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Abstract

The main objective of this paper is to clarify the ontology of Dirac-
Hestenes spinor fields (DHSF) and its relationship with even multivector
fields, on a Riemann-Cartan spacetime (RCST) M =(M,g,V,14,7) ad-
mitting a spin structure, and to give a mathematically rigorous derivation
of the so called Dirac-Hestenes equation (DHE) in the case where 9
is a Lorentzian spacetime (the general case when 9 is a RCST will be
discussed in another publication). To this aim we introduce the Clifford
bundle of multivector fields (C4(M,g)) and the left (Cflspini ,(M)) and
right (Cﬂgpinia(M)) spin-Clifford bundles on the spin manifold (M, g).
The relation between left ideal algebraic spinor fields (LIASF) and Dirac-
Hestenes spinor fields (both fields are sections of Célspin? ,(M)) is clarified.
We study in details the theory of covariant derivatives of Clifford fields as
well as that of left and right spin-Clifford fields. A consistent Dirac equa-
tion for a DHSF ¥ € sec Célspin? , (M) (denoted DEC/{") on a Lorentzian

spacetime is found. We also obtain a representation of the DEC(! in the
Clifford bundle C¢(M, g). It is such equation that we call the DHE and
it is satisfied by Clifford fields = € secCl(M,g). This means that to
each DHSF W € sec CElspin? , (M) and E € sec Psping , (M), there is a well
defined sum of even multivector fields Yz € secCL(M, g) (EMFS) associ-
ated with W. Such a EMFS is called a representative of the DHSF on the
given spin frame. And, of course, such a EMFS (the representative of the
DHSF) is not a spinor field. With this crucial distinction between a DHSF
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and its representatives on the Clifford bundle, we provide a consistent the-
ory for the covariant derivatives of Clifford and spinor fields of all kinds.
We emphasize that the DEC¢' and the DHE, although related, are equa-
tions of different mathematical natures. We study also the local Lorentz
invariance and the electromagnetic gauge invariance and show that only
for the DHE such transformations are of the same mathematical nature,
thus suggesting a possible link between them.

1 Introduction

The main objective of this paper is to clarify the ontology of DHSF' on general
Riemann-Cartan spacetimes (RCST) and to give a mathematically justified ac-
count of the Dirac-Hestenes equation on Lorentzian spacetimes?, subjects that
have been a matter of many misunderstandings and controversies (as discussed
in [34]). To motivate our enterprise, we recall that DHSF on a Minkowski
spacetime were defined in [34] as equivalence classes of Clifford fields. Here we
follow a different approach, and define DHSF' as even sections of an approprite
spinorial Clifford bundle. The objects satisfying the Dirac-Hestenes equation
are then even multivector fields which are representatives of DHSF on the ten-
sorial Clifford bundle. Moreover, such a representative is manifestly spin-frame
dependent, so that no contradiction arises in representing spinors by Clifford
fields.

To achieve our goals, we introduce in section 2 the Clifford bundle of mul-
tivector fields® (C£(M, g)), and the left (Célspini, ,(M)) and right (cegpm% (M)
spin-Clifford bundles on the spin manifold (M ,9), and study in details how
these bundles are related. Left algebraic spinor fields and Dirac-Hestenes spinor
fields (both fields are sections of CngpinT ,(M)) are defined and the relation be-
tween them is established. In section 4, a consistent Dirac equation for a DHSF
W € sec Cﬁlspin{li ,(M) (denoted DEC{") on a Lorentzian manifold is found. In sec-

tion 5, we obtain a representation of the DEC/' in the Clifford bundle, an equa-
tion we call the Dirac-Hestenes equation (DHE), which is satisfied by Clifford
fields = € secCl(M, g). This means that to each DHSF ¥ € sec CngpinT , (M)
and to each spin frame = € sec Pspinig(M ) there is a well defined sum of even
multivector fields ¥= € secCl(M, g) (EMFS) associated with ¥. Such a EMFS
is called a representative of the DHSF on the given spin frame. And, of course,
such a EMF'S (the representative of the DHSF') is not a spinor field. With this
crucial distinction between a DHSF and their EMFS representatives, we present
in section 5 an effective spinorial connection® for the representatives of a DHSF

on C¢(M, g), thus providing a consistent theory for the covariant derivatives of
Clifford and spinor fields of all kinds.

1For the genesis of these objects we quote [19].

2The Dirac-Hestenes equation on a general RCST will be discussed in another publication.

30f course, all the results of the present paper could also be obtained in the case where
CU(M, g) is a Clifford bundle of nonhomogeneous differential forms.

4The same as that used in [34].



We emphasize that the DEC¢' and the DHE, although related, are of different
mathematical natures. This issue has been particularly scrutinized in sections 4
and 5. We study also the local Lorentz invariance and the electromagnetic gauge
invariance and show that only for the DHFE such transformations are of the same
mathematical nature, thus suggesting a possible link between them. In a sequel
paper we are going to investigate this issue and also (a) the formulation of the
DEC{ and DHE in an arbitrary Riemann-Cartan spacetime through the use of
a variational principle®; (b) the theory of the Lie derivative of the LIASF and
DHSF; and (c) the claim in [17] that existence of spinor fields in a Lorentzian
manifold requires a minimum amount of curvature. This problem is important
in view of the proposed teleparallel theories of the gravitational field.

Finally, in the Appendix we derive some formulas employed in the main text
for the covariant derivative of Clifford and spinor fields, using the general theory
of covariant derivatives on associated vector bundles. In general, our notation
corresponds to that in [34].

Some few acronyms are used in the present paper (to avoid long sentences)
and they are summarized below for the reader’s convenience.

DHE- Dirac-Hestenes Equation

DHSF- Dirac-Hestenes Spinor Field

DEC/'- Dirac equation for a DHSF ¥ € sec Cﬁlspin(f (M)

EMFS- Even Multivector Fields i

LIASF- Left Ideal Algebraic Spinor Field

PFB- Principal Fiber Bundle

RIASF- Right Ideal Algebraic Spinor Field

RCST- Riemann-Cartan Spacetime

2 The Clifford Bundle of Spacetime and their
Irreducible Module Representations

2.1 The Clifford Bundle of Spacetime

Let M be a four dimensional, real, connected, paracompact and non-compact
manifold. Let T'M [T*M] be the tangent [cotangent] bundle of M.

Definition 1 A Lorentzian manifold is a pair (M, g), where g € secT?°M is a
Lorentzian metric of signature (1,3), i.e., for all x € M, Ty M ~ T M ~ R3,
where RY3 4s the vector Minkowski space.

Definition 2 A spacetime 9 is a pentuple (M,g,V,7,,T) where (M, g,74,1)
is an oriented Lorentzian manifold (oriented by 1,) and time oriented by an
appropriated equivalence relation® (denoted 1) for the timelike vectors at the
tangent space T,M ,¥x € M. V is a linear connection for M such that Vg = 0.

5We shall use in our approach to the subject the techniques of the multivector and extensor
calculus developed in ([12],[13],[14],[25],[26],[27],[28]),
6See [35] for details



Definition 3 Let T and R be respectively the torsion and curvature tensors of
V. If in addition to the requirements of the previous definitions, T(V) = 0, then
M is said to be a Lorentzian spacetime. The particular Lorentzian spacetime
where M ~ R* and such that R(V) = 0 is called Minkowski spacetime and
will be denoted by M. When Vg = 0, T(V) # 0 9 is said to be a Riemann-
Cartan spacetime (RCST). The particular RCST such that R(V) = 0 is called
a teleparallel spacetime.

