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Abstrat

Let S be a semigroup of homeomorphisms of a ompat metri

spae M and suppose that F is a family of subsets of S. This paper

gives a haraterization of the F -hain ontrol sets as intersetion of

ontrol sets for the semigroups generated by the neighborhoods of the

subsets in F . We also study the behavior of F -hain ontrol sets on

prinipal bundles and their assoiated bundles.

1 Introdution

The onept of hain ontrol set for ontrol systems was introdued by Colo-

nius and Kliemann [4℄,[7℄. These sets appear as a tool for the analysis of

the asymptoti properties of ontrol systems (see [4℄,[5℄,[6℄,[7℄). Extending

this notion for general lasses of semigroups Barros and San Martin [2℄ de-

�ned hain ontrol sets for a family of subsets of a semigroup ating on a

homogeneous spae. In that paper hain ontrol sets were haraterized as in-

tersetion of ontrol sets for the semigroups generated by the neighborhoods

of the subsets in the family. This paper shows a similar result for semigroups

of homeomorphisms of a ompat metri spae. The approah is di�erent

from that of [2℄ beause the semigroup may have empty interior in the group

of homeomorphisms. An important fat whih permits our generalization of

[2℄ is that the hypothesis H de�ned there an be extended to semigroup of

homeomorphisms ating on a ompat metri spae.
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Apart from this general haraterization of hain ontrol sets we also

study hain ontrol sets on �ber bundles. The ation of semigroups in �ber

bundles arises naturally in many ontexts. For instane in nonlinear ontrol

systems the linearized ow evolves on a �ber bundle over the state spae

of the system (see [4℄,[7℄). The ation of semigroups of di�eomorphisms on

�ber bundles were studied by Barros and San Martin [3℄. In [3℄ the ontrol

sets were desribed from their projetions onto the base spae and their

intersetions with the �bers.

In this paper we pursue the same kind of results for hain ontrol sets.

We show that a hain ontrol set in the total spae of a �ber bundle projets

inside a hain ontrol set in the base spae. On the other hand, we also show

that a hain ontrol set in the �ber is ontained in a hain ontrol set in

the total spae. Assuming that the strutural group of a prinipal bundle

is ompat we use the haraterization of hain ontrol sets as intersetions

of ontrol sets to show that the inverse image by the projetion of a hain

ontrol set in the base spae of the �ber bundle is a hain ontrol set in the

total spae.

We believe that these topologial results are useful for further develop-

ments of the dynamial aspets of ontrol systems.

2 F-hain ontrol sets

In this setion we reall the onept of a hain ontrol set assoiated with a

family of subsets of a semigroup. We refer to [2℄ for the de�nition of hain

ontrol sets for semigroup ations and orresponding results on homogeneous

spaes of Lie groups.

For a semigroup of homeomorphisms of a ompat metri spae it is

shown, under ertain onditions, that a hain ontrol set is the intersetion

of ontrol sets for the semigroups generated by the neighborhoods of the

subsets in the family.

We begin by assuming that S is a semigroup of homeomorphisms of a

ompat metri spae M . From now on, and in the whole paper we assume

that S and S

�1

have the aessibility property, that is, int(Sx) 6= ; and

int(S

�1

x) 6= ; for every x 2M .

We �x a distane d on M and de�ne hain ontrol sets for a family F of

subsets of S.
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De�nition 1 Let F be a family of subsets of S. Take x; y 2M; a real " > 0

and A 2 F . A (S; "; A)-hain from x to y onsists of points x

0

= x, x

1

,: : :,

x

n�1

, x

n

= y in M and �

0

; : : : ; �

n�1

2 A suh that d(�

j

(x

j

); x

j+1

) < " for

j = 0; : : : ; n�1. A subset E �M is alled a F-hain ontrol set if it satis�es

1. int(E) 6= ;.

2. For every x; y 2 E, there exists a (S; "; A)-hain from x to y, for every

" > 0 and A 2 F .

3. E is maximal satisfying these properties.

It is easy to see that the notion of F -hain ontrol set does not hange if

an equivalent distane is onsidered. Also, it follows from the third ondition

that two F -hain ontrol sets are either disjoint or oinident. Furthermore,

an appliation of Zorn's Lemma shows that any subset satisfying the �rst

two onditions in the De�nition 1 is ontained in a F -hain ontrol set.

