COTYPE AND NON LINEAR ABSOLUTELY SUMMING
MAPPINGS

DANIEL PELLEGRINO

ABSTRACT. In this paper we study absolutely summing mappings on
Banach spaces by exploring the cotype of their domains and ranges.
It is proved that every n-linear mapping from L. -spaces into K is
(2;2,...,2,00)-summing and also shown that every n-linear mapping
from Lo-spaces into F' is (g;2,...,2)-summing whenever F' has cotype
q. We also give new examples of analytic summing mappings and poly-
nomial and multilinear versions of a linear Extrapolation Theorem.

1. INTRODUCTION

In the fifties, A. Grothendieck ‘s seminal paper [8] ”Resumé de la théorie
métrique des produits tensoriels topologiques” provided the fundamentals
of the absolutely summing operators theory. Subsequently, J. Lindenstrauss
and A. Pelczynski [9] simplified Grothendieck “s tensorial notations leading
to many interesting results. The multilinear theory of absolutely summing
mappings was outlined by Pietsch [18] and has been developed by several
authors (Alencar and Matos [1], Floret and Matos [7], Matos [12], Schnei-
der [19], Tonge and Melendez [15], Botelho [2],[3], among others). Matos
[12],[10], [11] also begun to study the concept of holomorphic absolutely
summing mappings and a more general definition in such a way that the
origin was not a distinguished point. The contribution of the notion of co-
type to this theory is relevant and can be seen in [2],[3] and [7]. In this
paper, we will generalize several results of [3] and [2] and also give new Co-
incidence Theorems and examples of absolutely summing holomorphic and
analytic mappings.

2. NOTATION, GENERAL CONCEPTS AND BASIC RESULTS

Throughout this paper E, Ey, ..., E,, F, X,Y will always denote Banach
spaces and the scalar field K can be either R or C. We will denote by
C(K) the Banach space of continuous scalar valued functions on K (compact
Hausdorff space) endowed with the sup norm.

The Banach space of all n-linear continuous mappings from F; X ... X F,
into F endowed with the canonical norm will be denoted by L(FE1, ..., E,;F)
and the Banach space of all continuous n-homogeneous polynomials P from
E into F with the norm ||P| = sup{||Pz|;||z|| < 1} will be denoted by
P("E,F). A mapping f : E — F will be said analytic at the point a € E, if
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there exist a ball Bs(a) and a sequence of polynomials P, € P(*E, F) such
that

o
z) = Z Py(z — a) uniformly for x € Bj(a).
k=0
Henceforth 4, will be called the radius of convergence of f around a. To
emphasize the case K = C, we will sometimes use the term “holomorphic”
in the place of “analytic”. Every analytic mapping in the whole space will
be called entire mapping.
For the natural isometry

& ‘C(ElaaEnaF) - ‘C(Ela"'7Et;£(Et+17"'7En;F))
we will use the following convention: If T' € L(E, ..., Ep; F) then ¥(T) =T}

and if T € L(E1, ..., Ey; L(Eyy 1, ..., Ey; F)), then U~1(T) = Ty.
For p €]0, oo[, the linear space of all sequences (:zrj);?‘;l in E such that

oo
1
(@521l = QO llzilP)» < oo
=1
will be denoted by I,,(E). We will also denote by [;(E) the linear subspace

of I,(E) formed by the sequences (z;)72; in E such that

(<5 >)521 € 1p(K),

for every continuous linear functional ¢ : E — K. We also define ||.||,, in
Iy (E) by

o0
1
15)jertlhop = Suppen S |< @,35 >[P)>.
=
The case p = oo is just the case of bounded sequences and in I (E) we use
the sup norm. The linear subspace of [/ (E) of all sequences (z;)72, € [;’(E),
such that

mhm ||(='173) m“w,p 0,

is a closed linear subspace of [;’(E) and will be denoted by [}/(E). The case
p = 1 motivates the name unconditionally p-summable sequences for the
elements of [ (E) ([12]). One can see that |||, (||.|[wp) is a p-norm in I, (E)(
Iy (E)) for p <1 and a norm in [,(E)( I;)(E)) for p > 1. In any case, they
are complete metrizable linear spaces.

Definition 1. Let 2 < q < oo and (r;)32, be the Rademacher functions.
The Banach space E has cotype q, if there ezists Cq(E) > 0, such that, for
every k € N and z1,...,xx € E,

k Lok
1 1
(Sl < B[ 1Y ry(e)s ).

j=1 o J=1
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1
To cover the case q = oo, we replace (Zle |lz;]|7)e by
mas{z;l:1 < j < k).
We will define the cotype of E by cot E = inf{2 < q < oo; E has cotype q}.

