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Abstrat

We onsider and initial boundary value problem for a system of equations

desribing nonstationary ows of inompressible asymmetri uids in unbounded

domains. Under onditions similar to the ones for the usual Navier-Stokes equa-

tions, we prove the existene and uniqueness of strong solutions.

Resumo

Consideramos um problema de valor iniial e de ontorno para um sistema

de equa�~oes que desrevem o uxo dos uidos assim�etrios inompress

�

iveis em

dom

�

inios n~ao limitados. Sob ondi�~oes similares �as equa�~oes de Navier-Stokes

usuais, provamos a existênia e uniidade de solu�~oes fortes.

1. Introdution

Let 
 be a bounded or unbounded domain in IR

3

, T > 0 and Q

T

= 
 � [0; T ℄.

The equations that desribe the motion of asymmetri uids are given by
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:

�u

�t

+ (u � r)u� (�+ �

r

)�u + r p = 2�

r

rot w + f ;

div u = 0 ;

�w

�t

+ (u � r)w� (

a

+ 

d

)�w � (

0

+ 

d

� 

a

)r div w

+4�

r

w = 2�

r

rot u+ g :

(1.1)

together with the following boundary and initial onditions

8

>

>

>

<

>

>

>

:

u = 0 on S

T

= �
 � (0; T ) ;

u(x; 0) = u

0

(x) in 
 ;

w = 0 on S

T

= �
� (0; T ) ;

w(x; 0) = w

0

(x) in 
 :

(1.2)

The funtions u = (u

1

; u

2

; u

3

);w = (w

1

; w

2

; w

3

) and p denote the veloity ve-

tor, the angular veloity vetor of rotation of partiles, the pressure of the uid,

respetively. The funtions f = (f

1

; f

2

; f

3

) and g = (g

1

; g

2

; g

3

) denote external

soures of linear and angular momentum, respetively. The positive onstants

�; �

r

; 

0

; 

a

and 

d

are visosities. We onsider 

0

+ 

d

> 

a

:

For the derivation and physial disussion of equations (1.1)-(1.2) see Pet-

rosyan [12℄, Condi� and Dalher [1℄, Eringen [4℄, [5℄ and Lukaszewiz [11℄. We

observe that this model of uid inlude as a partiular ase the lassial Navier-

Stokes equations, whih has been greatly studied (see, for instane, the lassial

books by Ladyzhenskaya [6℄, Temam [21℄ and the referenes there in). For New-

tonian uids, equations (1.1) and (1.2) deouple sine �

r

= 0.

It is appropriate to ite some earlier works on the initial-value problem (1.1)-

(1.2) whih are related to ours and also loated our ontribution there in. When


 is a bounded domain, Lukaszewiz [9℄, [10℄ (see, also [11℄) established the global

existene of weak solutions and loal strong solutions for (1.1)-(1.2) under ertain

assumptions by using linearization and an almost �xed point theorem.

By using the spetral Galerkin method Rojas-Medar and Boldrini [18℄ proved

the global existene of weak solutions and the regularity of solution was studied

by Ortega-Torres and Rojas-Medar [13℄. More, strong solution was obtained by

Rojas-Medar [16℄ (loal), Ortega-Torres and Rojas-Medar [14℄ (global) by using

the spetral Galerkin method. The onvergene rates to this method were estab-

lished in [17℄. An interative method was used in [15℄ to show the existene and

uniqueness of strong solution.
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When 
 is a exterior domain, the existene of weak solution for stationary

model assoiated a (1.1)-(1.2) was studied in [2℄, the evolution ase was done in

[3℄.

However, no study of existene and uniqueness has been onsidered for system

(1.1)-(1.2) in unbounded domains.

In work , we use an iterative proess to prove the existene and uniqueness of

strong solution.

The paper is organized as follows: in Setion 2 we state some preliminaries re-

sults that will be useful in the rest of the paper; state the results of existene and

uniqueness of strong solutions as also some apriori estimates that form the theo-

rial basis for the problem. In Setion 3 we study the linear problems assoiated

a (1.1) and (1.2). In Setion 4 we prove our result.

