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1. Introdution

Many problems in uid mehanis our in time-varying regions. Suh situations

arise for instane in the ase

� A uid in a vessel with moving boundaries.

� A uid in a vessel ontaining rigid bodies moving through it.

Partial di�erential equations governing suh phenomena are de�ned in a non-

ylindrial domain. This leads to theorial as well as numerial diÆulties.

Is well known that the miropolar uids model is an essential generalization of

the well established Navier-Stokes model in the sense that it takes into aount the

mirostruture of the uid. It may represent uids onsisting of randomly oriented

(or spherial) partiles suspended in a visous medium, whom the deformation of
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uid partiles is ignored. Miropolar uid were introdued in [4℄. They are non-

Newtonian uids with nonsymmetri stress tensor.

The purpose of this paper is to show the existene and periodiity of weak

solutions of the initial-boundary value problem for the miropolar equations in

domains with smoothly moving boundaries.

The miropolar uids equations in Q

1

= [

t2IR


(t)� ftg is the following:
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�u

�t

+ (u � r)u� (� + �

r

)�u + r p = 2�

r

rot w + f ; in x 2 
(t);

div u = 0 in x 2 
(t); ;

�w

�t

+ (u � r)w � (

a

+ 

d

)�w � (

0

+ 

d

� 

a

)r div w

+4�

r

w = 2�

r

rot u+ g; in x 2 
(t);

u = �; w = �; on x 2 �
(t);

u(x; 0) = u

0

(x); w(x; 0) = w

0

(x); x 2 
(0):

(1.1)

where u = (u

1

; u

2

; u

3

) is the veloity �eld, p is the pressure, andw = (w

1

; w

2

; w

3

) is

the mirorotational interpreted as the angular veloity �eld of rotational of parti-

les. The �elds f = (f

1

; f

2

; f

3

) and g = (g

1

; g

1

; g

3

) are external fores and moments

respetively. Positive onstants �, �

r

, 

0

, 

a

, 

d

represent visosity oeÆients, � is

the usual Newtonian visosity and �

r

is alled the mirorotational visosity. And


(t) is a bounded domain in IR

3

, with smooth boundary �
(t). � = (�

1

; �

2

; �

3

)

and � = (�

1

; �

2

; �

3

) are given on the boundary �Q

1

= [

t2IR

�
(t)� ftg.

It has pointed out that similar time-dependent problem but for the Navier-

Stokes equations have been studied by many di�erent authors. This is the ase,

for instane, of the works by J.L. Lions [8℄, [9℄, H. Fujita and N. Sauer [5℄, H. Mo-

rimoto [13℄, T. Miyakawa and Y. Teramoto [14℄, R. Salvi [20℄, et. In partiular,

we would like to emphasize that the arguments in [9℄ requires 
(t) to be nonde-

reasing with respet to t (see problem 11.9, p. 426 of this book). Our paper,

other generalize these previous works in the sense that problem (1.1) inludes the

mirorotational veloity, does not assume this nondereasing ondition on 
(t).

We observe that the model (1.1) was early studied in [19℄, [16℄ for a lass

speial of domains (see also [2℄). In this work, we use the approah given in [14℄.
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The lass of domains onsidered in [14℄ is very general and inlude the domains

used in [19℄, [16℄.

Over the past years, many existene (weak and strong), uniqueness results has

been done for miropolar uids. In a �xed domain see [10℄, [11℄, [12℄, [17℄, [18℄

and the referenes therein.

2. Statements and notations

In addition to the onditions (A.1) and (A.2) given for 
(t) and � respetively in

[14℄, we give the ondition (A.3):

(A.1) There exist a ylindrial domain

e

Q

1

=

e


 � IR and a level-preserving C

1

di�eomorphism � : Q

1

!

e

Q

1

;

(y; s) = �(x; t) = (�

1

(x; t); �

2

(x; t); �

3

(x; t); t)

suh that

det [��

i

(x; t)=�x

j

℄ � J(t)

�1

> 0 for (x; t) 2 Q

1

:

(A.2) � is the restrition to �Q

1

of a C

2

vetor �eld  ; whih is divergene-free on

eah 
(t) and bounded on Q

1

together with its �rst and seond derivatives.