Definition 2. (Matos) A continuous n-linear mapping T : Fy X...x E,, = F
is absolutely (p; q1, ..., qn)-summing (or (p; q1, ..., @n)-summing) at (ay, ...,an) €
Ei x...x E, if

(T(ar + 2, an +2l™) = T(ar, .;a0) 3y € L (F)

for every (xg.s));-';l €l (E), s=1,..,n. A continuous n-homogeneous poly-
nomial P : E — F is absolutely (p; q)-summing (or (p; q)-summing) at a € E
if

(Pla+5) — P(a) 2, € b(F)
for every (z;)52, € Ij(E).

The space of all n-homogeneous polynomials P : E — F which are (p; q)-
summing (at every point) will be denoted by Py gy () (" E; F'). The space
of all n-homogeneous polynomials P : F — F which are (p;q)-summing
(at the origin) will be denoted by Py ey (" E; F'). Analogously for n-linear
mappings.

It must be noticed that the aforementioned definition, where the origin is
not a privileged point, is actually a more restrictive definition. For example,
if n > 1 every n-linear mapping 7' from [y X ... X [; into [; is absolutely
(1;1)-summing at the origin, but we can always find a # 0 such that T is
not absolutely (1;1)-summing at a [11]. Besides, the above definition turns
possible to consider an absolutely summing holomorphy type in the sense of
Nachbin (see [10]).

One can prove that if r < s then the unique polynomial which is absolutely
(r; s)-summing at every point is the trivial.

For n-homogeneous polynomials and n-linear mappings, the polynomials
(n-linear mappings) (2; p)-summing will be called p-dominated polynomials
(n-linear mappings) (see [12],[15]). For the p-dominated polynomials (n-
linear mappings) several natural versions of linear results still hold, as well
as Factorization Theorems, Domination Theorem, etc. [12],[15],[19].

The following characterization will be useful:

Theorem 1. (Matos [12]) Let P be an m-homogeneous polynomial from E
into F.Then, the following statements are equivalent:

(1) P is absolutely (p;q)-summing at 0.

(2)There exists L > 0 such that

O IP@)IP)? < Ll ()3 ¥ ()52 € L(E).
j=1
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(8) There exists L > 0 such that
k
1
O IP@)IP)> < Lil(z5)zy Yk € N, Va1, ..., 2.
j=1

(4) (P(24))721 € lp(F) for every (z;)72, € I7(E).

The infimum of the possible constants L > 0 is a norm for the case
p > 1 or a p-norm for the case p < 1([12] or [17] page 91) on the space of
the absolutely (p; ¢)-summing polynomials. In any case, we have complete
topological metrizable spaces. We will use the notation |[|.|[4s(p;) for this
norm (p—norm).

The characterization for the multilinear case and the definition of the
norm (p-norm) follows the same reasoning.

The following Theorem plays an important role in our future results:

Theorem 2. (Maurey-Talagrand [20])If E has cotype p, then id : E — E is
(p; 1)-summing. The converse is true, except for p = 2.

The next definition, due to Lindenstrauss and Pelczynski is of fundamen-
tal importance in the local study of Banach spaces and their properties:

Definition 3. Let 1 <p < oo and let A > 1. The Banach space X is said to
be an Ly » space if every finite dimensional subspace E of X is contained in
a finite dimensional subspace F' of X for which there exists an isomorphism
v F — lgimF with |ve|l|lvgtll < \. We say that X is an L, space if it is
an Ly space for some A > 1.

3. ABSOLUTELY SUMMING POLYNOMIALS AND MULTILINEAR MAPPINGS
EXPLORED BY THE COTYPE OF THEIR RANGES

The relation between cotype and absolutely summing linear mappings
is clear by Theorem 2. For points different from the origin we have the
straightforward following results:

Lemma 1. Every continuous n-linear mapping T : By X ... x B, — F 1is
such that

(T(ar + 3",y an + &) = T(ar, ..., an))32 € X(F)

whenever (arg-l)

18 immediate.

)52q €IV (EN), -y (argn))]o';l € IY'(Ey). The polynomial version

Proof. We just need to invoke a well known, albeit unpublished, result of
Defant and Voigt which states that every scalar valued n-linear mapping is
absolutely (1;1)-summing at the origin (see [10], Theorem 1.6 or [12]), and
explore multilinearity.

Theorem 3. If F has cotype q, then every continuous n-linear mapping
from Ey X ...X Ey into F is (q; 1)-summing on Ey X ... X E,,. The polynomial
case 1s also valid.
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Proof. Since F' has cotype q, Theorem 2 and Lemma 1 provide

(o)
1
O IT (a1 + 2, ooy an + 27) = Tlay, ... an)||)7 <
j=1

< I(T(ay + Ijl-, ey +27) = T(a1, .., 00)) 52 [|w, < 00

whenever (:1:});";1 € lY(Er), ..., (27)72, € IY(E,).H
Theorem 3 generalizes to points different from the origin the following

result:

Theorem 4. (Botelho [2]) If F has cotype q then every continuous n-
homogeneous polynomial from E into F is (q;1)-summing at the origin.