Finally, we would like to say that, as it usual in this ontext, to simpli-

ity the notation in the expressions we will denote by ; C

0

;M

0

generis �nites

positives onstants depending only on 
 and the other �xed parameters of the

problem (like the initial data) that may have di�erent values in di�erent expres-

sions. In a few points to emphasize the fat that the onstants are di�erent we

use C

1

; C

2

; :::;M

1

;M

2

; � � � and so on.

2. Preliminaries

We use the lassial notations and results of the Sobolev spaes. For k = 0; 1; 2; :::

and 1 � p � 1,

W

k

p

(
) = fu 2 L

p

(
) /

X

j�j�k

kD

�

x

uk <1g

W

2;1

p

(Q

T

) = fu 2 L

p

(Q

T

) / kuk

W

2;1

p

(Q

T

)

= ku

t

k

L

p

(Q

T

)

+

X

j�j�2

kD

�

x

uk

L

p

(Q

T

)

<1g;

where D

�

x

=

�

�

�x

1

�

�

1

�

�

�x

2

�

�

2

�

�

�x

3

�

�

3

:

It is know that the values of the funtion from W

2;1

p

(Q

T

) on the hyperplane

t = onst. belong for 8 t 2 [0; T ℄ to the Slobodetskii-Besov spae W

2�

2

p

p

(
) and

depend ontinuously on t in the norm of W

2�

2

p

p

(
), de�ned by

kuk

W

2�

2

p

p

(
)

=

0

�

X

j�j�1

kD

�

x

uk

p

L

p

(
)

+

X

j�j=1

Z




Z




j D

�

x

u(x)�D

�

y

u(y) j

p

j x� y j

1+p

dxdy

1

A

1

p

:
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Moreover, we have the inequality

ku(�; t)k

W

2�

2

p

p

(
)

� ku(�; 0)k

W

2�

2

p

p

(
)

+

b

kuk

W

2;1

p

(Q

T

)

;

where the onstant

b

 does not depend on t:

For more details of the Slobodetskii-Besov spae see [8℄

Theorem 2.1. Let p > 3: assume that

u

0

(x) 2 W

2�

2

p

(
);u

0

j

S

T

= 0; div u

0

= 0;

w

0

(x) 2 W

2�

2

p

p

(
);w

0

j

S

T

= 0;

f ; g 2L

p

(Q

T

):

Then there exists T

1

2 (0; T ℄ suh that problem (1.1)-(1.2) has a unique solution

(u;w;p) whih satis�es

u 2 W

2;1

p

(Q

T

1

);

rp 2 L

p

(Q

T

1

)

w 2 W

2;1

p

(Q

T

1

):

3. Linear problems

In this setion, we study some linear problems assoiated with (1.1)-(1.2). The

�rst Lemma is proved in Solonnikov [20℄

Lemma 3.1. Let F (x; t) 2 L

p

(Q

T

) and u

0

(x) 2 W

2�

2

p

p

(
) with u

0

j

S

T

= 0 and

div u

0

= 0; then the following problem

�u

�t

� (�+ �

r

)4u+rp = F;

div u = 0;

uj

S

T

= 0;

u(0) = u

0

(x)

has a unique solution u 2 W

2;1

p

(Q

T

), satisfying

kuk

W

2;1

p

(Q

T

)

+ krpk

L

p

(Q

T

)

� K

1

(T )(ku

0

k

W

2�

2

p

p

(
)

+ kFk

L

p

(Q

T

)

);

where K

1

(�) is an inreasing funtion of T:
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The following result is a speial ase of the result for paraboli system given

in [19℄.

Lemma 3.2. Let G(x; t) 2 L

p

(Q

T

) and w

0

(x) 2 W

2�

2

p

p

(
) with w

0

j

S

T

= 0; then

the following problem

�w

�t

� (

a

+ 

d

)4w� (

0

+ 

d

� 

a

)r div w + 4�

r

w = G;

wj

S

T

= 0;

w(0) = w

0

(x)

has a unique solution w 2 W

2;1

p

(Q

T

), satisfying

kwk

W

2;1

p

(Q

T

)

� K

2

(T )(kw

0

k

W

2�

2

p

p

(
)

+ kGk

L

p

(Q

T

)

);

where K

2

(�) is an inreasing funtion of T:

4. Auxiliar result

We onstrut approximate solution indutively

u

(0)

= 0; w

(0)

= 0

and for k = 1; 2; 3; :::; fu

(k)

