(f3(¢)—8)o € L2(Q), there exist a unique
solution v € L*(0,T; V)N L>(0,T; H) ([11] p.198).

Since 6, ¢ € L*(Q°) and ps(v) € L*(Q’) we infer from Theorem 2 that
there is a unique solution ¢ of equation (39) with ¢ € W3'(Q?).

Since K is a bounded Lipschitz continuous function and ps(¢) € C=(Q?),
we have that Ki(ps(¢)) € WHH(Q°%), 1 < r < oo, and since ps(v) € LA(Q°)
and f2(¢), = f§,(¢)¢t € L*(Q%), we infer from LP-theory of parabolic equa-
tions ([6], Thm. 9.1 in Chapter IV, p. 341 and the remark at the end of
Section 9 of the same chapter, p. 351) that there is a unique solution 6 of
equation (40) with 8 € W5 (Q°).

We observe that equation (41) is a semilinear parabolic equation with
smooth coefficients and growth conditions on the non-linear forcing terms to
apply semigroup results of Henry [4], p.75. Thus, there is a unique global
classical solution ¢. In addition, note that equation (41) does not admit
constant solutions, except ¢ = 0 and ¢ = 1. Thus,é by using Maximum

c
Principles together with conditions 0 < ¢) < 1 and — = 0, we can deduce

on
that
0<c(z,t)<l,  V(zt)eq@’. (44)

Therefore, the mapping 7, is well defined from B into B.

To prove continuity of 7, let (9%, o, Ok, ¢*), k € IN be a sequence in B
such that converges strongly in B to (@,qg,é,é) and let (v*, ¢, 0%, cF) the
solution of the problem:

%(U'f,m b (Vb V) + (0F - Vo u) = AF(E, 0, )

— ME(f2(*) = 8)oF, u) forallu e V, t € (0,T),  (45)

00} +adps(th) Vo — A~ (0~ (6
= AB(0F + (05 — 04)¢" — 05) in Q°, (46)
Ol + Cups(0) - 905 = V- (K (pp(@)V0) + L7265, in @7, (47)
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&l — KyAck + ps(vF) - Vb = KoMV - (ck(l — Ck)VP5(¢k)) inQ°, (48)

OpF 0 oo* 0 oc”
on ' on  On
v(0) =) in Q, ¢F(0)=¢), 67(0) =6 F0)=cinQ’.  (50)
We show that the sequence (vF, ¢k, 6% c*) converges strongly in B to
(v,0,0,¢) = ’Z\(ﬁ,(ﬁ,é,é). For that purpose, we will obtain estimates to
(v*, ¢*, 0% c¥) independent of k. We denote by C; any positive constant in-
dependent of k.
We take u = v* in equation (45). Using Holder’s and Young’s inequalities
we obtain

0 on 9 x(0,T), (49)

%/ﬂlv’“ﬁdwvfﬂ [VokPde < 01/9 (IF[> + (657 + 6% + 5> + |v*]?) dav.
Then, by the usual method of Gronwall’s inequality, we get

10" || oo (0,710 220,77y < Chr. (51)
From the equation (45) we infer that

lof v < Cr (I[o¥lly + 101 a0y + 1 Fll 220
08| 20y + 10| L2 (@s) + Hék||L2(Q5)) ;

then, using (51) we obtain
7 || 20,00 < Che (52)
From estimate (20) we have that

16022 = C (Iollin o) + 18 Nr2i@n + e ll2esy
ol e + 10513200y + 181325 + 1)

where C' depends on ||ps(v")||z4(gs). Therefore, using (51) we conclude that
1¢llyw21(gsy < Ch. (53)
Now, multiplying (47) by 6* one obtains

/Q(S 0% | dx + /Ot /m |VO*|2dzdt < Cy + Cy /Ot /m (‘¢ﬂ2 + |9k‘2) dxdt (54)
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and we infer from (53) and Gronwall’s Lemma that

16%]| o< (07,22 (025y) < C1, (55)
hence, it follows from (54) that

16" ]| L2071 (028)) < Co. (56)

