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Abstra
t

Let S be a semigroup of homeomorphisms of a 
ompa
t metri


spa
e M and suppose that F is a family of subsets of S. This paper

gives a 
hara
terization of the F -
hain 
ontrol sets as interse
tion of


ontrol sets for the semigroups generated by the neighborhoods of the

subsets in F . We also study the behavior of F -
hain 
ontrol sets on

prin
ipal bundles and their asso
iated bundles.

1 Introdu
tion

The 
on
ept of 
hain 
ontrol set for 
ontrol systems was introdu
ed by Colo-

nius and Kliemann [4℄,[7℄. These sets appear as a tool for the analysis of

the asymptoti
 properties of 
ontrol systems (see [4℄,[5℄,[6℄,[7℄). Extending

this notion for general 
lasses of semigroups Barros and San Martin [2℄ de-

�ned 
hain 
ontrol sets for a family of subsets of a semigroup a
ting on a

homogeneous spa
e. In that paper 
hain 
ontrol sets were 
hara
terized as in-

terse
tion of 
ontrol sets for the semigroups generated by the neighborhoods

of the subsets in the family. This paper shows a similar result for semigroups

of homeomorphisms of a 
ompa
t metri
 spa
e. The approa
h is di�erent

from that of [2℄ be
ause the semigroup may have empty interior in the group

of homeomorphisms. An important fa
t whi
h permits our generalization of

[2℄ is that the hypothesis H de�ned there 
an be extended to semigroup of

homeomorphisms a
ting on a 
ompa
t metri
 spa
e.
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Apart from this general 
hara
terization of 
hain 
ontrol sets we also

study 
hain 
ontrol sets on �ber bundles. The a
tion of semigroups in �ber

bundles arises naturally in many 
ontexts. For instan
e in nonlinear 
ontrol

systems the linearized 
ow evolves on a �ber bundle over the state spa
e

of the system (see [4℄,[7℄). The a
tion of semigroups of di�eomorphisms on

�ber bundles were studied by Barros and San Martin [3℄. In [3℄ the 
ontrol

sets were des
ribed from their proje
tions onto the base spa
e and their

interse
tions with the �bers.

In this paper we pursue the same kind of results for 
hain 
ontrol sets.

We show that a 
hain 
ontrol set in the total spa
e of a �ber bundle proje
ts

inside a 
hain 
ontrol set in the base spa
e. On the other hand, we also show

that a 
hain 
ontrol set in the �ber is 
ontained in a 
hain 
ontrol set in

the total spa
e. Assuming that the stru
tural group of a prin
ipal bundle

is 
ompa
t we use the 
hara
terization of 
hain 
ontrol sets as interse
tions

of 
ontrol sets to show that the inverse image by the proje
tion of a 
hain


ontrol set in the base spa
e of the �ber bundle is a 
hain 
ontrol set in the

total spa
e.

We believe that these topologi
al results are useful for further develop-

ments of the dynami
al aspe
ts of 
ontrol systems.

2 F-
hain 
ontrol sets

In this se
tion we re
all the 
on
ept of a 
hain 
ontrol set asso
iated with a

family of subsets of a semigroup. We refer to [2℄ for the de�nition of 
hain


ontrol sets for semigroup a
tions and 
orresponding results on homogeneous

spa
es of Lie groups.

For a semigroup of homeomorphisms of a 
ompa
t metri
 spa
e it is

shown, under 
ertain 
onditions, that a 
hain 
ontrol set is the interse
tion

of 
ontrol sets for the semigroups generated by the neighborhoods of the

subsets in the family.

We begin by assuming that S is a semigroup of homeomorphisms of a


ompa
t metri
 spa
e M . From now on, and in the whole paper we assume

that S and S

�1

have the a

essibility property, that is, int(Sx) 6= ; and

int(S

�1

x) 6= ; for every x 2M .

