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1. Introdution

Miropolar uid theory was introdued by Eringen [7℄ in order to desribe some

physial systems whih do not satisfy the Navier-Stokes equations. These uids

are able to desribe the behavior of olloidal solutions, suspension solutions, liquid

rystal, animal blood, et. The equations governing the ow of a miropolar uid

involve a spin vetor and a miroinertia tensor in addition to the veloity vetor.

Over the past years, many existene (weak and strong), uniqueness results has

been done for the miropolar uids. The Dirihlet problem in a bounded domain

was investigated in [13℄, [14℄ (see also [15℄), [19℄, [20℄, [16℄, [17℄, in an exterior

domains see [6℄, [18℄, and in an unbounded domain [4℄.

We observe that the Cauhy problem for miropolar uid equations has not

been studied, thus it is the aim of this paper to onstrut strong solutions for the

Cauhy problem for the miropolar uids.

1

Ph-D Student, supported by FONDAP Programme in Mathematial-Mehanis

(CONICYT-CHILE).

2

Permanent Adress: Dpto. De Cienias B�asias, Instituto Tenol�ogio de Quer�etaro, Av.

Tenol�ogio esq. M. Esobedo, Quer�etaro Qro. M�exio.

3

Work performed under the auspie CNPq (Conselho Naional de Desenvolvimento Cient���o

e Tenol�ogio, Brazil), Projet Number: 300116/93-4(RN).



The governing system of Cauhy problem for equations of miropolar uids is

the following
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:

�u

�t

+ (u � r)u� (� + �

r

)�u+ r p = 2�

r

rot w + f ; in IR

3

� (0; T );

div u = 0 in IR

3

� (0; T );

�w

�t

+ (u � r)w � (

a

+ 

d

)�w � (

0

+ 

d

� 

a

)r div w

+4�

r

w = 2�

r

rot u + g in IR

3

� (0; T );

u! 0 and w! 0 as jxj ! 1;

u(x; 0) = a(x) and w(x; 0) = b(x) in IR

3

(1.1)

where u = (u

1

; u

2

; u

3

) is the veloity �eld, p is the pressure, andw = (w

1

; w

2

; w

3

)

is the mirorotational interpreted as the angular veloity �eld of rotational of

partiles. The �elds f = (f

1

; f

2

; f

3

) and g = (g

1

; g

2

; g

3

) are external fores

and moments respetively. Positive onstants �, �

r

, 

0

, 

a

, 

d

represent visosity

oeÆients, � is the usual Newtonian visosity and �

r

is alled the mirorotational

visosity.

We observe that the lassial Navier-Stokes equations is a speial ase of the

system (1.1). To the authors knowledge the �rst work the existene for the Cauhy

problem for the Navier-Stokes equations is due to Leray (see the Ladyzhenskaya'

book [10℄)

Reently, He [9℄ prove the loal and global existene and the asymptoti be-

haviours of strong solutions to the Cauhy problem for the Navier-Stokes equa-

tions.

Our purpose, roughly speaking, is to extend the previous work to the mirop-

olar uid equations. In fat, we observe that, with the results of this paper, our

knowledge about strong solutions of the miropolar uid equations approahes a

level similar to that of the lassial Navier-Stokes equations.

The struture of this paper is as follows. In Setion 2, we give the notations,

results that we will used in this artile and we state the results. In Setion 3, we

disuss the linearized problem for (1.1) and �nally in Setion 4 we give the proofs

of theorems.
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2. Statements and notations

Let W

l;p

(IR

3

), l 2 IN; 1 � p � +1; be the usual Sobolev spae over IR

3

suh

that W

0;p

(IR

3

) = L

p

(IR

3

): We denote by k�k

p

the norm of L

p

(IR

3

) and that of

(L

p

(IR

3

))

3

; (�; �) denotes the usual inner produt in L

2

(IR

3

): Let C

1

0;�

(IR

3

) denote

the set of all C

1

real vetor �elds v with ompat support in IR

3

suh that

div v =0: By H we denote the ompletion of C

1

0;�

(IR

3

) in L

2

(IR

3

) and by V the

ompletion C

1

0;�

(IR

3

) in W

1;2

(IR

3

) = H

1

(IR

3

):

If X is a Banah spae, with norm k�k

X

, we denote by L

p

(0; T ;X), 1 �

p � +1; for the spae of funtions v on (0; T ) with values in X suh that the

real valued funtion t ! kv(t)k

X

belongs to L

p

(0; T ): The spae of ontinuous

funtions from [0; T ℄ into X is denoted by C([0; T )℄; X).

We will onsider the following spaeW

1;1

2

(Q

T

) =

n

u / u 2L

2

(0; T ;H

1

(IR

3

));

du

dt

2L

2

(Q

T

)

o

and Q

T

= IR

3

� [0; T ):

We adopted of de�nition in, given for Navier-Stokes equation, then we give

the respetive for miropolar uids equations.

