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ABSTRACT. It is known that whenever E1,...,F, are infinite dimensional L.-spaces
and F' is any infinite dimensional Banach space, there exists a bounded n-linear map-
ping that fails to be absolutely (1;2)-summing. In this paper we obtain a sufficient
condition in order to assure that a given n-linear mapping 7" from infinite dimensional
Loo-spaces into an infinite dimensional Hilbert space is absolutely (1;2)-summing.
Besides, we also give a sufficient condition in order to obtain a fully (1;1)-summing
multilinear mapping from I; X ... X I3 X l2 into an infinite dimensional Hilbert space.
In the last section we introduce the concept of fully summing holomorphic mappings
and give the first examples of this kind of maps.

1. INTRODUCTION AND NOTATION

The search for a convenient multilinear version for the concept of absolutely summing
operators lead to the investigation of innumerous different classes of multilinear mappings
between Banach spaces. The first attempts in this direction were made by A. Pietsch
[19] in 1983. Since then, several related classes of multilinear mappings and polynomials
have been studied (we mention Botelho [3], Matos [8], Floret-Matos [5], Meléndez-Tonge
[12] among many others).

Throughout E, ..., E,, E, F will stand for Banach spaces. The scalar field K can be
either R or C.

The Banach spaces of all continuous n-linear mappings from F; x ... X E,, into F
endowed with sup norm will be denoted by L(FE1, ..., E,;F). To denote the Banach space
of all continuous n-homogeneous polynomials P from E into F with the sup norm we
use P("E, F).

If p > 0, the linear space of all sequences ()72, in E such that

s 1
I(z5)52allp = QO llzs17) 7 <
Jj=1

will be denoted by [,(E). We will also denote by [;)(E) the linear space formed by
the sequences (z;)32; in E such that (< ¢,x; >)52, € [, for every continuous linear
functional ¢ € E'. We define ||. ||, , in I (E) by
1(25) 5% lw.p = sup [[(< @y 25 >)72 [lp-
@wEBp

In the case p = co we use the sup norm. One can see that ||.||, (||.||w,p) is & p-norm in
I,(E)( 1;)(E)) for p < 1 and a norm in I,(E)( [;)(E)) for p > 1. In any case, they are
complete metrizable linear spaces.

One of the possible natural definitions of absolutely summing multilinear mapping is
the following

Definition 1. (Matos [10]) A continuous n-linear mapping T : Ey x ... x E,, — F is
absolutely (p; q1, ..., gn)-summing (or (p;qi, ..., qn)-summing) at (ai,...,a,) € Ep x
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(T(ay + 1:(-1) .Gy + x§ )~ T(ar, e @n))521 € Lp(F)

for every (x 5 ))J 1 € (Es), s=1,..,n

The space of all absolutely (p; q1, ..., ¢ )-summing n-linear mappings (at every point)
from E; X ... X E, into F' is denoted by Eas . qn)(El,...,En;F). When ¢; = ... =

Gn = q, We write £a5 (p:9) (E1,...,E,; F). The development of this concept for polynomials,
multilinear and analytic mappings can be found in [14] and some other important results
will appear in Matos [10].

When we restrict ourselves to the origin, we have the following definition (characteri-

zation):
Definition 2. (Matos [8]) A continuous multilinear mapping
T:-FEFi1x..xE, > F

is absolutely (p;qi, ..., gn)-summing (or (p;q1, ..., qn)-summing) if there exists C > 0
such that

oo n l n T
(1.1) SIT@E, .y < o H )% g,
j=1 r=1

for every (x ())J €L (Br), k=1,..,n

Henceforth we will denote the space of all absolutely (p;qz, ..., ¢n)-summing n-linear
mappings (at the origin) from Ey x ... X Ey, into F' by Lospigr,....qn) (E1s ooy Bni F).

The infimum of the C' > 0 for which inequality (1.1) always holds defines a norm
for the space of all absolutely (p;qi, ..., ¢,)-summing multilinear mappings. This norm
is denoted by |[.|las(pigu,....q,)- Under this norm, Logpig,,....qn) (E1, .., En; F) is a Banach
space. When ¢; = ... = ¢, = ¢, we write Eas(pﬁq)(Eh... En; F), || las(piq) and when-
ever T' € Log(piq)(E1, ..., En; F') we say that T is absolutely (p; ¢)-summing. A particular
and very important case is obtained when we deal with Eas(%;p,...,p)(Elu vy B B If
T € Eas(%;pw”p)(El,...,En;F) we say that T is p-dominated. This terminology was
introduced by Matos [8] and is motivated by a multilinear version of the Grothendieck-
Pietsch Domination Theorem for p-dominated mappings.