We �x a distan
e d on M and de�ne 
hain 
ontrol sets for a family F of

subsets of S.
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De�nition 1 Let F be a family of subsets of S. Take x; y 2M; a real " > 0

and A 2 F . A (S; "; A)-
hain from x to y 
onsists of points x

0

= x, x

1

,: : :,

x

n�1

, x

n

= y in M and �

0

; : : : ; �

n�1

2 A su
h that d(�

j

(x

j

); x

j+1

) < " for

j = 0; : : : ; n�1. A subset E �M is 
alled a F-
hain 
ontrol set if it satis�es

1. int(E) 6= ;.

2. For every x; y 2 E, there exists a (S; "; A)-
hain from x to y, for every

" > 0 and A 2 F .

3. E is maximal satisfying these properties.

It is easy to see that the notion of F -
hain 
ontrol set does not 
hange if

an equivalent distan
e is 
onsidered. Also, it follows from the third 
ondition

that two F -
hain 
ontrol sets are either disjoint or 
oin
ident. Furthermore,

an appli
ation of Zorn's Lemma shows that any subset satisfying the �rst

two 
onditions in the De�nition 1 is 
ontained in a F -
hain 
ontrol set.

Next, we show that e�e
tive 
ontrol sets (for the theory of 
ontrol sets

we refer to [11℄,[7℄) are 
ontained in F -
hain 
ontrol sets. We need to impose

the following 
onditions on F .

De�nition 2 Let F be a family of subsets of a semigroup S. We say that F

satis�es property P

l

(respe
tively P

r

) if for every �;  2 S; � 6= 1 and every

A 2 F , there exists a positive integer n su
h that �

n

 2 A (respe
tively

 �

n

2 A).

Let's denote by S

A

the semigroup generated by a subset A � S.

Proposition 1 Assume that F is a family of subsets of a semigroup S satis-

fying the properties P

l

and P

r

and take A 2 F . Let D be an e�e
tive 
ontrol

set for S. Then D � 
l(S

A

x) for any x 2 D.

Proof: Take x; y 2 D. Let us show that y 2
l(S

A

x). Let D

0

= fx 2 D : x 2

int(Sx)\ int(S

�1

x)g be the 
ore of D. We know that D

0

is nonempty by the

de�nition of e�e
tiveness. Suppose �rst that y 2 D

0

. Sin
e D � int(S

�1

y)

for every y 2 D

0

(see [3℄,Proposition 2.2), there exists  2 S su
h that

y =  (x). Also, there exists � 2 S � f1g su
h that �(y) = y. By P

l

we

have �

n

 2 A, and �

n

 (x) = y, so that y 2 S

A

x. For an arbitrary y take

z 2 D

0

. We have seen that z 2 S

A

x. We have to show that y 2 
l(S

A

z). Take
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� 2 S�f1g su
h that �(z) = z and a sequen
e  

m

2 S su
h that  

m

(z)! y.

By P

l

,  

m

�

n

2 S

A

for large enough n, and sin
e  

m

�

n

(z) =  

m

(z), there

exists a sequen
e �

k

2 S

A

with �

k

(z)! y. 2

As a 
onsequen
e we have.

Corollary 1 Suppose that F satis�es both P

l

and P

r

. Then any e�e
tive


ontrol set for S is 
ontained in a F-
hain 
ontrol set.

We 
an de�ne e�e
tive F -
hain 
ontrol sets.

De�nition 3 Let F be a family of subsets of S. A F-
hain 
ontrol set is


alled e�e
tive if it 
ontains an e�e
tive 
ontrol set for S.

We observe that for a family F satisfying both P

l

and P

r

a F -
hain


ontrol set E is e�e
tive if and only if the subset E

0

= fx 2 E : x 2

int(Sx) \ int(S

�1

x)g is not empty. In fa
t, if we assume that x 2 int(Sx) \

int(S

�1

x) then there exists an e�e
tive 
ontrol set D su
h that x 2 D

0

(see

[3℄, Proposition 2.3).