De�nition 2.1. The pair (u(x; t);w(x; t)) is alled a strong solution of mirop-

olar uids equations with initial values a; b, if u 2 L

1

(0; T ;H \ L

6

(IR

3

)) \

L

2

(0; T ;V ) and w 2 L

1

(0; T ;L

2

(IR

3

) \ L

6

(IR

3

)) \ L

2

(0; T ;H

1

0

(IR

3

)), for T > 0

and it satisfy the identities

Z

T

0

0

f(u; '

t

)� (� + �

r

)(ru;r') + ((u � r)';u)gdt� (a; '(0)) =

Z

T

0

0

(2�

r

rot w + f ; '); 8 ' 2 W

1;1

2

(Q

T

)

Z

T

0

0

f(w; �

t

)� (L

1

2

w; L

1

2

�) + ((u � r)�;w)� 4�

r

(w; �)gdt� (b; �(0)) =

Z

T

0

0

(2�

r

rot u+ g; �) 8 � 2 W

1;1

2

(Q

T

)

with '(T ) = �(T ) = 0:

The main Theorems of this paper are the following.

Theorem 2.2. Let the initial values a 2 H \L

6

(IR

3

), b 2 L

2

(IR

3

)\L

6

(IR

3

), and

the external fores f and g in L

2

(IR

+

;L

2

(IR

3

)) \ L

4=3

(IR

+

;L

6

(IR

3

)). Then on a

3



time interval [0; T

0

℄, T

0

< T exist a unique solution (u; w) of Cauhy problem for

miropolar equations. (1.1), suh that

u 2 L

1

(0; T

0

;H \ L

6

(IR

3

)) and w 2 L

1

(0; T

0

;L

2

(IR

3

) \ L

6

(IR

3

))

u 2 L

2

(0; T

0

;V ) and w 2 L

2

(0; T

0

;H

1

0

(IR

3

));

and

�u

�t

2 L

2

(0; T

0

;V

0

) and

�w

�t

2 L

2

(0; T

0

;H

�1

(IR

3

)):

and

u(t)! a and w(t)! b as t! 0:

And

Theorem 2.3. Let the initial values a 2 H \L

6

(IR

3

), b 2 L

2

(IR

3

)\L

6

(IR

3

), and

the external fores f and g in L

2

(IR

+

;L

2

(IR

3

)) \ L

4=3

(IR

+

;L

6

(IR

3

)). Then exist

positives onstants

�

1

= �

1

(kak

2

; kbk

2

; kak

2

; kfk

L

2

(IR

+

;L

2

(IR

3

))

; kfk

L

4

3

(IR

+

;L

6

(IR

3

))

; kgk

L

2

(IR

+

;L

2

(IR

3

))

);

�

2

= �

2

(kak

2

; kbk

2

; kfk

L

2

(IR

+

;L

2

(IR

3

))

; kgk

L

2

(IR

+

;L

2

(IR

3

))

);

suh that if

kak

2

2

+ kbk

2

2

+

Z

1

0

(kf(� )k

2

2

+ kg(�)k

2

2

)d� < �

1

;

or

kak

2

2

+kbk

2

2

+ku

0

k

6

+kgk

2

L

2

(IR

+

;L

2

(IR

3

))

+2kfk

2

L

2

(IR

+

;L

2

(IR

3

))

+kfk

4

3

L

4

3

(IR

+

;L

6

(IR

3

))

< �

2;

then the solution of Theorem 1 is global, i.e., T

0

= +1: Moreover

u 2 L

1

(0;+1;H \ L

6

(IR

3

)) and w 2 L

1

(0;+1;L

2

(IR

3

) \ L

6

(IR

3

)):

Furthermore, if

kf(t)k

2

2

+ kf(t)k

6

� C(1 + t)

��

; � > 0; (2.1)

kg(t)k

6

� C(1 + t)

��

; � > 0; (2.2)

then

ku(t)k

6

6

� C(1 + t)

��

for t � 1; (2.3)

kw(t)k

6

6

� C(1 + t)

��

for t � 1; (2.4)
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with � = minf3;

3

4

�g: Espeially, if f = g = 0; then

ku(t)k

6

6

� C(1 + t)

�3

for t � 1;

kw(t)k

6

6

� C(1 + t)

�3

for t � 1:

Finally, we would like to say that, as it usual in this ontext, to simplify the

notation we will denote by C generi �nite positive onstants depending only on

Sobolev embedding, other �xed parameters of the problem, et., that may have

di�erent values in di�erent expressions. Sometimes, to emphasize the fat that

the onstants are di�erent, we use C

1

; C

2

; :::; and so on.

3. Linearized Problems

We de�ne the approximate solution, in order to establish some basi estimates.

Let a 2 H \L

6

(IR

3

), b 2 L

2

(IR

3

)\ L

6

(IR

3

). We hoose a

k

2 V , and b

k

2 H

1

0

(IR

3

)

suh that a

k

! a in H \ L

6

(IR

3

) and b

k

! b in L

2

(IR

3

) \ L

6

(IR

3

), and

ka

k

k

2

� Ckak

2

; ka

k

k

6

� Ckak

6

;

kb

k

k

2

� Ckbk

2

; kb

k

k

6

� Ckbk

6

;

We now onsider the Cauhy problem for linearized of the miropolar uid

equations in IR

3

, inspired in the proess iterative given in [17℄.
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>