(A.3) � is the restrition to �Q

1

of a C

2

vetor �eld ':

Then, by (A.2) and (A.3) the miropolar uids equations an be redued to

the ase zero boundary values.

Putting u =  + v and w = '+ z in the above equations, we obtain,

8

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

:

�v

�t

� �v + (v � r) + ( � r)v + (v � r)v +rp =

2�

r

rot z+ F; x 2 
(t);

div u = 0 x 2 
(t); ;

�z

�t

� 

1

�z� 

2

r div z+ (v � r)'+ ( � r)z+ (v � r)z

+4�

r

z = 2�

r

rot v +G; x 2 
(t);

v = 0; z = 0; x 2 �
(t);

v(x; 0) = a(x); z(x; 0) = b(x); x 2 
(0):

(2.1)
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where  = (�+�

r

); 

1

= (

a

+ 

d

); 

2

= (

0

+ 

d

� 

a

), F = � 

t

+(�+�

r

)� � ( �

r) + 2�

r

rot  ; G = �'

t

+ C

1

�'+ C

2

r div '� 4�

r

'� (' � r)'+ 2�

r

rot  ;

a(x) = u

0

(x)�  (x; 0), and b(x) = w

0

(x)� '(x; 0):

Here for every vetorial �eld, we denote

e

u

j

(y; s) =

n

X

k=1

�y

j

�x

k

u

k

(�

�1

1

(y; s))

analogously for every salar �eld

e

q(y; s) = q(�

�1

1

(y; s))

Using these transformations, the original system of equations (1)-(3) in Q, be-

omes:
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:

�

�s

e

v � O

e

v +M

e

v +N

1

e

v +N

2

e

v = rot

g

e

z+

e

F�r

g

e

p

y 2

~


(s); s > 0;

div ~u = 0 y 2 
(s);

�

�s

e

z� L

e

z+ T

e

z+X

1

e

z+X

2

e

z+ 4�

r

e

z = rot

g

e

u +

f

G;

y 2

~


(s); s > 0;

~v = 0; ~z = 0; y 2 �

~


(s); s > 0;

v(y; 0) = 0 ; z(y; 0) = 0; y 2 �

~


(0);

(2.2)

where

(O

e

v)

i

= g

jk

r

j

r

k

e

v

i

; (L

e

v)

i

= 

1

g

jk

r

j

r

k

e

v

i

+ 

2

�y

i

�x

j

(

�

2

�x

j

�y

l

)

e

v

l

(M

e

v)

i

=

�y

j

�t

r

j

e

v

i

+

�y

j

�x

k

(

�

2

x

k

�s�y

j

)

e

v

j

; (T

e

z)

i

=

�y

j

�t

r

j

e

z

i

+

�y

i

�x

k

(

�

2

x

k

�s�y

j

)

e

z

j

;

(N

1

e

v)

i

=  

j

r

j

e

v

i

+

e

v

j

r

j

 

i

; (N

2

e

v)

i

=

e

v

j

r

j

e

v

i

;

(X

1

e

z)

i

=  

j

r

j

e

z

i

+

e

v

j

r

j

'

i

; (X

2

e

z)

i

=

e

v

j

r

j

e

z

i

;

(r

g

~p)

i

= g

jk

�~p

�y

j

;
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( rot

g

e

z)

i=

(

�y

i

�x

j

rot z)

j=

�y

i

�x

j

(�

jkl

�

�x

k

z

l

)

=

�y

i

�x

j

�

jkl

(

�

2

x

l

�x

k

�y

r

e

z

r

+

�x

l

�y

r

�

�x

k

e

z

r

):

and

g

jk

=

�y

i

�x

k

�y

j

�x

k

; g

i;j

=

�x

k

�y

i

�x

k

�y

j

;

r

j

e

v

i

=

�

e

v

i

�y

j

+ �

l

jk

e

v

k

;

r

k

r

j

e

v

i

=

�(r

j

e

v

i

)

�y

k

+ �

i

kl

r

j

e

v

l

� �

l

kj

r

l

e

v

i

;

�

k

ij

=

�y

k

�x

l

�

2

x

l

�y

i

�y

j

:

We are using summation onvention, i.e.e take sum over repeated indies. For

details about above, see [14℄.