In order to prove a new characterization of cotype in terms of absolutely
summing polynomials we need the following Lemma;:

Lemma 2. If Pyysym)("E; F) = P("E; F) then L(E; F) = Lyg(rys) (E5 F).
Proof. (Inspired on the proof of Dvoretzky Rogers Theorem for polyno-
mials [11])

It is clear that r > s. Let us consider a continuous linear mapping 7T :
E — F. Define an n-homogeneous polynomial

P(z) = ¢(z)" "' T(z)

where ¢ is a non null continuous linear functional. Then, choosing a ¢
Ker(p), we have

dP(a)(z) = (n — 1)p(a)"¢(2)T(a) + ¢(a)" "' T(z).

It is not hard to see that dP(a) is absolutely (r;s)-summing (see Matos
[11]) and since ¢ is absolutely (r; s)-summing, it follows that 7' is absolutely
(r; s)-summing.H

It is worth remarking that the converse of Lemma 2 does not hold. In
fact,

L(I2;K) =Lo(22)(l2; K) and P(la; K) #Pos22) (l2; K).

Now we have another characterization of cotype:
Theorem 5. Let n > 1. E has cotype q > 2 if, and only if,
P(HE7 E) = Pas(q;l)(E) (nEv E)

Proof. If P("E; E) = Pus(g1)(m)("E; E) then, by Lemma 2, id : E — E
is (¢; 1)-summing and consequently E has cotype q. Theorem 3 yields the
converse.ll

The following recent Theorem of D.Perez [16], that generalizes a 2- linear
result of Floret-Botelho [2] and Tonge-Melendez[15], is an important instru-
ment for other multilinear and holomorphic results, as we will see later.
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Theorem 6. (D.Perez [16]) If each X; is an Lo, space, then every con-
tinuous n-linear mapping (n > 2) from Xy x ... x X, into K is (1;2,...,2)-
summing at the origin and

n
n—2
||T||as(1;2,...,2) < Kg3 2 “TH H >‘]"
j=1
The polynomial version of this Theorem is immediate and will be useful
for us in the last section of this paper.

Corollary 1. If X is an L ) space then every continuous scalar valued
n-homogeneous polynomial (n > 2) P : X — K is (1;2)-summing at the
origin and
n—2
1Pllas(i;2) < K3 2 [|P[|A™.

We can explore last Theorem and the cotype of the range as follows:

Theorem 7. If each Xj is an Lo ), space and F has cotype q # oo, then
every continuous n-linear mapping from X1 x ... x X, into F is (¢;2,...,2)-
summing at the origin and

||T||as(q;2,...,2) < Cq( KG3 |T|| H >‘

In particular, if X is an Lo ) space and F has cotype q # oo, then
P("X;F) = 7)as(q;Q) ("X F)
and

n=2 n
(3.1) [Pllasg2) < Cq(F)Ka3 = ||P[[A".

Proof. Let (f{")3%2, € 18(X1), ... (/)32 € I(X,). Since
L(X1, 00y Xn; K) = Los(1y2,..,2) (X1, 0, Xy K)
and for every R € L(X1,..., X;;; K) we have

n
n—2
IR llas(rs2,...2) < Ka3™= IR T A
i=1
then

ZHT L N5 < o@D, oo SN2l =

= Cy(F SUPZIyoT 0 ) |=

y €EBF,

< Cy(F) sup |ly' o Tllasqrz,.. oy l1(FS ) 2o N )52 w2 <
Yy €Bp,

< Co(F) sup Clly" o TNl 2N ) 2 <
y €EBF,
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< Co(F) sup Clly TN o 2o £ w2 <
vaBF,

<C (F)GHTHH(f}”>;°<;1||w,2...||<f}"’>;°11||w,2

where C = Kg3"2 H VR
j=1
As a consequence of the last Theorem, we obtain a generalization of a

bilinear result of Botelho ([2]), answering a question posed in [3]:

Theorem 8. Ifn > 2 and each X is an L x; space then every conlinuous
n-linear mapping T : X1 X ... x X;, = K is (2;2,...,2,00)-summing at the
origin and

n
n—2
1T llas(2i2....00) < Co(Xn) K32 [T T Ay
i=1
Proof. Let T : X; X ... Xx X;, = K be a continuous n-linear mapping.
Then
T Xy X ... x X, 1 — X,/ is (2;2,...,2)-summing since X,,’ has cotype
2. So,

QoITi . el < OIS T e (" )52

and
> Sup TG )2 <
] IZE GBXn
<C AL (n—1)yo0
<C| (:L“g )y:l w2 N (27 )52 w2 -

If (z gn))] 1 € loo(X};,) does not vanish, we have

00 (n)
(Z||T1(x§-”,...,xg-"*”)(nﬂ—>|| )2 <
j=1 | (517 )] i lloo
<O @ Nwe - 1 @ (e -
Hence -
T (£ (=1 ((My12y1/2 <
ST, 2 @) 2 <
7j=1
<O @2 g - | @72 el @52 s
and