:

u

0

t

� (� + �

r

)�u

0

+rp

0

= f in IR

3

� (0; T );

div u

0

= 0 in IR

3

� (0; T );

w

0

t

� (

a

+ 

d

)�w

0

� (

0

+ 

d

� 

a

)r( div w

0

) + 4�

r

w

0

= g in IR

3

� (0; T );

u

0

! 0 and w

0

! 0 as jxj ! 1;

u

0

(x; 0) = a

0

(x) and w

0

(x; 0) = b

0

(x) in IR

3

(3.1)
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and

8

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

:

u

k

t

� (� + �

r

)�u

k

+ (u

k�1

� r)u

k

+rp

k

= 2�

r

rot w

k

+ f in IR

3

� (0; T );

div u

k

= 0 in IR

3

� (0; T );

w

k

t

� (

a

+ 

d

)�w

k

� (

0

+ 

d

� 

a

)r( div w

k

) + (u

k�1

� r)w

k

+4�

r

w

k

= 2�

r

rot u

k

+ g in IR

3

� (0; T );

u

k

! 0 and w

k

! 0 as jxj ! 1;

u

k

(x; 0) = a

k

(x) and w

k

(x; 0) = b

k

(x) in IR

3

(3.2)

for k � 1.

If f ; g 2 L

2

(IR

+

;L

2

(IR

3

)) is easily to prove (see [17℄ or [10℄) that there exist a

unique solution (u

k

;w

k

); (k � 0) to (3.1) and (3.2) satisfying

�u

k

�x

i

;

�

2

u

k

�x

i

�x

j

;

�u

k

�t

;

�p

k

�x

i

;

�w

k

�x

i

;

�

2

w

k

�x

i

�x

j

;

�w

k

�t

2 L

2

(IR

3

� (0; T )); (3.3)

and

u

k

;w

k

2 L

2

(0; T ;L

2

(IR

3

)) (3.4)

for i; j = 1; 2; 3; k = 0; 1; ::: .

Utilizing the Sobolev embedding theorem (see [11℄)

H

1

(IR

3

) � L

6

(IR

3

); (3.5)

and

H

2

(IR

3

) � C

B

(IR

3

);

here B means bounded.

We de�ne the operator L : D(L) ! L

2

(IR

3

) with the Dirihlet boundary

onditions with domain D(L) � H

2

(IR

3

) \H

1

0

(IR

3

) by

Lw = �(

a

+ 

d

)�w � (

0

+ 

d

� 

a

)r div w:

We give the next Lemma, analogously to Lemma 3.1 of [9℄.
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Lemma 3.1. Let the initial values a

k

2 H, b

k

2 L

2

(IR

3

), and the external fores

f and g in L

1

(IR

+

;L

2

(IR

3

)) \ L

2

(IR

+

;L

2

(IR

3

)). Then the solution (u

k

;w

k

) of

(3.1)-(3.2) satisfy

ku

k

(t)k

2

2

+ kw

k

(t)k

2

2

+ (� + �

r

)

Z

t

0

kru

k

(�)k

2

2

d� +

Z

t

0

kL

1

2

w

k

(� )k

2

2

d�

� K(kak

2

2

+ kbk

2

2

+

Z

1

0

(kf(� )k

2

2

+ kg(�)k

2

2

)d�)

= A

2

= A

2

(kak

2

; kbk

2

; kfk

L

2

(IR

+

;L

2

(IR

3

))

; kgk

L

2

(IR

+

;L

2

(IR

3

))

) (3.6)

for every t > 0 and k � 0:

Proof. Multiplying the equations (3.2) by u

k

and w

k

respetively, and using

equivalene of norm between rot and r; we obtain,

1

2

d

dt

ku

k

(t)k

2

2

+ (� + �

r

)kru

k

(t)k

2

2

� kf(t)k

H

�1

ku

k

(t)k

H

1

0

+ 2�

r

( rot u

k

(t);w

k

(t));

1

2

d

dt

kw

k

(t)k

2

2

+ kL

1=2

w

k

(t)k

2

2

+ 4�

r

kw

k

(t)k

2

2

� kg(t)k

H

�1

kw

k

(t)k

H

1

0

+ 2�

r

( rot u

k

(t);w

k

(t)):

Adding the above equalities and applying Young inequality, we have

1

2

d

dt

(ku

k

(t)k

2

2

+ kw

k

(t)k

2

2

) + (� + �

r

)kru

k

(t)k

2

2

+ kL

1=2

w

k

(t)k

2

2

+ 4�

r

kw

k

(t)k

2

2

�

C

"

kf(t)k

2

H

�1

+ "kru

k

(t)k

2

2

+

1

2

kg(t)k

2

H

�1

+

1

2

kL

1

2

w

k

(t)k

2

+ 4�

r

kw

k

(t)k

2

2

+ �

r

kru

k

(t)k

2

2

using the injetion L

2

,! H

�1

after taking K = max f2C

"

; 1; Cg ;we get

d

dt

ku

k

(t)k

2

2

+

d

dt

kw

k

(t)k

2

2

+ (� + �

r

)kru

k

(� )k

2

2

d� + kL

1

2

w

k

(� )k

2

2

d�

� K(kf(� )k

2

2

+ kg(�)k

2

2

)d� : (3.7)

Now integrating in [0; T ); we obtain

ku

k

(t)k

2

2

+ kw

k

(t)k

2

2

+ (� + �

r

)

Z

t

0

kru

k

(�)k

2

2

d� +

Z

t

0

kL

1

2

w

k

(�)k

2

2

d�

� ka

k

k

2

2

+ kb

k

k

2

2

+K

Z

t

0

(kf(� )k

2

2

+ kg(�)k

2

2

)d�) (3.8)