Next, we show that e�etive ontrol sets (for the theory of ontrol sets

we refer to [11℄,[7℄) are ontained in F -hain ontrol sets. We need to impose

the following onditions on F .

De�nition 2 Let F be a family of subsets of a semigroup S. We say that F

satis�es property P

l

(respetively P

r

) if for every �;  2 S; � 6= 1 and every

A 2 F , there exists a positive integer n suh that �

n

 2 A (respetively

 �

n

2 A).

Let's denote by S

A

the semigroup generated by a subset A � S.

Proposition 1 Assume that F is a family of subsets of a semigroup S satis-

fying the properties P

l

and P

r

and take A 2 F . Let D be an e�etive ontrol

set for S. Then D � l(S

A

x) for any x 2 D.

Proof: Take x; y 2 D. Let us show that y 2l(S

A

x). Let D

0

= fx 2 D : x 2

int(Sx)\ int(S

�1

x)g be the ore of D. We know that D

0

is nonempty by the

de�nition of e�etiveness. Suppose �rst that y 2 D

0

. Sine D � int(S

�1

y)

for every y 2 D

0

(see [3℄,Proposition 2.2), there exists  2 S suh that

y =  (x). Also, there exists � 2 S � f1g suh that �(y) = y. By P

l

we

have �

n

 2 A, and �

n

 (x) = y, so that y 2 S

A

x. For an arbitrary y take

z 2 D

0

. We have seen that z 2 S

A

x. We have to show that y 2 l(S

A

z). Take
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� 2 S�f1g suh that �(z) = z and a sequene  

m

2 S suh that  

m

(z)! y.

By P

l

,  

m

�

n

2 S

A

for large enough n, and sine  

m

�

n

(z) =  

m

(z), there

exists a sequene �

k

2 S

A

with �

k

(z)! y. 2

As a onsequene we have.

Corollary 1 Suppose that F satis�es both P

l

and P

r

. Then any e�etive

ontrol set for S is ontained in a F-hain ontrol set.

We an de�ne e�etive F -hain ontrol sets.

De�nition 3 Let F be a family of subsets of S. A F-hain ontrol set is

alled e�etive if it ontains an e�etive ontrol set for S.

We observe that for a family F satisfying both P

l

and P

r

a F -hain

ontrol set E is e�etive if and only if the subset E

0

= fx 2 E : x 2

int(Sx) \ int(S

�1

x)g is not empty. In fat, if we assume that x 2 int(Sx) \

int(S

�1

x) then there exists an e�etive ontrol set D suh that x 2 D

0

(see

[3℄, Proposition 2.3).

Let M be a ompat metri spae. Assume that S is a semigroup of

homeomorphisms of M and suppose that d is a metri on M . In the group

G of homeomorphisms of M we onsider the metri of uniform onvergene

d

0

(�;  ) = sup

x2M

d(�(x);  (x))

whih is right invariant under G. For a subset A � S we put

B(A; ") = f� 2 G : 9 2 A; d

0

(�;  ) < "g:

We denote by S

";A

the subsemigroup of G generated by B(A; ").

We intend to show that points reahable by hains an be reahed by the

ation of the perturbed semigroup S

";A

. For this it is required to onsider

the following assumption about the ation of G on M .

Hypothesis H: There exist real numbers  > 0 and � > 0 satisfying the

following property: for all x 2 M and y 2 B

�

(x); there exists � 2 G suh

that �(x) = y and d(�(x); x) � d

0

(�; 1

M

).

In general this ondition is not satis�ed.
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Example 1 Consider the ompat metri spae

M =

1

[

n=1

C

n

[ f0g

where C

n

are the irles C

n

= f(x; y) 2 R

2

: x

2

+ y

2

= 1=ng, with the metri

inherited from the standard metri of R

2

. All homeomorphisms � of M have

the property that �(0) = 0, and therefore the hypothesis H is not satis�ed

at 0. In fat, if �(0) 6= 0 then the onneted omponent ontaining �(0) is

a irle. The onneted omponent ontaining 0 is the set f0g. And learly

this set in not homeomorphi to a irle.