Another natural generalization of the linear concept of absolutely summing operator
is the following

Definition 3. (Matos [9]) A continuous n-linear mapping T : Ey X ... X E, — F is said
to be fully (p;q1, ..., gn)-summing if there exists C > 0 such that

1
(1.2) HT (2, . H <0H\| -

J1seesdn=

whenever (ch))k L EW(E, L =1,...,n. In this case we will write
Te ‘CfaS(P;mym,qn)(Elv oo B F).

The infimum of the C' > 0 for which inequality (1.2) always holds defines a norm
for the space of all fully (p;qu, ..., g )-summing multilinear mappings and this norm is
denoted by ||| tas(pigs,....q,)- Under this norm, Ltas(piqy,....q0) (£15 -5 En; I) is a Banach
space. If g1 = ... = ¢, = q we write ||.|| fas(psq)s Lras(piq)(E1s oo Ens F).

Several coincidence results for fully summing mappings can be seen in Souza [20]
and connections with tensor products and Hilbert-Schmidt operators will appear in [9].
A recent result due to Bombal, Pérez-Garcia and Villanueva [2] asserts that every n-
linear mapping from L;-spaces into any Hilbert space is fully (1;1)-summing (multiple
1-summing in their terminology).
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As in the linear case, there are innumerous other interesting coincidence and non-
coincidence theorems for the different classes of multilinear mappings related to summa-
bility. In this note we firstly deal with a different problem. We first focalize in investi-
gating situations in which we do have

‘Cas(l;ql...,qn)(Eh 7En7F) 7& ‘C(Ela aEnvF)

and/or

’Cfas(lgl)(Elv ceey En; F) 7& ,C(El, ceey En, F)
in order to obtain sufficient conditions to yield that a particular multilinear mapping
T:FEy X..x E, — F is absolutely (1;¢1, ..., ¢, )-summing and/or fully (1;1)-summing.
In the last section we define the concept of fully summing holomorphic mappings and
give some examples of this kind of maps.

2. ABSOLUTELY (1;2)-SUMMING MULTILINEAR MAPPINGS FROM L,-SPACES INTO
INFINITE DIMENSIONAL HILBERT SPACES

The great importance of £, ,-spaces in the theory of absolutely summing linear op-
erators can be seen in the seminal paper of Maurey and Pisier [11]. For absolutely
summing multilinear mappings L£..-spaces are not less crucial. Recently, several authors
have been investigating absolutely summing multilinear mappings defined on £.-spaces
(see Meléndez-Tonge [12], Botelho [3] among others). Besides, since every Loo-space has
only infinite cotype, there are several interesting nontrivial questions concerning coinci-
dence results for absolutely summing multilinear mappings defined on such spaces. In
this direction, using a generalized Grothendieck’s Inequality, D. Pérez-Garcia [18] showed
that if Fq, ..., E, are L. .-spaces then every bounded scalar valued multilinear mapping
T:FEyx...xE, — Kis (1;2)-summing. So, naturally, if H is a finite dimensional Banach
space, we can also prove that every bounded multilinear mapping T': F1 X ....x E, — H
is (1;2)-summing. In [15], among other negative results, it is indicated how to prove that
if Fy, ..., By, are infinite dimensional £..-spaces and F' is any infinite dimensional Banach
space, then

(21) E(Ela aEnaF) 7é Eus(l;Q,...,Z)(Ela aEnvF)

Thus, if F4, ..., E, are Ly,-spaces and H is an infinite dimensional Hilbert space,
a natural question is to give sufficient conditions for a bounded multilinear mapping
T:FEy X .. xE, — H be absolutely (1;2)-summing. This will be one of the goals of
this note.