�nally we observe that
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Z

t

0

(kf(� )k

2

2

+ kg(�)k

2

2

) �

Z

1

0

(kf(� )k

2

2

+ kg(�)k

2

2

);

and

ka

k

k

2

� Ckak

2

;

kb

k

k

2

� Ckbk

2

:

Beause of (3.3) and (3.4) from (3.2), it follows that

��p

k

= div ((u

k�1

� r)u

k

� f)

for k � 1: Sine p

k

is unique up to the addition of a onstant, without loss of

generality, analogously to [9℄, we assume the pressure p

k

(x; t) is determined by

the supplementary ondition

lim

jxj!+1

p

k

(x; t) = 0:

Let p

k

= p

k

1

+ p

k

2

; with p

k

i

satisfying

��p

k

1

= div ((u

k�1

� r)u

k

)

��p

k

2

= div f :

Thus if p 2 L

2

(IR

3

); has Calderon-Zygmund theory (see [22℄) on singular

integrals yields the estimates of the following lemma.

Lemma 3.2. Let p

k

2 L

2

(IR

3

); and u

k

satisfy (3.3) then for k � 1 the estimates

hold





p

k

1







3

� C





u

k�1







3

� C





u

k�1







6





u

k







6

; (3.9)





p

k

2







6

� C kfk

2

; (3.10)

Analogously to [9℄, we establish the key estimate for u

k

and w

k

.

Lemma 3.3. Let the initial values a 2 H \ L

6

(IR

3

), b 2 L

2

(IR

3

) \ L

6

(IR

3

), and

the external fores f and g in L

2

(IR

+

;L

2

(IR

3

)) \ L

4=3

(IR

+

;L

6

(IR

3

)). Then the

di�erential inequalities

1

6

d

dt

ku

k

k

6

6

+ CA

�2

ku

k

k

8

6

� Cku

k�1

k

4

6

ku

k

k

6

6

+ Ckfk

2

2

ku

k

k

4

6

(3.11)

+kfk

6

ku

k

k

5

6

+ CkL

1

2

w

k

k

2

2

ku

k

k

4

6

:

8



and

1

6

d

dt

kw

k

k

6

6

+ CA

�2

kw

k

k

8

6

+ 4�

r

kw

k

k

6

6

� kgk

6

kw

k

k

5

6

+ Ckru

k

k

2

2

ku

k

k

4

6

: (3.12)

hold uniformly for k � 1:

Proof. The i

th

equation of (3.2) is:

d

dt

u

k

i

� (� + �

r

)�u

k

i

+ (u

k�1

� r)u

k

i

= �

�p

k

�x

i

+ f

i

+ 2�

r

�

ijl

�w

k

l

�x

j

d

dt

w

k

i

+ Lw

k

i

+ (u

k�1

� r)w

k

i

+ 4�

r

w

k

i

= g

i

+ 2�

r

�

ijl

�u

k

l

�x

j

We now multiply both sides of the above equations by

�

�

�u

k

i

�

�

�

4

u

k

i

and by

�

�

�w

k

i

�

�

�

4

w

k

i

,

respetively, and integrate in IR

3

. Beause of (3.3) and (3.4), it follows that

1

6

d

dt

ku

k

i

k

6

6

+ 5(� + �

r

)

Z

IR

3

�

�

�u

k

i

�

�

�

4

�

�

�ru

k

i

�

�

�

2

dx

= 5

Z

IR

3

p

k

�

�

�u

k

i

�

�

�

4

�u

k

i

�x

i

dx+

Z

IR

3

f

i

�

�

�u

k

i

�

�

�

4

u

k

i

dx + 2�

r

Z

IR

3

�

ijl

�w

k

l

�x

j

�

�

�u

k

i

�

�

�

4

u

k

i

dx

� 5

Z

IR

3

�

�

�p

k

1

�

�

�

�

�

�u

k

i

�

�

�

4

�u

k

i

�x

i

dx + 5

Z

IR

3

�

�

�p

k

2

�

�

�

�

�

�u

k

i

�

�

�

4

�u

k

i

�x

i

dx+ kfk

6

ku

k

i

k

5

6

+2�

r

k�

ijl

�w

k

l

�x

j

k

2

k

�

�

�u

k

i

�

�

�

2

k

6

k

�

�

�u

k

i

�

�

�

2

u

k

i

k

6

�

5

2

�

Z

IR

3

�

�

�u

k

i

�

�

�

4

�

�

�ru

k

i

�

�

�

2

dx+ 5�

�1

Z

IR

3

�

�

�p

k

1

�

�

�

2

�

�

�u

k

i

�

�

�

4

dx+ 5�

�1

Z

IR

3

�

�

�p

k

2

�

�

�

2

�

�

�u

k

i

�

�

�

4

dx

+kfk

6

ku

k

k

5

6

+ C2�

r

kL

1

2

w

k

k

2

ku

k

k

2

6

kr(

�

�

�u

k

i

�

�

�

2

u

k

i

)k

2

�

5

2

�

Z

IR

3

�

�

�u

k

i

�

�

�

4

�

�

�ru

k

i

�

�

�

2

dx+ 5�

�1

Z

IR

3

�

�

�p

k

1

�

�

�

2

�

�

�u

k

i

�

�

�

4

dx+ 5�

�1

kp

k

2

k

2

6

ku

k

k

4

6

(3.13)

+kfk

6

ku

k

k

5

6

+ C

"

kL

1

2

w

k

k

2

2

ku

k

k

6

6

+ "k

�

�

�u

k

i

�

�

�

2

ru

k

i

k

2

2

:

here was used in the last term Sobolev embeddingH

1

,! L

6

; and Young inequality.