We take scalar product of (47) with n € H*(Q°), integrating by parts and
using Holder’s and Young’s inequalities, we obtain

16 1725y < Ca (IIV60]| 2qsy + 10 e 0¥ sy + 1 6£ |2 )
and we infer from (51),(53) and (56) that
H‘ngLQ(O,T;Hl(Sﬁ)’) < (. (57)

Next, multiplying (48) by c® we conclude by analogous reasoning and using
(44) that

t t
/ \ck\2dx+/ / Vet Pdadt < 01+02/ / Vo* 2dadt,
Qs 0 JQI 0 JQs
hence, from (53) we have,

¥ L2 0.7, 11 (@8 ))m oo 0.1:22(08)) < Ch- (58)

In order to get an estimate for (cf) in L2(0,T; H'(Q°)'), we return to the
equation (48) and use similar techniques, then

||Cf||L2(0,T;H1(Qé)/) < (. (59)

We now infer from (51)-(59) that the sequence (v*) is bounded (uniformly
with respect to k) in

Wi = {w e LX(0,T;V), w, € L*(0,T;V")}

and in

Wy = {w e L®(0,T; H), w, € L*(0, T;V')},

the sequence (¢*) is bounded in Wy ' (Q?) and the sequences (6%) and (c*)
are bounded in

Wy = {w € L0, T; (%)), w, € L*(0,T; H'()) }
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and in
Wi = {w € L=(0,T; L)), w, € L*(0, T; H{(X)) }.

Since W, is compactly embedded in L?(Q), W5 in C([0,T]; V'), Wy Q%) in
L0, T; WP (Q9)), p € [1,00), W3 in L2(Q°) and Wy in C ([0, T]; H*(Q°)'
([10] Cor.4), it follows that there exist

(0, T; V)N L>(0,T; H) with v; € L*(0,T; V"),
2(0,T; H2(S)) with ¢, € L*(Q?),

(0,T; HY(Q%)) N L>(0, T; L2(92?%)) with 6, € L?(0,T; H(Q°)"),
20, T; HY(Q°)) N L>=(0,T; L3(Q°)) with ¢; € L*(0,T; HY(Q?)'),

2
2

Qo % <

L
L
L
L

M MMM

and a subsequence of (vF, ¢F, 0% c*) (which we still denote by (vF, ¢*, 6%, c*)
), such that, as k — 400,

o — v in L*Q)NC([0,T); V') strongly,

v* — v in  L%0,T;V) weakly,

o — ¢ in  LY0,T;WLP(Q0)) N C([0,T]; L*(°)), p € [1,00) strongly,
¢F — ¢ in L*0,T; H*(Q?)) weakly,

ok — 0 in L2Q°)NC([0,T]; HL(Q0)) strongly,

ok — 0 in L*0,T; H(Q°)) weakly,

# — ¢ in LAQ°)NC([0,T]); HL(Q°)) strongly,

& — ¢ in L*0,T; HY(Q)) weakly.

(60)
It now remains to pass to the limit as k tends to +oo in (45)-(50).

We observe that k(f°(-) — d) is bounded Lipschitz continuous function
from IR in IR then k(f9(¢*) — &) converges to k(f%(¢) —6) in LP(Q), for any
p € [1,00). We then pass to the limit in standard ways as k tends to +oo in
(45) and get

d .
a(v,u) +v(Vo,Vu) + (v-Vo,u) = A(F(¢0),u)
“AKk(f2(¢) = 8)b,u) for allu e V, t € (0,T).
Since the embedding of W5 (Q°) into LP(Q°%) for any p € [1, 00) is com-

pact ([7] p.15), and (¢*) is bounded in W5 (Q%), we infer that (¢*)® converges
to ¢ in LP/3(Q°%). Also, since v* converges to v in L?(Q) we have that ps(v*)
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converges to ps(v) in L2(Q°). We then pass to the limit as k tends to +oo in
(46) and get

06+ 0€ps(v) V6~ PAp— (6 6%) = A3 (8-+ (65 — 64)¢ — 0) in Q'