3. Existene of weak solutions

We will denote by C a generi onstant. This will appear in most of the

estimates to the be obtained. When for any reason we want to emphasize the

dependene of a ertain onstant on a given parameter we will denote this onstant

with a subsript. Throughout the paper we need the following funtion spaes

C

1

0

(

~


)

n

; L

2

(

~


)

n

; H

1

(

~


)

3

and

C

1

0;�

(

~


)

n

= fv 2 C

1

0

(

~


)

n

/ div = 0 in

~


g;

H = losure of C

1

0;�

(

~


)

n

in L

2

(

~


)

n

;

V = losure of C

1

0;�

(

~


)

n

in H

1

(

~


)

n

;

U = losure of C

1

0

(

~


)

n

in L

2

(

~


)

n

;

S = losure of C

1

0

(

~


)

n

in H

1

(

~


)

n

;

and similarly are de�ned the spaes H

t

; V

t

; U

t

and S

t

on 


t

; with their inner

produts and norms following:
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For H and U

h

e

v;

e

ui

t

=

Z

~




g

ij

(y; t)

e

v

i

(y)

e

u

j

(y)J(t)dy;

j

e

vj

t

= h

e

v;

e

vi

1=2

t

;

for V and S

hr

g

e

v;r

g

e

ui

t

=

Z

~




g

ij

(y; t)g

kl

(y; t)r

k

e

v

i

(y)r

l

e

u

j

(y)J(t)dy;

jr

g

e

vj

t

= hr

g

e

v;r

g

e

vi

1=2

t

;

for H

t

and U

t

(v;u)

t

=

Z


(t)

v

i

(x)u

i

(x)dx;

kvk

t

= (v;v)

1=2

t

;

for V

t

and S

t

(rv;ru)

t

=

Z


(t)

r

k

v

i

(x)r

l

u

j

(x)dx;

krvk

t

= (rv;rv)

1=2

t

:

We denote also, for eah t; V

�

t

the dual spae of V

t

: The norm of f 2 V

�

t

is

de�ned by

kfk

�

t

= sup

krvk

t

�1

hf;vi;

analogously is de�ned the norm on V

�

and denoted it by j�j

�

t

:

Now we de�ne a weak solution of the problem (2.1).

De�nition 3.1. Given a 2 H

0

and b 2 U

0

; and F 2L

2

(0; T ;V

�

t

); andG 2L

2

(0; T ;S

�

t

);

with T > 0: We say that v 2L

2

(0; T ;V

t

) \ L

1

(0; T ;H

t

) and z 2L

2

(0; T ;S

t

) \

L

1

(0; T ;U

t

) are a weak solution of problem (2.1), if and only if the following

identity is satis�ed:

�

Z

T

0

h

e

v;

e

u

t

i

t

�

Z

T

0

h

e

v;M

e

ui

t

+

Z

T

0

hr

g

e

v;r

g

e

ui

t

+

Z

T

0

hN

1

e

v +N

2

e

v;

e

ui

t

= h

e

a;

e

u(0)i

0

+

Z

T

0

h

e

F;

e

ui

t

+

Z

T

0

h rot

g

e

z;

e

ui

t

:
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�

Z

T

0

h

e

z;

e

w

t

i

t

�

Z

T

0

h

e

z; T

e

wi

t

+

Z

T

0

hr

g

e

z;r

g

e

wi

t

+

Z

T

0

hdiv

e

z; div (ry

e

w)i

t

+

Z

T

0

hX

1

e

z+X

2

e

z;

e

wi

t

+ 4�

r

Z

T

0

h

e

z;

e

wi

t

= h

e

b;

e

w(0)i

0

+

Z

T

0

h

f

G;

e

wi

t

+

Z

T

0

h rot

g

e

v;

e

wi

t

:

for any

e

u = l(t)

e

d and

e

w = h(t)

e

e suh that

e

u 2 V;

e

w 2 U; and l; h 2 C

1

([0; T ℄; IR)

with l(T ) = h(T ) = 0:

The results that we will prove are

Theorem 3.2. Given a 2 H

0

and b 2 U

0

; and F 2L

2

(0; T ;V

�

t

); andG 2L

2

(0; T ;S

�

t

);

with T > 0: Then exist a weak solution of problem (2.1), on [0; T ℄:

Theorem 3.3. When n = 2; the solution given in Theorem is unique.