Firstly, for completeness, we will give a proof for (2.1). The crucial result is the
following:

Theorem 1. (Pellegrino [15]) Let F be an infinite dimensional Banach space and E,...,
E,, denote infinite dimensional Banach spaces with unconditional Schauder basis. If q
is so that % < q <2 and Loggy(Er, ..., En; F) = L(Ey, ..., Ep; F) we conclude that

for any normalized unconditional Schauder basis {m](l) ARy {xyn)};";l for En,..., B,
respectively, the natural mapping

oo oo
VB X ... X E, — g (Z agl)xl(.l), ...,Zagm)xgm)) — (agl)...agm));ﬁl
i=1 i=1
is such that (Fy X ... x E,) C l;iq.
—q

Proof. By hypothesis there exists K > 0 so that |||
m-linear mappings T : Fy X ... X B, — F.

as(q:y < K|[T for all continuous
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By the main Lemma of the well known Dvoretzky-Rogers Theorem (see [7, Theorem
4.2]), for every n, there exist normalized yi, ..., y, in F such that

(2.2) 1Y Nl <20 1A Y2
=1 =1

regardless of the scalars Ay, ..., \y,.

[ee]
For each k = 1,...,m, consider z, = > agk)xgk) € Ej and for each natural n, let
i=1

{1} be such that Z | 1 |°=1 with s = —. Define T: Ey X ... x E, — F by

- 1 (1 m
T(z1, ., 2 Z |2 })...ag» )y],

where we chose y; satisfying (2.2).

Since each {x( )}Oo 1 is an unconditional basis, there exists p > 0 such that

k k k k
uzeja; "] < pll Za§- ") = ozl
j=1 j=1

for all e; € {1,—1} and 2z, = Z a (k) € Ej. Hence

[ 253 a; DI < pullz]
and

s
k k
1" eal 2™ | < ozl
j=1

for all natural » and any €; = 1 or —1. We thus have

- 1 1 m
1T (21 oozl = 11D L] a$”.a™ g

1/2
2 1 m
<23 lulv [0 g™ P
Jj=1
1/2
n
<2 31w Pptepl | Nzl

< 2p1epmllall Nzl O |y [P/
j=1
< 2p1...pmllz1ll-- |1z |-
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Then |T|| < 2p1...pm and ||T|

5 (sl

j=1

as(gil) = 2K p1...pm. Therefore

1/q

o )| v W, )
a;’..a; D = ZHT(aj Ty H
i=1

k k)\n
<N gsqn H [T SRE R [

k k
= T lasqn) H | max 1> ejaPal |y
j=1

) 4 Pyt H(pkHZkII)

k=1
< 2K p 21 |2

3

S

Recall that the last inequality holds whenever Z | 11; |°=1. Hence
j=1

N /(525
1 m S 1 m) [T\ "
e = ()|
Jj=1 =1
n 1 q n
= sup Zuj a§- )...aj ;Z | pi =1
j=1 j=1
n L | n .
<sup ¢ 31wy | faf a3 g 7= 1
j=1 j=1
and thus .
1 _s
> (e VD < QKR gl )
j=1
Since 3¢ = %7 and n is arbitrary, the proof is done. [J

Assuming F, = ... = E,, = ¢¢ and using a standard localization argument, Theorem 1
furnishes a proof for (2.1). Now, let us state a natural definition of adjoint of an n-linear

mapping.
Definition 4. Let Ey,..., E, and F be Banach spaces. If T € L(Ex,..., En; F), we
define the adjoint of T' by
T . F* — L(FEy, ..., Ey;K)
o —Tp:Fy x..xE, —K

with (T*@) (@1, ..., xpn) = (T (21, .. Ty)).

In a recent result [17] we give a sufficient condition in order to prove that a particular
n-linear mapping into a Hilbert space is absolutely (1;1)-summing, generalizing a result
due to S. Kwapien [6]. The next result explores the essential idea of the proof and give
us a stronger result.

Theorem 2. If H is a Hilbert space and E1,..., Ex are Banach spaces such that
[,(El,...,EN;K) :‘Cas(l;pl,.. )(El,...,EN;K)

PN
and

T e ﬁ(El, ...,EN;H)
is such that T* is almost summing, then T is absolutely (1;p1,...,pN)-summing
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Proof. Consider, for each n € N, a continuous multilinear operator T': E1 X...x Ey —
17 (neN).

