
ON MAXIMAL CURVES AND UNRAMIFIED COVERINGS

RAINER FUHRMANN, ARNALDO GARCIA, AND FERNANDO TORRES

Abstrat. We disuss suÆient onditions for a given urve to be overed by a maximal

urve with the overing being unrami�ed; it turns out that the given urve itself will be

also maximal. We relate our main result to the question of whether or not a maximal

urve is overed by the Hermitian urve. We also provide examples illustrating the

results.

x1. Let X be a projetive, geometrially irreduible, non-singular algebrai urve of genus

g de�ned over the �nite �eld F

q

2

with q

2

elements, and let J be the Jaobian variety of

X . A elebrated theorem of A. Weil gives in partiular the following upper bound for the

ardinality of the set X (F

q

2

) of F

q

2

-rational points on the urve:

#X (F

q

2

) � (q + 1)

2

+ q(2g � 2) :

The urve X is alled F

q

2

-maximal if it attains the upper bound above; i.e., if one has

#X (F

q

2

) = (q + 1)

2

+ q(2g � 2) :

Equivalently, the urve X is F

q

2

-maximal if the F

q

2

-Frobenius endomorphism on the

Jaobian J ats as a multipliation by �q; see [13℄, [6, Lemma 1.1℄.

The most well-known example of a F

q

2

-maximal urve is the so-alled Hermitian urve

H, whih an be given by the plane model

X

q+1

+ Y

q+1

+ Z

q+1

= 0 :

By a result of Serre, see [10, Prop. 6℄, every urve F

q

2

-overed by a F

q

2

-maximal urve

is also F

q

2

-maximal. Thus many examples of F

q

2

-maximal urves arise by onsidering

quotient urves H=G, where G is a subgroup of the automorphism group of H; see [7℄,

[4℄, [5℄. Serre's result points out the following.

Question. Is any F

q

2

-maximal urve F

q

2

-overed by the Hermitian urve H?

So far, this question is an open problem but a positive answer is known whenever the

genus is large enough:

Lemma. ([9, Thm. 3.1℄, [13℄, [6, Thm. 3.1℄, [1℄) A F

q

2

-maximal urve of genus larger

than b(q

2

� q + 4)=6 is F

q

2

-overed by the Hermitian urve:
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In this note we disuss suÆient onditions for a given urve to be F

q

2

-overed by a F

q

2

-

maximal urve with the overing being unrami�ed (see the Theorem below); a posteriori,

the given urve itself will be F

q

2

-maximal by the aforementioned Serre's result. In parti-

ular, we obtain the Corollary after Remark 3, a result related to the Question in x1. The

ruial tehnique here is Class Field Theory: see Remark 2.

x2. For a subset S of the set of F

q

2

-rational points of the urve X , we denote by G

S

the

subgroup of J (F

q

2

) generated by the points in S (as usually one embedds the urve in

its Jaobian J by �xing one F

q

2

-rational point as the zero element of the group law of

the Jaobian). We set

d

S

:= (J (F

q

2

) : G

S

) :

Remark 1. If X is F

q

2

-maximal, the set of F

q

2

-rational points of its Jaobian variety J

oinide with its (q + 1)-torsion points and so #J (F

q

2

) = (q + 1)

2g

; see [13, Lemma 1℄.

Remark 2. Let X and S be as above. The maximal unrami�ed abelian F

q

2

-overing

�

S

: X

S

! X of X in whih every point of S splits ompletely is the fundamental objet

of study in Class Field Theory of urves; f. [15, Ch. VI, Thm. 4℄, [12, Thm. 1.3℄. We

have that �

�1

S

(S) � X

S

(F

q

2

), and that the overing degree of �

S

is equal to d

S

(lo. it.,

or see below); in addition, X

S

is the F

q

2

non-singular model of the Hilbert lass �eld of

F

q

2

(X ) with respet to the set S (lo. it.).