Taking " =

5

2

(� + �

r

) in the above estimate, we have

1

6

d

dt

ku

k

i

k

6

6

+

5

2

(� + �

r

)

Z

IR

3

�

�

�u

k

i

�

�

�

4

�

�

�ru

k

i

�

�

�

2

dx = 5�

�1

Z

IR

3

�

�

�p

k

1

�

�

�

2

�

�

�u

k

i

�

�

�

4

dx+ 5�

�1

kp

k

2

k

2

6

ku

k

k

4

6

+kfk

6

ku

k

k

5

6

+ C

"

kL

1

2

w

k

k

2

2

ku

k

k

6

6

+ C

Æ

ku

k6

6

k

6

6

:
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Now by (3.6), we obtain

1

6

d

dt





u

k

i







6

6

+

5

2

(� + �

r

)

Z

IR

3

�

�

�u

k

i

�

�

�

4

�

�

�ru

k

i

�

�

�

2

dx = 5�

�1

Z

IR

3

�

�

�p

k

1

�

�

�

2

�

�

�u

k

i

�

�

�

4

dx (3.14)

+5�

�1

C kfk

2

2





u

k







4

6

+ kfk

6





u

k







5

6

+C





L

1

2

w

k







2

2





u

k







4

6

Using the Ladyzhenskaya inequality (see [10℄) and estimate (3.6), the �rst term

at the right hand side an be estimated by

Z

IR

3

�

�

�p

k

1

�

�

�

2

�

�

�u

k

i

�

�

�

4

dx � kp

k

1

k

2

3

ku

k

i

k

4

12

= kp

k

1

k

2

3

k

�

�

�u

k

i

�

�

�

2

u

k

i

k

4

3

4

� Cku

k�1

k

2

6

ku

k

k

3

6

(

Z

IR

3

�

�

�u

k

i

�

�

�

4

�

�

�ru

k

i

�

�

�

2

dx)

1

2

�

5

4

�

Z

IR

3

�

�

�u

k

i

�

�

�

4

�

�

�ru

k

i

�

�

�

2

dx+ Cku

k�1

k

4

6

ku

k

k

6

6

:

Substituting the above estimate it follows that

1

6

d

dt

ku

k

i

k

6

6

+ (

5

4

� +

5

2

�

r

)

Z

IR

3

�

�

�u

k

i

�

�

�

4

�

�

�ru

k

i

�

�

�

2

dx

� Cku

k�1

k

4

6

ku

k

k

6

6

+ Ckfk

2

2

ku

k

k

4

6

(3.15)

kfk

6

ku

k

k

5

6

+ CkL

1

2

w

k

k

2

2

ku

k

k

4

6

:

Newly by the Sobolev inequality (see [1℄)

Cku

k

i

k

6

18

�

Z

IR

3

�

�

�u

k

i

�

�

�

4

�

�

�ru

k

i

�

�

�

2

dx

Using the interpolation inequality and estimate (3.6) we see that

ku

k

i

k

6

� ku

k

i

k

1

4

2

ku

k

i

k

3

4

18

:

So

CA

�2

ku

k

i

k

8

6

�

Z

IR

3

�

�

�u

k

i

�

�

�

4

�

�

�ru

k

i

�

�

�

2

dx

10



substituting the above inequality into (3.16), adding for i from 1 to 3, it follows

that

1

6

d

dt

ku

k

k

6

6

+ CA

�2

3

X

i=1

ku

k

i

k

8

6

� Cku

k�1

k

4

6

ku

k

k

6

6

+ Ckfk

2

2

ku

k

k

4

6

kfk

6

ku

k

k

5

6

+ CkL

1

2

w

k

k

2

2

ku

k

k

4

6

:

By the H�older inequality

ku

k

k

6

6

=

3

X

i=1

ku

k

i

k

6

6

� 3

1=4

(

3

X

i=1

ku

k

i

k

8

6

)

3

4

:

Thus

3

X

i=1

ku

k

i

k

8

6

� Cku

k

k

8

6

:

So

1

6

d

dt

ku

k

k

6

6

+ CA

�2

ku

k

k

8

6

� Cku

k�1

k

4

6

ku

k

k

6

6

+ Ckfk

2

2

ku

k

k

4

6

+kfk

6

ku

k

k

5

6

+ CkL

1

2

w

k

k

2

2

ku

k

k

4

6

:

of analogous form we obtain

1

6

d

dt

kw

k

k

6

6

+ CA

�2

kw

k

k

8

6

+ 4�

r

kw

k

k

6

6

� kgk

6

kw

k

k

5

6

+ Ckru

k

k

2

2

kw

k

k

4

6

;

these last inequalities orrespond to (3.12) and (3.13) respetively.