However, we observe that in [2℄ it was shown that hypothesis H holds

for the ation of a Lie group G on a large lass of homogeneous spaes

G=H, namely those for whih there is a ompat subgroup K � G whih

ats transitively on G=H: This lass of homogeneous spaes inludes the ag

manifolds (Furstenberg boundaries) of semi-simple Lie groups G.

Now, we an relate (S; "; A)-hains with reahability of S

";A

.

Proposition 2 Take x; y 2M and A � S. Then

1. There exists an (S; "; A)-hain from x to y if y 2 S

";A

x. We also

have that there is a (S; "

0

; A)-hain from x to y for every "

0

> " if

y 2 l(S

";A

x).

2. Suppose that the hypothesis H is satis�ed and take " suh that 0 < " <

�. Assume that x

0

; : : : ; x

n

2M and �

0

; : : : ; �

n�1

, determine a (S; "; A)-

hain from x

0

to x

n

. Then there exists  2 S

"

0

;A

suh that  (x

0

) = x

n

,

where "

0

= "=.

Proof: 1. Take y 2 S

";A

x. Then, there exists � 2 S

";A

suh that y = �(x).

It follows from the de�nition of S

";A

that � = �

k�1

:::�

0

with �

i

2 B(A; "); i =

0; :::; k� 1. We hoose  

0

; :::;  

k�1

2 A with d

0

( 

i

; �

i

) < "; i = 0::; k� 1. The

sequenes x

0

; x

1

= �

0

(x

0

); :::; x

k

= �

k�1

(x

k�1

) = y and  

0

; :::;  

k�1

determine

an (S; "; A)-hain from x to y. In fat,

d( 

i�1

(x

i�1

); x

i

) = d( 

i�1

(x

i�1

); �

i�1

(x

i�1

))

� d

0

( 

i�1

; �

i�1

) < "
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for i = 0; :::; k � 1. Consequently there exists a (S; "; A)-hain from x to y.

Now, suppose that y 2 l(S

";A

x). There exists a sequene �

n

2 S

";A

suh

that �

n

(x) onverges to y. Take "

0

> " and let n

0

be suh that d(�

n

0

(x); y) <

"

0

� ". As before, there exist a (S; "; A)-hain from x to �

n

0

(x). Let y

0

=

x; ::::; y

n

= �

n

0

(x

0

) 2 M;  

0

; :::;  

n�1

2 A be a (S; "; A)-hain from x to

�

n

0

(x). Thus d( 

i

(y

i

); y

i+1

) < " for i = 0; :::; n � 1. Therefore, the hain

z

0

= x; z

1

= y

1

; :::; z

n�1

= y

n�1

; z

n

= y and  

0

; :::;  

n�1

2 A determine an

(S; "; A)-hain from x to y. In fat,

d( 

n�1

(y

n�1

); y) � d( 

n�1

(y

n�1

); �

n

0

(x)) + d(�

n

0

(x); y)

< "

0

and d( 

i�1

(y

i�1

); y

i

) < " < "

0

for i = 1; :::; n� 1.

2. Sine d(�

i

(x

i

); x

i+1

) < " < �; the hypothesis H implies that there is

 

i

2 G suh that

d( 

i

(�

i

(x

i

)); x

i+1

) = d( 

i

(�

i

(x

i

)); �

i

(x

i

)) � d

0

( 

i

; 1

M

)

i = 0; :::; n � 1; and therefore d

0

( 

i

; 1

M

) < "= = "

0

. De�ne �

i

=  

i

�

i

. We

have

d

0

(�

i

; �

i

) = d

0

( 

i

�

i

; �

i

) = d

0

( 

i

; 1

M

) < "

0

beause d

0

is right invariant. Therefore, �

i

2 B(A; "

0

). On the other hand,

�

i

(x

i

) =  

i

�

i

(x

i

) = x

i+1

; and x

n

= �

n�1

:::�

0

(x

0

). 2

Proposition 3 Suppose that the hypothesis H is satis�ed and assume that

F satis�es P

l

and P

r

. Let D be an e�etive ontrol set for S on M . Then,

for eah " > 0 and A 2 F there exists a ontrol set D

";A

for the perturbed

semigroup S

";A

suh that D � D

";A

.

Proof: In fat, for x; y 2 D; we will show that y 2 S

";A

x, for " small enough.