Reently, Voloh [18℄ desribes a nie way to onstrut the urve X

S

. We briey de-

sribe his onstrution here for ompleteness. Let � : J ! J be the surjetive F

q

2

-

endomorphism given by x 7! x� �(x), with � being the F

q

2

-Frobenius endomorphism on

J . We have an F

q

2

-isogeny  : J =G

S

! J ,  (�x) := �(x), whose degree is d

S

. Now let

X

0

be the pull-bak of X by  whih learly indues an unrami�ed abelian F

q

2

-overing

�

0

: X

0

! X of degree d

S

. To see that S splits under �

0

, let � : J =G

S

! J =G

S

be given

by �x 7! �(x). Then G

S

=  ((J =G

S

)(F

q

2

)) (lo. it.), so that

S � G

S

� X

0

\ (J =G

S

)(F

q

2

) = X

0

(F

q

2

) ;

and hene that �

0

= �

S

.

x3. Now we state the main result of this paper.

Theorem. Let X , S, and d

S

be as above. Let �

S

: X

S

! X be the maximal unrami�ed

abelian F

q

2

-overing of X in whih every point of S splits ompletely. Suppose that the

following two onditions hold:

(i) d

S

is a divisor of (q + 1)

2

;

(ii) #S = (q + 1)

2

=d

S

+ q(2g � 2):

Then both urves X

S

and X are F

q

2

-maximal.
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Proof. As was observed in Remark 2, the overing degree of �

S

is d

S

. Sine �

S

is unrami-

�ed, from the Riemann-Hurwitz formula we have 2g

0

�2 = d

S

(2g�2), where g

0

stands for

the genus of the urve X

S

. Sine the points in S split ompletely and by the assumption

on #S, we have

#X

S

(F

q

2

) � d

S

� (#S) = (1 + q)

2

+ q(2g

0

� 2) :

Hene we must have that the inequality above is atually an equality, as follows fromWeil's

theorem and thus the urve X

S

is F

q

2

-maximal. Finally, the urve X is also F

q

2

-maximal

by Serre's result [10, Prop. 6℄. �

Remark 3. In the Theorem, the morphism �

S

: X

S

! X an be replae by any unrami�ed

F

q

2

-overing �

0

: X

0

! X of overing degree d whenever �

0

�1

(S) � X

0

(F

q

2

), and whenever

d and #S satisfy the hypotheses in the theorem. Moreover, if suh a morphism �

0

: X

0

!

X is abelian, then �

0

= �

S

. Indeed, we have �

0

�1

(S) = X

0

(F

q

2

) and there is an unrami�ed

F

q

2

-overing X

S

! X

0

of degree d

0

in whih every point of X

0

(F

q

2

) splits ompletely. Let

g

00

and g

0

be the genus of X

S

and X

0

respetively. Then 2g

00

� 2 = d

0

(2g

0

� 2) and from

(q + 1)

2

+ q(2g

00

� 2 � #X

S

(F

q

2

) � d

0

#X

0

(F

q

2

) = d

0

(q + 1)

2

+ q(2g

00

� 2) ;

we see that d

0

= 1.

The following onsequene of the Theorem improves on the Lemma in x1.

Corollary. Suppose that the urve X is F

q

2

-maximal of genus g, and that d

S

and S ful�ll

the hypotheses in the Theorem. In addition, suppose that

g > 1 + (b(q

2

� q + 4)=6 � 1)=d

S

:

Then the urve X is F

q

2

-overed by the Hermitian urve H.

Proof. Let �

S

: X

S

! X be the maximal unrami�ed abelian F

q

2

-overing of X in whih

any point of S splits ompletely. The genus g

0

of X

S

satis�es g

0

= d

S

(g � 1) + 1, so that

we have g

0

> b(q

2

� q + 4)=6 by the hypothesis on g. Therefore from the Theorem and

the Lemma, the urve X

S

is F

q

2

-overed by the Hermitian urve and hene the urve X

is also. �

Remark 4. The Corollary improves on the Lemma if we an �nd a subset S of F

q

2

-

rational points ful�lling the hypotheses in the Theorem and suh that d

S

> 1.