Let M be a 
ompa
t metri
 spa
e. Assume that S is a semigroup of

homeomorphisms of M and suppose that d is a metri
 on M . In the group

G of homeomorphisms of M we 
onsider the metri
 of uniform 
onvergen
e

d

0

(�;  ) = sup

x2M

d(�(x);  (x))

whi
h is right invariant under G. For a subset A � S we put

B(A; ") = f� 2 G : 9 2 A; d

0

(�;  ) < "g:

We denote by S

";A

the subsemigroup of G generated by B(A; ").

We intend to show that points rea
hable by 
hains 
an be rea
hed by the

a
tion of the perturbed semigroup S

";A

. For this it is required to 
onsider

the following assumption about the a
tion of G on M .

Hypothesis H: There exist real numbers 
 > 0 and � > 0 satisfying the

following property: for all x 2 M and y 2 B

�

(x); there exists � 2 G su
h

that �(x) = y and d(�(x); x) � 
d

0

(�; 1

M

).

In general this 
ondition is not satis�ed.
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Example 1 Consider the 
ompa
t metri
 spa
e

M =

1

[

n=1

C

n

[ f0g

where C

n

are the 
ir
les C

n

= f(x; y) 2 R

2

: x

2

+ y

2

= 1=ng, with the metri


inherited from the standard metri
 of R

2

. All homeomorphisms � of M have

the property that �(0) = 0, and therefore the hypothesis H is not satis�ed

at 0. In fa
t, if �(0) 6= 0 then the 
onne
ted 
omponent 
ontaining �(0) is

a 
ir
le. The 
onne
ted 
omponent 
ontaining 0 is the set f0g. And 
learly

this set in not homeomorphi
 to a 
ir
le.

However, we observe that in [2℄ it was shown that hypothesis H holds

for the a
tion of a Lie group G on a large 
lass of homogeneous spa
es

G=H, namely those for whi
h there is a 
ompa
t subgroup K � G whi
h

a
ts transitively on G=H: This 
lass of homogeneous spa
es in
ludes the 
ag

manifolds (Furstenberg boundaries) of semi-simple Lie groups G.

Now, we 
an relate (S; "; A)-
hains with rea
hability of S

";A

.

Proposition 2 Take x; y 2M and A � S. Then

1. There exists an (S; "; A)-
hain from x to y if y 2 S

";A

x. We also

have that there is a (S; "

0

; A)-
hain from x to y for every "

0

> " if

y 2 
l(S

";A

x).

2. Suppose that the hypothesis H is satis�ed and take " su
h that 0 < " <

�. Assume that x

0

; : : : ; x

n

2M and �

0

; : : : ; �

n�1

, determine a (S; "; A)-


hain from x

0

to x

n

. Then there exists  2 S

"

0

;A

su
h that  (x

0

) = x

n

,

where "

0

= "=
.

Proof: 1. Take y 2 S

";A

x. Then, there exists � 2 S

";A

su
h that y = �(x).

It follows from the de�nition of S

";A

that � = �

k�1

:::�

0

with �

i

2 B(A; "); i =

0; :::; k� 1. We 
hoose  

0

; :::;  

k�1

2 A with d

0

( 

i

; �

i

) < "; i = 0::; k� 1. The

sequen
es x

0

; x

1

= �

0

(x

0

); :::; x

k

= �

k�1

(x

k�1

) = y and  

0

; :::;  

k�1

determine

an (S; "; A)-
hain from x to y. In fa
t,

d( 

i�1

(x

i�1

); x

i

) = d( 

i�1

(x

i�1

); �

i�1

(x

i�1

))

� d

0

( 

i�1

; �

i�1

) < "
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for i = 0; :::; k � 1. Consequently there exists a (S; "; A)-
hain from x to y.