Z T, 22 < O @) oz - @) w2l @57)3 s

where C' = Cy( n)KG3 ||T|| H Aj-
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The case (:zrgn))?‘;l = 0 does not offer any trouble.ll

For n = 2, Theorem 8 has the following version:

Proposition 1. If X is an Lo space, then every continuous 2 linear map-
pingT : X x E — K withcot E' =q =2 is(r;r,00)-summing at the origin
for everyr > 2. Ifcot E' = q > 2, then T is (r;r,00) and (q;p, o0)-summing
at the origin for every r > q and p < q.

Proof. (Case ¢ = 2) Let T': X x E — K be a continuous bilinear mapping.
Then T} : X — E' is (r;r)-summing since E’ has cotype 2 [6]. Hence

D ITi@) N < C Nl ()32 llww
7=1

and thus

(D Sup ITa(z) )N < C Il (2)521 o -

j=1Yi€BE

If (y;)72, € lo(E) does not vanish, we have

Z 1T () (

DY SO ()32 e -
9)] 1 “oo

Hence

D IT1 (=) )N < C |l ()2

=1

(yj)]qil “oo

and

o0
O NT (@ y)INY" < C @) |l ()70 oo -
j=1
The case (y;)72; = 0 does not offer any problem.
A linear result of Maurey (see [4], page 223, Th. 11.14 a) provides,
through the same reasoning, the proof of the case ¢ > 2.1
Applying the same ideas we have the statement below:

Proposition 2. If each X, is an Lo space, then every continuous n-linear
mapping T : X1 X ... x X;, X E — K with cot E' = q > 2,q # oo is
(q;2, ...,2,00)-summing at the origin.

Theorem 8 can also be used to obtain other results. For example:

Theorem 9. If each X; is an Lo space and T : X; x ... x X, = K s a
continuous n-linear mapping, then
n=2=Tis (r;r,r)-summing on X1 X Xs, for every r > 2.
n>3=T¢(r;2,..,2,r)-summing on X1 X ... Xx X, for every r > 2.
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Proof. The case n = 2 is the easiest and we will omit the proof. For the
case n = 3, let (z;)72, € I¥(X1), (yj)72, € I5(X2) and (2;)72, € 15'(X3).
Then

> 1
O IT(a+ ), b+ yj ¢+ 2) = T(a,b,c)||")r =
7j=1

o0 o0 L
Z 1T (a, y5, 2) ") Z T (xj,b,0)[|") 7+
j=1 j=1

oo oo oo L
Z 1T (zj,y5,c) Z 1T (2,0, 2)||") Z 1T (a, b, ;) |") -
j=1 j=1 j=1

o0 o0
+Q (T (@, )+ (T (g 2)I7) 7 < o0
Jj=1 Jj=1
since every linear mapping is (r;7) and (r;2)-summing, every such bilinear
mapping is (r;r,r), (r;2,7) and (r;2,2)-summing and every such 3-linear
mapping above is (r;2, 2, r)-summing at the origin.
For n > 3 we use an inductive principle.
Theorem 7 can be extended as follows:

Theorem 10. If each X; is an L space and cot F' = q, then every contin-
uous n-linear mapping from Xy X ... x X, into F is (q;2, ..., 2)-summing on
Xy X ... x X,.

Proof. If ¢ = 2, it is enough to use the last reasoning with Theorem 7
and the Dubinsky-Pelczyniski-Rosenthal ([4] page 223, Th. 11.14 (a) or [6]
result which asserts that every linear mapping from an L., space into F
with cot F =2 ) is (2;2)-summing.

If ¢ > 2, we shall use the same reasoning with the Maurey ([4] page 223,
Th. 11.14(b)) result which asserts that every linear mapping from an L
space into F'( with cot FF = ¢ > 2) is (¢; p)-summing for each p < ¢.l

—_—

4. R-FULLY ABSOLUTELY SUMMING MULTILINEAR MAPPINGS

The following definition is inspired in the work of Matos [13] which is
being developed by M.L.V. Souza in his doctoral dissertation.

Definition 4. A continuous n-linear mapping T : E1 X ... X E, — F will
be said r-fully (p;qu, ..., qn)-summing if

P
< 00

1 r r+1 n
HT(QUE-I),...,:BE-T),:E;JF ), ...,xg-r)

jl:---:jrzl

()

whenever (z,°)7, € Iy (Ey),l = 1,...,n. In this case we will write

Te Ef(r)as(lerann)(El’ ey B3 ).
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When r = 1, we have the (p; q1, ..., ¢n )-summing mappings and when r = n
we call T just by fully (p;qq, ..., ¢, )-summing, which is a concept introduced
by Matos [13].