4. Auxiliar problems

In order to prove our results, we established some preliminaries results. We use

Galerkin approximation , then we de�ne approximate solution

e

v

m

(t); m � 1 as

follows,

e

v

m

(y; t) = l

jm

(t)

e

d

j

(y; t);

e

v

m

(y; 0) = l

0

jm

e

d

j

(y; 0) and l

0

jm

= h

e

a;

e

d

j

i

0

e

z

m

(y; t) = h

jm

(t)

e

e

j

(y; t);

e

z

m

(y; 0) = h

0

jm

e

e

j

(y; 0) and h

0

jm

= h

e

b;

e

e

j

i

0

where

n

e

d

j

(y; t)

o

and f

e

e

j

(y; t)g are the Shmidt orthogonalization with respet

to the inner produt of H and V; of the sequenes f~�

j

g and

n

~

�

j

o

of linearly

independent vetors in C

1

0;�

(

~


); and in C

1

0

(

~


); respetively.

fl

jm

(t)g and fh

jm

(t)g are de�ned as solution of problem following:

h

e

v

0

m

;

e

d

j

i

t

+ hM

e

v

m

;

e

d

j

i

t

� h0

e

v

m

;

e

d

j

i

t

+ hN

1

e

v +N

2

e

v

m

;

e

d

j

i

t

= h

e

F;

e

d

j

i

t

+ h rot

g

e

z

m

;

e

d

j

i

t

; (4.1)
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and

h

e

z

0

m

;

e

e

j

i

t

+ hT

e

z

m

;

e

e

j

i

t

+ hL

e

z

m

;

e

e

j

i

t

+ hX

1

e

z

m

+X

2

e

z

m

;

e

e

j

i

t

+ 4�

r

h

e

z

m

;

e

e

j

i

t

= h

f

G;

e

e

j

i

t

+ h rot

g

e

v

m

;

e

e

j

i

t

: (4.2)

Analogously to [14℄, [17℄, [19℄; it is easy to see that (

e

v

m

;

e

z

m

) is determined

uniquely by the above relation, in a neighborhood of t = 0: The proof of the next

lemma guarantees that (

e

v

m

;

e

z

m

) is de�ned on the whole interval [0; T ℄ :

Lemma 4.1. The solution (v

m

; z

m

); is bounded in [L

2

(0; T ;V

t

)\L

1

(0; T ;H

t

)℄�

[L

2

(0; T ;S

t

) \ L

1

(0; T ;U

t

)g.

Proof. Multiplying (4.2) and (4.3) by l

jm

(t) and h

jm

(t), respetively and then

summing in j, after returning to Q

1

; we have

d

dt

kv

m

(t)k

2

t

+ 2krv

m

(t)k

2

t

+ (4.3)

� 2 j(v

m

r ;v

m

)

t

j+ 2(F (t);v

m

(t))

t

++4�

r

( rot z

m

(t);v

m

(t))

t

;

and

d

dt

kz

m

(t)k

2

t

+ 2kL

1

2

z

m

(t)k

2

t

+ 8�

r

kz

m

(t)k

2

t

ds (4.4)

� 2 j(v

m

r'; z

m

)

t

j+ 2(G(t); z

m

(t))

t

+ 4�

r

( rot v

m

(t); z

m

(t))

t

where the operator L is de�ned by

Lz = �(

a

+ 

d

)�z� (

0

+ 

d

� 

a

)r div z;

with domain D(L) = H

1

0

\H

2

:

By using the ondition (A.2), we have

j(v

m

� r ;v

m

)

t

j � sup


(t)

j j kv

m

(t)k

2

t

� Ckv

m

(t)k

2

t

:

Also, by using the ondition (A.3), we obtain

j(v

m

� r'; z

m

)

t

j � sup


(t)

j'j kv

m

(t)k

t

kz

m

(t)k

t

� Ckv

m

(t)k

t

kz

m

(t)k

t

� 

"

kv

m

(t)k

2

t

+ "kz

m

(t)k

2

t

:
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Using the Cauhy-Shwarz and Young inequalities, we have