In what follows Psoig(M ) denotes the principal bundle of oriented Lorentz
tetrads.”

It is well known [32] that the natural operations on metric vector spaces,
such as direct sum, tensor product, exterior power, etc., carry over canonically
to vector bundles with metrics. We have the

Definition 4 The Clifford bundle of the Lorentzian manifold (M,g) is the
bundle of algebras
cuM,g) = | J cuT. M, g,), (1)
reEM

where CU(T, M, g..) is the Clifford algebra associated with (T, M, g.) (see, e.g.
[34])-

As is well known ([4],[5],[10]) Cl(M, g) is a quotient (or factor) bundle®,

namely
™M

J(M,g) @

where TM = @2,T%" M and T(®") M is the space of r-contravariant tensor
fields, and J(M, g) is the bundle of ideals whose fibers are the two-sided ideals
in 7M generated by the elements of the form a ® b + b ® a — 2¢g(a,b), with
a,b € TM. In what follows, we denote the real Clifford algebra associated to
R?4 by R, 4. The even subalgebra of R, , will be denoted by R)  (see, e.g.,
[34]).

Let 7. : C4(M, g) — M be the canonical projection of C4(M,g) and let {U,}
be an open covering of M. There are trivialization mappings v; : =, (U;) —
Ui x Ry 3 of the form v;(p) = (m.(p), ¥i»(p)) = (z,%i 2(p)). If x € U; NU; and
p € m. Y(z), then

CE(M7g) =

1/}i,x(p) = hij (x)'L/}j,z(p) (3)
for hij(z) € Aut(Ry3), where h;; : U; N U; — Aut(R;3) are the transition
mappings of C(M, g). We know that every automorphism of Ry 3 is inner and
it follows that

hij (@) 2 (p) = gi5(@)i.2(P)gis (x) " (4)

"We assume that the reader is acquainted with the structure of PSO§ 3(M)’ whose sec-

tions are the time oriented and oriented orthonormal frames, each one associated by a local
trivialization to a unique element of SOF 3(M). See, e.g., ([16],[22],[29],[30]).

8 Crumeyrolle [10] denotes C€(M, g) by CL(M) and call it the Clifford algebra of the manifold
M, but we do not like this nomenclature, because a given manifold can support many non
isomorphic Clifford algebras, depending on the signature of g.



for some g;j(z) € Ry 3, the group of invertible elements of Ry 3.

Now, the group SOl 3 has as it is well known (see, e.g., [2] [3],[5],[21],[34]) a
natural extension in the Clifford algebra Ry 3. Indeed we know that RY 5 acts
naturally on Ry 3 as an algebra automorphism through its adjoint representa-
tion. A set of lifts of the transition functions of C4(M,g) is a set of elements
{9i} C R} 5 such that if

Ad: g — Adg,
Ady(a) = gag™",Va € Ry 3, (5)

then Adgl = h;; in all intersections.

Also’ o = = Ad|sping , defines a group homeomorphism o : Spinj 3 — SO7 3
which is onto with kernel Zo. We have that Ad_; = identity, and so Ad :
Spin§ 3 — Aut(R; 3) descends to a representation of SOf 3. Let us call Ad" this
representation, ie., Ad' : SOf 3 — Aut(R;3). Then we can write Ad;(g)a =
Adga = gag™!.

From this it is clear that the structure group of the Clifford bundle C4(M, g)
is reducible from Aut(R; 3) to SO] 3. This follows immediately from the exis-
tence of the Lorentzian structure (M g) and the fact that C4(M, g) is the exterior
bundle where the fibres are equipped with the Clifford product. Thus the tran-
sition maps of the principal bundle of oriented Lorentz tetrads PSO?,S(M ) can
be (through Ad’) taken as transition maps for the Clifford bundle. We then
have [5]

CUM, g) = Psos ,(M) Xaar Ry 3, (6)

i.e., the Clifford bundle is an associated vector bundle to the principal bundle
Psos (M) of orthonormal Lorentz frames.

Definition 5 Sections of C{(M,g) are called Clifford fields.°

2.2 Spinor Bundles

Definition 6 A spin structure on M consists of a principal fibre bundle 7 :
Pspine ,(M) — M (called the Spin Frame Bundle) with group Spini 3 and a
map

S PSpin‘jB (M) — Psoi3 (M) (7)
satisfying the following conditions

(i) m(s(p)) = ms(p) VP € Psping ,(M), 7 is the projection map of the bundle
Psos , (M).

(i) s(pu) = s(p)Ady ,Yp € Pospins (M) and Ad : Spinjz — Aut(Ry3),
Ady iRy 33z uru™! € Ry 3.

9Recall that Spin§ 3=1ac€ Rl 3 :ad = 1} >~ Si(2,C) is the universal covering group of
the restricted Lorentz group SO7 3. See, e.g., [34].

10We note that the term Clifford fields was used in [34] for mappings from a Minkowski
spacetime to the Clifford algebra Ry 3.



Recall that minimal left (right) ideals of R, , are left (right) modules for
R,.q [34]. In [34], covariant, algebraic and Dirac-Hestenes spinors (when (p, ¢) =
(1,3)) were defined as certain equivalence classes in appropriate sets, and a pre-
liminary definition for fields of these objects living on Minkowski spacetime was
given. We are now interested in defining algebraic Dirac spinor fields and also
Dirac-Hestenes spinor fields, on a general Riemann-Cartan spacetime (defini-
tion 3), as sections of appropriate vector bundles (spinor bundles) associated
to PSpinja(M)~ The compatibility between Pspinia(M) and Pso;a(M), as cap-
tured in definition 6, is essential for that matter.

It is therefore natural to ask: When does a spin strucute exist on an oriented
manifold M? The answer, which is a classical result ([1],[4],[5],[10],[15],[22],[29]-
[31],[33],[32]), is that the necessary and sufficient conditions for the existence of
a spin strucute on M is that the second Stiefel-Whitney class wo (M) of M is
trivial. Moreover, when a spin structure exists, one can show that it is unique
(modulo isomorfisms) if and only if H'(M, Zs) is trivial.

Remark 7 For a spacetime M (definition 2), a spin structure exists if and only
if PSO?B(M) is a trivial bundle. This was originally shown by Geroch [16].

Definition 8 We call global sections £ € sec Psoe (M) Lorentz frames and
global sections Z € sec Pspine , (M) spin frames.

Remark 9 Recall that a principal bundle is trivial if and only if it admits a
global section. Therefore, Geroch’s result says that a (non-compact) spacetime
admits a spin structure if and only if it admits a (globally defined) Lorentz
frame. In fact, it is possible to replace Psos (M) by Psping , (M) in remark 7
(see [16], footnote 25). In this way, when a (non-compact) spacetime admits
a spin structure, the bundle PspiniB(M ) is trivial and, therefore, every bundle
associated to it is also trivial.

Definition 10 An oriented manifold endowed with a spin structure will be
called a spin manifold.

We now present the most usual definitions of spinor bundles appearing in the
literature!! and next we find appropriate vector bundles such that particular
sections are LIASFEF or DHSF.

Definition 11 A real spinor bundle for M is a vector bundle
S(M) = Psping ,(M) %, M (8)

where M is a left module for Ry 3 and p; is a representation of Sping 5 on
End(M) given by left multiplication by elements of Spinf 5.

11We recall that there are some other (equivalent) definitions of spinor bundles that we are
not going to introduce in this paper as, e.g., the one given in [6] in terms of mappings from
PSpin‘f 3 to some appropriate vector space.