By Proposition 1, there exists, � 2 S

A

suh that �(x) is near y. On the other

hand, by the de�nition of S

A

we have � = �

1

: : : �

n

with �

i

2 A. Using H,

there is  with d

0

(�; �) = d

0

(; 1) < " and �(x) = y so that � 2 S

";A

and

y 2 S

";A

x. 2

The next theorem haraterizes the F -hain ontrol sets as intersetions

of ontrol sets for the perturbed semigroups.
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Theorem 1 Let S be a semigroup of homeomorphisms of a ompat metri

spae M . Suppose that the ation of S on M satis�es H, and onsider a

family F of subsets of S satisfying P

l

and P

r

. Let D be an e�etive ontrol

set for S on M , and for " > 0 and A 2 F , denote by D

";A

the S

";A

ontrol

set ontaining D. Then

E =

\

";A

D

";A

is the only F-hain ontrol set ontaining D.

Proof: Sine D � E we have int(E) 6= ;. Also, for any x; y 2 E, y 2

l(S

"

0

;A

x) for all "

0

> 0 and A 2 F . Therefore, by the Proposition 2 there

exists a (S; "; A)-hain from x to y for all " > 0 and A 2 F , whih shows

that E is hain transitive. It remains to verify the maximality of E. Take

x =2 E and y 2 E and suppose that for every " > 0 and A 2 F there are

(S; "; A)-hains from x to y and from y to x. Sine the ation of S on M

satis�es H and S

";A

� S

"

0

;A

for "

0

> ", Proposition 2 shows that y 2 S

";A

x

and x 2 S

";A

y for all " > 0 and A 2 F . However, y 2 D

";A

, so that x 2 D

";A

for all "; A ontraditing the assumption that x =2 E. Hene, there is no

hain either from x to y or from y to x, whih shows the maximality of E. 2

Proposition 4 Let the assumptions be as in the previous theorem and sup-

pose moreover that there is just one invariant ontrol set, say D, for S in M .

Then D

";A

is the S

";A

-invariant ontrol set ontaining the invariant ontrol

set for S.

Proof: By [1, Lemma 3.1℄ there is only one losed invariant ontrol set, say

C, for S in a ompat metri spae M if and only if C =

T

x2M

l(Sx) 6= ;.

De�ne C

";A

=

T

x2M

l(S

";A

x). Thus, it is enough to show that D

";A

\C

";A

6=

;. Pik x 2 M . Sine D � int(S

�1

y) for every y 2 D

0

we an hoose � 2 S

suh that �(x) 2 D

0

. But F satis�es property P

l

and therefore �

n

2 A for

some integer n (take � =  in the de�nition of P

l

). We have that �

n

(x) 2 D

beause D is invariant. Sine D � D

";A

, and D

";A

is a ontrol set for S

";A

it

follows that D

";A

� l(S

";A

x). 2
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3 Fiber bundles

In this setion we study the behavior of F -hain ontrol sets on prinipal

bundles and their assoiated bundles. We refer to [9℄ for the theory of �ber

bundles.

We start by settling some notation. Let G be a topologial group. Sup-

pose that G ats e�etively and on the right on Q: We denote by Q(M;G)

the prinipal bundle with total spae Q , base spae M and strutural group

G. We denote by �

Q

: Q!M the anonial projetion.

Let S

Q

be a semigroup of homeomorphisms of Q ommuting with the

right ation, i.e., Q�(q:a) = Q�(q):a; a 2 G if Q� 2 S

Q

. The semigroup S

Q

indues a semigroup S

M

of homeomorphisms of M . In fat, if y 2 M and

y = �

Q

(q) we de�ne an element M� 2 S

M

as

M�(y) = �

Q

(Q�(q));

if Q� 2 S

Q

.

Suppose that the strutural group G ats on the left and transitively on

the topologial group F . We onsider the �ber bundle assoiated to the

prinipal bundle Q(M;G) with typial �ber F . This bundle is denoted by

E(M;F;G;Q); or simply by E, the total spae of the bundle.

The elements of E are equivalene lasses with respet to the relation

on Q � F given by (q; v) � (qa; a

�1

v); a 2 G: We use the notation [q; v℄,

q 2 Q; v 2 F for an element of E:

The anonial projetion �

E

: E ! M on the �ber bundle is de�ned as

�

E

([q; v℄) = �

Q

(q).