Since K(ps) and f¢" are bounded Lipschitz continuous functions and ¢*
converges to ¢ in LP(Q?), p € [1,00) we have that K;(ps(¢*)) converges to
Ki(ps(¢)) and f%'(¢%) converges to f%'(¢) in LP(Q?) for any p € [1,00). These
facts and (60) yield the weak convergence of K (ps(¢¥))VO* to K1(ps(¢))Vo
and f2'(¢F)¢f to f3'(¢)¢y in L¥/2(Q®). Now, multiplying (47) by n € D(Q?),
integrating over ° x (0, T) and by parts, we obtain

I
_/0 /Qé §fs (¢")¢yn dadt,

then we may pass to the limit and find that,

C -+ Cupsl) - V8 = V- (K (ps(6)V8) + 510 DI(Q), (61

and using LP-theory of parabolic equations we conclude that (61) holds al-
most everywhere in Q°.

It remains to pass to the limit in (48). We infer from (60) that Vps(¢*)
converges to Vps(¢) in L*(Q°) and since ||c¥||1(gs) is bounded, it follows
that c*(1 — c¥) converges to ¢(1 — ¢) in LP(Q?%) for any p € [1,00). Thus, we
may pass to the limit in (48) to obtain

— KbAc+ ps(v) - Ve = KoMV - (e(1 — ¢)Vps(9)) in Q°.

Therefore 7, is continuous for all 0 < A < 1.

At the same time, 7y is bounded in Wy x W5 (Q%) x W5 x Wj but, the
embedding of this space in B is compact, then we conclude that 7, is a
compact operator.

To prove that for (4, ¢, 6, ¢) in a bounded set of B, Ty is uniformly con-
tinuous in A, let 0 < A\, Ay < 1 and (v, ¢4, 6;,¢;) (1 = 1,2) the corresponding
solutions of (38)-(43). We observe that v = vy —ve, ¢ = ¢ — Po, 0 = 01 — Oy
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and ¢ = ¢; — ¢, satisfy the following problem:

d
—(v,u) 4+ v(Vu,Vu)+ (vy - Vo,u) — (v - Vg, u)

dt
= O = A)EE D)) + s — A)R() — o), (62)
forallu eV, t € (0,7,
00, — A6+ alps(nn) Vo - 26 (1 (6] + bi6n + )

= acps(v) - Voo + (M — o) (0 + (05 — 64)¢ — 65) in Q°(63)

Cvbr — V- (Ki(ps(¢1))VO) =V - [Ki(ps(¢1)) — Ki(ps(¢2))] Vo2
Cyps(v1) - VO = Cyps(v) - Vb,

STV 6060+ 2[00 = S1(62)] 6 0 (64)
¢ — KyAcH ps(vr) - Ve= KoMV - (c1(1 — ¢1) [Vps(d1) — Vps(h2)])
+ ps(v)-Veg + KoMV - (e(1 = (¢1 4+ ¢2))Vps(p2)) in Q°, (65)
B 0 B
a—i’zo, o =0, 0_220 on 9 x (0,7), (66)
v(0)=0inQ, ¢(0)=0, 60)=0, c(0)=0in Q. (67)

Taking u = v in equation (62), using Hélder’s, Young’s and interpolation
inequalities we obtain

1d ) )
ia/gw dx + /QI/\VU\ dx
< /Q\U||w2||u\dx

+ =l [ (1F@O)o]+ k(F2() = d)lallv]) do
1%

< Cillealf ol + Slloll} + Cs [ ofda

Col Ay — Aof? (/Q\F|2+ ofdo+ [ |é|2+\é\2dx>.

