NEW COINCIDENCE RESULTS FOR ABSOLUTELY SUMMING
MULTILINEAR MAPPINGS
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ABSTRACT. In this paper we explore the latest advances in the theory of ab-
solutely summing multilinear mappings in order to prove new coindence the-
orems. We also show that our results of coincidence can not be improved in
some natural ways.

1. INTRODUCTION

It is well known that every continuous scalar valued linear operator between
Banach spaces is absolutely p-summing. It is also easy to check that this re-
sult, in general, is no longer valid for absolutely (p;p, ..., p)-summing multilinear
mappings. However, an unpublished result, due to A. Defant and J. Voigt, sates
that every scalar valued multilinear mapping is absolutely (1;1, ..., 1)-summing (see
[1],[5]). Several other coincidence theorems for multilinear mappings can be found in
[2],13],[5],[7],[9],[11]. In Section 3, using the concept of cotype and the Rademacher
functions, we obtain two new results of coincidence. In Section 4, we prove some
multilinear results, sketched in [7],[8], in order to show that our Coincidence The-
orems can not be improved in many natural ways.

2. PRELIMINARIES

Throughout this paper p is a real number not smaller than 1 and E, E1, ..., E,, F’
are Banach spaces. The scalar field K can be either R or C. The linear space of all

sequences (z;)72; in E such that

[e.9]
1
@)l = QO lagllP)7 < oo
j=1

will be denoted by 1,,(E). We will also denote by /() the linear subspace of /,,(E)
composed by the sequences (x;)52, in £ such that (< ¢, z; >)%2, € [,(K) for every
bounded linear functional ¢ : E' — K. We define |||, , in I}/ (E) by

o0
1
()32 o == sup (Y [< @, 25 >[P)7.
@wEBE’ J=1
One can see that [|.|[, (|-||w,p) is @ norm in [,(E) (1) (E)).
Recall that if 2 < ¢ < oo and (rj)‘]?’;l are the Rademacher functions, F has
cotype ¢ if there exists C' > 0 such that, no matter how we choose k¥ € N and
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T1,...,0k € B,

k 1
Q:mm%aschEZm Jaj | 2dt)
Jj=1 0

Jj=1

To cover the case ¢ = 0o we replace (Zle Hx]Hq)% by mazj<y||z;||. We will define
the cotype of E by

cot E = inf{2 < ¢ < oo; E has cotype ¢}.

The infimum of the constants C' is denoted by Cy(E).

Another important concept concerning the local study of Banach spaces, and
broadly used in the study of absolutely summing operators, is the definition of
L, x-spaces, due to Lindenstrauss and Pelczyniski [4]. A Banach space E is said to
be an £, x-space if every finite dimensional subspace E; of E is contained in a finite
dimensional subspace F of E for which there exists an isomorphism vg, : F — (9™ F
with ||vg, || ||v§11|| < A. We say that F is an Ly,-space if it is an £, x-space for some
A> 1

The definition of absolutely summing polynomials and multilinear mappings we
will work with is a natural generalization of the linear case, due to Alencar and
Matos.

Definition 1. (Alencar-Matos [1]) A continuous multilinear mapping
T.-Fix..xFE, > F
is absolutely (p; q1, .., qn)-summing if

(T, .22, € L, (F)

for all (xgs));?‘;l €l (E), s=1,....,n. We will write Lag(piq,,....qn) (E1; s En; F) to
denote the space of all absolutely (p;q, ..., qn)-summing multilinear mappings from
Fi x ... x E, into F.

As in the linear case, we also have a Characterization Theorem:

Theorem 1. (Matos [5]) Let T be an n-linear mapping from Ey X ... X E, into F.
The following statements are equivalent:

(1) T is absolutely (p;q, ..., gn)-sSumming.

(2)There exists C > 0 such that

QTG g7 < Ol )il

(8)There exists C > 0 such that

1
w1 @) g, Yk €N

- n 1 oo 1)\ oo w
ST @, e aS)IP)F < Ol g @83 g, V()52 € L2 (ED).