Definition 12 The dual bundle S*(M) is a real spinor bundle
S*(M) = PSpini',g (M) x,, M~ 9)

where M* is a right module for Ri3 and p, is a representation Spini s in
End(M) given by right multiplication'® by (inverse) elements of Spinf 3.

Definition 13 A complex spinor bundle for M is a vector bundle
S.(M) = PSpinig(M) X . M (10)

where M, is a complex left module for CQRy 3 ~ Ry 1 ~ C(4), and where . is
a representation of Spinj 3 in End(M.) given by left multiplication by elements
of Spin{ 3.

Definition 14 The dual complex spinor bundle for M is a vector bundle
Se(M) = Psping (M) X, M (11)

where M} is a complex right module for C @ Ry 3 ~ Ry ~ C(4), and where
fic s a representation of Spin§ 3 in End(M.) given by right multiplication'? by
(inverse) elements of Spinj 5.

Taking, e.g., M, = C* and p. the D(1/20) @ D(©1/2) representation of
Sping 5 = S1(2,C) in End(C*), we immediately recognize the usual definition of
the covariant spinor bundle of M as given, e.g., in ([8],[9],[15],[29],[30]).

2.3 Left Spin-Clifford Bundle

As shown in [34], besides the ideal I = Ry 33(1 + Ejp), other ideals exist in
Ry 3 that are only algebraically equivalent to this one.'? In order to capture all
possibilities we recall that R; 3 can be considered as a module over itself by left
(or right) multiplication. We are thus led to the

Definition 15 The left real spin-Clifford bundle of M is the vector bundle

cl (M) = Psping , (M) x; Ry 3 (12)

1
Spin‘f,3
where 1 is the representation of Spin] 3 on Ry 3 given by l(a)x = az. Sections
of CflspimE g(M) are called left spin-Clifford fields.

Remark 16 Cﬁlspini 3(]\4) is a “principal Ry 3- bundle”, i.e., it admits a free
action of Ry 3 on the right [5], which is denoted by Ry, g € Ry 3. This will be
considered in section 5.

12More precisely, this means that given u € Spin§ 5, a € M, pr(u)a = au~1, so that
pr(u)a = a(ur)~t = au " tut = pp(u) pr (W) a.

13This fact gives rise to a large class of multivector Dirac equations in flat spacetime,
generalizing the Dirac-Hestenes equation [23, 24].



Remark 17 There is a natural embedding'* Pspine (M) < CL4 (M) which

Spini3
comes from the embedding Spin§ 3 — R?,?,. Hence (as we shall see in more de-
tails below), every real left spinor bundle (see definition 15) for M can be cap-
tured from Cﬁlspin{li Q(M), which is a vector bundle very different from CL(M, g).

Their relation is ﬁresented below, but before that we give the

Definition 18 Let I(M) be a subbundle of Ct
a primitive idempotent e of Ry 3 with

lSpin;a(M ) such that there ewists
RU =W (13)
for all U € secI(M) C secCl (M). Then, I(M) is called a subbundle of

Sping 5
left ideal algebraic spinor fields. Any ¥ € secI(M) C secCElSpin(f g(M) is called

a left ideal algebraic spinor field (LIASF). I1(M) can be thought of as a a real
spinor bundle for M such that M in Eq.(8) is a minimal left ideal of Ry 3.

Definition 19 Two subbundles I(M) and I(M) of LIASF are said to be geo-
metrically equivalent if the idempotents e,e € Ry 3 (appearing in the previous
definition) are related by an element u € Spini?,, ie., €=wueu"'.

Definition 20 The right real spin-Clifford bundle of M is the vector bundle
Ol (M) = Psping , (M) %, Ry (14)
Sections of Cﬁgpirﬁ 3(]\4) are called right spin-Clifford fields

In Eq.(14) r refers to a representation of Spinj ; on Ry 3, given by r(a)z =

za~'. As in the case for the left real spin-Clifford bundle, there is a nat-
ural embedding Poping , (M) < Clg, 3(M ) which comes from the embedding

Spin{ 3 < R} ;. There exists also a natural left L, action of a € Ry3 on
Clgpine ,(M). This will be proved in section 5.

Definition 21 Let I* (M) be a subbundle of Clg . (M) such that there exists
a primitive idempotent element e of Ry 3 with 1
LU =¥ (15)

for any U € secI*(M) C SecCEZQ;pini:i(M)}. Then, I*(M) is called o subundle
of right ideal algebraic spinor fields. Any U € sec I*(M) C sec Cﬁgpinig(M) is
called a right ideal algebraic spinor field (RIASF). I*(M) can be thought of as
a a real spinor bundle for M such that M* in Fq.(9) is a minimal right ideal of

Rlyg.

Definition 22 Two subbundles I*(M) and I*(M) of RIASF are said to be

geometrically equivalent if the idempotents e, € € Ry 3 (appearing in the previous

definition) are related by an element u € Spin 3, i.e., €= ueu™t.

14 The symbol A < B means that A is embedded in B and A C B.



Proposition 23 In a spin manifold, we have
ClM,qg) = PSpini:i(M) X Ad Ry 3.
Proof. Remember once again that the representation
Ad : Spin{ 3 — Aut(R;3) Adua= uau~! u € Spin{ 3

is such that Ad_; = identity and so Ad descends to a representation Ad’ of SO1 3
which we considered above. It follows that when Pspine . (M) exists CL(M, g) =
Psping , (M) Xaa Ry 5.0

2.4 Bundle of Modules over a Bundle of Algebras

Proposition 24 S(M) (or CngpinjB(M)) is a bundle of (left) modules over the

bundle of algebras C4(M,g). In particular, the sections of the spinor bundle
(S(M) or Cﬁlspin{li 3(M)) are a module over the sections of the Clifford bundle.

For the proof, see [5], page 97.

Corollary 25 Let ¢,V € sec Célspin? ,(M) and ¥ # 0. Then there exists 1) €

secCl(M,g) such that
U = d. (16)

Proof. It is an immediate consequence of proposition (24).H
So, the corollary allows us to identify a correspondence between some sections
of C¢(M, g) and some sections of I(M) or Cﬁlspin{li , (M) once we fix a section on

Cflspin{li s (M). This and other correspondences will be essential for the theory of
section 5. Once we clarified what is the meaning of a bundle of modules S(M)

over a bundle of algebras C/(M, g), we can give the following

Definition 26 Two real left spinor bundles (see definition 15) are equivalent if
and only if they are equivalent as bundles of C4(M, g) modules.

Remark 27 Of course, geometrically equivalenty real left spinor bundles are
equivalent.

Remark 28 In what follows we denote the complexified left spin Clifford bundle
by (Cflspin{iS(M) = PSPini’,g(M) x| CoORy 3= PSPinig(M) X Ry 1 and the com-
plezified right spin Clifford bundle by C£ (M) = PspiniB(M) x,CORy 3=

]DSpini3 (M) Xy R4,1~

-
iMeé
Smea



3 Dirac-Hestenes Spinor Fields

Let E#, 1 =0,1,2,3 be the canonical basis of R1»® < R; 5 which generates the
algebra Ry 3. They satisfy the basic relation EX*EY + EVE# = 2n#. As shown,
e.g., in [34],

1
e 25(1 + EO) S R173 (17)
is a primitive idempotent of R 3 and
1 1
f:§(1+EO)§(1+iE2E1) EC®Ry3 (18)

is a primitive idempotent of C ® Ry 3. Now, let I =R; se and Ir = C @ Ry 3f
be respectively the minimal left ideals of R; 3 and C ® Ry 3 generated by e and
f. Let ¢ = ¢ge €I and ¥ = Wf € Ic. Then, any ¢ € I can be written as

¢ =ve (19)
with ER?B. Analogously, any ¥ € I¢ can be written as
1
U= yes(l+ iE’E!), (20)
with 1 ER%?’.