(F (t);v

m

(t))

t

� 

Æ

kF (t)k

�2

t

+ Ækrv

m

(t)k

2

t

;

analogously

(G(t); z

m

(t))

t

� 

�

kG(t)k

�2

t

+ �kL

1=2

z

m

(t)k

2

t

;

here was used the equivalene de norms between r and L

1=2

:

Then taking Æ =



2

and � =

1

2

in the above estimates and replaing in (4.3)

and (4.4), after addying and integrating in t we obtain

kv

m

(t)k

2

t

+ kz

m

(t)k

2

t

+ 

Z

t

0

krv

m

(�)k

2

�

+

Z

t

0

kL

1

2

z

m

(� )k

2

�

� kv

m

(0)k

2

0

+ kz

m

(0)k

2

0

+ (

Z

t

0

kv

m

(�)k

2

�

+ kz

m

(�)k

2

�

)

+2

Æ

Z

t

0

kF (�)k

�2

�

+ 2

�

Z

t

0

kG(�)k

�2

�

from the Gronwall' inequality we onlude that fv

m

(t)g is bounded in L

1

(0; T ;H

t

)\

L

2

(0; T ;V

t

) and fz

m

(t)g is bounded in L

1

(0; T ;U

t

) \ L

2

(0; T ;S

t

).

In the proof of our result we need the Lemma 2.5 of [14℄, this is

Lemma 4.2. For eah " > 0 there exist a positive integer N = N

"

independent

of t 2 [0; T ℄ suh that for any v 2 V

t

we have

kvk

2

t

�

N

X

j=1

(v;d

j

)

2

t

+ "krvk

2

t

:

Analogous result is true for z 2 S

t

: With this estimates we prove

Lemma 4.3. The solution (

e

v

m

;

e

z

m

); is preompat in [L

2

(0; T ;V

t

)\L

1

(0; T ;H

t

)℄�

[L

2

(0; T ;S

t

) \ L

1

(0; T ;U

t

)℄.

Proof. Put �

mj

(t) = (v

m

;d

j

)

t

for m � j: we shall show that

n

�

mj

(t)

o

m�j

is

uniformly bounded and equiontinuous on [0; T ℄ for eah �xed j: In fat, sine

there exists for eah j a onstant M

j

suh that

jd

j

(x;t)j � M

j

; jrd

j

(x;t)j � M

j

and

�

�

�d

0

j

(x;t)

�

�

� � M

j

;

for all x 2 
(t); t 2 [0; T ℄ ;

9



it follows from Lemma 3.3 that

�

�

��

mj

(t)

�

�

� �M

j

j
(t)j

1=2

kv

m

(t)k

t

�M

0

j

:

Furthermore, for t 2 [0; T ℄ and s > 0

�

�

��

mj

(t+ s)� �

mj

(t)

�

�

� =

�

�

�

�

�

Z

t+s

t

d

d�

(v

m

;d

j

)

�

�

�

�

�

�

�

�

�

�

�

Z

t+s

t

(v

0

m

;d

j

)

t�

�

�

�

�

+

�

�

�

�

Z

t+s

t

(v

m

;d

0

j

)

�

�

�

�

�

� 

Z

t+s

t

�

�

�(rv

m

;rd

j

)

�

�

�

�+

Z

t+s

t

�

�

�(v

m

rv

m

;d

j

)

�

�

�

�+

Z

t+s

t

�

�

�( rv

m

;d

j

)

�

�

�

�

+

Z

t+s

t

�

�

�(v

m

r ;d

j

)

�

�

�

�+

Z

t+s

t

�

�

�(F ;d

j

)

�

�

�

�+

2�

r

Z

t+s

t

j rot z

m

;d

j

)

t

j+

�

�

�

�

Z

t+s

t

(v

m

;d

0

j

)

t

�

�

�

�

� 

j

(

Z

t+s

t

krv

m

k

�

+

Z

t+s

t

krv

m

k

�

kv

m

k

�

+

Z

t+s

t

kv

m

k

�

+

Z

t+s

t

kFk

�

�

+

Z

t+s

t

kL

1=2

z

m

k

�

)

� 

j

(s

1=2

f1 + sup kv

m

k

t

g

(

Z

T

0

krv

m

k

2

�

)