; p

(k)

g and fw

(k)

g are respetively, the solutions of

problems

�u

(k)

�t

� (�+ �

r

)4u

(k)

+rp

(k)

= f + 2�

r

rot w

(k�1)

� (u

(k�1)

� r)u

(k�1)

;

div u

(k)

= 0;

u

(k)

j

S

T

= 0;

u

(k)

(0) = u

0

(x)

and

�w

(k)

�t

� (

a

+ 

d

)4w

(k)

� (

0

+ 

d

� 

a

)r div w

(k)

+ 4�

r

w

(k)

= g+2�

r

rot u

(k�1)

� (u

(k�1)

� r)w

(k�1)
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w

(k)

j

S

T

= 0;

w

(k)

(0) = w

0

(x):

Now, we prove the boundeness of above sequene.

Lemma 4.1. For suÆiently small T

1

2 (0; T ℄, the sequene fu

(k)

; p

(k)

;w

(k)

g is

bounded in W

2;1

p

(Q

T

1

)� L

p

(Q

T

)�W

2;1

p

(Q

T

1

):

Proof. Let

�

(k)

(T ) = ku

(k)

k

W

2;1

p

(Q

T

)

+ kw

(k)

k

W

2;1

p

(Q

T

)

+ krp

(k)

k

L

p

(Q

T

)

:

From Lemmas (3.1)-(3.2) imply

�

(k)

(T ) � K

1

(T )(ku

0

k

W

2�

2

p

p

(
)

+ kfk

L

p

(Q

T

)

+ k(u

(k�1)

� r)u

(k�1)

k

L

p

(Q

T

)

+k2�

r

rot w

(k�1)

k

L

p

(Q

T

)

)

+K

2

(T )(kw

0

k

W

2�

2

p

p

(
)

+ kgk

L

p

(Q

T

)

+ k(u

(k�1)

� r)w

(k�1)

k

L

p

(Q

T

)

+k2�

r

rot u

(k�1)

k

L

p

(Q

T

)

):

Now, we estimate the right-hand side of the above inequality.

The following estimate was obtained in

k(u

(k�1)

� r)u

(k�1)

k

L

p

(Q

T

)

� C

"

ku

0

k

W

2�

2

p

p

(
)

+ T

Æ

�

(k�1)

(T )

2

#

with some positive onstant Æ and C � 2:

We will prove

k(u

(k�1)

� r)w

(k�1)

k

L

p

(Q

T

)

� C[kw

0

k

W

2�

2

p

p

(
)

+ T

�

�

(k�1)

(T )

2

℄;

where � > 0:

In fat, we have

k(u

(k�1)

� r)w

(k�1)

k

p

L

p

(Q

T

)

� ku

(k�1)

k

p

L

1

(Q

T

)

krw

(k�1)

k

p

L

p

(Q

T

)

:

We observe that

krw

(k�1)

(t)k

L

p

(
)

� kw

(k�1)

(t)k

W

1

p

(
)

� kw

(k�1)

(t)k

a

W

2

p

(
)

kw

(k�1)

(t)k

(1�a)

L

1

(
)

;
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where a =

p�3

2p�3

:

By other hand, see Ladyzhenskaya and Solonnikov [7℄, we have

kw

(k�1)

k

L

1

(Q

T

)

� (kw

0

k

W

2�

2

p

p

(
)

+ T

(1�

1

p

)(1�

3

p

)

�

(k�1)

(T )) (4.1)

and

ku

(k�1)

k

L

1

(Q

T

)

� (ku

0

k

W

2�

2

p

p

(
)

+ T

(1�

1

p

)(1�

3

p

)

�

(k�1)

(T )): (4.2)

Consequently,

k(u

(k�1)

� r)w

(k�1)

k

p

L

p

(Q

T

)

� ku

(k�1)

k

p

L

1

(Q

T

)

Z

T

0

krw

(k�1)

(t)k

p

L

p

(
)

dt (4.3)

� ku

(k�1)

k

p

L

1

(Q

T

)

kw

(k�1)

k

(1�a)p

L

1

(Q

T

)

Z

T

0

kw

(k�1)

(t)k

pa

W

2

p

(
)

dt:

But,

Z

T

0

kw

(k�1)

(t)k

ap

W

2

p

(
)

dt �

 

Z

T

0

1

s

dt

!