Now, C®R; 3 ~ Ry =~ C(4), where C(4) is the algebra of the 4 x 4 complex
matrices. We can verify that

(21)

S oo
OO OO
OO OO
OO OO

is a primitive idempotent of C(4) which is a matrix representation of f. In this
way we can prove (as shown, e.g., in [34]) that there is a bijection between
column spinors, i.e., elements of C* (the complex 4-dimensional vector space)
and the elements of I¢. All that, plus the definitions of the left real and complex
spin bundles and the subbundle I(M) suggests the

Definition 29 Let ® € sec [(M) C secCl: (M) be as in definition 18, i.e.,

Spini3
2 1 0
Re® = Pe =P, e =e = 5(1+E ) €R;y 3. (22)
A Dirac-Hestenes Spinor field (DHSF) associated with ® is an even section'®

b of Cllgie (M) such that
’ ® = qe. (23)

15 Note that it is meaningful to speak about even (or odd) elements in C/ (M) since

Spini3
e 0
SplnL3 - R173.

10



Remark 30 An equivalent definition of a DHSF is the following. Let ¥ €
sec (Cﬁlspin(f , (M) be such that

ReWU = Uf =V, f? = f = %(1 - EO)%(l +iE*E') €C®R; 3. (24)

Then, a DHSF associated to W is an even section i) ofCKZSpiHiB(M) C CélspiniB(M)

such that
U = of. (25)

Remark 31 In what follows, when we refer to a Dirac-Hestenes spinor field
we omit for simplicity the wording associated with ® (or V). It is very important
to observe that DHSF are not sums of even multivector fields although, under
a local trivialization, ¥ € sec Céépin{li3(M ) is mapped on an even element of

Ry,3. We emphasize that DHSF are pbrticular sections of a spinor bundle, not
of the Clifford bundle. However, we show in section 5 how these objects have
representatives in the Clifford bundle.

4 The Many Faces of the Dirac Equation

4.1 Dirac Equation for Covariant Dirac Fields

As well known [8], a covariant Dirac spinor field is a section ¥ € sec S.(M) =
Psping , (M) Xy, C* Let (U = M, ®),®(¥) = (z,|¥(z))) be a global trivializa-
tion corresponding to a spin frame = (definition (8)), such that
s(E) = {ea} € Psos (M), e € secCl(M, g),
etel +ebe? =2 a,b=0,1,2,3. (26)
The usual Dirac equation in a Lorentzian spacetime for the spinor field ¥ — in

interaction with an electromagnetic field'® A € sec \' (M) C secCl(M,g) — is
then

" (Ve, +1iqAq)|¥(x)) —m[¥(z)) = 0, (27)
where v* € C(4), a =0,1,2,3 is a set of constant Dirac matrices satisfying
Y’ 4 Aty = 2 (28)

4.2 Dirac Equation in C/! ,(M, g)

Spin‘i
Due to the one-to-one correspondence between ideal sections of CelSpini' , (M),
Cﬁépine (M) and of S.(M) as explained in section 3, we can translate the Dirac
1,3
Eq. (27) for a covariant spinor field into an equation for a spinor field, which is
a section of Cﬁlspinii g(M ), and finally write an equivalent equation for a DHSF

1 € sec C’flspin(f Q(M) In order to do that we introduce the spin-Dirac operator.

16We denote the space of sections of p-vectors by sec AP (M).

11



Definition 32 The (spin) Dirac operator acting on sections of C’Elspin(f (M) is
the first order differential operator [5]

D* = ¢"V? (29)
where {€*} is a basis as defined in Eq.(26).

Now we give the details of the inverse translation. We start with the following
equation which we call Dirac equation in Cf§;,. (M), denoted DEC!'

D*YE* — myE° — g4y =0 (30)

where ) € secCly ;.. (M) is a DHSF and the E* € Ry 3 are such that E“E’ +
E'E® = 2p®. Multiplying Eq.(30) on the right by the idempotent £ =3(1 +
Eo)%(l +iE?E!') € C® Ry 3 we get after some simple algebraic manipulations
the following equation for the (complex) left ideal spin-Clifford field ¥ = ¢f €
sec Cliyie , (M)

1DV —mW¥ — gAY = 0. (31)

Now we can easily show, using the methods of [34], that given any global
trivializations (U = M, ©) and (U = M, ®), of C{(M, g) and Cﬁlspin{li 3(1\4), there
exists matrix representations of the {e*} that are equal to the Dirac matrices
~% (appearing in Eq.(27)). In that way the correspondence between Eqs.(27),
(30) and (31) is proved.

Remark 33 We emphasize at this point that we call Eq.(30) the DECE. It
looks similar to the Dirac-Hestenes equation (on Minkowski spacetime) discussed
in [34], but it is indeed very different regarding its mathematical nature. It
is an intrinsic equation satisfied by a legitimate spinor field, namely a DHSF
¥ € sec Cflspmlf 3(1\4) The question naturally arises: May we write an equation

with the same mathematical information of Eq.(30) but satisfied by objects living
on the Clifford bundle of an arbitrary Lorentzian spacetime, admitting a spin
structure? In the mext section we show that the answer to that question is yes.

4.3 Electromagnetic Gauge Invariance of the DEC/

Proposition 34 The DEC/ is invariant under electromagnetic gauge transfor-
mations

W s ' = BT X, (32)
A— A+ 0y, (33)
We, — We, (34)
Y, € secCElspini:s(M) (35)
A € sec /\1(M) C secCl(M, g) (36)

with 1,1’ distinct DHSF, and where x : M — R C Ry 3 is a gauge function.
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Proof. The proof is obtained by direct verification.ll

Remark 35 We note that local rotations and electromagnetic gauge transfor-
mations are very different mathematical transformations, without any obvious
geometrical link between them, differently of what seems to be the case for the
Dirac-Hestenes equation, which is studied in the next section.

5 The Dirac-Hestenes Equation (DHE)

We obtained above a Dirac equation, which we called DECY', describing the
motion of spinor fields represented by sections ¥ of C’Elspinii X (M, g) in interaction

with an electromagnetic field A € sec C¢(M, g),
D*WE* — AW = mPE, (37)

where D* = e*V; , {e®} is given by Eq.(26), V¢ _ is the natural spinor covariant
derivative acting on sec Cli;,. (M, g) (see appendix), and {E“} € R" C Ry 3
is such that E°E? + E’E® = 219°. As we already mentioned, although Eq. (37)
is written in a kind of Clifford bundle (i.e. C’Eépini 3(]\4, 9)), it does not suffer
from the inconsistency of representing spinors as pu}"e differential forms and, in
fact, the object ¥ behaves as it should under Lorentz transformations.

As a matter of fact, Eq.(37) can be thought of as a mere rewriting of the usual
Dirac equation, where the role of the constant gamma matrices is undertaken
by the constant elements {E®} in R; 3 and by the set {e*}. In this way, Eq.(37)
is not a kind of Dirac-Hestenes equation as discussed, e.g., in [34]. It suffices to
say that (i) the state of the electron, represented by W, is not a Clifford field
and (ii) the E%’s are just constant elements of R; 3 and not sections of vectors
in C4(M, g). Nevertheless, as we show in the following, Eq. (37) does lead to a
multivector Dirac equation once we carefully employ the theory of right and left
actions on the various Clifford bundles introduced earlier. It is the multivector
equation!” to be derived below that we call the DHE. We shall need several
preliminary results that we collect in the next two subsections.