1=2

+ s� sup kv

m

k

t

+s

1=2

(

Z

T

0

kL

1=2

z

m

k

�

)

1=2

+ s

1=2

(

Z

T

0

kFk

�

�

)

1=2

);

where C

j

is a onstant depending only on n and M

j

: So the equiontinuity is

obtained. Therefore, applying the diagonal argument we an hoose a sequene

fm

k

g of positive integers suh that

n

�

m

k

j

(t)

o

m

k

�j

onverge uniformly on [0; T ℄ for

eah �xed j. Considering v = v

m

k

� v

m

l

in the Lemma 4.4 and integrating in t;

we obtain

Z

T

0

kv

m

k

� v

m

l

k

2

�

�

k

X

j=1

Z

T

0

�

�

��

m

k

j

� �

m

l

j

�

�

�

2

+ 2" sup

m

Z

T

0

krv

m

k

2

�

letting k; l !1;

lim sup

Z

T

0

kv

m

k

� v

m

l

k

2

�

� 2" sup

m

Z

T

0

krv

m

k

2

�

;

sine " > 0 is arbitrary and fv

m

g is bounded in L

2

(0; T ;V

t

) the proof is ompleted,

for v in the �rst equation of (2.1). Analogously we an onlude for z:
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5. Proof of the Theorems

In this Setion, we prove the main results. In �rst time, we prove the Theorem

3.2.

By Lemmas 3.3 we may assume that there exist (v

m

; z

m

) 2[L

2

(0; T ;V

t

) \

L

1

(0; T ;H

t

)℄� [L

2

(0; T ;S

t

) \ L

1

(0; T ;U

t

)℄; suh that

v

m

* v; in L

1

(0; T ;H

t

) weak-start ;

v

m

* v; in L

2

(0; T ;V

t

) weak ;

z

m

* z; in L

1

(0; T ;U

t

) weak-start ;

z

m

* z in L

2

(0; T ;S

t

) weak ;

and the Lemma 4.3 imply

v

m

�! v in L

2

(0; T ;H

t

) strong ;

z

m

�! z in L

2

(0; T ;U

t

) strong :

Taking h; l 2 C

1

([0; T ℄ ;R) with h(T ) = L(T ) = 0; and setting ~u = d

j

l(t) and

~w = e

j

l(t): Multiplying the equalities (4:1) and (4.2) by l and h respetively, and

returning to Q

1

we obtain by integration by parts

(v

0

m

;u)

t

+ (rv

m

;ru)

t

� ((v

m

� r)v

m

;u)

t

� ((v

m

� r) ;u)

t

� (( � r)v

m

;u)

t

= (2�

r

rot z

m

+ f ;u)

t

;

(z

0

m

;w)

t

+ 

1

(rz

m

;rw)

t

+ 

2

(div z

m

; div w)

t

� ((v

m

� r)z

m

;w)

t

�((v

m

� r)';w)

t

� ( � r)z

m

;w)

t

+ 4�

r

(z

m

;w)

t

= (2�

r

rot u

m

+ g;w)

t

;

integrating by parts in [0; T ℄, we obtain

�

Z

T

0

(v

m

;u

0

)

t

+ 

Z

T

0

(rv

m

;ru)

t

�

Z

T

0

((v

m

� r)v

m

;u)

t

�

Z

T

0

((v

m

� r) ;u)

t

�

Z

T

0

(( � r)v

m

;u)

t

= (v

m

(0);u(0))

0

+

Z

T

0

(2�

r

rot z

m

+ f ;u)

t

;

�

Z

T

0

(z

m

;w

0

)

t

+ 

1

Z

T

0

(rz

m

;rw)

t

+ 

2

Z

T

0

(div z

m

; div w)

t

�

Z

T

0

((v

m

� r)z

m

;w)

t

11



�

Z

T

0

((v

m

� r)';w)

t

�

Z

T

0

( � r)z

m

;w)

t

+ 4�

r

Z

T

0

(z

m

;w)

t

= (z

m

(0);w(0))

0

+

Z

(2�

r

rot u

m

+ g;w)

t

:

Sine v

m

(0) �! a in H

0

and z

m

(0) �! b in U

0

; as m �!1; we have

�

Z

T

0

(v;u

0

)

t

+

Z

T

0

(rv;ru)

t

�

Z

T

0

((v�r)v;u)

t

�

Z

T

0

((v�r) ;u)

t

�

Z

T

0

(( �r)v;u)

t

= (a;u(0))