Now, suppose that y 2 
l(S

";A

x). There exists a sequen
e �

n

2 S

";A

su
h

that �

n

(x) 
onverges to y. Take "

0

> " and let n

0

be su
h that d(�

n

0

(x); y) <

"

0

� ". As before, there exist a (S; "; A)-
hain from x to �

n

0

(x). Let y

0

=

x; ::::; y

n

= �

n

0

(x

0

) 2 M;  

0

; :::;  

n�1

2 A be a (S; "; A)-
hain from x to

�

n

0

(x). Thus d( 

i

(y

i

); y

i+1

) < " for i = 0; :::; n � 1. Therefore, the 
hain

z

0

= x; z

1

= y

1

; :::; z

n�1

= y

n�1

; z

n

= y and  

0

; :::;  

n�1

2 A determine an

(S; "; A)-
hain from x to y. In fa
t,

d( 

n�1

(y

n�1

); y) � d( 

n�1

(y

n�1

); �

n

0

(x)) + d(�

n

0

(x); y)

< "

0

and d( 

i�1

(y

i�1

); y

i

) < " < "

0

for i = 1; :::; n� 1.

2. Sin
e d(�

i

(x

i

); x

i+1

) < " < �; the hypothesis H implies that there is

 

i

2 G su
h that

d( 

i

(�

i

(x

i

)); x

i+1

) = d( 

i

(�

i

(x

i

)); �

i

(x

i

)) � 
d

0

( 

i

; 1

M

)

i = 0; :::; n � 1; and therefore d

0

( 

i

; 1

M

) < "=
 = "

0

. De�ne �

i

=  

i

�

i

. We

have

d

0

(�

i

; �

i

) = d

0

( 

i

�

i

; �

i

) = d

0

( 

i

; 1

M

) < "

0

be
ause d

0

is right invariant. Therefore, �

i

2 B(A; "

0

). On the other hand,

�

i

(x

i

) =  

i

�

i

(x

i

) = x

i+1

; and x

n

= �

n�1

:::�

0

(x

0

). 2

Proposition 3 Suppose that the hypothesis H is satis�ed and assume that

F satis�es P

l

and P

r

. Let D be an e�e
tive 
ontrol set for S on M . Then,

for ea
h " > 0 and A 2 F there exists a 
ontrol set D

";A

for the perturbed

semigroup S

";A

su
h that D � D

";A

.

Proof: In fa
t, for x; y 2 D; we will show that y 2 S

";A

x, for " small enough.

By Proposition 1, there exists, � 2 S

A

su
h that �(x) is near y. On the other

hand, by the de�nition of S

A

we have � = �

1

: : : �

n

with �

i

2 A. Using H,

there is 
 with d

0

(
�; �) = d

0

(
; 1) < " and 
�(x) = y so that 
� 2 S

";A

and

y 2 S

";A

x. 2

The next theorem 
hara
terizes the F -
hain 
ontrol sets as interse
tions

of 
ontrol sets for the perturbed semigroups.
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Theorem 1 Let S be a semigroup of homeomorphisms of a 
ompa
t metri


spa
e M . Suppose that the a
tion of S on M satis�es H, and 
onsider a

family F of subsets of S satisfying P

l

and P

r

. Let D be an e�e
tive 
ontrol

set for S on M , and for " > 0 and A 2 F , denote by D

";A

the S

";A


ontrol

set 
ontaining D. Then

E =

\

";A

D

";A

is the only F-
hain 
ontrol set 
ontaining D.

Proof: Sin
e D � E we have int(E) 6= ;. Also, for any x; y 2 E, y 2


l(S

"

0

;A

x) for all "

0

> 0 and A 2 F . Therefore, by the Proposition 2 there

exists a (S; "; A)-
hain from x to y for all " > 0 and A 2 F , whi
h shows

that E is 
hain transitive. It remains to verify the maximality of E. Take

x =2 E and y 2 E and suppose that for every " > 0 and A 2 F there are

(S; "; A)-
hains from x to y and from y to x. Sin
e the a
tion of S on M

satis�es H and S

";A

� S

"

0

;A

for "

0

> ", Proposition 2 shows that y 2 S

";A

x

and x 2 S

";A

y for all " > 0 and A 2 F . However, y 2 D

";A

, so that x 2 D

";A

for all "; A 
ontradi
ting the assumption that x =2 E. Hen
e, there is no


hain either from x to y or from y to x, whi
h shows the maximality of E. 2

Proposition 4 Let the assumptions be as in the previous theorem and sup-

pose moreover that there is just one invariant 
ontrol set, say D, for S in M .