Let Q� be a homeomorphism of Q ommuting with the right ation of G:

ThenQ� indues the homeomorphism ofE de�ned by E�([q; v℄) = [Q�(q); v℄:

Therefore the semigroup S

Q

of homeomorphisms of Q indues a semigroup

S

E

of homeomorphisms of E and

S

E

([q; v℄) = [S

Q

(q); v℄

Given q 2 Q we de�ne the subset

S

q

= S

Q

(q) \ �

�1

Q

(x); x = �

Q

(q)

Through the identi�ation of the �ber over x with G via a 2 G 7�! q:a 2

�

�1

Q

(x), S

q

an be viewed as a subset of G

S

q

= fa 2 G : 9Q� 2 S

Q

; Q�(q) = q:ag

8



It follows immediately that S

q

is a subsemigroup of G if S

q

6= ;. We

observe that S

q

is the subsemigroup ating on the typial �ber.

The semigroups S

Q

, S

E

and S

q

were also onsidered in [3℄.

Suppose that F is a family of subsets of S

Q

. The family F indues a

family F

M

in the semigroup S

M

, a family F

E

in S

E

and a family F

q

in

S

q

. In fat, for eah A 2 F we de�ne A

M

= fM� 2 S

M

: 9Q� 2 A and

M�(�

Q

(q)) = �

Q

(Q�(q))g, A

E

= fE� 2 S

E

: 9Q� 2 A and E�([q; v℄) =

[Q�(q); v℄g and A

q

= fa 2 G : 9Q� 2 A and Q�(q) = q:ag. Thus we an

de�ne the indued families F

M

= fA

M

: A 2 Fg, F

E

= fA

E

: A 2 Fg and

F

q

= fA

q

: A 2 Fg.

Proposition 5 Let F be a family of subsets of S

Q

satisfying both P

l

and P

r

.

Then F

M

, F

E

and F

q

also satisfy P

l

and P

r

.

Proof: In fat, take A 2 F . There exists n suh that Q�(Q�)

n

= � 2 A if

Q�;Q� 2 S

Q

. Thus

M�(�

Q

(q)) = �

Q

((Q�(Q�)

n

)(q)) = (M�(M�)

n

)(�

Q

(q))

and therefore M�(M�)

n

2 A

M

. For the family F

E

we have

E�(E�)

n

([q; v℄) = E�([(Q�)

n

(q); v℄) = [(Q�(Q�

n

))(q); v℄

and E�(E�)

n

2 A

E

. Now, take a; b 2 S

q

and A

q

2 F

q

. Then there exist

Q�;Q 2 S

Q

suh that Q�(q) = q:a and Q (q) = q:b. Thus Q�(Q )

n

(q) =

Q�(q:a

n

) = q:ba

n

. Sine Q�(Q )

n

2 A we have ba

n

2 A

q

. We argue in the

same way for the P

r

property. 2

The following theorem shows that hain ontrol sets in the total spae of

a �ber bundle projet into hain ontrol sets in the base of the bundle.

Theorem 2 Let E be a �ber bundle with projetion � : E ! M . Let F be

a family of subsets in S

Q

. Suppose that E is ompat, and let H � E be a

F

E

-hain ontrol set. Then there exists a F

M

-hain ontrol set B �M suh

that �(H) � B.

Proof: Sine int(H) 6= ; and � is an open map, �(H) has nonempty in-

terior. Take " > 0; A

M

2 F

M

and x

0

; y

0

2 �(H). Pik x; y 2 H suh that

�(x) = x

0

and �(y) = y

0

. Let's show that there exists an (S

M

; "; A

M

))-

hain from x

0

to y

0

. Sine E is ompat, � is uniformly ontinuous so that
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there is Æ > 0 suh that d(�(z); �(z

0

)) < " if d(z; z

0

) < Æ, z; z

0

2 E. Let

x

0

= x; x

1

; :::; x

n�1

; x

n

= y in E together with E�

0

; E�

1

; :::; E�

n�1

in A

E

form a (S

E

; Æ; A

E

)-hain from x to y. Sine d(x

j

; E�

j

(x

j

)) < Æ we have

that d(�(x

j

); �(E�

j

(x

j

))) = d(�(x

j

);M�

j

(�(x

j

))) < " whih shows that

�(x

i

);M�

i

determine a (S

M

; "; A

M

))-hain from x

0

to y

0

. Sine �(H) sat-

is�es properties 1 and 2 in the de�nition of a F

M

-hain ontrol set it is

ontained in a F

M

-hain ontrol set. 2

We reall that we are assuming that S

Q

and S

�1

Q

have the aessibility

property. However, sine we wish to work over e�etive F

M

- hain ontrol

sets, the following version of aessibility is needed.