The infimum of the C > 0 for which the last inequality holds defines a norm for the
space of absolutely (p; qi, ..., gn)-summing multilinear mappings. This norm will be
denoted by ||.||las(pigr,....qn) 904 Laspig,....qn) By ooy Ens F) endowed with this norm
is a Banach space.

..........
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3. COINCIDENCE THEOREMS

The following result generalizes a theorem of C.A. Soares [10] and will play a
fundamental role to achieve our new results of coincidence.

Theorem 2. Let A € L(Ex, ..., En; F). Suppose that there exists K > 0 so that for
any x1 € E1, ...,z € E,, the s-linear (s =n —r) mapping

Apyoa (@rg1, o n) = A1, ooy )
is absolutely (1;qu, ..., qs)-summing and besides
[Azr...a, lasrigr gy < K ANz ]l [l ]] -

Then A is absolutely (1;1,...,1,q1, ..., gs)-summing.

Proof: For xgl), . acgm) e Fq, ....,x(l) x%m) € E,, let us consider ¢; € Bps

such that
HA(:I:&”, ,ZE%J))H = @j(A(xgj), oy z))) for every j =1,...,m.

Thus, defining by r;(¢) the Rademacher functions on [0,1] and denoting by A the
Lebesgue measure in I = [0, 1]",we have

/> (H Tj(tz)> Ry ACY i ()2 D7 ()l )
I'j=1 \i=1 ji=1 Jr=1
_ - A (Jl) Gr) .(9) () e () (t () d
Z P ( y Lp s L1y eeey Loy ) IT]( 1)---73( T)rjl( 1)---TJT( T)
jﬂjlu"'jTZl

= Z gojA(xgjl),...,acgjr),xgj_zl,...,acglj))

o

1
i (t1)r), (f1)dts.. /rj )rj, (tr)dt,
0

Jodrse--Jr=1
=33 gAY a0 al) w08,

= Z‘PjA(z(j),.. z)) Z HA xgj),...,x '

S
\_/
I
—~
*
~—
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m

(4)

So, for each I = 1,...,r, assuming 2z = Y 7;(t;)z;”’ we obtain
j=1
(%) = /Z (Hmm) P, A g, (b)Y g ()20 ) a0
=1 \u1=1 ji=1 Gr=1
< / > (H%‘(M) 0 AN T (t1)at), ., > v, (a7 20| dA
I'5=1 \i=1 ji=1 jr=1
< / DA ra e, D )2l @l 2) | dA
Ii=1 1=1 Gr=1
< sup Z A(Z rj, (t1)zy 2 s s Z rjr(tr)xgj”,:cgzl,...,:zzglj))
tel =17 5= | 2 iz
< sup Azy iz llasqas ’ Iy H H e H
tLE[O,l],l:L...,rH H (151,45 ( +1 =1 UIlh ( )j ! w,qs
< s KA al- el @0, e
t;€[0,1],l=1,...,r w,qs

= K ||A|| sup ﬁ irj(t)xl(j) <HH (J) Hw,ql>

te[0.1] \ 12y ||5=1

<l (T ) (ITer ], ) eme
=1 ’ =1 A

We have the following straightforward consequence:
Corollary 1. If
L(E1, ... B F) = Lag(iiq,,....qm) (B, ooy B F)
then, for any Banach spaces Eni1, ..., Eyn, we have
LBy, ... B F) = Lasiigr,....qmi1,..., V(B e Ens F).

Note that an particular case of this result is the aforementioned coincidence
result of Defant and Voigt. Another outcome of Theorem 2 is the following:

.....

Corollary 2 (Coincidence Theorem I). If E,... Ej are Loo-spaces then, for any
choice of Banach spaces Ejy1, ..., E,, we have

ﬁ(El, ...,Ek, ceey En,K) = ‘Cas(l;qh....,qn)(Elv ceey Ek, ...,EH;K),
where g = ...=q, =2 e @41 = .... = qp, = 1.