Then D

";A

is the S

";A

-invariant 
ontrol set 
ontaining the invariant 
ontrol

set for S.

Proof: By [1, Lemma 3.1℄ there is only one 
losed invariant 
ontrol set, say

C, for S in a 
ompa
t metri
 spa
e M if and only if C =

T

x2M


l(Sx) 6= ;.

De�ne C

";A

=

T

x2M


l(S

";A

x). Thus, it is enough to show that D

";A

\C

";A

6=

;. Pi
k x 2 M . Sin
e D � int(S

�1

y) for every y 2 D

0

we 
an 
hoose � 2 S

su
h that �(x) 2 D

0

. But F satis�es property P

l

and therefore �

n

2 A for

some integer n (take � =  in the de�nition of P

l

). We have that �

n

(x) 2 D

be
ause D is invariant. Sin
e D � D

";A

, and D

";A

is a 
ontrol set for S

";A

it

follows that D

";A

� 
l(S

";A

x). 2
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3 Fiber bundles

In this se
tion we study the behavior of F -
hain 
ontrol sets on prin
ipal

bundles and their asso
iated bundles. We refer to [9℄ for the theory of �ber

bundles.

We start by settling some notation. Let G be a topologi
al group. Sup-

pose that G a
ts e�e
tively and on the right on Q: We denote by Q(M;G)

the prin
ipal bundle with total spa
e Q , base spa
e M and stru
tural group

G. We denote by �

Q

: Q!M the 
anoni
al proje
tion.

Let S

Q

be a semigroup of homeomorphisms of Q 
ommuting with the

right a
tion, i.e., Q�(q:a) = Q�(q):a; a 2 G if Q� 2 S

Q

. The semigroup S

Q

indu
es a semigroup S

M

of homeomorphisms of M . In fa
t, if y 2 M and

y = �

Q

(q) we de�ne an element M� 2 S

M

as

M�(y) = �

Q

(Q�(q));

if Q� 2 S

Q

.

Suppose that the stru
tural group G a
ts on the left and transitively on

the topologi
al group F . We 
onsider the �ber bundle asso
iated to the

prin
ipal bundle Q(M;G) with typi
al �ber F . This bundle is denoted by

E(M;F;G;Q); or simply by E, the total spa
e of the bundle.

The elements of E are equivalen
e 
lasses with respe
t to the relation

on Q � F given by (q; v) � (qa; a

�1

v); a 2 G: We use the notation [q; v℄,

q 2 Q; v 2 F for an element of E:

The 
anoni
al proje
tion �

E

: E ! M on the �ber bundle is de�ned as

�

E

([q; v℄) = �

Q

(q).

Let Q� be a homeomorphism of Q 
ommuting with the right a
tion of G:

ThenQ� indu
es the homeomorphism ofE de�ned by E�([q; v℄) = [Q�(q); v℄:

Therefore the semigroup S

Q

of homeomorphisms of Q indu
es a semigroup

S

E

of homeomorphisms of E and

S

E

([q; v℄) = [S

Q

(q); v℄

Given q 2 Q we de�ne the subset

S

q

= S

Q

(q) \ �

�1

Q

(x); x = �

Q

(q)

Through the identi�
ation of the �ber over x with G via a 2 G 7�! q:a 2

�

�1

Q

(x), S

q


an be viewed as a subset of G

S

q

= fa 2 G : 9Q� 2 S

Q

; Q�(q) = q:ag
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It follows immediately that S

q

is a subsemigroup of G if S

q

6= ;. We

observe that S

q

is the subsemigroup a
ting on the typi
al �ber.

The semigroups S

Q

, S

E

and S

q

were also 
onsidered in [3℄.