5.1 The Various Natural Actions on the Vector Bundles
Associated to Pspins (M)

Recall that, when M is a spin manifold:

(i) The elements of C{(M, g) = Pspins , (M) X a4 Ry,3 are equivalence classes
[(p,a)] of pairs (p,a), where p € Pspine . (M), a € Ry3 and (p,a) ~ (p',a')
o p =put, @ =wuau"!, for some u € Spini?);

(ii) The elements of Cﬁlspini3 (M) are equivalence classes of pairs (p, a), where
P € Psping , (M), a € Ry 3 and (p,a) ~ (p/,d’) < p' = pu~!, @’ = ua, for some
u € Spinf 3;

170f course, we can write an equivalent multiform equation.
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(iii) The elements of Cﬁgpin{ig (M) are equivalence classes of pairs (p, a), where
P € Pspin (M), a € Ry 3 and (p,a) ~ (p/,a’) & p' =pu™", a’ = au™", for some
u € Spiny 5.

In this way, it is possible to define the following natural actions on these
associated bundles.

Proposition 36 There is a natural right action of Ry 3 on Cﬁlspini, ,(M) and a
natural left action of Ry 3 on ngpinf g(M, g)-

Proof. Given b € Ry 3 and o € Célspinia(M,g), select a representative (p, a)

for a and define ab := [(p,ab)]. If another representative (pu~!,ua) is chosen
for a, we have (pu=!,uab) ~ (p,ab) and thus ab is a well defined element of
Cﬁlspin? ,(M).m

Let us denote the space of Ry 3-valued smooth functions on M by F(M, Ry 3).
Then, the above proposition immediately yields the following.

Corollary 37 There is a natural right action of F(M, Ry 3) on sec Céépin? 3(]\4)
and a natural left action of F(M,Ry3) on secClyy,. (M, g).

Proposition 38 There is a natural left action of sec C4(M, g) on sec Cﬁlspini, , (M)
and a natural right action of secCU(M, g) on sec Clgpine 3(]\4)

Proof. Given a € secCl(M,g) and 3 € sec ClL (M, g), select represen-

Sping 5
tatives (p, a) for a(x) and (p, b) for B(x) (with p € 7~!(z)) and define (a3)(z) :=
[(p,ab)] € Cﬁlspin{li , (M, g). If alternative representatives (pu=t, uau=1) and (pu=1, ub)
are chosen for oz(’x) and 5(z), we have

1

(pu™!, wau= ub) = (pu~*t, uab) ~ (p,ab)

and thus (af)(z) is a well defined element of CélSpini’ S(M, g). 1
Proposition 39 There is a natural pairing
secCélSpinia(M) X secCégpinia(M) — secCl(M, g).

Proof. Given a € SecCﬁSpinig(M) and 8 € secCEépinis(M), select rep-

resentatives (p,a) for a(z) and (p,b) for B(z) (with p € 7=1(z)) and define
(aB)(z) := [(p,ab)] € C{(M,g). If alternative representatives (pu~!,ua) and
(pu=t,bu~!) are chosen for a(x) and B(z), we have (pu=!, uabu=1) ~ (p,ab)
and thus (af)(z) is a well defined element of C¢(M, g).1

Proposition 40 There is a natural pairing

secCégpini:s(M) X secCélspini:i(M) — F(M,Ry 3).
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Proof. Given «a € Secc%pin{fB(M) and g € secCﬁlSpinh(M), select rep-
resentatives (p,a) for a(z) and (p,b) for B(x) (with p € 7~1(x)) and define
(aB)(x) := ab € Ry 3. If alternative representatives (pu~',au~') and (pu~", ub)
are chosen for a(x) and 3(z), we have au~'ub = ab and thus (af)(z) is a well
defined element of R; 3.1

5.2 Fiducial Sections Associated to a Spin Frame

We start by exploring the possibility of defining “unit sections” on the var-
ious vector bundles associated to the principal bundle Pgping  (M). It im-
mediately follows from the definition given by Eq. (1) that the unit section
1 € secCl(M,g), given by x — 1 € CU(T, M, g,), is certainly well defined. For
future reference, let us consider how this can also be seen from the asociated
bundle structure of PSpin‘f,:i(M ) Xad Ry 3.

Let

;- (U;) — U; x Spin{ 3, @;: = NU;) — Uj x Spin 5
be two local trivializations for Pspine , (M), with

Di(u) = (n(u) =z, ¢iz(u), @i(u) = (7(v) =z, di,(u)).

Recall that the transition function on g;; : U; NU; — Spin‘f73 is then given by

9i5(@) = G50 (u) 0 ¢jo(u) ™!,
which does not depend on u.
Proposition 41 C4(M, g) has a naturally defined global unit section.

Proof. For the associated bundle C£(M,g) = Pspine , (M) Xaq Ry 3, the
transition functions corresponding to local trivializations

U om, N(Us) = U xRy, Wy :w, ' (U) — Uy x Ry, (38)
are given by h;;(z) = Ad,,,(,). Define the local sections
Liw) = U@, 1), 1(2) = 97 (2, 1), (39)

where 1 is the unit element of Ry 3. Since hyj(x)-1 = Adg, (2)(1) = gij(2)1gs(z) " =
1, we see that the expressions above uniquely define a global section 1 €C4(M, g)
with 1|y, = 1;. This proves the proposition.ll

It is clear that such a result can be immediately generalized for the Clifford
bundle C¢, 4(M,g), of any n-dimensional manifold endowed with a metric of
arbitrary signature (p, q) (where n = p + ¢). Now, we observe also that the left
(and also the right) spin-Clifford bundle can be generalized in an obvious way
for any spin manifold of arbitrary finite dimension n = p + ¢, with a metric
of arbitrary signature (p,q). However, another important difference between
Cl(M,g) and Cflspin; q(M) or Clgpine 3(]\4, g)) is that these latter bundles only

admit a global unit section if they are trivial.
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Proposition 42 There exists an unit section on Clg,; . (M) (and also on
P,q
ClL (M)) if and only if Pspine (M) is trivial.

Sping .

Proof. We show the necessity for the case of C£5;,. (M),'® the sufficiency
P,q
is trivial. For Cégpin;q(M ), the transition functions corresponding to local
trivializations

Qi : ’/T‘;CI(UZ') — Ui X Rp,qv QJ : ’/T;I(UJ) — UJ X an, (40)

are given by kij(z) = Ry, (z), With Ry : Ry g — Ry g,z — za™'. Let 1 be the
unit element of Ry 3. An unit section in C£5,;,. (M) — if it exists — is written
in terms of these two local trivializations as

17 (z) = Qi_l(x, 1), 1i(z)= Qj_l(x, 1), (41)
and we must have 1j(z) = 1%(z) Vo € U; NU;. As Qi(1](x)) = (v,1) =
QJ(]_;(ZL')), we have 1:(36) = 1;(56) s 1= kU(SC) le 1= 1gij(x)71 = glJ(SC) =
1. This proves the proposition.ll

Remark 43 For general spin manifolds, the bundle Pspin;q(M ) is not neces-
sarily trivial for arbitrary (p, q), but Geroch’s theorem (remark 9) warrants that,
for the special case (p, q) = (1,3) with M non-compact, Pspins ,(M) is trivial. By
the above proposition, we then see that Cﬁgpini:i(M) and also Cﬁépini:i(M) have
global “unit sections”. It is most important to note, however, that each different
choice of a (global) trivialization Q; on Cﬁgpin{ig (M) (respectively CElSping’q (M))
induces a different global unit section 17 (respectively 1t). Therefore, even in
this case there is no canonical unit section on C¢ 3(M ,g) (respectively on

Clhine (M. g)).