0

+

Z

T

0

(2�

r

rot z+ f ;u)

t

;

�

Z

T

0

(z;w

0

)

t

+ 

1

Z

T

0

(rz;rw)

t

+ 

2

Z

T

0

(div z; div w)

t

�

Z

T

0

((v � r)z;w)

t

�

Z

T

0

((v � r)';w)

t

�

Z

T

0

( � r)z;w)

t

+ 4�

r

Z

T

0

(z;w)

t

= (b;w(0))

0

+

Z

(2�

r

rot u+ g;w)

t

:

The onvergene in the terms non lineares is warranted by the fat that u and

w are a linear ombinations of funtions C

1

0;�

and C

1

0

, whih are denses in V

t

;

and S

t

, respetively.

Expressing the above equality in

~

Q

1

; we have

�

Z

T

0

h

e

v;

e

u

t

i

t

�

Z

T

0

h

e

v;M

e

ui

t

+ 

Z

T

0

hr

g

e

v;r

g

e

ui

t

+

Z

T

0

hN

1

e

v +N

2

e

v;

e

ui

t

= h

e

a;

e

u(0)i

0

+

Z

T

0

h

e

F;

e

ui

t

+

Z

T

0

h rot

g

e

z;

e

ui

t

:

�

Z

T

0

h

e

z;

e

w

t

i

t

�

Z

T

0

h

e

z; T

e

wi

t

+ 

1

Z

T

0

hr

g

e

z;r

g

e

wi

t

+ 

2

Z

T

0

hdiv

e

z; div

e

wi

t

(5.1)

+

Z

T

0

hX

1

e

z+X

2

e

z;

e

wi

t

+ 4�

r

Z

T

0

h

e

z;

e

wi

t

= h

e

b;

e

w(0)i

0

+

Z

T

0

h

f

G;

e

wi

t

+

Z

T

0

h rot

g

e

v;

e

wi

t

:

12



Remark 1. By taking

e

u = l(t)

e

d and

e

w = h(t)

e

e suh that

e

u 2 C

1

0;�

(

e


); 2 C

1

0

(

e


);

and l; h 2 C

1

0

([0; T ℄; IR) in (5.1), we see that in sense of distribution

d

dt

h

e

v;

e

ui

t

= h

e

v;M

e

ui

t

� hr

g

e

v;r

g

e

ui

t

� hN

1

e

v +N

2

e

v;

e

ui

t

h

e

F;

e

ui

t

+ h rot

g

e

z;

e

ui

t

d

dt

h

e

z;

e

e

j

i

t

= h

e

z; T

e

wi

t

� 

1

hr

g

e

z;r

g

e

wi

t

� 

2

hdiv

e

z; div

e

wi

t

�hX

1

e

z+X

2

e

z;

e

wi

t

� 4�

r

h

e

z;

e

wi

t

+ h

f

G;

e

wi

t

+ h rot

g

e

v;

e

wi

t

:

by de�nition ofM;N

1

; T; and X

1

; and the estimates obtain in the above Lemmas,

we see that the right-hand side de�nes an elements of L

1

(0; T ;V

�

) and L

1

(0; T ;S

�

);

respetively. By applying Lemma in ([21℄; hap. 3 x1); it follow that

e

v

0

;

e

z

0

; exist

as elements of L

1

(0; T ;V

�

) and L

1

(0; T ;S

�

); respetively, and so

e

v;

e

z are weakly

ontinuous on [0; T ℄ with values in H and U; respetively, sine

e

v 2 L

1

(0; T ;H);

and

e

z 2 L

1

(0; T ;U). Hene we have

e

v(0) =

e

a; and

e

z(0) =

e

b.

The following result is neessary to prove the Theorem 3.3.

Lemma 5.1. If

e

v 2 L

2

([0; T );V );

e

z 2 L

2

([0; T );S); and

e

v

0

2 L

2

([0; T );V

�

);

e

z 2 L

2

([0; T );S

�

); then

e

v; is ontinuous on [0; T ℄ with values in

~

H. Furthermore,

we have

d

dt

j

e

vj

2

t

= 2h

e

v

0

+M

e

v;

e

vi

t

:

Analogous results are true for

e

z.