Suppose that F is a family of subsets of S

Q

. The family F indu
es a

family F

M

in the semigroup S

M

, a family F

E

in S

E

and a family F

q

in

S

q

. In fa
t, for ea
h A 2 F we de�ne A

M

= fM� 2 S

M

: 9Q� 2 A and

M�(�

Q

(q)) = �

Q

(Q�(q))g, A

E

= fE� 2 S

E

: 9Q� 2 A and E�([q; v℄) =

[Q�(q); v℄g and A

q

= fa 2 G : 9Q� 2 A and Q�(q) = q:ag. Thus we 
an

de�ne the indu
ed families F

M

= fA

M

: A 2 Fg, F

E

= fA

E

: A 2 Fg and

F

q

= fA

q

: A 2 Fg.

Proposition 5 Let F be a family of subsets of S

Q

satisfying both P

l

and P

r

.

Then F

M

, F

E

and F

q

also satisfy P

l

and P

r

.

Proof: In fa
t, take A 2 F . There exists n su
h that Q�(Q�)

n

= � 2 A if

Q�;Q� 2 S

Q

. Thus

M�(�

Q

(q)) = �

Q

((Q�(Q�)

n

)(q)) = (M�(M�)

n

)(�

Q

(q))

and therefore M�(M�)

n

2 A

M

. For the family F

E

we have

E�(E�)

n

([q; v℄) = E�([(Q�)

n

(q); v℄) = [(Q�(Q�

n

))(q); v℄

and E�(E�)

n

2 A

E

. Now, take a; b 2 S

q

and A

q

2 F

q

. Then there exist

Q�;Q 2 S

Q

su
h that Q�(q) = q:a and Q (q) = q:b. Thus Q�(Q )

n

(q) =

Q�(q:a

n

) = q:ba

n

. Sin
e Q�(Q )

n

2 A we have ba

n

2 A

q

. We argue in the

same way for the P

r

property. 2

The following theorem shows that 
hain 
ontrol sets in the total spa
e of

a �ber bundle proje
t into 
hain 
ontrol sets in the base of the bundle.

Theorem 2 Let E be a �ber bundle with proje
tion � : E ! M . Let F be

a family of subsets in S

Q

. Suppose that E is 
ompa
t, and let H � E be a

F

E

-
hain 
ontrol set. Then there exists a F

M

-
hain 
ontrol set B �M su
h

that �(H) � B.

Proof: Sin
e int(H) 6= ; and � is an open map, �(H) has nonempty in-

terior. Take " > 0; A

M

2 F

M

and x

0

; y

0

2 �(H). Pi
k x; y 2 H su
h that

�(x) = x

0

and �(y) = y

0

. Let's show that there exists an (S

M

; "; A

M

))-


hain from x

0

to y

0

. Sin
e E is 
ompa
t, � is uniformly 
ontinuous so that

9



there is Æ > 0 su
h that d(�(z); �(z

0

)) < " if d(z; z

0

) < Æ, z; z

0

2 E. Let

x

0

= x; x

1

; :::; x

n�1

; x

n

= y in E together with E�

0

; E�

1

; :::; E�

n�1

in A

E

form a (S

E

; Æ; A

E

)-
hain from x to y. Sin
e d(x

j

; E�

j

(x

j

)) < Æ we have

that d(�(x

j

); �(E�

j

(x

j

))) = d(�(x

j

);M�

j

(�(x

j

))) < " whi
h shows that

�(x

i

);M�

i

determine a (S

M

; "; A

M

))-
hain from x

0

to y

0

. Sin
e �(H) sat-

is�es properties 1 and 2 in the de�nition of a F

M

-
hain 
ontrol set it is


ontained in a F

M

-
hain 
ontrol set. 2

We re
all that we are assuming that S

Q

and S

�1

Q

have the a

essibility

property. However, sin
e we wish to work over e�e
tive F

M

- 
hain 
ontrol

sets, the following version of a

essibility is needed.

De�nition 4 Let F be a family of subsets of S

Q

satisfying both P

l

and P

r

.

Suppose that H is an e�e
tive F

M

-
hain 
ontrol set inM and take H

0

= fx 2

H : x 2 int(S

M

x) \ int(S

�1

M

x)g. The semigroup S

Q

is said to be a

essible

over H

0

if for every q 2 �

�1

Q

(H

0

), int(S

Q

q) \ �

�1

Q

(H

0

) 6= ;.