1

s

 

Z

T

0

kw

(k�1)

(t)k

apr

W

2

p

(
)

dt

!

1

r

sine a < 1, we take

1

s

= 1�a;

1

r

= a then

1

r

+

1

s

= 1 and thus in the last inequality,

we have

Z

T

0

kw

(k�1)

(t)k

ap

W

2

p

(
)

dt � T

1�a

 

Z

T

0

kw

(k�1)

(t)k

p

W

2

p

(
)

dt

!

a

� T

1�a

kw

(k�1)

k

ap

W

2;1

p

(Q

T

)

(4.4)

� T

1�a

�

�

(k�1)

�

ap

:

The inequalities (4.1), (4.2), (4.3) and (4.4) imply

k(u

(k�1)

� r)w

(k�1)

k

L

p

(Q

T

)

� T

1�a

p

(ku

0

k

W

2�

2

p

p

(
)

+ T

(1�

1

p

)(1�

3

p

)

�

(k�1)

(T ))

�(kw

0

k

W

2�

2

p

p

(
)

+ T

(1�

1

p

)(1�

3

p

)

�

(k�1)

(T ))

1�a

�

�

�

(k�1)

�

a

We observe that

(kw

0

k

W

2�

2

p

p

(
)

+ T

(1�

1

p

)(1�

3

p

)

�

(k�1)

(T ))

1�a

� T

1�a

p

�

�

(k�1)

�

a

� 2

�a

(kw

0

k

1�a

W

2�

2

p

p

(
)

+ T

(1�

1

p

)(1�

3

p

)(1�a)

(�

(k�1)

(T ))

1�a

)� T

1�a

p

�

�

(k�1)

(T )

�

a

= 2

�a

(kw

0

k

1�a

W

2�

2

p

p

(
)

(T

1�a

ap

�

(k�1)

(T ))

a

) + T

Æ

1

�

(k�1)

(T ));
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where Æ

1

= (1�

1

p

)(1�

3

p

)(1� a) +

1�a

p

:

Also,

kw

0

k

1�a

W

2�

2

p

p

(
)

(T

1�a

ap

�

(k�1)

(T ))

a

) �

kw

0

k

W

2�

2

p

p

(
)

1

1�a

+

T

1�a

ap

�

(k�1)

(T )

1

r

;

where we use the inequality x

1

r

y

1

s

�

x

r

+

y

s

;

1

s

+

1

s

= 1; onsequently

kw

0

k

1�a

W

2�

2

p

p

(
)

(T

1�a

ap

�

(k�1)

(T ))

a

) � (1� a)kw

0

k

W

2�

2

p

p

(
)

+ aT

1�a

ap

�

(k�1)

(T )

� kw

0

k

W

2�

2

p

p

(
)

+ aT

1�a

ap

�

(k�1)

(T ):

Consequently

k(u

(k�1)

� r)w

(k�1)

k

L

p

(Q

T

)

� (ku

0

k

W

2�

2

p

p

(
)

+ T

(1�

1

p

)(1�

3

p

)

�

(k�1)

(T ))

�2

�a

(kw

0

k

W

2�

2

p

p

(
)

+ aT

1�a

ap

�

(k�1)

(T ))� T

Æ

1

�

(k�1)

(T )

� 2

�a�1

(ku

0

k

2

W

2�

2

p

p

(
)

+ kw

0

k

2

W

2�

2

p

p

(
)

+

�

T

2(1�

1

p

)(1�

3

p

)

+ (T

1�a

ap

+ T

Æ

1

)

2

� �

�

(k�1)

(T )

�

2

:

Setting T

�

= T

2(1�

1

p

)(1�

3

p

)

+ (T

1�a

ap

+ T

Æ

1

)

2

, we have

k(u

(k�1)

�r)w

(k�1)

k

L

p

(Q

T

)

� 2

�a�1

(

"

ku

0

k

2

W

2�

2

p

p

(
)

+ kw

0

k

2

W

2�

2

p

p

(
)

+ T

�

�

�

(k�1)

(T )

�

2

#

Also, we observe that

krw

(k�1)

(t)k

L

p

(
)

� kw

(k�1)

(t)k

W

1

p

(
)