Proof. Immediate consequence of the last Corollary and of a result of Perez [9]
which states that every scalar valued n-linear mapping defined on L..-spaces is
absolutely (1;2, ..., 2)-summing.

Corollary 3. Ifcot FF =g < oo and
£(E1,...,ES;K) :‘Cas(l;ql ...... qs)(Ela---aEs;K)a
then, for any choice of Banach spaces Fgy1, ..., By, we have

£(ElaaEn7F) :Eas(q;ql ,,,,,, Qs,1,...ny 1)(E1;---7En;F)a
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Proof. Since F has finite cotype ¢, using the estimates of Theorem 2, we obtain
1
m ) - g q m ‘ -
Z HA(;pgﬂ), o)) < Cy(F) sup Z ‘< §07A($§]), 20 >’
Jj=1 WEBF/ i—1

< OF) sup K |loAl (ﬁH qu) < [T [, )

wEBp

< KC,(F) 4] (f[H(xE”)?- . )(H ], )
=1

s+1
Corollary 4 (Coincidence Theorem II). Ifcot F'= g < 0o and E1,..., By, are Loo-
spaces, then, regardless of the Banach spaces Eyi1, ..., E,, we have
LBy, s By ooy BEns F) = Los(qian,..an) (Bt ooy By ooy Eny F),

where ¢ = ... = qr = 2 and qp41 = ... = G = 1.

4. RELATED QUESTIONS

It is obvious that Corollary 2 is still true if we replace K by any finite dimen-
sional Banach space. A natural questoin is whether Corollary 2 can be improved
for infinite dimesional L£,,-spaces, E1, ..., E; and some infinite dimensional Banach
space in the place of K. Precisely, the question is:

o If Fy, ..., E} are infinite dimensional £,-spaces, is there some infinite dimen-
sional Banach space F' such that

L(E1, ... By, ... Ens F) = Los(1;q,. (E1y.s By, By F),

where ¢ = ... = ¢ = 2 and g1 = .... = ¢, = 1, regardless of the Banach
spaces Egi1, ..., En?

weesGn)

The answer to this question, surprisingly, is no. The proof will be a consequence
of the next result which proof (sketched in [7], [8]), we will give in details, below:

Theorem 3. Let F' be an infinite dimensional Banach space and Fn, ..., E,, denote

infinite dimensional Banach spaces with unconditional Schauder basis. If q is so
that 1 < q <2 and Loggn,...1)(Ery s Eq; F) = L(E4, ..., By F) we conclude

that for any normalized unconditional Schauder basis {:L'( )}] 13 eees {z§m)}§°;1 for
FEq, ..., B, respectively, the natural mapping

V:iFE X . X Ey, —lyg: (Z al(.l):cl(.l), vy Zal(.m):cgm)) — (az(-l) (m))l_1

is such that Y(E, X ... X Ey) C I 20 .

Proof. The Open Mapping Theorem yields the existence of K > 0 so that
1T os(qi1,....1y < K| T'|| for all continuous m-linear mappings 1" : Ey X ... X Ep, — F.

By the main Lemma of the well known Dvoretzky-Rogers Theorem (see [4]), for
every n, there exist normalized y1, ..., ¥, in F' such that

(4.1) I Ml <200 1A )Y,
j=1 j=1
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regardless of the scalars Aj, ..., \y,.

For each k = 1,...,m, consider z, = > .- a(-k)xz(-k) and for each natural n, let

=1 "
{p; 1 be such that 21 | |°=1 with s = %. Define T': By X ... X E,, — F by
]:
1 1 m
T(z1, .0y 2m) = Z |uj‘ q a§- )...a§- )yj,
j=1

where we chose y; satisfying (4.1).