De�nition 4 Let F be a family of subsets of S

Q

satisfying both P

l

and P

r

.

Suppose that H is an e�etive F

M

-hain ontrol set inM and take H

0

= fx 2

H : x 2 int(S

M

x) \ int(S

�1

M

x)g. The semigroup S

Q

is said to be aessible

over H

0

if for every q 2 �

�1

Q

(H

0

), int(S

Q

q) \ �

�1

Q

(H

0

) 6= ;.

Lemma 1 Let H �M be an e�etive F

M

-hain ontrol set and suppose that

S

Q

is aessible over H

0

. Then int(S

q

) 6= ; if q 2 �

�1

Q

(H

0

).

Proof: Take Q� 2 S

Q

suh thatQ�(q) 2 int(S

Q

q)\�

�1

Q

(H

0

). There exists an

e�etive ontrol set D for S

M

suh that x = �

Q

(q) 2 D

0

. Thus �

Q

(Q�(q)) =

M�(�

Q

(q)) 2 D

0

and there exists Q 2 S

Q

suh that M (�

Q

(Q�(q))) = x;

so that Q Q�(q) belongs to the same �ber as q. Now, Q Q�(q) 2 int(S

Q

q)

hene if we let a 2 G be suh that Q Q�(q) = q:a then a 2 int(S

q

) showing

the lemma. 2

As a onverse of Theorem 2, we have

Theorem 3 Let E be a �ber bundle with projetion � : E !M . Let F be a

family of subsets in S

Q

satisfying both P

l

and P

r

. Suppose that E is ompat,

B � M is an e�etive F

M

-hain ontrol set and that S

Q

is aessible over

B

0

. Then there exists an e�etive F

E

-hain ontrol set H � E and suh that

�(H) � B.

Proof: Take x 2 B

0

= fx 2 B : x 2 int(S

M

x) \ int(S

�1

M

x)g. Then x

belongs to an e�etive ontrol set C ontained in B ([3, Proposition 2.3℄).

We have shown in [3, Proposition 3.4℄ that there exists an e�etive ontrol

10



set D � E for S

E

with �(D) � C. Corollary 1 implies that D is ontained

in a F

E

-hain ontrol set, say H. Using the fat that hain ontrol sets do

not overlap and the Theorem 2 there exists a F

M

-hain ontrol set B � M

satisfying �(E) � B. 2

Let d

E

be a metri on the total spae E of the �ber bundle with typial

�ber F . Let also d

F

be a right invariant metri on the �ber F . Consider a

metri d

M

on the base spae M suh that the anonial projetion �

E

: E !

M is Lipshitizian, that is, there exists a onstant  > 0 suh that for every

x; y 2 E we have d

E

(x; y) � d

M

( �

E

(x); �

E

(y)).

The haraterization of the hain ontrol sets as intersetion of ontrol

sets of the perturbed semigroup gives us the following result.

Theorem 4 Let E be an �ber bundle assoiated to the prinipal bundle Q

whose strutural group is ompat. Suppose that M and E are ompat and

that Q is onneted. Assume that F is a family of subsets of S

Q

satisfying P

l

and P

r

. We also assume that the ations of the groups of homeomophisms on

M and E satisfy the hypothesis H. Let B be an e�etive F

M

-hain ontrol set

on M and suppose that S

Q

is aessible over B

0

. Then �

�1

E

(B) is an e�etive

F

E

-hain ontrol set on E. Therefore there are as many e�etive F

E

-hain

ontrol sets in E as F

M

-hain ontrol sets in M .