A natural question is: Does every n-linear mappings from L, spaces into
K is fully (2;2,...,2)-summing?

We will show in Corollary 2 that Theorem 8 give us partial answers.

Theorem 11. If L(En; F) = Lyg(qyr)(En; F), then
['as(q,pl,...,pn_l,oo) (Ela () En; F) C ‘Cf(Z)as( E17 Sy En; F)
Proof. Let us consider T' € Lg(gip,,....pn_1,00) (E1s ooy Bnj F). If

1 w -1 %) w
(2 )72y € 18 (), oy (2 )22 €02 (B, ()22 € 12(BD),
then, for each £ fixed,

o0
3 HT(m,(:),-.-,:Bé”*l),yj)Hq (7Y | | A
7j=1

@5P1 e Pr—1,T) (

q

< Nl € |re, s <

<t o, e )| + o

where each zj belongs to the unit ball Bg,, .

Therefore
o0 o0 q
1 -1
55 s V) <
k=1j=1
TL 1) p 1
< Il OZHT v )|+ 5p) < oom

Corollary 2. If each Ey is an Lo space, we have
[’(Ela N % K) = ‘Cf(Z)as(2;2,...,2,2) (Ela Y K)

Proof. It suffices to realize that L(En;K) = Ly2:0)(En;K) and apply
last Theorem and Theorem 8.1

5. OTHER RESULTS

An important and broadly used result is the Generalized Hoélder ‘s In-
equality, which is a natural instrument to deal with absolutely summing
multilinear mappings.

Theorem 12 (Generalized Holder ’s Inequality). If = < p% + ...+ anv then

1
p
o]

> l n L
S aMal™ Py < ( §:|a P> ...(§:| al" [Py
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fT: FE x..x FE, > Fis a continuous multilinear mapping where at
least one of the spaces which compose the Banach spaces of the domain has
finite cotype, we can state the following result.

Theorem 13. IfT : Ey1 X... X E,, = F is a continuous multilinear mapping,
gj =cot Ej, j =1,...,n, and at least one of the q; finite, then, for any choice
of aj € [gj,00], with at least one of the a; finite, T is (s bl, oy by ) -summing
at the origin, for any s > 0, such that 1 < 1 + ...+ —, with b; = 1, if
a; < 0o, and bj = oo if aj = oco.

Proof. Obvious, using Theorem 2, after some reasoning on how to opti-
mize the use of the Generalized Holder “s Inequality.
As a corollary, we have the a result due to Botelho [2].

Corollary 3. If T : E1 X ... X E,, = F is a continuous multilinear mapping
and q; = cot E; < oo for every j = 1,...,n, then T is (s;1,...,1)-summing
at the origin for any s > 0 such that % < qll + ...+ an

Theorem 13 shows that even if just one of the spaces of the domain has
finite cotype, the multilinear mapping is still well behaved. As an illustration
we can see the example below.

Example 1. If E has cotype p, then every T : C(K) X ... x C(K)x E — F
is (p; 00, ..., 00, 1)-summing at the origin.

The following results show more about the mechanism of absolutely sum-
ming mappings.

Proposition 3. If L(E1, ..., En; F) = Log(ris,,.. 50,00,...,00) (E1s ooy Ens ) then
L(E1, ... By F) = Log(risy,..sr) (B ooy B3 F).
Proof. Given T' € L(FE}, ..., Ey; F') let us define
S(aty.yan) =T(a1,...,at) i1 (A1) ---n(an)

where @41, ..., oy are non trivial bounded linear functionals. Let byy1, ..., b,
be such that

@1 (be1) = .. = pn(bn) = 1.

It follows that T' € Los(rss,,....s0) (E1, -y EBy; F). In fact, if (z )J | €15 (E) we
have

o0

1 t 1
Sr@E, e = Zns oo @5 b1, ey b) [ < 00
j=1

The next statement suggested by Matos extend the Lemma 3.2 of [2]:
Proposition 4. If L(E1, ..., En; F) = Log(ris,.... 50,00,..00) (B ooy Enj F), then
[’(Ela vy B ['(Et-l-la cony B F)) = ‘Cas(r;sl,...,st) (Ela vy Bt ‘C(Et-i-la R % F))

and conversely.