Spin‘i

7. .
Spmj

By remark 9, when the (non-compact) spacetime M is a spin manifold, the
bundle Psping , (M) admits global sections. With this in mind, let us fix a spin
frame = for M. This induces a global trivialization for PSPin‘f,g(M ), which we
denote by ®= : Psping , (M) — M x Spinf 3, with =t (2,1) = E(x). As we show
in the following, the spin frame = can also be used to induce certain fiducial
global sections on the various vector bundles associated to PSpin; 3(M ):

(i) C¢(M,g) Let {E®} be a fixed orthonormal basis of R* C R; 3 (which
can be thought of as the canonical basis of R*3). We define basis sections in
CU(M, g) = Psping ,(M) X 4aRy 3 by eq(z) = [(E(x), E,)]. Of course, this induces
a multivector basis {e;(z)} for each x € M. Note that a more precise notation
for e, would be, for instance, eaE .

18 The proof for the case of CZLSpinqu (M) is analogous.
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(ii) Cﬁspm (M) Let 1L € sec Cﬁlspini3 (M) be defined by 1L (x) = [(E(x),1)].
Then the natural right action of Ry 3 on Cﬁlspin{li , (M) leads to 1L(z)a = [(E(z), a)]

for all @ € Ry 3. It follows from corollary 37 that an arbitrary section a €
sec Cﬁlspin{li g(M) can be written as a = 1L f, with f € F(M,R; 3).

(iii) Clg,e (M,g) Let 1z € secClgy,. (M,g) be defined by 1Z(z) =
[(E(x),1)]. Thenthe natural left action olegonCESpme (M) leads to alZ(x) =
E(x)

[(

a)] for all a € Ry 3. It follows from corollary 37 that an arbitrary section
ac secCﬁSpmi, , (M) can be written as a = f1z, with f € F(M,Ry3).

Now recall (definition 6) that a spin structure on M is a 2-1 bundle map
st Psping ,(M) — Psog (M) such that s(pu) = s(p)Adu, Yp € Psping (M),
u € Spinf 3, where Ad : Spin{ 3 — SOf 3, Ady, : 2 — uzu~'. We see that
the specification of the global section in the case (i) above is compatible with
the Lorentz frame {e,} = s(E) assigned by s. More precisely, for each = €
M, the element s(E(z)) € Psog,(M) is to be regarded as a proper isometry
s(2(z)) : RY® — T, M, so that e,(z) := s(p) - E, yields a Lorentz frame {e,}
on M, which we denoted by s(Z). On the other hand, C¢(M, g) is isomorphic
to Pspinzi3 (M) xaq Ry 3, and we can always arrange things so that e,(z) is
represented in this bundle as e,(z) = [(E(x), Eq)] . In fact, all we have to do is
to verify that this identification is covariant under a change of frames. To see
that, let 2’ € sec(Psping ,(M)) be another spin frame on M. From the principal
bundle structure of Papine , (M), we know that, for each € M, there exists
(an unique) u(x) € Spin{ 3 such that ='(z) = Z(z)u(z). If we define, as above,
en(r) = s(E'(2)) - Bq,then e, (z) = s(E(z)u(r)) - By = 5(2(2))Ady(p) - Ba =
[(E(x), Ady(z) - Eo)] = [(E(z)u(z),Eq)] = [(E(2), Eq)], which proves our claim.

Proposition 44

(i) By = 1£(2)eq(2)15(2), Vo € M,
(i) 1212 = 1 € CL(M, g),
(iii) 1215 =1 € Ry 3.

Proof. This follows from the form of the various actions defined in proposi-
tions 36-40. For example, for each x € M, we have 1Z(z)e,(z) = [(E(z), 1E,)] =
[(E(2), Eq)] € secCly,. (M) (from proposition 38). Then, it follows from
proposition 40 that 1Z(z ) o()1L(z) = E,1 =E, Vz € M. 1

Let us now consider how the various global sections defined above transform
when the spin frame = is changed. Let ' € sec Psping , (M) be another spin
frame with Z'(z) = E(z)u(z), where u(z) € Spin§ 5. Let e,, 1%, 15 and €], 1%,
1L, be the global sections respectively defined by = and =’ (as above). We then
have
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Proposition 45 Let 2,2 be two spin frames related by &' = Zu, where u :
M — Spin§ 3. Then
(i) e}, = Ue U™t
(i) 1L = 1ku = ULL,
(i3i) 1%, = w1 = 12U}, (42)

where U € secCL(M, g) is the Clifford field associated tow by U(x) = [(E(x),u(x))].
Also, in (ii) and (iii), u and u=1 respectively act on 15 € sec Cﬁépirﬁ 3(]\4) and
1% € secClgy,ine (M) according to proposition 7.

Proof. (i) We have

(iii) It follows from proposition 38 that
= (z) = [(E'(2), D] = [E(z)u(x), 1)]
= [(E), lu(z) )] = [E@), u(@)™)] = u(@)"15(@),  (44)

where in the last step we used proposition 37 and the fact that 1L(z) =
[(E(x),1)]. To demonstrate the second part, note that

= 1L(2)U ™ (2), (45)

for all z € M. It is important to note that in the last step we have a product
between an element of C£g ;.. (M) (ie. [(E(x),1)]) and an element of C¢(M, g)

(i.e. [(E(x),u(x)*l)])l
We emphasize that the right unit sections associated with spin frames are
not constant in any covariant way. In fact, we have the

Proposition 46 Let 1z € secClg,;,. (M) be the right unit section associated
to the spin frame Z. Then ’

Vi, 1z = —s1twe,, (46)

where we, 1s the connection 1-form (proposition 54) written in the basis {eq}.

Proof. It follows from Eq. (71) of the appendix.l
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5.3 Representatives of DHSF on the Clifford Bundle

Let {E®} be, as before, a fixed orthonormal basis of R C R; 3. Remember that
these objects are fundamental to the Dirac equation (37) in terms of sections ¥
! .
of Céspinig(M,g).
D*WE? — AW = mUE".

Let = € sec Pspins ,(M) be a spin frame on M and define the sections 1L, 12
and e,, respectively on Cﬁlspin(f , (M), CL (M) and C4(M, g), as above. Now

Spini3
we can use proposition 44 to write the above equation in terms of sections of
ClM,q):
(D*W)1Le?' 1L — gAW = mP1Le 1L, (47)

Right-multiplying by 1% yields, using proposition 44,
e*(VE W)1le?! — qAV1L = mW1Le’. (48)
It follows from proposition 59 that
(V3 ®)1L = V., (¥12) - ¥V; (12)
= V., (W1D) + WL, (19)
where proposition 46 was employed in the last step. Therefore

o1 , ,
e” |V, (P1L) + E‘Illgwa et — qA(P1L) = m(P1L)e. (50)

Thus it is natural to define, for each spin frame =, the Clifford field vz €
sec CU(M, g) (see proposition 39) by

Y= = W1L. (51)

We then have
e? {veawg + %z/}gwa} e?! — gAv= = myp=c’. (52)

A comment about the nature of spinors is in order. As we repeatedly said in
the previous sections, spinor fields should not be ultimately regarded as fields of
multivectors (or multiforms), for their behavior under Lorentz transformations
is not tensorial (they are able to distinguished between 27 and 4 rotations). So,
how can the identification above be correct? The answer is that the definition
in Eq. (51) is intrinsically spin-frame dependent. Clearly, this is the price one
ought to pay if one wants to make sense of the procedure of representing spinors
by differential forms.