� kw

(k�1)

(t)k

W

2�

2

p

p

(
)

follows that

sup

0�t�T

k2�

r

rot w

(k�1)

(t)k

L

p

(
)

�  sup

0�t�T

kw

(k�1)

(t)k

W

2�

2

p

p

(
)

� kw

(k�1)

(t)k

W

2;1

p

(Q

t

)

+ kw

0

k

W

2�

2

p

p

(
)

� �

(k�1)

(T ) + kw

0

k

W

2�

2

p

p

(
)

:
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Analogously,

sup

0�t�T

k2�

r

rot u

(k�1)

(t)k

L

p

(
)

�  sup

0�t�T

ku

(k�1)

(t)k

W

2�

2

p

p

(
)

� ku

(k�1)

(t)k

W

2;1

p

(Q

t

)

+ ku

0

k

W

2�

2

p

p

(
)

� �

(k�1)

(T ) + ku

0

k

W

2�

2

p

p

(
)

:

The above estimates imply the following inequality

�

(k)

(T ) � K

1

(T )(ku

0

k

W

2�

2

p

p

(
)

+ kfk

L

p

(Q

T

)

+ (Cku

0

k

W

2�

2

p

p

(
)

+ T

Æ

�

(k�1)

(T )

2

) +

�

(k�1)

(T ) + kw

0

k

W

2�

2

p

p

(
)

) +K

2

(T )(kw

0

k

W

2�

2

p

p

(
)

+ kgk

L

p

(Q

T

)

+2

�a�1

(ku

0

k

2

W

2�

2

p

p

(
)

+ kw

0

k

2

W

2�

2

p

p

(
)

+ T

�

�

�

(k�1)

(T )

�

2

)

+�

(k�1)

(T ) + ku

0

k

W

2�

2

p

p

(
)

)

� K(T )(C + CT



�

(k�1)

(T )

2

+ C�

(k�1)

(T );

where K(T ) = max(K

1

(T ); K

2

(T )) and  = min(�; Æ):

5. Proof of the Theorem

Setting u

(n;s)

(t) = u

(n+s)

(t) � u

(n)

(t); p

(n;s)

= p

(n+s)

� p

(n)

and w

(n;s)

= w

(n+s)

�

w

(n)

; we have

�u

(n;s)

�t

� (�+ �

r

)4u

(n;s)

+rp

(n;s)

= F

(n;s)

;

div u

(n;s)

= 0; (5.1)

u

(n;s)

j

S

T

= 0;

u

(n;s)

(0) = 0;

where F

(n;s)

= 2�

r

rot w

(n�1;s)

� (u

(n�1;s)

� r)u

(n+s�1)

� (u

(n�1)

� r)u

(n�1;s)

and

�w

(n;s)

�t

� (

a

+ 

d

)4w

(n;s)

� (

0

+ 

d

� 

a

)r div w

(n;s)

+ 4�

r

w

(n;s)

= G

(n;s)

w

(n;s)

j

S

T

= 0; (5.2)

w

(n;s)

(0) = 0;

9



where G

(n;s)

= 2�

r

rot u

(n�1;s)

� (u

(n+s�1)

� r)w

(n�1;s)

� (u

(n�1;s)

� r)w

(n�1)

:

Let

	

(n;s)

(t) = ku

(n;s)

k

W

2;1

p

(Q

t

)

+ kw

(n;s)

k

W

2;1

p

(Q

t

)

+ krp

(n;s)

k

L

p

(Q

t

)

:

Then, it follows that for t 2 (0; T

1

℄;

kF

(n;s)

k

p

L

p

(Q

t

)

� (krw

(n�1;s)

k

p

L

p

(Q

t

)

+ku

(n�1;s)

�ru

(n+s�1)

k

p

L

p

(Q

t

)

+k(u

(n�1)

�r)u

(n�1;s)

k

p

L

p

(Q

t

)

:

By other hand

k(u

(n�1;s)

� r)u

(n�1+s)

k

p

L

p

(Q

t

)

�

Z

t

0

kru

(n�1+s)

(�)k

p

L

p

(
)

ku

(n�1;s)

(�)k

p

L

1

(
)

d�

� sup

0�s�t

kru

(n�1+s)

(�)k

p

L

p

(
)