Voloh [18℄ showed that for a urve Y of genus ~g over F

`

, and for S = Y(F

`

), the ondition

` � (8~g � 2)

2

implies that d

S

= 1. (We observe that the ondition just mentioned in the

ase of a F

q

2

-maximal urve of genus g, an only happen if g � (q + 2)=8.) Voloh also

onstruted urves with many rational points by hoosing properly the subset S. This

tehnique was also explored by several authors to the onstrution of in�nite lass �eld

towers aiming to good lower bounds on the asymptoti behaviour of the ratio of rational

points by the genus; see e.g. [14℄, [16℄, [11℄.
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In general, it is not an easy task the seletion of the subset S of F

q

2

-rational points

satisfying both, the hypotheses in the Theorem and the ondition d

S

> 1. In the next

example we are going to see this in a very partiular situation (see Remark 5 for the

general ase).

Example. Let n 2 N, n � 2, be suh that har(F

q

2

) does not divide d := n

2

� n + 1.

We assume moreover that d is a divisor of q + 1. We shall onsider ertain subset S of

Hurwitz urves H

n

, whih are the urves de�ned by

U

n

V + V

n

W +W

n

U = 0 :

We set

S :=f(u : v : 1) : u; v 2 F

�

q

2

; u

n�1

v + u

�1

v

n

+ 1 = 0 and (u

n�1

v)

q+1

d

; (u

�1

v

n

)

q+1

d

2 F

q

g[

fP

1

; P

2

; P

3

g ;

where P

1

:= (1 : 0 : 0); P

2

:= (0 : 1 : 0), and P

3

:= (0 : 0 : 1). Clearly the set S is ontained

in H

n

(F

q

2

). Notie that the genus g of the Hurwitz urve H

n

satis�es 2g � 2 = d� 3.

Claim 1. For n = 2, and q = 5 or q = 11, we have d = 3 and

#S = (q + 1)

2

=d+ q(d� 3) :

To prove the laim above let us �rst explain some general fats. Let � be the plane

morphism given by

(u : v : 1) 7! (u

n�1

v : u

�1

v

n

: 1) :

Then �(H

n

) is the line L : X + Y + Z = 0 in P

2

(

�

F

q

2

) and � : H

n

! L is a d-sheeted

overing whih is (totally) rami�ed exatly at P

1

; P

2

, and P

3

. (Notie that �(P

1

) = (�1 :

0 : 1); �(P

2

) = (�1 : 1 : 0), and �(P

3

) = (0 : �1 : 1).) Now eah d-th root of unity belongs

to F

q

2

sine d divides q + 1 and so, for u; v 2 F

�

q

2

,

�

�1

(u

n�1

v : u

�1

v

n

: 1) = f(�

n

u : �v : 1) : �

d

= 1g � H

n

(F

q

2

) :

Therefore (#S � 3)=d = t := #f(x; y) 2 F

�

q

2

� F

�

q

2

: x + y + 1 = 0 and x

q+1

d

; y

q+1

d

2 F

q

g.

We have thus to show that

t = q + (q + 1)

2

=d

2

� 3(q + 1)=d = (q + 1)

2

=d

2

� 1 :

Now let q = 5 or q = 11. Then the quadrati polynomial X

2

+ X + 1 is irreduible in

F

q

[X℄, and therefore the elements of F

q

2

an be written as a + b� with a; b 2 F

q

and

�

2

= �� � 1.

Case n = 2; q = 5. Here (q + 1)=d = 2 and we have to show that t = q � 2. We have to

onsider pairs (x; y) 2 F

�

q

2

�F

�

q

2

with x = a+ b�; y = � b�, and a+  = �1. For a �xed

pair (a; ), we have x

2

; y

2

2 F

q

if and only if 2ab�b

2

= 0 and 2b+b

2

= 0. Both equations

have a ommon root only if b = 0, so that x = a and y =  and therefore t = q � 2, sine

we have to exlude the possibilities a = 0 and a = �1.