If 21 2™ ¢ Ep 1 < k < N, using Khinchin’s Inequality (see [4, Theorem
1.10]), we obtain

Jj=1
1
m n 2\ ?
=55 (S0 )
j=1 \k=1
m n 2\’
R
j=1 k=1
m 1| n
AR
j=1 0 k=1
1m -
0 k=1
1 n N
1 bi)ym
< A Zrk(t)T ek , H(x( J))Fluw,l dt.
k=1 as(1;p1,...,pN) =1

Thus, since L(E1, ..., En;K) = Lospy,... pn) (1, -, En; K) there exists C' > 0 such that

i?“k (t)T* ek

Z'rk(t)T*ek <C
k=1 as(1;p1,...,pN) k=1
and thus
m N 1 n
(2.3) Z "T(x(1>j)7 NI < CAIIH H(x(id));ﬂ:lep /O Zrk(t)T*ek dt.
j=1 i=1 o k=1

Since T* is almost summing we obtain

(2.4) /0 1

We complete the proof by considering an operator T' € L(FE1, ..., Ex; H) which adjoint
T*: H — L(Ey,..., Ex;K) is almost summing.

If 20, 20 ¢ B with 1 < k < N, identify the span of the T'(z(19), ... z(N:1)) g,
j = 1,...,m, with [§ for an appropriate n and set by ¥ this map. This is possible,
since such span is a finite dimensional Hilbert space. Let P € L(H) be the orthogonal
projection onto this span. We have P* = P and using (2.3) and (2.4), we obtain

m
Z HT(aj(l’j), ...,a:(N’j))H
j=1

n 2 %
D ore@T x|l dt | < IT s len)izills = 1Tl -
k=1

= Z H\I! o PoT(zM), ...,x(N’j))H
j=1
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N
< AT T o P o [T [ @) |
i=1

»Pi
N
< AT g 1PN T 05,
i=1 e
N
< AT N 1P TT [0
i=1 o
N
= AT T o T ||
i=1 w,pi
Therefore, T is absolutely (1;p1, ..., pn)-summing .[J
Corollary 1. If H is an infinite dimensional Hilbert space, E1,..., E,, are Lo,-spaces

and
T e ﬁ(El, ey B H)
is such that T* is almost summing, then T is absolutely (1;2)-summing.

3. FuLLy (1;1)-SUMMING MULTILINEAR MAPPINGS FROM [; X ... X [1 X I3 INTO
INFINITE DIMENSIONAL HILBERT SPACES

In this section we first intend to prove that if each E; is an £,-space and H is a Hilbert
space, then every n-linear form defined on F X ...x E,, x H is fully (1; 1)-summing whereas
if F'is an infinite dimensional Banach space, there is always an n-linear mapping from
Ey X ... x E, x H into F which fails to be fully (1;1)-summing. Our first step is the
following straightforward result:

Lemma 1. If T € L(Ey, ..., En; F') is such that Ty : By X ... X By — Lag1;1)(En; F)
defined by Ty (x1, ..., Tpn—1)(@n) = T(x1,....,x,) is fully (1;1)-summing, then T is fully
(1;1)-summing.

So, we have the following theorem:

Theorem 3. If each E; is an Ly-space and H is a Hilbert space, then
£(E17 ) Enfh H7 K) = £fas(l;1) (Ela ) Enfh H7 K)
Proof. It suffices to use that L(E1, ..., E_1;H) = Lyqs1;1) (B, .o, En_1; H) and H =
L(H;K) = L4s1;1)(H;K) and apply Lemma 1.00
Now, we must observe that L(E,..., En_1, H; F) # Lqsa11)(E1, ..., Bn_1, H; F) for
any infinite dimensional Banach space F. To achieve this result we state a simple but
useful “descending” result which proof we omit.
Proposition 1. If £ (E1, ..., En; F) = L(Eq, ..., En; F) then

as(D;P1se--Pn)
L(E;;F) =L Ej F)

aS(p;pj)(

for every j.

Corollary 2. If Liqspip,,....pn) (B, ooy Ens F) = L(En, ..., En; F) then
L(Ej; F) = ﬁaS(p;Pj)(EJ';F)

for every j.

Proof. It is not hard to prove that every fully (p;p1, ..., p,)-summing is absolutely
(p;p1, ..., Pn)-summing at every point. Thus the descending property furnishes the proof.
O

Now, we can assert the aforementioned non coincidence result.
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Corollary 3. If F is an infinite dimensional Banach space, H is a Hilbert space and
each Ej; is an L1-space, then

,C(El, ...,En_l, H, F) 7& ‘Cfas(l;l) (El, ceey En_l,H; F)

Proof. If the result did not hold we would have L(H; F) = Lys1;1)(H; F), which is
impossible (see [7, Theorem 4.2]).