Lemma 3.4. Suppose the onditions of Lemma 3.3 hold. Then there exists T

0

>

0, suh that

ku

k

k

6

� C; 8 t 2 [0; T

0

℄; (3.16)

and

kw

k

k

6

� C; 8 t 2 [0; T

0

℄; (3.17)

holds uniformly for k � 1.

11



Proof. Here we follow the paper [9℄, then we work with (3.12), but the proedure

is analogous for equation (3.13).

Using the Young inequality, from (3.12) and using (3.7), it follows that

d

dt

ku

k

k

2

� Cku

k�1

k

4

6

ku

k

k

2

6

+ C(kL

1

2

w

k

k

2

2

+ kfk

2

2

+ A

2

3

kfk

4

3

6

):

Integrating the above inequality from 0 to s; and using (3.7), we get

ku

k

k

2

6

� ka

k

k

2

6

+ C

Z

s

0

(ku

k�1

k

4

6

ku

k

k

2

6

+ C

Z

s

0

(kL

1

2

w

k

k

2

2

+ kfk

2

2

+ A

2

3

kfk

4

3

6

)d�;

� kak

2

6

+ C

Z

s

0

(ku

k�1

k

4

6

ku

k

k

2

6

+ CA

2

+ C

Z

s

0

(kfk

2

2

+ A

2

3

kfk

4

3

6

)d�;

applying Gronwall's inequality, we onlude that

ku

k

k

2

6

� Ce

C(

R

t

0

ku

k�1

k

4

6

d�

�

kak

2

6

+ A

2

+

Z

s

0

(kfk

2

2

+ A

2

3

kfk

4

3

6

)d�

�

:

Analogously for equation (3.13) we have,

kw

k

k

2

6

� C

�

kbk

2

6

+ A

2

+

Z

s

0

A

2

3

kfk

4

3

6

d�

�

:

Let Y

k

(t) =

R

t

0

ku

k�1

k

4

6

d� then

Y

k

� Ce

2C(Y

k�1

)

�

kak

2

6

+ A

2

+

Z

s

0

(kfk

2

2

+ A

2

3

kfk

4

3

6

)d�

�

2

t:

By a similar alulation, we dedue from (3.1)

Y

0

(1) =

Z

1

0

ku

0

k

4

6

dt � C

�

kak

2

6

+ A

2

3

kfk

4

3

L

4=3

(IR

+

;L

6

(IR

3

)

�

= CM:

Thus, we take T

0

suh that

Ce

2CM

"

kak

2

6

+ A

2

+

Z

T

0

0

(kfk

2

2

+ A

2

3

kfk

4

3

6

)d�

#

2

T

0

� CM

Then by indution we obtain estimates (3.17).

Analogously

kw

k

k

2

6

� C

"

kbk

2

6

+ A

2

+

Z

T

0

0

A

2

3

kgk

4

3

6

d�

#

� CM:

Then we obtain estimative (3.18).

12



Lemma 3.5. Let the assumption of Lemma 3.3 hold. If there exist onstants C

1

and C

2

independent of a and f , whih satisfy

C

1

A

2

e

C

2

M

�

kak

2

6

+ A

2

+ kfk

2

L

2

(IR

+

;L

2

(IR

3

))

+ A

2

3

kfk

4

3

L

4=3

(IR

+

;L

6

(IR

3

))

�

�M;

then the following estimates are true

ku

k

k

6

� C; 8 t � 0; (3.18)

kw

k

k

6

� C; 8 t � 0; (3.19)

and

Z

1

0

ku

k

k

4

6

dt � C; (3.20)

Z

1

0

kw

k

k

4

6

dt � C; (3.21)

uniformly for k � 1.

Proof. From (3.12), (resp. (3.13)),

d

dt

ku

k

k

2

6

+ CA

�2

ku

k

k

4

6

� Cku

k�1

k

4

6

ku

k

k

2

6

+C(kL

1

2

w

k

k

2

2

+ kfk

2

2

+ ku

k

k

6

kfk

6

):

By using the Young inequality, apply to last term, we have

d

dt

ku

k

k

2

6

+ CA

�2

ku

k

k

4

6

� Cku

k�1

k

4

6

ku

k

k

2

6

+C(kL

1

2

w

k

k

2

2

+ kfk

2

2

+ kA

2

3

kfk

4

3

6

):

Let Y (s) = e

�C

R

s

0

ku

k�1

k

4

6

d�

ku

k

k

2

6

. Then

d

dt

Y + CA

�2

e

�C

R

s

0

ku

k�1

k

4

6

d�

Y

2

� Ce

�C

R

s

0

ku

k�1

(�)k

4

6

d�

�

kL

1

2

w

k

k

2

2

+ kfk

2

2

+ A

2

3

kfk

4

3

6

�

:

Integrating the last inequality over [0; t℄; t > 0, we get

Y + CA

�2

Z

t

0

e

C

R

s

0

ku

k�1

k

4

6

d�

Y

2

ds (3.22)

� C

�

kak

2

6

+ A

2

+ kfk

2

L

2

(IR

+

;L

2

(IR

3

))

+ A

2

3

kfk

4

3

L

4

3

(IR

+

;L

6

(IR

3

))

�

:
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So

Z

t

0

ku

k

k

4

6

dt � CA

2

e

C

R

t

0

(ku

k�1

(�)k

4

6

d�

� (3.23)

�

kak

2

6

+ A

2

+ kfk

2

L

2

(IR

+

;L

2

(IR

3

))