Since each {xgk) 524 is an unconditional basis, there exists p, > 0 such that, for

all z, = > a§k)x§k) € Ey,
=1

oo oo
k k
1" eal ek < ol S alPak|| = pillze] for all g € {1,-1}.
j=1 j=1

T
Hence || 3 Ejag-k)xg-k)H < ppllzk]l for all natural r and any ; = 1 or —1. We thus
j=1

have
1 1 m - 2 1 m
TGzl = 1 |7 0l al™ g < 2007 |y ] | alVal™ 212
j=1 j=1
< 2007 [y P9 02020 2 D
j=1
< 2ppplalllzml (S |y 1792

=1
n

= 2ppppllzl Azl QO |y )2
=1

< 2ppppllzllllzmll-

Then | T|| < 2p;...p,, and ||T| < 2Kpy...p,,. Therefore

as(g;1,...,1)
" 1/q n 1/q
1 1 m 4 1 1 m m q
(|uj|q ag)...a§ )D = ZHT(aE )zg),...,ag )z§ ))
j=1 j=1
k) (k)\n
< T asgstey 1T 105725 ) 7l
k=1
k) (k
= T lasgr, [T max {11 jal?ai1}
616{17_1} -
k=1 j=1
< ||THas(q;1 ..... 1) ]:[(pksz”)
k=1
< KPRt
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n
Recall that the last inequality holds whenever > | u1; [*= 1. Hence
j=1

. e
1 m) | S 1 m)|T\"
Z(| a; )...ag- ) |[7=19) = H(‘a§ )...a§- )’ )‘_1
j=1 s
n T n .
s 37y o |32 sy o=
j=1 j=1
n . T n .
<sup QS (y |aleal™ 3 1wy =1
j=1 j=1
and thus
1 m £l £
D (el al™ [F G < @K R o2 a2l
j=1
Finally,
1 m s —s_
D (M al™ [T D <2k 6202 2|2l
j=1
Since *5q = 22—_‘1(1, and n is arbitrary, the proof is done. Q.E.D.

Corollary 5. Suppose that E, ..., Ey are infinite dimensional Lo -spaces. If ¢1 =
= =2, Qet1 = ... =qn =1 and

LBy, s By oo, Ens F) = Losiqr,..qgn) (B1y ooy By ooy Eny F),
regardless of the Banach spaces Fy1, ..., By, then dim F' < oo.

Proof. By a standard localization argument, it suffices to prove that

E(nco; F) 7é ‘Cas(l;ql ,,,,,, qn)("co; F)a

where ¢; = ... = ¢x = 2 and qx+1 = .... = ¢, = 1. But Theorem 3 yields that
L("co; F) # Las(giar,....ran) ("0 F),
regardless of the ¢ < 2 and ¢ = ... = ¢, > 1. Q.E.D.

Another natutal question is whether our Coincidence Theorem II can be im-
proved to p < g, e,
o If cot ' =¢g < oo and Fj,..., E} are infinite dimensional L..-spaces, is there
some p < q for which, regardless of the Banach spaces Eyy1, ..., En,

L(EY,....;Ep, ., En; F) =L Ei, .., Eg, o Eny F),

GS(p;ql,----,qn)(
where g1 = ... = qx = 2 and g1 = .... = g = 17

Again, a result sketched in [7] and [8], similar to Theorem 3, yields, using the
same reasoning, a negative answer to this question.

Theorem 4. Ifcot F' = g < oo, dim F = dimE; = ... = dim E,, = oo and each
E; has unconditional Schauder basis, then whenever p is such that # <p<qand
L

as@ilyes1) (B ooy By F) = L(E, ..., Ey; F') we conclude that for any normalized
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o0

unconditional Schauder basis {xgl)}j:17 cey {xgm)}‘;';l for Eq, ..., E,,, respectively,

the natural mapping

K2

B X o X By — 1o (Z agl)xgl), ...,Zagm)xgm)) — (az(-l)...a(-m))fil
i=1 i=1

is such that Y(E, X ... X Ey,) C lpa .

Proof. Similar to the proof of Theorem 3. The only difference is that, exploring
cotype we have a finner estimate, due to Maurey and Pisier [6], replacincing the
Dvoretzky Rogers Lemma. We can find y1, ..., y, in F such that ||y;|| <1 and

Y Xyl < O 1A 19
j=1 j=1
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