+

Then, integration with respect ¢ and Gronwall’s Lemma give us

[0l 200 o2 0y < Ct [A — Mgl (68)
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Applying LP-theory of parabolic equations ([6] p. 341) to equation (63),
the following estimate holds

[6llz105) < C1 (los(0) - Vsl o + h = Aol (16112(g5) + lell sy + 1))

where Cy depends on || ps(v1)||p4(gs) and |62 + P19 + ¢%HLz+n(Qa), n > 0,
which are independent of \;. Therefore, using (68) we arrive at

H¢H12/{/2211(Q5) < ‘)\1 — )\2‘2. (69)

Multiplying (64) by 6, integrating over €% using Holder’s inequality and
that K and ff/ are bounded Lipschitz continuous functions, we have

d 2 2

@/QJ@' dr + a/m|V«9\ dz

Ci [ 1os(@)] V21| V6] + |os(0) | V62 6]z
Cy [ 164161 + 61l 10z

Cul[0l13 (07102000 | Vel 20

C2HU||%°°(O,T;H)||VQ2H%Q(Q5) + O /m

(I6el? + 161%) d
a
Call 7o 0 7211 () P2 | F2 20y + 3 /Q[s VO da.

IN

IN +

— -

Integration with respect to ¢t and the use of Gronwall’s Lemma and (68)-(69)
lead to the estimate

10117 0.7 2200y < C 1M1 = Aaf*. (70)

We multiply (65) by ¢, integrate over Q° x (0,¢) and by parts, and we use
Holder’s and Young’s inequalities and (44) to obtain

/ |?de + /t/ Vel2ddt
Qs 0 %‘5
O [ [, (1V0a61) = Vo) P + ps(o)? + f?) e
t t
< 01/0 /m (IVo? + |c?) dxdt+01/0 /Q\v|2dxdt.

Applying Gronwall’s Lemma and using (68)-(69) we arrive at
el Zos 0,722 00y < C1 A = Aol (71)
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Therefore, it follows from (68)-(71) that 7, is uniformly continuous in A.
To estimate the set of all fixed points of 7, let (v, ¢,0,¢) € B be such a
fixed point, i.e., it is a solution of the problem

d

S (wu) + (Ve Vu) + (v Vo,u) = N(F(e,0),u)

AMk(f2(¢) — 0)v,u) for allu € V, t € (0,T), (72)

00+ aps(v) V6 — A6 (6 )
= A3(0+ (g —0a)c—0p) inQ°,  (73)
Ol Copilv) - V0 = V- (K(ps(6))V0) + ¢ f3(6), in @, (74
— KyAc+ ps(v) - Ve = KoMV - (¢(1 = ¢)V (ps(¢))) in Q°, (75)
) 00 )
a—z:o, o =0, 6—2:0 on 9 x (0,T), (76)
v(0) = vy in Q, ¢(0) =gy 0(0)=6, c(0)=cyinQ. (77

We take u = v in equation (72). Then

L[ lePde -+ [ (0 4 M) — 9)leP)
g01/Q\F|2+\9\2+|c|2+\v|2dx (78)
2 2 2 2
< Cy [ PP+ JoPdo+Cy [ 10F + Ielda.

2dt

Multiplying equation (73) by ¢, integrating over ° and by parts, using
Holder’s and Young’s inequalities we obtain,

ae? d

1
- 2 2 2, 4 < 9 9 9
i | oPdat [ (V0P + 50t da < G [ (68 +[e + [f) da
(79)
By multiplying (74) by e = C,0 — éff(gzﬁ) and (75) by ¢, arguments sim-

ilar to the previous ones lead to the following estimates

Cya 9 9
th/ le? / VO]2de < cz/qus\ dx+Cl/Q\v| d, (80)

th/ |c|2da:+—/ Vel2de < 02/95 Vo|2dz, (81)

20



where (44) was used to obtain the last inequality.
Now, multiplying (79) by A and adding the result to (78),(80)-(81), gives
us

d 1, , d Aae® 5 1 5 1,
E/gzﬁ'v‘dx—i_%/s)é( 1 |¢|+§|e\—|—§\c\ dx

+ [ (90l + MR 0) — D))

A Cia K
2 2 A4 v 2 2 2
+/m ((Ae 205)|VoP + St + = |VoP + Vel )dx
< Cl—i-Cl/Q|U‘2dI+Cl /m (6> + 101 + |c]?) dz (82)

where (] is independent of A\ and d, being A € IR an arbitrary parameter.
Taking A large enough and using Gronwall’s Lemma we obtain

]| Lo 0,521 + (| Bl oo 0,302 (00)) + 1€l oo o, 02008)) + [I€l| Lo 0,722 (020)) < Ch,

1
where C} is independent of A. Since § = o <e + éff(gzﬁ)) and f9(¢) is bounded

in L>(Q°), we also have that 10| Lo 0,712 00y < Ci. Therefore, all fixed
points of 7, in B are bounded independently of \ € [0, 1].