12 DANIEL PELLEGRINO

Proof: Suppose
‘C(Ela Y F) = Eas(r;sl,...,st,oo,...,oo)(Ela R F)

Let T : Ey X ... x By — L(E41,..., Ey; F) be a continuous multilinear
mapping. We have

> i 1 i 1
ST @, a?)T)r = Z Sup |T@?, s @) (Yag1, e yn) 1) 7 <
j=1 —1 \|Z/k\|<1n
T 1 L
ZHT )G e I+ 557 =
1
ZHTO e DI+ —>r 00

it 7)) e 1 (By), .., (=) € 12 (Ey).
On the other hand, suppose

‘C(Ela o Bt ‘C(Et+17 ey B F) = Eas(r;sl,...,st)(Ela o B ‘C(Et+17 cry B F)
IfT:FE x..x E, — F, and

(29321 € 18 (Bn), o (27)321 € L(B), (9320 € Lo (B ooy (0D)321 € lool( ),
we have

1
ZHT NP2 VIR (2] T=Z||T1 U AV IC | [

1
r

5.1 < NG ool @)oo ST, oy ) 7)F < 00
7=1

We can see that it is also true that
T e Eas(r;sl,...,st,oo,...,oo)(E17 Sy En; F) =

= Tl € Eas(r;sl,...,st,) (Ela ey Eta ‘C(Et+17 ey En; F))
and

T e ['as(r;sl,...,st,)(Ela vy By ['(Et-l-la R F)) =

=Ty € ‘Cas(r;sl,...,st,oo,...,oo)(El7 coey B F)'.

Remark 1. The reader shall note that the converse of Proposition 8 cannot
hold. In fact, we know that L(E;K) = Ly, (E;K). If the converse of
Proposition 3 held, we would have L(E, E;K) = Lq41,1,00)(E, E;K) and by
Proposition J

‘C(Ev EV) = ‘Cas(l;l) (E7 E)

which is impossible, in general (see [9]).

Proposition 4 also furnishes an Inclusion Theorem for bilinear mappings.
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Proposition 5. ( Inclusion for bilinear mappings)
Ifr > s then ‘Cas(s;s,oo) (El,EQ; F) C ['as(r;r,oo) (El, FEo; F)

Proof. If r > s and T € Ly(55,00)(E1, E2; F), then by Proposition 4,
T, : By — L(Ey; F) is (s; s)-summing. By the Inclusion Theorem for linear
mappings, T} will be (r;r)-summing and again by the Proposition 4, T will
be (r;r, 00)-summing at the origin.ll

Example 2. The famous Grothendieck ‘s Theorem, which asserts that every
linear operator from an Ly space into an Lo space is (1;1)-summing, and
Proposition 4 lead us to conclude that if E1 and FEy are L1 and Lo spaces
respectively, then

L(E1, E3; K) = Log(1:1,00) (B, Ba; K).
Thus, Proposition § yields
L(E1, E2;K) = Los(ryr,o0) (E1, E2; K)
for every r > 1. However, despite Grothendieck ’s Theorem we know that
L(l1,l5l2) # Lagi;1,00) (1, 115 12)
and furthermore
L(I1,11;K) # Las(1;1,00) (1,115 K).
The result below has the same spirit of the last Proposition.

Proposition 6. IfT : E; X ... x E, — F is p-dominated, then T is
(757375 oy 1, 00) -sUMMing for every r > p.

Proof. If T : F4 X ... X E, — F is p-dominated, then, by Grothendieck-
Pietsch domination Theorem, if T : Fy X ... x E,_1 — L(Ey,; F') is such that
T, = ¥(T'), we obtain, for r > p,

| Ty (z1, s 1) | = Supyy<i 1T (21, oo 1) ()| =

= Sup|jy <1 IT(z1, ., Tn—1,9)| <

g5up|y|<10(/ |so<x1>|’"dm>i...</3 o) | dyin)

Eq El,

3 =

<

5=

<o(f Ve )it plen) I dunn

! !
£y En 1

Thus, T} is r-dominated and, by Proposition 4, T' = (T} )

o .
is (5737, ...,m,00)-summing.

Corollary 4. If every T : Fy x ... x B, — F is p-dominated, then every
T:Ej x..xE; = F, with1<r <n and ji,...,jr € {1,...,n} mutually
disjoint, is p—dominated.
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Proof. By Proposition 6, we have

L(El,...,En;F) :‘Cas( El,...,En;F)

#;p,...,p,w)(
and by Proposition 3 we obtain
,C(El,...,En_l;F) =L El,...,En_l;F).

GS(ﬁ;p,...,p)(

The other cases use the same arguments.ll
Similar reasoning furnishes the next Corollary.

Corollary 5. If every T : Eq X ... X E, — F is p-dominated, then for every
permutation w: {1,...n} = {1,...,n} we have

[’(Er(l)a S Eﬂ(t) ) ['(Er(t—l—l)a S Eﬂ(n); F)) =
= Las(2,p,...0) Er(1ys - Br(ty; LEr(t41)5 -, Er(n); F))-
The next result is essentially due to Botelho [2].