Proof: We �rst show that ((S

M

)

";A

M

)

E

� (S

E

)

";A

E

, that is, E� 2 (S

E

)

";A

E

if M� 2 (S

M

)

";A

M

. It is enough to show that E� 2 B(A

E

; ") if M� 2

B(A

M

; "). This is true beause

d

0

(E;E�) = sup

[q;v℄2E

d

E

(E([q; v℄); E�([q; v℄))

= sup

[q;v℄2E

d

E

([Q(q); v℄; [Q�(q); v℄)

�  sup

[q;v℄2E

d

M

(�

Q

(Q(q)); �

Q

(Q�(q)))

= d

0

(M;M�):

By the Theorem 1 we have B =

T

";A

M

D

";A

M

where D

";A

M

is a ontrol

set for (S

M

)

";A

M

. Thus �

�1

(B) =

T

";A

M

�

�1

(D

";A

M

). Now, [3, Proposi-

tion 3.7 and Proposition 3.9℄ implies that �

�1

(D

";A

M

) is a ontrol set for

((S

M

)

";A

M

)

E

� (S

E

)

";A

E

and therefore �

�1

(B) is a F

E

hain ontrol set in

E, again by the haraterization of hain ontrol sets as intersetions of on-

trol sets. 2

11



The next theorem shows that a F

q

-hain ontrol set in a �ber of a bundle

is ontained in a F -hain ontrol set in the total spae.

Theorem 5 Let E be the bundle assoiated to the prinipal bundle Q with

projetions �

E

and �

Q

; respetively. Suppose that F is a family of subsets of

S

Q

. Take q 2 �

�1

Q

(x), x 2 M . Assume that H is a F

q

-hain ontrol set on

F . Then

1. Any F

q

-hain ontrol set in �

�1

Q

(x) is ontained in a F-hain ontrol

set in Q.

2. [q;H℄ is ontained in a F

E

-hain ontrol set in E.

Proof:

1. Let H be a F

q

-hain ontrol set in �

�1

Q

(x). Pik z; z

0

2 H. Then for

every " > 0 and A

q

2 F

q

there exists x

0

= z; x

1

; : : : ; x

n�1

; x

n

= z

0

in �

�1

Q

(x) and a

0

; a

1

; : : : ; a

n�1

2 A

q

suh that d(x

j

a

j

; x

j+1

) < " for

j = 0; : : : ; n � 1. Let Q�

j

2 A be de�ned as Q�

j

(q) = qa

j

. Then

x

0

; : : : ; x

n

and Q�

j

, j = 0; : : : ; n� 1 determine a F -hain from z to z

0

.

2. Take [q; v℄ and [q; v

0

℄ in [q;H℄. Sine H is a F

q

-hain ontrol set, for

every " > 0 and A

q

2 F

q

there exist v

0

= v; : : : ; v

n

= v

0

in F and

a

0

; : : : ; a

n�1

2 A

q

suh that d

F

(a

j

v

j

; v

j+1

) < " for j = 0; : : : ; n� 1. Let

Q�

j

2 A be de�ned as Q�

j

(q) = qa

j

. Then [q; v

0

℄; : : : ; [q; v

n

℄ and E�

j

,

j = 0; : : : ; n � 1 determine a (S

E

; "; A)-hain from [q; v℄ to [q; v

0

℄. In

fat,

d

E

(E�

j

([q; v

j

℄); [q; v

j+1

℄) = d

E

([qa

j

; v

j

℄; [q; v

j+1

℄)

= d

E

([q; a

j

v

j

℄); [q; v

j+1

℄)

= d

F

(a

j

v

j

; ; v

j+1

)

< ":

2

Remark: Sine we an onstrut the invariant ontrol sets in the total spae

of an assoiated bundle in terms of the invariant ontrol sets in the �bers

(see [3℄) we ould ask if this is also true for the hain ontrol sets whih

ontains the invariant ontrol set. We have tried to answer this question

using the haraterization of hain ontrol sets as intersetions of ontrol sets

12



(Theorem 1). The proof does not work beause the semigroup assoiated (in

the �ber) of the perturbed semigroup in the total spae does not oinide

with the perturbed semigroup of the �ber and there is no useful inlusion

between them. We observe that Theorem 5 an be regarded as a lemma in

this expeted desription of the hain ontrol sets in �ber bundles.
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