Finally, for A = 0, we can reason as in the proof that 7, is well defined
to conclude that the problem (38)-(43) has a unique solution. Therefore, we
can apply Leray-Schauder’s Theorem and so there is at least one fixed point
(v,6,0,¢) € BO{L*(0,T; V)NL>(0,T; H)} x W5 (Q°) x W5 (Q°) x C*1(Q°)
of the operator 77, i.e. (v,0,0,¢) = Ti(v,¢,0,c). These functions are a
solution of problem (32)-(37) and the proof of Proposition 1 is complete. =

5 Proof of Theorem 1
To prove Theorem 1, let 0 < § < 0(£2) be as in the statement of Theorem 1
and take ¢ € W2 2/09(Q)NH™(Q0), vd € H, 05 € H'™(Q), 1/2 < v <1,
0 888 808 s s
= = — = 0 on 00 3 ||00||L2(Q5) S C,

g € CY(Q?), sailsfying a—no = 3 = By
0<c)<1in Q0 v] — vy in the norm of H(£,(0), and such that the
restrictions of these functions to Q (recall that Q C Q°) satisfy as § — 0+
the following: ¢) — ¢ in the norm of W?2~/%4(Q) N H'*(Q), 65 — 6 in
the norm of L*(Q), ¢§ — ¢ in the norm of L2(1).
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We then infer from Proposition 1 that there exists (¢°,v?,6°, ¢®) solution
the regularized problem (32)-(37). We will derive bounds, independent of
0, for this solution and then use compactness arguments and passage to the
limit procedure for ¢ tends to 0 to establish the desired existence result. They
are stated in following in a sequence of lemmas; however, most of them are
ease consequence of the previous estimates (those that are independent of 0)
and the fact that Q C Q9. We begin with the following:

Lemma 1 There exists a constant Cy such that, for any § € (0,6(2)]
T
10°]] Lo~ (0,732 (0,737 +/0 /Qk(ff(¢6) — o)’ Pdwdt < Gy, (83)

H¢6HLoo(o,T;LQ(Q))nB(o,T;Hl(Q)) < H¢6||Lw(o,T;L2(96))nL2(o,T;H1(96)) <Cy, (84)
H96HLoo(0,T;L2(Q))0L2(0,T;H1(Q)) < H86HLOO(O,T;LQ(Q5))OL2(0,T;H1(95)) <y, (85)
1 20,722 @220 msm @) < NN e, L2 @)z @) < C1. (86)

Proof: Observe that it follows from inequality (82). ]

Lemma 2 There exists a constant Cy such that, for any § € (0,6(92)]

||¢6||Wq?,1(Q) < Cy, forany2<q<d4, (87)
||‘9?||L2(0,T;H;(Q)f) < (y, (88)
||C§S l20mm@yy < Ch, (89)

Proof: Note that (87) follows from estimate (20) of Theorem 2 and
Lemma 1.

Next, we take the scalar product of (34) with n € H}(€2), using Holder’s
inequality and (H3) we find

Coll? ey < Co (IIV0 |2 + 16 | o 10l oy + 1641122 -

Then, (88) follows from Lemma 1 and (87).
Using that 0 < ¢® < 1 in Q, we infer from (35) that,

[EAee (||V06HL2(Q) + {0 ) + HV¢5HL2(9)) :
Then, (89) follows from Lemma 1. ]
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Lemma 3 There exist a constant Cy and oy € (0,5(2)] such that, for any
0 < 50,

||Uf||L2(t1,t2;V(U)/) < Cl (90)
where 0 < ty < ty < T, U C Qu(ty) and such that [t1,t2] x U C Quy U
Q(0) U Qy (7).