Z

t

0

ku

(n�1;s)

(� )k

p

L

1

(
)

d�

� sup

0�s�t

ku

(n�1+s)

(�)k

p

W

1

p

(
)

Z

t

0

ku

(n�1;s)

(�)k

p

W

1

p

(
)

d�

� sup

0�s�t

ku

(n�1+s)

(�)k

p

W

2�

2

p

p

(
)

Z

t

0

ku

(n�1;s)

(�)k

p

W

2�

2

p

p

(
)

d�

� (ku

(n�1+s)

(0)k

W

2�

2

p

p

(
)

+

b

ku

(n�1+s)

(�)k

W

2;1

p

(Q

t

)

)

p

Z

t

0

b



p

ku

(n�1;s)

k

p

W

2;1

p

(Q

�

)

d�

and

k(u

(n�1)

� r)u

(n�1;s)

k

p

L

p

(Q

t

)

�

Z

t

0

d�

Z




ju

(n�1)

j

p

jru

(n�1;s)

j

p

dx

� ku

(n�1)

k

p

L

1

(Q

t

)

Z

t

0

kru

(n�1;s)

k

p

L

p

(
)

d�

� sup

0���t

ku

(n�1)

k

p

W

2�

2

p

p

(
)

Z

t

0

ku

(n�1;s)

k

p

W

1

p

(
)

d�

� sup

0���t

ku

(n�1)

k

p

W

2�

2

p

p

(
)

Z

t

0

ku

(n�1;s)

k

p

W

2�

2

p

p

(
)

d�

� (ku

(n�1)

(0)k

W

2�

2

p

p

(
)

+

b

ku

(n�1)

k

W

2;1

p

(Q

t

)

)

p

b



p

Z

t

0

ku

(n�1;s)

k

p

W

2;1

p

(Q

�

)

d�

10



and

krw

(n�1;s)

k

p

L

p

(Q

t

)

�

Z

t

0

krw

(n�1;s)

k

p

L

p

(
)

d�

�

Z

t

0

kw

(n�1;s)

k

p

W

1

p

(
)

d�

�

Z

t

0

kw

(n�1;s)

k

p

W

2�

2

p

p

(
)

d�

�

b



p

Z

t

0

kw

(n�1;s)

k

p

W

2;1

p

(Q

�

)

d�;

onsequently

kF

(n;s)

k

p

L

p

(Q

t

)

� 

Z

t

0

ku

(n�1;s)

k

p

W

2;1

p

(Q

�

)

d� + (ku

0

k

W

2�

2

p

p

(
)

+

b

ku

(n�1+s)

(�)k

W

2;1

p

(Q

t

)

)

p

Z

t

0

b



p

ku

(n�1;s)

k

p

W

2;1

p

(Q

�

)

d�

+(ku

0

k

W

2�

2

p

p

(
)

(5.3)

+

b

ku

(n�1+s)

(�)k

W

2;1

p

(Q

t

)

)

p

Z

t

0

b



p

ku

(n�1;s)

k

p

W

2;1

p

(Q

�

)

d�:

Also, we have

k(u

(n+s�1)

� r)w

(n�1;s)

k

p

L

p

(Q

t

)

�

Z

t

0

d�

Z




ju

(n+s�1)

j

p

jrw

(n�1;s)

j

p

dx

� ku

(n+s�1)

k

p

L

1

(Q

t

)

Z

t

0

krw

(n�1;s)

k

p

L

p

(
)

d�

� sup

0���t

ku

(n+s�1)

k

p

W

2�

2

p

p

(
)

Z

t

0

kw

(n�1;s)

k

p

W

2�

2

p

p

(
)

d�

� (ku

0

k

W

2�

2

p

p

(
)

+

b

ku

(n+s�1)

k

W

2;1

p

(Q

t

)

)

p

b



p

Z

t

0

kw

(n�1;s)

k

p

W

2;1

p

(Q

�

)

d�;

k(u

(n�1;s)

� r)w

(n�1)

k

p

L

p

(Q

t

)

�

Z

t

0

krw

(n�1)

(� )k

p

L

p

(
)

ku

(n�1;s)

(� )k

p

L

1

(
)

d�

� sup

0�s�t

krw

(n�1)

(�)k

p

L

p

(
)