Lemma 1 Let H �M be an e�e
tive F

M

-
hain 
ontrol set and suppose that

S

Q

is a

essible over H

0

. Then int(S

q

) 6= ; if q 2 �

�1

Q

(H

0

).

Proof: Take Q� 2 S

Q

su
h thatQ�(q) 2 int(S

Q

q)\�

�1

Q

(H

0

). There exists an

e�e
tive 
ontrol set D for S

M

su
h that x = �

Q

(q) 2 D

0

. Thus �

Q

(Q�(q)) =

M�(�

Q

(q)) 2 D

0

and there exists Q 2 S

Q

su
h that M (�

Q

(Q�(q))) = x;

so that Q Q�(q) belongs to the same �ber as q. Now, Q Q�(q) 2 int(S

Q

q)

hen
e if we let a 2 G be su
h that Q Q�(q) = q:a then a 2 int(S

q

) showing

the lemma. 2

As a 
onverse of Theorem 2, we have

Theorem 3 Let E be a �ber bundle with proje
tion � : E !M . Let F be a

family of subsets in S

Q

satisfying both P

l

and P

r

. Suppose that E is 
ompa
t,

B � M is an e�e
tive F

M

-
hain 
ontrol set and that S

Q

is a

essible over

B

0

. Then there exists an e�e
tive F

E

-
hain 
ontrol set H � E and su
h that

�(H) � B.

Proof: Take x 2 B

0

= fx 2 B : x 2 int(S

M

x) \ int(S

�1

M

x)g. Then x

belongs to an e�e
tive 
ontrol set C 
ontained in B ([3, Proposition 2.3℄).

We have shown in [3, Proposition 3.4℄ that there exists an e�e
tive 
ontrol

10



set D � E for S

E

with �(D) � C. Corollary 1 implies that D is 
ontained

in a F

E

-
hain 
ontrol set, say H. Using the fa
t that 
hain 
ontrol sets do

not overlap and the Theorem 2 there exists a F

M

-
hain 
ontrol set B � M

satisfying �(E) � B. 2

Let d

E

be a metri
 on the total spa
e E of the �ber bundle with typi
al

�ber F . Let also d

F

be a right invariant metri
 on the �ber F . Consider a

metri
 d

M

on the base spa
e M su
h that the 
anoni
al proje
tion �

E

: E !

M is Lips
hitizian, that is, there exists a 
onstant 
 > 0 su
h that for every

x; y 2 E we have d

E

(x; y) � 
d

M

( �

E

(x); �

E

(y)).

The 
hara
terization of the 
hain 
ontrol sets as interse
tion of 
ontrol

sets of the perturbed semigroup gives us the following result.

Theorem 4 Let E be an �ber bundle asso
iated to the prin
ipal bundle Q

whose stru
tural group is 
ompa
t. Suppose that M and E are 
ompa
t and

that Q is 
onne
ted. Assume that F is a family of subsets of S

Q

satisfying P

l

and P

r

. We also assume that the a
tions of the groups of homeomophisms on

M and E satisfy the hypothesis H. Let B be an e�e
tive F

M

-
hain 
ontrol set

on M and suppose that S

Q

is a

essible over B

0

. Then �

�1

E

(B) is an e�e
tive

F

E

-
hain 
ontrol set on E. Therefore there are as many e�e
tive F

E

-
hain


ontrol sets in E as F

M

-
hain 
ontrol sets in M .

Proof: We �rst show that ((S

M

)

";A

M

)

E

� (S

E

)


";A

E

, that is, E� 2 (S

E

)


";A

E

if M� 2 (S

M

)

";A

M

. It is enough to show that E� 2 B(A

E

; 
") if M� 2

B(A

M

; "). This is true be
ause

d

0

(E
;E�) = sup

[q;v℄2E

d

E

(E
([q; v℄); E�([q; v℄))

= sup

[q;v℄2E

d

E

([Q
(q); v℄; [Q�(q); v℄)

� 
 sup

[q;v℄2E

d

M

(�

Q

(Q
(q)); �

Q

(Q�(q)))