+ A

2

3

kfk

4

3

L

4

3

(IR

+

;L

6

(IR

3

))

�

Analogously to lemma before

Y

0

(1) =

Z

1

0

ku

0

k

4

6

dt �M

utilizing assumption (3.19), by indution, from (3.26), we obtain

Z

1

0

ku

k

k

4

6

dt � C:

Analogously for w; form (3.13) we obtain

kw

k

k

2

6

+ CA

�2

Z

t

0

kw

k

k

4

6

� C

�

kbk

2

6

+ A

2

+

Z

s

0

A

2

3

kgk

4

3

6

d�

�

Then

CA

�2

Z

t

0

kw

k

k

4

6

� C

�

kbk

2

6

+ A

2

+

Z

1

0

A

2

3

kgk

4

3

6

d�

�

� C

taking lim inf as t!1 we onlude that

Z

1

0

kw

k

k

4

6

dt � C:

Then, ombining (3.23) and (3.25), we obtain estimates (3.21). Analogously

from (3.13), we obtain the estimates (3.25) and (3.26), and using the assumption

(3.24).

Lemma 3.6. Suppose the onditions of Lemma 3.3 hold. If kfk

2

2

+ kfk

6

� C(1+

t)

��

(resp. kgk

6

� C(1 + t)

��

) (� > 0); then

ku

k

k

6

6

� C(1 + t)

��

; 8 t � 1;

kw

k

k

6

6

� C(1 + t)

��

; 8 t � 1;

with � = minf3;

3

4

�g: Espeially, if f = 0 (respet. if g = 0), then

ku

k

k

6

6

� C(1 + t)

�3

; 8 t � 1;

kw

k

k

6

6

� C(1 + t)

�3

; 8 t � 1;

14



Proof. Let now Y (t) = e

�C

R

t

0

ku

k

k

4

6

d�

ku

k

k

6

6

. From (3.12) and (3.21) we dedue

that

d

dt

Y + CY

1+

1

3

� C((kL

1

2

w

k

k

2

2

+ kfk

2

2

)Y

2

3

+ kfk

6

Y

5

6

� C(kL

1

2

w

k

k

2

2

+ kfk

2

2

+ kfk

6

)Y

2

3

;

sine kfk

2

2

+ kfk

6

� C(1 + t)

��

and , also

R

t

0

(kfk

2

2

+ kfk

6

)dt � C(1 + t)

��

0

then we

an suppose that kL

1

2

w

k

k

2

2

+ kfk

2

2

+ kfk

6

� C(1 + t)

��

from Lemma 3.1 follows

Z

t

0

(kL

1

2

w

k

k

2

2

dt+

Z

t

0

kfk

2

2

+ kfk

6

dt � A

2

+ C(1 + t)

��

0

Then

d

dt

Y + CY

1+

1

3

� C(1 + t)

��

Y

2

3

:

Beause of (3.21) we now suppose Y (t) � C

m

(1+ t)

��

m

with C

m

> 0; �

m

> 0;

m 2 IN: By Lemma 3.6 of [9℄, we onlude that

Y (t) � C

m+1

(1 + t)

��

m+1

with �

m+1

= minf3;

2�

m

+3�

4

g; and C

m+1

= C

1=2

m

Let m!1, �

m

! minf3;

3

4

�g; and limsupC

m

� 

2

: So

ku

k

k

6

6

� e

C

R

t

0

ku

k�1

k

4

6

d�

Y (t)

� 

2

e

C

R

t

0

k

u

k�1

k

4

6

d�

(1 + t)

��

� C(1 + t)

��

8 t � 1;

with � = minf3;

3

4

�g:

Analogously setting Z(t) = kw

k

k

6

6

, from (3.13) we dedue that

d

dt

Z + CZ

1+

1

3

� C(kru

k

k

2

2

Y

2

3

+ kgk

6

Y

5

6

)

� C(kru

k

k

2

2

+ kgk

6

)Y

2

3

:

Sine kgk

6

� C(1+t)

��

, then we an suppose that kru

k

k

2

2

+kgk

6

� C(1+t)

��

;

thus

d

dt

Z + CZ

1+

1

3

� C(1 + t)

��

Z

2

3

:

15



Beause of (3.22) we now suppose Z(t) � C

m

(1+ t)

��

m

with C

m

> 0; �

m

> 0;

m 2 IN: By Lemma 3.6 of [9℄, we onlude that

Z(t) � C

m+1

(1 + t)

��

m+1

with �

m+1

= minf3;

2�

m

+3�

4

g; and C

m+1

= C

1=2

m

:

Let m!1, �

m

! minf3;

3

4

�g; and limsup C

m

� 

2

: So

kw

k

k

6

6

� Z(t)

� 

2

(1 + t)

��

� C(1 + t)

��

8 t � 1;

with � = minf3;

3

4

�g:

If f ; g = 0 we onlude easily by using of Lemma 3.6 of [9℄, with � = 3:

4. PROOFS OF THEOREMS

Analogously to [9℄, we proof the main Theorems.