Corollary 6. If some Ej is an L, space, at least one other Ej is infinite
dimensional and dim F' = oo, then, regardless of the p > 1, we have

‘C(Ela 7ETLaF) 7é Las(%;p)(Ela 7ETL;F)

Proof. There is no loss of generality in assuming j = 1. If the equality
held we would have
L(E1; L(Ea, ..., En; F)) = Los(pyp) (E1; L(E2, ..., By F))

which is a contradiction since L(Fs, ..., E,; F') has only infinite cotype (see

[21,[5])-

p;p

6. EXTRAPOLATION THEOREMS

The linear theory of absolutely summing operators has some strong co-
incidence Theorems (see [4]). Many of them have their polynomial versions
(see [10],[15]). We will give a polynomial and a multilinear version for the
Maurey Extrapolation Theorem:

Theorem 14 (Polynomial Extrapolation Theorem). If 1 < r < p < 0o and
X is a Banach space such that

(6'1) Pas(p D) (nX; lﬁﬂ) = Pas(%;r)(nX; lp) and ‘CGS,P(X; lID) = EGS,T(X; lID)

then, for every Banach space Y we have
(6.2) Pusep)("X35Y) =Poy1qy)("X3Y) and Losp(X3Y) = Las1 (X;Y).

Proof. As in the linear case, using a localization argument, we can prove
that
Pas(%;p) (" X; lp) = Pas(%;r) (" X; lp)
is equivalent to

AD > 03 | Plluygry < DIPllag(zy YP € Pragy ("X Ly).
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We want to prove that for each Banach space Y there exists C' > 0 such that
whenever @ € Pas(%;p)(”X;Y), we have ||Q||0LS Ly < C||Q||as(%;p) since it
will lead us to
Pas(g;p)(nX; Y)= Pas(%;l)(nX; Y).
Consider
w: X = C(Bx+):x+ fa
where f,(z*) =< z*,x > . We will denote K = Byx+. Let us denote by P(K)

the set of all probability measures on K with the weak star topology. For
each u € P(K) define

u: X COK) = Lyl

as the restriction of the canonical inclusion from C'(K') into L, ().

Let R: X — Y be an n-homogeneous (£;p)-summing polynomial. The
polynomial version of Grothendieck-Pietsch Domination Theorem tells us
that there exists ug € P(K) such that

‘6\3

HMMC/KWMWM - /mo o) P duo()]F =

= Cl|Juo (a:)||Lp(#0) for every z in X.
We must find A € P(K) and a constant D (depending on X ) such that
(6.3) 170 (@) Ly (no) < Dlax(@)lL, vy Vo € X,

and then the Theorem will be proved. Indeed, we will have

1Bz < Clldue ()7, o) < CPNiA)T, 0y =

=il 1@ [N = |a@) |
and the Grothendieck-Pietsch Polynomial Domination Theorem yields that
R is (1;1)-summing.

In order to prove (6.3) it is enough to note that the hypothesis Lq5,(X;1,) =
Ly (X;1,) is sufficient to prove it (this is done in the proof of the linear
Extrapolation Theorem. See Th. 3.17 of [4]).H

For the multilinear version, it is not difficult to prove that

[’as( )( Xl ) _‘Cas(%;r)(nX;lp)

implies Logp.)(X;0p) = Logz;)(X;1p). The same reasoning give us the
following statement:

Theorem 15. If1 <r <p < oo and X is a Banach space such that
‘cas( )(nX ! ) L, s(73m) (nX; lp)
then, for every Banach space Y, we have
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7. ABSOLUTELY SUMMING MAPPINGS

The concept of absolutely summing mapping (non necessarily multilinear
or polynomial) and the first results and examples are due to M.Matos [12].

Definition 5. (Matos) A mapping f : E — F is absolutely (s;r)-summing
at a € E if (f(a+z;) — f(a);2, € Is(F) whenever (z;)32, € ['(E). We say
that f : E — F is weakly absolutely (s,r)-summing at a € E if (f(a+ ;) —
f(a))2y € IY(F) whenever (z)72, € I(E).

Since for every (z;)72; € I;'(E) we have limp, o0 H(%)goime = 0, it is
clear that limy, o ||Zm|| = 0. Therefore, there is no loss of genérality if, in
the definition above, we restrict ourselves to (z;)52; € [}'(E) with [|z;]| < 4§
for all 7 and some 6.

It is possible to prove that if f : E — F is absolutely (s;r)-summing at
a € F then f is continuous at a [10]. The behavior of f outside an open
neighborhood of a is completely irrelevant.

In [3], Botelho proves for the complex case, using Cauchy integral formu-
las, that, if cot F = ¢, every holomorphic entire mapping f : £ — F such
that f (0) = 0 is (¢g; 1)-summing at the origin. We will prove that Cauchy
integral formulas are not essential and this result still holds for the real case
and for non zero points.

Lemma 3. If g: E — F is analytic at a € E, then there exists 0 > 0 such
that

1(g(a +z5) — g(a))j1lwa < Dl(5)7Z1 w1
whenever [|(2;)721 [lw,p < 6.