Proof: Let 0 < t; <ty < T, U C Q,u(t1) be such that [t;,t,] x U C
Qi UL (0)UQ,, (T). Tt is verified by means of (32) that for a.e. ¢ € (t1,t3),

(v, u) = —1// Vo' - Vudz —/ v - Voluda —/ E(f2(¢°) — 0)v°udx
U U U
+/ F(&,0)udx  for u e V(U).
U
In order to estimate ||vf]|y 7y, we observe that the sequence (¢°) is bounded
in W21(Q), for 2 < ¢ < 4, in particular, for ¢ > 2 we have that W2>'(Q) C

H™™/2(Q) where 7 = 2 — 4/q ([6] p.80). Consequently, because of Arzela-
Ascoli’s theorem, there exist ¢ and a subsequence of (¢°) (which we still

denote by ¢° ), such that ¢° converges uniformly to ¢ in Q. Recall that Q,,,; =

{(z,t) € Q/0 < fo(d(z, 1)) <1} and Qpu(t) = {z € Q/0 < fo(d(z,t)) <1},
Note that for a certain v € (0,1) and for (z,t) € [t1,t2] x U,

fi(@(z,1)) <1 —7.

Due to the uniform convergence of f towards f, on any compact subset,
there is an & such that for all ¢ € (0,dy) and for all (z,t) € [t1,t2] X U,

£ (x,1)) < 1—7/2.
By assumption (H1) we infer that
E(f2(¢0(x,t)) —6) < k(1 —~/2) for (z,t) € [t1,t2] x U and § < do.
Thus,

1o llvwy < 01(||Ué||v + 1V s + 1F 2@ + 11 |2y + 16° ]l 220
+ k(2 (1)) — 5)||L°°(U)HU5HL2(Q>)‘

Hence, (90) follows from Lemma 1. ]
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From (83) we conclude that the sequence (v?) is bounded in L2(ty,ty; HY(U)).
Then, by the compact embedding ([10] Cor. 4), there exist v and a subse-
quence of (v°) (which we still denote by v°), such that

v> — v in L*((ty,t2) x U) strongly.

Observe that @),,,; is an open set and can be covered by a countable number
of open sets (t;, t;11) x U; such that U; C Q,,,(¢;), then by means of a diagonal
argument, we obtain

v — v in L (Qui U Qi (0) U Qi (T)) strongly. (91)
Moreover, from (83) we have that v € L*(0,T;V) N L*°(0,T; H) and

v* — v in  L*0,T;V) weakly,

v S v oin L*®(0,T; H) weakly star. (92)

We now infer from Lemma 1 and Lemma 2 using the compact embedding
([10] Cor.4) that there exist

¢ € WrHQ) for 2 < q <4,
9 e L*0,T;H'(Q))NL>0,T; L*(Q)),
c € L*0,T; H'(Q)) N L>(0,T; L*(2)),

and a subsequence of (¢°,6?, %) (which we still denote by (¢%,6°,¢°) ) such
that, as 0 — 0,

» — ¢ uniformly in @),

¢ — ¢ in Lq(O T; Whe(Q)) strongly,

¢ —~ ¢, in LQ) weakly,

0 — 6 in L*Q)NC([0,T]; HXQ)) strongly, (93)
0 — 6 in L%0,T; H(Q)) weakly,

A — ¢ in L*Q )ﬂC([O T); HX(Q)') strongly,

A — ¢ in L*0,T; HY(S)) weakly.

It now remains pass to the limit as § decreases to zero in (32)-(37).

Now, we take u = n(t) in (32) where € L*(0,T; V(Q(t))) with compact
support contained in @y U Q2,,(0) U Q,(T) and 7, € LQ(O,T, V(Qu(t));
after integration over (0,t), we find

[ (o) + (T8, V) + 2 908, (26 = 0)00, ) ds o
= t(}"(c‘s,e‘s),n)ds.