Finally, if H is an infinite dimensional Hilbert space, it makes sense to ask when a
mapping T from Iy X ... x I x H into H is fully (1;1)-summing.

Using the same reasoning of the proof of Theorem 2, one can obtain a version of
Theorem 2 for fully summing mappings. Precisely,

Theorem 4. If H is an infinite dimensional Hilbert space, E1,..., E,_1 are Lq-spaces
and
TeL(Ey,. ,E,1,H;H)

is such that T is almost summing, then T is fully (1;1)-summing.

4. FULLY SUMMING HOLOMORPHIC MAPPINGS

The theory of absolutely summing holomorphic mappings was introduced by Matos
[8] (see also Floret-Matos [5]). Further work of the first named author [14] showed
several examples of this kind of mappings. In order to find an adequate concept of “fully
summing holomorphic mapping” we first need to introduce the concept of fully summing
homogeneous polynomials. Naturally, we will say that an n-homogeneous polynomial

v
is fully (r;s)-summing if its associated symmetric n-linear mapping P is fully (r;s)-
summing. The fully summing norm for polynomials will be the one induced by the

fully summing norm of its associated n-linear map, i.e., ||P||fas(r;s) = ||]Y7|\fas(r;s). One
can prove that (Pes(rs) ("E; F), H.||fas(r;s)) is a Banach space. Detailed results involving
fully summing polynomials will appear in the doctoral thesis of the second named author,
under supervision of M. C. Matos.

In this section our initial step is to prove that (Prasrs) (" E; F), H.||fas(T;s))$L°:O is a
holomorphy type in the sense of Nachbin.

Definition 5. (Nachbin [13]) A holomorphy type 6 from E to F is a sequence of
Banach spaces

(Po(" 5 )=,
the norm of each of them denoted by |||, , such that the following conditions hold true
1) Each Pg(™E; F) is a linear subspace of P(™E; F);
2) Po(YE; F) = F, as a normed linear space;
3) There exists a real number o > 1 for which the following is true. Given any
eN,I<m,z€F and P € Py("™E; F), we have

Al

d P(z) € Po('E; F) and

(
(
(
I,m

)

Al
ld P(x)

—1

0

A related definition, also due to Nachbin, give the concept of -holomorphy type for
holomorphic mappings

Definition 6. If U C E is an open set, a gwen f € H(E;F) is said to be of 0-
holomorphy type at € € U if
m

(1) gl f(&) € Po(ME; F) for every natural m
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(2) There exist real numbers C >0 and ¢ > 0 such that

—d©)

< Cc™ for every natural m.
6

Moreover, if f is of #-holomorphy type at every point of U we say that f is of 6-
holomorphy type on U. We denote by Hg(U; F) the linear subspace of H(U; F') composed
by all such f of holomorphy type on U.

Theorem 5. (Pros(rs) (" E; F), ||| fos(r5))m=o is @ holomorphy type fas(r;s).

Proof. Consider k,n € N so that &k < n and P € Pyys(rs)("E; F'). Let us consider

(x gl))j 1 €EIY(E),l=1,...,n. Thus, defining (= 5))3 1 =(a,0,0,...) foreach k+1 <1 <mn

we obtain

317 ©y jk
J1s--dk=1
J1se k=1
1
n - 1 [
_ ( . > Z P(xgl).. x;))
Ji,--odn=1
<(™ Y|P )z
- k fas(r;s) HH(Z‘j )j:1Hw,s
n n—k
= () 1P as el HH =

Thus d*P(a) € Lqs(rs)("E; F) for each k. Finally,

n n—k n n—k
( )§<k>HHmmeﬂl < 2P| asey
fas(r;s

From now on we will denote the space of holomorphic mappings from F into F by
H(E; F).
Definition 7. We say that an holomorphic mapping f : E — F is fully (r; s)-summing
if fis of fas(r;s)-holomorphy type on E.

If f is fully (r;s)-summing, we will write f € H rqq(r.s) (E; F).

Now, we will give the first examples in which we have H(E; F) = Hqq(r;5)(E; F) for
some 7, S.

Based on the ideas of [2] we have the following result.
Lemma 2. Suppose that
(41) £<E7 H) = ‘C’as(2,2)(E7H)
for every Hilbert space H. Then for each H there exists Cg > 0 such that

E(nE, H) = ,Cfas(272)(nE, H)
and
1Tl t45(22) < Crr 1Tl

for every T € L("E; H).