4.1. Proof of Theorem 1

Proof. The uniqueness of the strong solutions follows from Theorem 2 of [19℄ or

[18℄. In the following, we prove the existene of the solution. Sine the approxima-

tion of u

k

andw

k

of miropolar equations (1.1) onstruted in Setion 3 satis�es

(3.22) , then we obtain estimates (3.6) and (3.12). Applying these estimates, we

easily dedue that

k

�u

k

�t

k

L

2

(0;T

0

;V

0

)

� C; (4.1)

and

k

�w

k

�t

k

L

2

(0;T

0

;H

�1

(IR

3

))

� C (4.2)

holds uniformly for k � 1:

The estimates (3.6), (3.7), (3.12), (4.1), (3.8), (3.9), (3.13) and (4.2) enable us

to assert the existene of an element

u 2 L

1

(0; T

0

;H \ L

6

(IR

3

)) and w 2 L

1

(0; T

0

;L

2

(IR

3

) \ L

6

(IR

3

));

ru;rw 2 L

1

(0; T

0

;L

2

(IR

3

)
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and

�u

�t

2 L

2

(0; T

1

;V

0

) and

�w

�t

2 L

2

(0; T

1

;H

�1

(IR

3

));

and a subsequenes of u

k

andw

k

that we denote of the same form (in fat, the

sequene itself onverges beause of the uniqueness) suh that

u

k

* u; in L

1

(0; T

0

;H \ L

6

(IR

3

)) weak-start ;

w

k

* w; in L

1

(0; T

0

;L

2

(IR

3

) \ L

6

(IR

3

)) weak ;

�u

k

�t

*

�u

�t

; in L

2

(0; T

1

;V

0

) weak ; (4.3)

�w

k

�t

*

�w

�t

; in L

2

(0; T

1

;H

�1

(IR

3

)) weak ;

ru

k

* ru; in L

1

(0; T

0

;L

2

(IR

3

)) weak ;

rw

k

* rw; in L

1

(0; T

0

;L

2

(IR

3

)) weak :

For arbitrary � 2 C

1

([0; T

0

℄;C

1

0;�

) with �(T

0

) = 0; let supp �(T

0

) = 0; let

supp � � 
� [0; T

0

℄ for some bounded set 
: By the Sobolev ompat Theorem

H

1

(
) � L

2

(
):

Applying a ompat result ([11℄ or [23℄) and (4.1) (respet. (4.2)), we have

u

k

! u; in L

1

(0; T

0

;H \ L

6

(IR

3

)); (4.4)

w

k

! w; in L

1

(0; T

0

;L

2

(IR

3

) \ L

6

(IR

3

))

We now multiply both sides of (3.2) by �, (resp. ') and integrate over IR

3

�

(0; T

0

) to get

Z

T

0

0

f(u

k

; '

t

)� (� + �

r

)(ru

k

;r') + ((u

k�1

� r)';u

k

)gdt� (a

k

; '(0))

=

Z

T

0

0

(2�

r

rot w

k

+ f

k

; ');

Z

T

0

0

f(w

k

; �

t

)� (L

1

2

w

k

; L

1

2

�) + ((u

k

� r)�;w

k

)� 4�

r

(w

k

; �)gdt+ (w

k

0

; �(0))

= �

Z

T

0

0

(2�

r

rot u

k

+ g

k

; �):
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Beause C

1

([0; T

0

);H) is dense in W

1;1

2

(Q

T

0

); using (4.1) and (4.4) and pro-

edures standard we onlude that the limit (u;w) of (u

k

;w

k

) is the unique gen-

eralized solution of (3.2) and, u(�; t)! a and w(�; t)! b in L

2

(IR

3

) as t! 0

+

:

4.2. Proof of Theorem 2.

Proof. If kak

2

6

+ kfk

4

3

L

4

3

(IR

+

;L

6

(IR

3

))

+ kfk

2

L

2

(IR

+

;L

2

(IR

3

))

; and kgk

4

3

L

4

3

(IR

+

;L

6

(IR

3

))

; are

given, we let A < 1: In order to obtain (3.19) (respet. (3.20)), we only need

A

2

� A

2

0

= C

�1

1

e

�C

2

(kak

2

6

+kfk

4

3

L

4

3

(IR

+

;L

6

(IR

3

))

+C

"

B)

�

kak

2

6

+ kfk

4

3

L

4

3

(IR

+

;L

6

(IR

3

))

kak

2

6

+ A

2

+ kfk

2

L

2

(IR

+

;L

2

(IR

3

))

+ kfk

4

3

L

4

3

(IR

+

;L

6

(IR

3

))

so we take �

1

= minf1; A

0

g

If kak

2

6

+ kfk

4

3

L

4

3

(IR

+

;L

6

(IR

3

))

(respet. kgk

4

3

L

4

3

(IR

+

;L

6

(IR

3

))

) are given, we take

�

2

= minf1; C

�1

1

(kak

2

6

+ kfk

4

3

L

4

3

(IR

+

;L

6

(IR

3

))

)

�2

e

�C

2

g;

where C

1

, C

2

are onstants independent of u

0

and f , in (3.19). Then the assump-

tions of Theorem 2 guarantee that (3.19), is valid. Thus, we hold global estimate

(3.21)-(3.24) instead of loal estimates (3.17),(3.18). Then proof of Theorem 2 is

similar to that of Theorem 1, onsidering t 2 IR

+

, so we omit the details. Sine

norm is weak lower-semiontinuos, by Lemma 3.6, we obtain deay estimates (2.1)

and (2.4).
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