Note also that the covariant derivative acting on ¢= in Eq. (52) is the ten-
sorial covariant derivative Vy on C¥¢(M,g), as it should be. However, we see
from the expression above that Vy acts on 1= together with the term %1/151,0@.
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Therefore, it is natural to define an “effective covariant derivative” Vg/s) acting
on = by
1
Vilvs = Vatz + 5w, (53)

Then, proposition 54 yields

Vs = 8., (V=) + %Mﬂ/’a; (54)

which emulates the spinorial covariant derivative'”, as it should. We observe
moreover that if U € sec CU(M,g) and if = € secCU(M, g) is a representative
of a Dirac-Hestenes spinor field then

VE (Ugz) = (Ve U) ¢z + UV Y= (55)

With this notation, we finally have the Dirac-Hestenes equation for the rep-

resentative Clifford field ¢= € sec C¢(M, g), on a Lorentzian spacetime®’:

e“V§i>w5621 — qAYs = mip=e?, (56)

where vz is the representative of a DHSF ¥ of CélSpini’ ,(M, g), relative to the
spin frame =. 1

Let us finally show that this formulation recovers the usual transformation
properties characteristic of the Hestenes’s formalism as described, e.g., in [34].
For that matter, consider two spin frames =, =" € sec Psping , (M), with Z/(z) =
E(z)u(z), where u(x) € Spinj s . It follows from proposition 45 that = =
W1L,. = Wy 1L = W1ZU ! = ¢=U L. Therefore, the various spin frame
dependent Clifford fields from Eq. (56) transform as

e; =Ue U™t (57)
wE’ = 'L/JEU_l.
These are exactly the transformation rules one expects from fields satisfying the
Dirac-Hestenes equation.
5.4 Bilinear Covariants

5.4.1 Bilinear Covariants Associated to a DHSF

We are now in position to give a precise definition of the bilinear covariants of
the Dirac theory, associated with a given DHSF.

Definition 47 Recalling that \P(M) — C¢(M,q), p = 0,1,2,3,4, and re-
calling propositions 39 and 40, the bilinear covariants associated to a DHSF

19This is the derivative used in [34], there introduced in an ad hoc way.
20The DHE on a Riemann-Cartan spacetime will be discussed in another publication.
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W € sec C(lspin{ig(M) and (¥ €sec Cﬁgpini:5 (M)) are the following sections of
CUM,g):

S:‘I"i’:U+€5WGS€C(/\O(M)+/\4(M)), (58)

~ 1 ~ 1
J =WE(W € sec \ (M), K = WEs¥ € sec /\ (M),
~ 2
M = WE12¥ escc [\ (M),

where ¥ = W1 (1+Ey), and e5 = egerezes.

Remark 48 Of course, since all bilinear invariants in Eq.(58) are sections of
Cl(M,g), they have the right transformations properties under arbitrary local
Lorentz transformations, as required. As showed, e.g., in [21] these bilinear
covariants and their Hodge duals satisfy a set of identities, called the Fierz
identities (see e.g. [34]) that are crucial for the physical interpretation of the
Dirac equation (in first and second quantizations).

Remark 49 Crumeyrolle [10] gives the name of amorphous spinor fields to
ideal sections of the Clifford bundle C¢(M, g). Thus an amorphous spinor field ¢
is a section of CL(M, g) such that oP = ¢, where P = P? is an idempotent section
of CU(M,g). However, these fields and also the so-called Dirac-Kdihler ([18],
[20]) fields, which are also sections of CE(M,g), cannot be used in a physical
theory of fermion fields since they do not have the correct transformation law
under a Lorentz rotation of the local spin frame.

5.4.2 Bilinear Covariants Associated to a representative of a DHSF

We note that the bilinear covariants, when written in terms of vz := ¥1Z, read
(from proposition 44):

S=1zz=0+eswe sec(/\O(M) + /\4(M))7
- 1 . 1
J = p=egz € sec \ (M), K = pzesi= € sec \ (M),

M= 1/156162’1/;E€ sec /\Z(M),

where e5; = epejeses. These are all intrinsic quantities, as they should be. For a
discussion on the Fierz identities satisfied by these bilinear covariants, written
with the representatives of Dirac-Hestenes spinor fields, see [21, 34].

5.5 Electromagnetic Gauge Invariance of the DHE

Proposition 50 The DHE is invariant under electromagnetic gauge transfor-
mations

Y= = g = hzelX, (59)
A A+ 0y, (60)
We, > We, (61)
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where Y=, YL € secCLH (M, g), A € sec N'(M) C secCU(M, g) and where x €
sec N\°(M) C sec CU(M, g) is a gauge function.

Proof. It is a direct calculation.l

But, what are the meaning of these transformations? Eq.(59) looks similar
to Eq.(57) defining the change of a representative of a DHSF once we change
spin frame, but here we have an active transformation, since we did not change
the spin frame. On the other hand Eq.(60) does not correspond either to a
passive (no transformation at all) or active local Lorentz transformation for A.
Nevertheless, writing y = 0/2 yields

—q6210/2606q6219/2 _ 0 0

(& € =€

21 21
e—4¢ 0/2616(16 0/2 1

=e't =cosqf e! +singh €2,

_ 21 21 3
0—4e710/2,2 yqe 9/2:6’2:—smq9 e' +cosgl €,

21 21
e 4e 9/263eqe 0/2 _ e = 3. (62)

We see that Egs.(62) define a spin frame Z’ to which corresponds, as we already
know, a basis {e0, e, e, ¢} for \' (M) < CU(M,g). We can then think of
the electromagnetic gauge transformation as a rotation in the spin plane e?! by
identifying 9% in Eq.(59) with =/, the representative of the DHSF' in the spin
frame Z' and by supposing that instead of transforming the spin connection w,,,
as in Eq.(69) it is taken as fixed and instead of maintaining the electromagnetic
potential A fixed it is transformed as in Eq.(60).

We observe that, since in the theory of the gravitational field w., is associ-
ated with some aspects of that field, our interpretation for the electromagnetic
gauge transformation suggests a possible non trivial coupling between electro-
magnetism and gravitation, if the Dirac-Hestenes equation is taken as a more
fundamental representation of fermionic matter than the usual Dirac equation.
We will explore this possibility in another publication.

6 Conclusions

In this paper, we hope to have clarified the ontology of Dirac-Hestenes spinor
fields (on a general spacetime 9 =(M, g, V, 74, T) of the Riemann-Cartan type
admitting a spin structure and its relationship with sums of even multivector
fields (or differential forms). This has been achieved through the introduction of
the Clifford bundle of multivector fields (C¢(M, g)) and the left (Célspini, ,(M))
and right (Clgpine (M) spin-Clifford bundles on a spin manifold (M, g), as well
as a study of the relations among these bundles. Left algebraic spinor fields and
Dirac-Hestenes spinor fields (both fields are sections of Céépinzf ,(M)) have been
defined and the relation between them has been established. ,Moreover, a con-
sistent Dirac equation for a DHSF ¥ € sec Cﬁépini ,(M) (denoted DEC(") on a
Lorentzian spacetime was found. We succeeded also in obtaining in a consistent
way a representation of the DEC(' in the Clifford bundle. It is such equation
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satisfied by Clifford fields 1z € secC4(M, g) that we called the Dirac-Hestenes
equation (DHE). This means that to each DHSF ¥ € sec Cﬁgpin?YB(M) and
E € sec Pping , (M) there is a well-defined even nonhomogeneous multivector
field 1= € secCl(M,g) (EMFS) associated with ¥. Such a EMFS is called a
representative of the DHSF on the given spin frame. And, of course, such a
EMFS (the representative of the DHSF) is not a spinor field. With this crucial
distinction between a DHSF and their FEMFS representatives we presented a
consistent theory for Clifford and spinor fields of all kinds.