Proof. If g: E — F'is analytic at a and C| ¢ > 0 are such that
||—dk (a)|| < Cc* for every k

then, for each ¢ € F*, we have

1 A
|| dk‘Pg( )= ||‘;0Edkg(a)|| < C||p| for all k
and hence, by a result of Defant and Voigt (see [10], Theorem 1.6 or [12]),

T kv ok
“ d ‘Pg( )“as(l;l) <e'Ce “(10“
Let us denote by ¢, > 0 the radius of convergence of g around a.Thus, if
()52 llwy < 6= min{%ec,ea} we can write

oo

Z“Og(a'i_x] |_Z“ dk@g |a511 ||($J)] 1||w1_

J=1

()52 1||wlz|| dk@g Mas(;n ()72 1|w1 <
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- kCC'“II@DII
< [I(z5)7= 1||w12 < DI|(z)521 [lw,1

for every ¢ € Br. Hence

1(g(a + z5) — g(a))7Z llw,1 < DI[() 721 lw,
whenever ||(z;)72 [lw,p < 6.0

Proposition 7. If F' has cotype q and g : E — F is analytic at a € E, then
g 1s (q; 1)-summing at a.

Proof. Let a € E. Since g is analytic at a, there exists  such that

1(g(a +z5) = 9(a)7Zi[lwa < DI (25) 72 [lw,1-

Let ()72, € IY(E) and let jo € N be such that ||(z;)7; [lw,1 <. Then

(3 llgla+a5) = gla) 1) < Co(F) || (9(a + ;) = 9(a)3j, o

J=Jjo
Obviously,
jo—1
> Il gla+z5) —g(a) |97 < .
Hence

(Z Il 9(a + z) — g(a) )9 < oo

whenever (z;)72,; € [{(E).R
In the real case, a slight variation of the Proposition 7 can be made as we
see below:

Proposition 8. Let f : E — F be an application of class C* at a € E. If
cot F' < q and cot E < kq, then f is (q;1)-summing at a.

Proof. Recall that if f is an application of class C* at a, by Taylor’s
formula there exists Bs(a) such that
A

P tla kf (g
I (at)— )] < 1df(a) () + TL S

It is clear that we can consider (z;)32, € [{(E) so that z; € Bs(a) for every
g. Then,

(@)1 +|z]|* Vo € Bs(a).

(x)+...+

(D _lIf(a+z)) = fla)l|9)'/? <
iz

7 a k a
< (@) + LD (@) o+ LD oy oy
j=1
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Thus

(S Ifa+ ) - F@))e <

j=1

2 /\k; m
Zudf + LD ) gy DD oo 137 1] .

A
Since cot E < kq and since df (a), ..., d* f(a) are (¢; 1)-summing, the proof is
done.H

It is not difficult to achieve the following result:

Theorem 16. If F' has cotype q, X is an L ) space and f : X — F is
analytic at a, then f is absolutely (q;2)-summing at a.

Proof.
There are C' > 0 and ¢ > 0 such that

||—dk f(a)]] < Cc* for every k.

Thus, by (3.1) in Theorem 7 we have
(7. 1)

/\

k=2
|| EF(0)las(q2) < ColF) K35 II—dk (@)A* < Co(F)Ka3™5 CFAF.

for every k > 2.

For k = 1 we know that every linear mapping from X into F' is (g;2)-
summing and it is enough, in addiction with (7.1), to obtain positive C}
and ¢; so that

1 /\
Hydkf(a)nas(qﬂ) < Clclf for every k > 1.

If ¢, is the radius of convergence of f around a, then, whenever (xj)]?il is
such that [|(2;)72 [lw,1 < min{%,da}, we have

o0 o0

S lf(at ;) — @) %=Z||Z )(z;)[19)7 <
j=1 j=1
< g f @) )]+ <
k=1 j=1
sZnﬁdk F (@) lasta )2 =
k=1

x] j= 1||w22|| “as (g;2 ||($9)] 1|w2 <
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00 k
C
<Cll(z) 2 w2 :r_llk,l = Co|(75)52 1 [lw,2-
k=1 C

Remark 2. Theorem 6 could induce us to postulate that every mapping,
analytic at a, from an Lo space into K would be (1;2)-summing. However,
it is not true since the only absolutely (1;2)-summing linear mapping is the
trivial mapping.

The next example follows the same line of thought of Lemma 3 and The-
orem 16:

Example 3. If X is an Ly space and [ : X — K is a mapping, analytic at
a, so that df (a) = 0, then f is (1;2)-summing at a.

The reader must note that the same reasoning of Theorem 16 lead us to
the following useful Theorem:

Theorem 17. If the mapping f : E — F is analytic at a € E and there are
C > 0 and ¢ > 0 such that for each natural n,

A
(7'2) dnf(a) € Pas(s;r) (nE; F)
and

1 /\n n
(7.3 =" f (@) < O

then f is (s;r)-summing at a.

Remark 3. For entire holomorphic mappings we have a completer result,
due to Matos [12].
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gestions, G. Botelho for important contacts and D. Perez who kindly sent
him his dissertation.
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