0
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Since supp 7 C Quu U 2,,(0) U Q,,,(T') we have that supp n(t) C Q. (t) a.e.
t € [0,T]. Moreover, we observe that

t t
@t = = [ @, m)a,eds + @0 000,00 — @ 1(0)a,0:

Because of uniform convergence of f? to f, on compact subsets, as well as
the assumption (H1), it follows that k(f°(¢°) — &) converges to k(fs(¢))
uniformly on compact subsets of QU2 (0) UQ,,(T'). These facts together
with (91)-(93) ensure that we may pass to the limit in (94) and get (12).

To check that v =0 a.e. in @8, take a compact set K QCOQS . Then there
is an dx € (0, 1) such that

(@2, 1) =1 in K for § < 0,

hence, k(f°(¢°(x,t) — ) = k(1 — ) in K for § < . From (83) we infer
that
k(l — 6)HU6H%2(K) < Cl for § < (SK

where ) is independent of 0. As ¢ tends to 0, by assumption (H1), k(1 — )
blows up and consequently [|v°||z2(x) converges to 0. Therefore v = 0 a.e. in

K. Since K is an arbitrary subset, we conclude that v = 0 a.e. in COQS .

It follows from (92)-(93) that we may pass to the limit in (33), and find
that (13) holds almost everywhere.

In order to pass to the limit in (34), we note that given ¢ € L*(0,T; H*(Q))
with ¢, € L?(0,T; L*(2)) satisfying ((T') = 0, we can consider an extension
of ¢ such that ¢° € L*(0,T; HY(?)) with ¢} € L2(0,T; L*(Q°)) satisfying
¢°(T) = 0. Now, we take the scalar product of (34) with ¢?,

T T
5¢° e 5\ s 5
o, /m 03¢ (O)dx—CV/O /me Sdedt — C’V/O /Q(s oMV - T dd
T T /

Observe that since ps(v?) converges weakly to v in L2(0,T; HY(Q2)) and 6° —
0 strongly in C'([0, T]; HL(Q2)") we have that ps(v?)8° converges to v in D'(Q).
Observe also that f9 — f/ in LI(IR) for 2 < ¢ < oo, then from (93) we
infer that ff,(aﬁ‘;)aﬁf converges weakly to f!(¢)é, in L¥?(Q). Moreover, from
Lemma 1 the integrals over Q°\Q are bounded independent of § and since
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|Q°\Q| — 0 as § — 0, we have that these integrals tend to zero as § — 0.
Therefore, we may pass to the limit in (95) and obtain

—C’/ /9<tdxdt—c/ /219 VCda:dtJr/ /Kl SO - V¢ dadt

2/ /fs Cdxdt+0/90C

for ¢ € L*(0,T; H'(Q)) with ¢ € L*(0,T; L*(Q2)) and ((T) =

It remains to pass to the limit in (35). We proceed in similar ways as
before, taking the scalar product of it with ¢° € L2(0,T; H(Q°)) with ¢ €
L0, T; L*(92)) and ¢(T) = 0,

[ - [ 090 Nt Ky [ [, ve - Vs
+K2M/ / (1 —c)Vps(¢°) - VC‘dedt:/mcog (0)dx

then from (92),(93) and using that the sequence (¢°) is bounded in L>(Q)
we may pass to the limit as § — 0 and obtain

_/ /cgtdxdt—/ /Uc VCdde—Kg/ /vc V¢ dudt

+K2M// (1= Vo - V(dudt = [ c¢(0)dz

holds for any ¢ € L*(0,7; H'(Q)) with ¢ € L*(0,T;L*(Q)) and ((T) =
Observe that since 0 < ¢® < 1 and ¢’ converges to ¢ in L*(Q) we have that
0<c<1lae inQ.

9¢

Finally, it follows from (93) that o 0, ¢(0) = ¢, 6(0) = 6 and ¢(0) =
n

co- Furthermore, v(0) = vp in ©,,;(0) because v?(0) — v(0) in V/(U) for any
U such that U C €,,;(0). The proof of Theorem 1 is then complete. ]
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