= 
d

0

(M
;M�):

By the Theorem 1 we have B =

T

";A

M

D

";A

M

where D

";A

M

is a 
ontrol

set for (S

M

)

";A

M

. Thus �

�1

(B) =

T

";A

M

�

�1

(D

";A

M

). Now, [3, Proposi-

tion 3.7 and Proposition 3.9℄ implies that �

�1

(D

";A

M

) is a 
ontrol set for

((S

M

)

";A

M

)

E

� (S

E

)


";A

E

and therefore �

�1

(B) is a F

E


hain 
ontrol set in

E, again by the 
hara
terization of 
hain 
ontrol sets as interse
tions of 
on-

trol sets. 2

11



The next theorem shows that a F

q

-
hain 
ontrol set in a �ber of a bundle

is 
ontained in a F -
hain 
ontrol set in the total spa
e.

Theorem 5 Let E be the bundle asso
iated to the prin
ipal bundle Q with

proje
tions �

E

and �

Q

; respe
tively. Suppose that F is a family of subsets of

S

Q

. Take q 2 �

�1

Q

(x), x 2 M . Assume that H is a F

q

-
hain 
ontrol set on

F . Then

1. Any F

q

-
hain 
ontrol set in �

�1

Q

(x) is 
ontained in a F-
hain 
ontrol

set in Q.

2. [q;H℄ is 
ontained in a F

E

-
hain 
ontrol set in E.

Proof:

1. Let H be a F

q

-
hain 
ontrol set in �

�1

Q

(x). Pi
k z; z

0

2 H. Then for

every " > 0 and A

q

2 F

q

there exists x

0

= z; x

1

; : : : ; x

n�1

; x

n

= z

0

in �

�1

Q

(x) and a

0

; a

1

; : : : ; a

n�1

2 A

q

su
h that d(x

j

a

j

; x

j+1

) < " for

j = 0; : : : ; n � 1. Let Q�

j

2 A be de�ned as Q�

j

(q) = qa

j

. Then

x

0

; : : : ; x

n

and Q�

j

, j = 0; : : : ; n� 1 determine a F -
hain from z to z

0

.

2. Take [q; v℄ and [q; v

0

℄ in [q;H℄. Sin
e H is a F

q

-
hain 
ontrol set, for

every " > 0 and A

q

2 F

q

there exist v

0

= v; : : : ; v

n

= v

0

in F and

a

0

; : : : ; a

n�1

2 A

q

su
h that d

F

(a

j

v

j

; v

j+1

) < " for j = 0; : : : ; n� 1. Let

Q�

j

2 A be de�ned as Q�

j

(q) = qa

j

. Then [q; v

0

℄; : : : ; [q; v

n

℄ and E�

j

,

j = 0; : : : ; n � 1 determine a (S

E

; "; A)-
hain from [q; v℄ to [q; v

0

℄. In

fa
t,

d

E

(E�

j

([q; v

j

℄); [q; v

j+1

℄) = d

E

([qa

j

; v

j

℄; [q; v

j+1

℄)

= d

E

([q; a

j

v

j

℄); [q; v

j+1

℄)

= d

F

(a

j

v

j

; ; v

j+1

)

< ":

2

Remark: Sin
e we 
an 
onstru
t the invariant 
ontrol sets in the total spa
e

of an asso
iated bundle in terms of the invariant 
ontrol sets in the �bers

(see [3℄) we 
ould ask if this is also true for the 
hain 
ontrol sets whi
h


ontains the invariant 
ontrol set. We have tried to answer this question

using the 
hara
terization of 
hain 
ontrol sets as interse
tions of 
ontrol sets

12



(Theorem 1). The proof does not work be
ause the semigroup asso
iated (in

the �ber) of the perturbed semigroup in the total spa
e does not 
oin
ide

with the perturbed semigroup of the �ber and there is no useful in
lusion

between them. We observe that Theorem 5 
an be regarded as a lemma in

this expe
ted des
ription of the 
hain 
ontrol sets in �ber bundles.
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