ON MAXIMAL CURVES AND UNRAMIFIED COVERINGS 5

Case n = 2; q = 11. Here (q + 1)=d = 4 and we have to show that t = q + 4. Notie that

�

3

= 1. Let x = a + b� and y =  � b�, as in the previous ase. For a given pair (a; ),

x

4

; y

4

2 F

q

if and only if 4a

3

b� 6a

2

b

2

+ b

4

= 0 and �4

3

b� 6

2

b

2

+ b

4

= 0. Arguing as in

the previous ase, b = 0 provides with q� 2 elements in �(S n fP

1

; P

2

; P

3

g). Now if b 6= 0

in a ommon solution of the above equations, then b = 8(a

2

� a + 

2

)=(a � ) and the

following possibilities arise:

(a; ; b) 2f(1;�2; 4); (�2; 1;�4); (2;�3; 4); (�3; 2;�4); (3;�4; 3); (�4; 3;�3);

(4;�5; 9); (�5; 4;�9)g :

A straightforward omputation shows that only the ases (3;�4; 3); (�4; 3;�3) annot

our; so that t = (q � 2) + 6 = q + 4. This �nishes with Claim 1.

Claim 2. Take H

n

and S as in the Example. For n = 2 and har(F

q

2

) > 2 we have that

G

S

= S:

The urve H

2

is an ellipti urve and so we an use expliit formulas for the group law.

To this end we look for a Weierstrass form of H

2

. Set

' : (U : V : W ) 7! (X : Y : Z) := (UW : 2VW + U

2

: U

2

) :

Then it is easy to see that ' indues an F

q

2

-isomorphism between H

2

and the urve

X := '(H

2

) : Y

2

Z = Z

3

� 4X

3

:

We have that '(S) = T [ fP

0

1

; P

0

2

; P

0

3

g, where

T = f(x : y : 1) : x; y 2 F

q

2

; y

2

= 1� 4x

3

; (y � 1)

(q+1)=3

2 F

q

g

and P

0

1

= '((1 : 0 : 0)) = (0 : 1 : 1), P

0

2

= '((0 : 1 : 0)) = (0 : �1 : 1), and

P

0

3

= '((0 : 0 : 1)) = (0 : 1 : 0).

Let � denote the group addition of the urve X with neutral element hosen as P

0

3

. Let

P = (x

1

: y

1

: 1) and Q = (x

2

: y

2

: 1) be points of '(S) n fP

0

3

g. We will show that

(x

3

: y

3

: 1) := P � Q 2 '(S); i.e., that (y

3

� 1)

(q+1)=3

2 F

q

. To see this we an assume

that x

1

6= x

2

and we have to onsider two ases:

Case P 6= Q. By the expliit formulas for � (see e.g. [17, p. 28℄), we have

x

3

= ��

2

=4� x

1

� x

2

and � y

3

= �(x

3

� x

1

) + y

1

;

where � := (y

2

� y

1

)=(x

2

� x

1

). After some omputations we �nd that

4(y

3

� 1)(x

2

� x

1

)

3

= (y

2

� y

1

)(y

1

+ y

2

� y

1

y

2

+ 3) + 12x

1

x

2

2

(y

1

+ 1)� 12x

2

1

x

2

(y

2

+ 1) :

Let P or Q be either P

0

1

or P

0

2

. Then the right hand side of the above identity is either

4(y

1

� 1) or 4(y

2

� 1) and so (y

3

� 1)

(q+1)=3

2 F

q

. Now let P;Q 2 T and let u

i

; v

i

2 F

�

q

2

,

i = 1; 2, be suh that x

i

= 1=u

i

, y

i

� 1 = 2v

i

x

2

i

, and hene u

i

v

i

+u

�1

i

v

2

i

+1 = 0, as follows
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from y

2

i

= 1� 4x

3

i

. Let a

i

:= u

i

v

i

and b

i

:= u

�1

i

v

2

i

so that a

i

b

i

= v

3

i

and a

i

+ b

i

+ 1 = 0.

Then

12(y

1

+ 1)x

1

x

2

2

� 12(y

2

+ 1)x

2

1

x

2

= �24(v

1

v

2

2

� v

2

1

v

2

)=a

2

1

a

2

2

; and

(y

2

� y

1

)(y

1

+ y

2

� y

1

y

2

+ 3) = 8(a

1

b

2

� a

2

b

1

)(a

1

a

2

� b

1

b

2

) ;

so that

4(y

3

� 1)(x

2

� x

1

)

3

= �8(v

2

� v

1

)

3

=a

2

1

a

2

2

;

whih shows that P �Q 2 '(S).