Now, we prove the Theorem 3.3. To do it we onsider that (

e

v

1

;

e

z

1

) and (

e

v

2

;

e

z

2

)

are two solution of problem (2.1) orresponding to the same

e

a;

e

b

e

F and

f

G. De�ne

di�erenes

e

v =

e

v

1

�

e

v

2

;

e

z =

e

z

1

�

e

z

2

:

They satisfy

h

e

v

0

;

e

ui

t

= h

e

v;M

e

ui

t

� hr

g

e

v;r

g

e

ui

t

� hN

1

e

v +N

2

e

v

1

�N

2

e

v

2

;

e

ui

t

2�

r

h rot

g

e

z;

e

ui

t

; (5.2)

and

h

e

z

0

;

e

e

j

i

t

= h

e

z; T

e

wi

t

� 

1

hr

g

e

z;r

g

e

wi

t

� 

2

hdiv

e

z; div

e

wi

t

�hX

1

e

z+X

2

e

z

1

�X

2

e

z

2

;

e

wi

t

� 4�

r

h

e

z;

e

wi

t

+ 2�

r

h rot

g

e

v;

e

wi

t

: (5.3)
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for every

e

u2V and

e

w2S:

On the other hand,

N

2

e

v

1

�N

2

e

v

2

= v

1

�rv

1

� v

2

�rv

2

= v

1

�rv � v�rv

2

:

Sine

j(v�ru;w)

t

j = j(v�rw;u)

t

j � 2

1

2

fkvk

t

krvk

t

g

1=2

fkuk

t

kruk

t

g

1=2

kwk

t

for every v;u;w2 V or S

Then

jhN

2

e

v

1

�N

2

e

v

2

;

e

vi

t

j = j((v � r)v

2

;v)

t

j � k

e

vk

t

kr

g

e

vk

t

kr

g

e

v

2

k

t

analogously

X

2

e

z

1

�X

2

e

z

2

= v

1

�rz

1

� v

2

�rz

2

= v

1

�rz� v�rz

2

and

jhX

2

e

z

1

�X

2

e

z

2

;

e

zi

t

j = j((v � r)z

2

; z)

t

j � k

e

zk

t

kr

g

e

vk

t

kr

g

e

z

2

k

t

:

Sine

e

v

0

2 L

2

([0; T );V

�

); and

e

z 2 L

2

([0; T );S

�

); it follows from (5.2) and (5.3),

in the above Lemmas and Young Inequality that

1

2

d

dt

k

e

vk

2

t

+ kr

g

e

vk

2

t

� 

"

k

e

vk

2

t

+ "kr

g

e

vk

2

t

+ 

Æ

k

e

vk

2

t

kr

g

e

v

2

k

2

t

+ Ækr

g

e

vk

2

t

+ 2�

r

k

e

zk

2

t

+

�

r

2

kr

g

e

vk

2

t

and

1

2

d

dt

k

e

zk

2

t

+ 

1

kr

g

e

zk

2

t

+ 

2

kdiv

e

zk

2

t

+ 4�

r

k

e

zk

2

t

� 

"

0

k

e

vk

2

t

+ "

0

kr

g

e

zk

2

t

+ 

Æ

0

k

e

zk

2

t

kr

g

e

z

2

k

2

t

+ Æ

0

kr

g

e

vk

2

t

+ 2�

r

k

e

zk

2

t

+

�

r

2

kr

g

e

vk

2

t

taking appropiate "; "

0

; :Æ; and Æ

0

; then additying, we have

1

2

d

dt

(k

e

vk

2

t

+ k

e

zk

2

t

) � (1 + kr

g

e

v

2

k

2

t

)k

e

vk

2

t

+ 

Æ

0

k

e

zk

2

t

kr

g

e

z

2

k

2

t

� (k

e

vk

2

t

+ k

e

zk

2

t

)

integrating in t, we obtain

k

e

vk

2

t

+ k

e

zk

2

t

�

Z

t

0

(k

e

vk

2

�

+ k

e

zk

2

�

):

Applying Gronwall's inequality we obtain

e

v = 0 and

e

z = 0:
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