Z

t

0

ku

(n�1;s)

(�)k

p

L

1

(
)

d�
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� sup

0�s�t

kw

(n�1)

(�)k

p

W

1

p

(
)

Z

t

0

ku

(n�1;s)

(� )k

p

W

1

p

(
)

d�

� sup

0�s�t

kw

(n�1)

(�)k

p

W

2�

2

p

p

(
)

Z

t

0

ku

(n�1;s)

(� )k

p

W

2�

2

p

p

(
)

d�

� (kw

0

k

W

2�

2

p

p

(
)

+

b

kw

(n�1)

(�)k

W

2;1

p

(Q

t

)

)

p

Z

t

0

b



p

ku

(n�1;s)

k

p

W

2;1

p

(Q

�

)

d�;

kru

(n�1;s)

k

p

L

p

(Q

t

)

�

Z

t

0

kru

(n�1;s)

k

p

L

p

(
)

d�

�

Z

t

0

ku

(n�1;s)

k

p

W

1

p

(
)

d�

�

Z

t

0

ku

(n�1;s)

k

p

W

2�

2

p

p

(
)

d�

�

b



p

Z

t

0

ku

(n�1;s)

k

p

W

2;1

p

(Q

�

)

d�;

Then, from , it follows that for t 2 (0; T

1

℄;

kG

(n;s)

k

p

L

p

(Q

t

)

� (kru

(n�1;s)

k

p

L

p

(Q

t

)

+ k(u

(n�1;s)

� r)w

(n�1)

k

p

L

p

(Q

t

)

+k(u

(n+s�1)

� r)w

(n�1;s)

k

p

L

p

(Q

t

)

� 

Z

t

0

ku

(n�1;s)

k

p

W

2;1

p

(Q

�

)

d� + (kw

0

k

W

2�

2

p

p

(
)

+

b

kw

(n�1)

(� )k

W

2;1

p

(Q

t

)

)

p

Z

t

0

ku

(n�1;s)

k

p

W

2;1

p

(Q

�

)

d�

+(ku

0

k

W

2�

2

p

p

(
)

(5.4)

+

b

ku

(n+s�1)

k

W

2;1

p

(Q

t

)

)

p

Z

t

0

kw

(n�1;s)

k

p

W

2;1

p

(Q

�

)

d�:

By using the estimates (5.1), (5.4) and together with Lemma 4.1, we have for

t 2 [0; T

1

℄ and p > 3

	

(n;s)

(t) � 

�

Z

t

0

	

(n�1;s)

(� )

p

�

1

p

(5.5)

or

h

	

(n;s)

(t)

i

p

� 

p

Z

t

0

h

	

(n�1;s)

(� )

i

p

d�;
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onsequently 	

(n;s)

(t) ! 0 as n ! 1; 8 t 2 [0; T

1

℄: Firstly, we observe that

W

2;1

p

(Q

t

) is a Banah spae and onsequently, we have there exist u;w 2 W

2;1

p

(Q

T

1

);

suh that

u

n

! u strongly in W

2;1

p

(Q

T

1

);

w

n

! w strongly in W

2;1

p

(Q

T

1

):

Also, from of the ompleteness of L

p

(Q

t

1

); there exist p 2 L

p

(Q

T

1

) suh that

p

n

! p strongly in L

p

(Q

T

1

):

Now, the next step is to take limit. But, one the above onvergenes have

been established, this is a standard proedure to obtain that u;w;p is a strong

solution of the problem (1.1)-(1.2).

We need only to argument the uniqueness of the solution in order to omplete

the proof of Theorem . Suppose that there exist another solution u

1

;w

1

; p

1

of

(1.1) and (1.2) with the same regularity as stated in the Theorem. De�ne

U = u

1

� u; W = w

1

�w; P = p

1

� p:

These auxiliar funtions verify a set of equations similar to (5.1)-(5.2). Repeat

the argument used to obtain (5.5), we get for �(t) = kUk

p

W

2;1

p

(Q

t

)

+ kWk

p

W

2;1

p

(Q

t

)

+

kPk

p

L

p

(Q

t

)

an inequality of the following type

�(t) � 

Z

t

0

�(� )d�

whih, by Gronwall's inequality, is equivalent to assert U = 0;W = 0; P = 0:
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