Case P = Q. Here we have (lo. it.) x

3

= ��

2

=4 � 2x

1

and y

3

as above, where � =

�6x

2

1

=y

1

(here we an assume that y

1

6= 0). In this ase we �nd that 4(y

3

� 1) =

(y

1

+ 1)(y

1

� 3)

3

and hene P � P 2 '(S). This �nishes with Claim 2.

Now the urve X is F

q

2

-maximal (see e.g. [2, Corollary 3.7℄) and hene #J (F

q

2

) = (q+1)

2

by Remark 1. It follows that d

S

= 3 by Claims 1 and 2. This shows that X = H

2

is

a urve suh that with the set S hosen, satis�es the hypotheses of the Theorem when

q = 5 or q = 11.

x4. Now we give a remark generalizing the Example of the previous setion.

Remark 5. The omputations we did to prove Claim 1 for n = 2 and q 2 f5; 11g beome

muh more involved for arbitrary n and q suh that d = n

2

� n + 1 divides q + 1. In

fat, the set S in the Example always satis�es the hypotheses in the Theorem. This

is a onsequene of the following general piture of Hurwitz urves H

n

over �nite �elds.

These urves arise early in the mathematial literature being, perhaps, the so-alled Klein

quarti H

3

the most famous one, see e.g. [8℄. The urve H

n

is F

q

2

-overed by the Fermat

urve of degree d; i.e., by the urve F

d

: X

d

+ Y

d

+ Z

d

= 0, via the morphism [3, p. 210℄

 : (X : Y : Z) 7! (U : V : W ) := (X

n

Z : XY

n

: Y Z

n

) :

We have that  

�1

(P

1

) (resp.  

�1

(P

2

)) (resp.  

�1

(P

3

)) is the intersetion of F

d

with the

line Y = 0 (resp. Z = 0) (resp. X = 0). Therefore # 

�1

(P

i

) = d and  

�1

(P

i

) � F

d

(F

q

2

)

for eah i = 1; 2; 3. Now let (u : v : 1) 2 H

n

with uv 6= 0, � 2 F

q

2

a d-th root of unity,

and let A

1

; : : : ; A

d

2

�

F

q

2

be the roots of A

d

= u

n

=v

n�1

. Notie that eah A

i

belongs to

F

q

2

if and only if at least one A

i

belongs. Now it is easy to see that

 

�1

(�

n

u : �v : 1) = L

i;�

:= f(A

i

y : y : 1) : y

d

= u

�1

v

n

g

for some i, so that the overing degree of  is d and moreover  is unrami�ed.

Claim. Via the morphism  : F

d

! H

n

; eah point of S splits ompletely in F

d

:

We have to show that  

�1

(S) � F

d

(F

q

2

). If (u : v : 1) 2 S, then u

n

=v

n�1

is a d-th power

in F

q

2

and so all the roots of A

d

= u

n

=v

n�1

belong to F

q

2

, and the laim follows if we

show that the equation Y

d

= u

�1

v

n

has (at least one) all its roots in F

q

2

. This follows

from the fat that u

�1

v

n

is also a d-th power in F

q

2

, by the de�nition of S.
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Claim. The overing  is a yli over:

Let � : (X : Y : Z) 7! (�X : �

n

Y : Z) on F

d

, where � is a primitive d-th root of unity.

Then the morphism � �xes u = U=W and v = V=W , so that F

q

2

(H

n

) � F

q

2

(F

d

)

h�i

and

the laim follows.

On the other hand, F

d

is F

q

2

-maximal, sine d divide q + 1 by hypothesis (indeed this

property haraterizes the F

q

2

-maximality of the urve F

d

as well as of the urve H

n

[2,

Set. 3℄. Then arguing as in Remark 3 we have that the maximal unrami�ed abelian

extension of H

n

in whih every point of S splits ompletely is the Fermat urve F

d

as

above. In partiular, d

S

= d. Finally we show that Claim 1 holds. From the de�nition of

 above and the omputations after it is lear that L

i;�

\F

d

(F

q

2

) = ; or L

i;�

has exatly

d F

q

2

-rational points of F

d

. Then

d � (#S) = #F

d

(F

q

2

) = (q + 1)

2

+ q(2g

0

� 2) = (q + 1)

2

+ qd(d� 3) ;

and the ardinality of S is as given in Claim 1.
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