We emphasize that the DEC¢' and the DHE, although related, are of different
mathematical natures. This issue has been particularly scrutinized in sections
4 and 5. We studied also the local Lorentz invariance and the electromagnetic
gauge invariance and showed that only for the DHE such transformations are
of the same mathematical nature, something that suggests by itself a possible
link between them.

A Covariant Derivatives of Clifford and Spinor
Fields

A.1 Covariant Derivative of Clifford Fields

In this appendix, (M, g, V, Tgs 1) denotes a general Riemann-Cartan spacetime
(see definition 3). Since C¢(M,g) = 7M/J(M, g), it is clear that any metric com-
patible (Vg = 0) connection defined in 7M passes to the quotient TM/J(M, g),
and thus define an algebra bundle connection [10]. In this way, the covariant
derivative of a Clifford field A € secCl(M, g) is completely determined.

We will find formulas for the covariant derivative of Clifford fields and of
DHSF using the general theory of connections in principal bundles and covariant
derivatives in associate vector bundles, as described in many excellent textbooks,
e.g., ([8],[15],[29],[30)).

Let then (E, M, 7, G, F) denoted E = P x, F be a vector bundle associated
to a PFB (P, M, 7, G) by the linear representation p of G in F'=V.

Definition 51 Let o : R D I — M, t — o(t) be a curve in M with xo = o(0) €
M, and let py € 71 (x0). The parallel transport of py along o is given by the
curve 6 : R> I — P,t — 6(t) defined by

d . d
=6(t) = Ty Zat), (63)

with po = 6(0) and w(6(t)) = o(t). We also denote pj, = o(t).

In Eq. (63), T, : T.M — T,P is a connection? on (P, M, T, G).
Consider the trivializations of P

O N (Ui) = Ui x G, ®i(p) = (1(p), di.c(p))

21See, e.g., definition (a) on page 358 of [8].
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and F
2 (Un) = Us X F, Eilg) = (m(9), xi(9) = (2, x:(q))
Then, we have the

Definition 52 The parallel transport of Wo € E, m(Wo) = xo, along the
curveoc :RDO I — M, t— o(t) from xg =0(0) € M to x = o(t) is the element
W\, € £ such that:

(1) w1 (@) = 2,
(i) xi () = p(i(pye) © Di(po) 1) xi (L)
(iii) py; € P is the parallel transport of py € P along o from z¢ to x.

Definition 53 Let v be a vector at xg tangent to the curve o (as defined above).
The covariant derivative of ¥ €sec E along v is denoted (DEW), €sec E and

o1
(DEW)(a0) = (DEW),, = lim + (¥, - B0, (64)
where \Il?lt is the parallel transport of the vector ¥, = W(o(t)) of the given
section ¥ €sec E along o from o(t) to xg. The only requirements on o are that
o(0) = zo and

d

—o(t = . 65

o0 _ = (65)
Proposition 54 Let V € secTM. The covariant derivative of a Clifford field
A € secCUl(M, g) is given by

1
VvA=V(A)+ §[wv, Al (66)
where V(A) := V(A er and wy is the connection 1-form V +— wy = — % VT el A

C

e, written in the basis {e,}, with Type given by V. e, = Tgpee.

Proof Writing A(t) = A(c(t)) in terms of the multivector basis {e;} of
sections associated to a given spin frame, as in section 5.2, we have A(t) =
Al(ter(t) = AT()[(E(), En)] = [(E(t), A' (1) Ep)] = [(E(?), a(t))], with a(t) =
AL(t)Er € Ry 3. If follows from item (ii) of definition 52 that

Al = [(E(0), g(D)a(t)g()~H)] (67)

for some g(t) € Spin{ 3, with g(0) = 1. Thus

. 1 . _ dg 1 da 1 dg;l _
fing 3 (9(a(t)g(t) ™" —a(0)) = | Grag™ +or0 ™ 907 | =

= a(0) + §(0)a(0) — a(0)§(0) =
= V(ANE; + [3(0), a(0)],
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where §(0) € Lie(Spin§ 3) = A*(R"?). Therefore
1
VvA =V(Aer + Slwv, 4],

for some wy € sec /\2(M ). In particular, calculating the covariant derivative
of the basis 1-vector fields e, yields VT',,%e. = Vye, = %[wv,eb], so that
wy = —%V“I‘abceb Ne.ll

Remark 55 Eq.(66) shows that the covariant derivative preserves the degree of
an homogeneous Clifford field, as can be easily verified.

The general formula Eq. (66) and the associative law in the Clifford algebra
immediately yields the

Corollary 56 The covariant derivative Vy on CU(M,g) acts as a derivation
on the algebra of sections, i.e., for A, B € secCl(M,g) and V € secTM, it
holds

Vv(AB) = (VyvA)B+ A(VyB) (68)

Under a change of gauge (local Lorentz transformation) e® — e'* = Ue*U -1
with U € secCl(M,g),UU = UU = 1, the corresponding transformation law
for wy is as follows.

Corollary 57 Under a change of gauge (local Lorentz transformation), wy

transforms as

1 1
S UngU_l +(VyU) U™, (69)

Proof. It is a simple calculation using Eq.(66).H

A.2 Covariant Derivatives of Spinor Fields

The spinor bundles introduced in section 2, like I(M) = PspiniB(M ) x¢ 1,
I =Ry 33(1+ Ep), and Cllie (M), Cliype
ples of vector bundles. Thus, the general theory of covariant derivative oper-
ators on associate vector bundles can be used (as in the previous section) to
obtain formulas for the covariant derivatives of sections of these bundles. Given
¥ € sec Cﬁépin(i:i(M) and @ € secClg (M), we denote the corresponding

ineé
Splnl’3

(M) (and subbundles) are exam-

covariant derivatives by V§ ¥ and V§ & 22.

Proposition 58 Given ¥ € sec C/. (M) and ® € secClg,;,. (M),

Spini3
s 1
v¥=V()+Jur?, (70)
1
ve=V() - §\Ifwv. (71)
22Recall that I'(M) — Czlspmis(M) and I"(M) — C’ngini:i(M)A
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Proof. It is analogous to that of proposition 54, with the difference that
Eq. (67) should be substituted by \I/ﬂt = [(E(0), g(t)a(t))] and @ﬁt = [(Z(0),a(t)g(t)~1)].M

Proposition 59 Let V be the connection on CL(M, g) to which V* is related.
Then, for any V € secTM, A € secCl(M,g), ¥ € SecCElSpin(f3(M)) and ® €

sec Cﬁgpinig(M),

Vi (AT) = AV ¥ + (Vy A)T, (72)
Vi (PA) = PVy A+ (VY D) A. (73)
Proof. Recalling that Cflspin{li (M) (Clg e , (M)) is amodule over C4(M, g),
the result follows from a simple computation.l
Finally, let ¥ € sec Cflspin{li ,(M) be such that We =¥ where e’ =ecR;;is
a primitive idempotent. T herf, since Ve =V,

, , 1
Vi U=V (Pe)=V (Fe) + Swy Ve

= [V(T) + %W\y]e = (Vy Ve, (74)

from where we verify that the covariant derivative of a LIASF' isindeed a LIASF.
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