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Abstract

In this paper we established the existence and uniqueness of strong so-
lutions for the viscous incompresssible chemically active fluid in unbounded
domain differing somewhat from those previously known.
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1 Introduction

In this work we study the initial boundary value problem for the equations
that describe the motion of a viscous-chemically-active fluid in a bounded or
unbounded domain  C IR* with smooth boundary I' in the time interval
0,7],0< T < 0.

In the Oberbeck-Boussinesq approximation, the state of such a system is
described by the equations (see [1]):
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Ou + (u-V)u - vAu + 1Vp =g(B(0 — 0.) + By (¥ — b)) + Qu W

ot

a0 ~

X -V = ard = Q,
2 (- V)d - DAY =@,

divua=0 in Urp, J

where Uy = [0,T] x Q, also we denote I'y = [0,77] x I'..

Here u = (uy, ug, Ug) € IR3,0 € R,v € IR and p € IR denote the unknown
velocity vector, temperature, concentratlon of material in the fluid and the
pressure at a point x € 2 at time t € [0,T]; Q:(t,x), Q2(t, ), Q3(t, z) and
g(t,z) are given source functions (usually, g = ge, where g is the free-fall
acceleration); #. and . are the characteristic temperature and concentra-
tion; p is the mean density; v is the kinematic viscosity; D is the diffusion
coefficient; « is the thermal conductance. The quantities 0., 8y, 9. and By
are assumed to be constant.

On the boundary , we assume that

ulr, =05 O, =01, Ylr, = (2)

where 6, ,1, are known functions , and the initial conditions are expressed
by
u(0,2) = ug(x); 0(0,2) = bo(x); ¥(0,2) = (), (3)

where, ug(z), f(x) and y(z) are given functions on the variable z € Q.
The expressions V, A and div , as usual, denote the gradient, Laplacian
and divergence operators respectively; the i componenet of (u-V)u is given

) o
by [( Zu]a ; u-V)¢:Zuja—j,f0r¢:00rz/).
] j

The main goal in th1s paper is to show the existence and uniqueness of
strong solutions. Our arguments are true for bounded or unbounded domains.
To prove our result, we use an iterative procedure together with results due
to [2], [3] on nonstationary Stokes problem and parabolic problem. These
procedure was used early by [5], and [6] in another class of problems.
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When chemical reactions are absent (¢) = 0), the problem (1.1)-(1.3) is
equivalent to the classical Boussinesq problem, which has been investigated
by several authors, see for instance [7], [8], [9], [10] in the case of bounded
domains, [11], [12], Hishida [13], [14] in the case of exterior domains. For
Q = IR?, see [15].

[16] studied the stationary model, [17], the stability of the solutions of
the system (1.1)-(1.2) with different boundary conditions. [18], [19], [20], [21]
studied in bounded domains. For case of infinite vertical strip or tube, see
[22]

This paper is organized as follows: in Section 2 we state some prelimi-
naries results that will be useful in the rest of the paper; we also state the
results of existence and uniqueness of strong solutions from apriori estimates
that form the theorical basis for the problem. In Section 3 we study the
linear problems associated a (1.1) and (1.3). Finally, in Section 4 we prove
our result.

To simplicity the notation in the expressions we will denote by ¢, Cy, My
generics finites positives constants depending only on 2 and the other fixed
parameters of the problem (like the initial data) that may have different
values in different expressions. To emphasize the fact that the constants are
different we use Cy, Cy, ..., My, M,, - -+ and so on.

2 Preliminaries

We use the classical notations and results of the Sobolev spaces. For k£ =
0,1,2,...and 1 < p < o0,

Wy () ={ue L) / > [IDgullz, @) < oo}

p
|a|<k

Wy (Ur) = {u € L,(Ur) / ully2i,) = 1ll,wn+ D0 10501, @y < oo},
|af<2
where D¢ = (;2)™ (:2)™ ()"
It is known that the values of the function from W2'(Ur) on the hyper-
plane ¢t = k, where £ is a constant, belong for V ¢ € [0, T] to the Slobodetsku—
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defined by

Ju (Z Dull e+ X, f Y |pdxdy)p.

la|<1 =1

't!ltv
m

2—
p
Moreover, we have the inequality
a0l < 0O g+ Bl
where the constant ¢ does not depend on ¢.

We will transform problem (1.1) - (1.3) into another one with homoge-
neous boundary value. In order to do it, we introduce the new variables
0 =0+ 0, v =1 + 1)y, where 0y, 1)y satisfies
8,592 — @Aeg = 0in UT;

92 = 91 on FT;
92(.%‘,0) == 90(.7})

and

Oy — DAYy = 0in Uy,
Yy = 1 only,
2/)2 (:EJ 0) = wo (J“)

where 0y and vy are functions defined by

Aeo == 0, in Q,
A’Lpg = 0, in Q,

with 65(0) = 01(0) and 5(0) = v1(0) on ['( the existence of such #y and 1),
are ensured by assuming some smoothness condition on 6; and ).
Consequently, we obtain

(0 V)u A 19 = (50— ) + Bl — ) + Q|

o0
5 (V)0 — a0 = Qy — (u- V)0, (4)

9
2t (V) - DAY= Qs (u- V)i
divu=0 in Ur J
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u|FT =0 ) 9|FT =0 ) 77/}|FT =0 (5)
u(0,2) = ug(z); 0(0,2) = by(2); ¥(0,2) = (), (6)
where @1 = Q1 +8(Bols + Byrp2), 0 (v) = go(ﬁ) — 0,(0) and

tho(x) = Yo(x) — 1o(0).
In what follows, we will concentrate our analysis on (2.1)-(2.3), instead
(1.1)-(1.3). From now on we assume that 6. = 0 and 1. = 0, for simplicity.

Theorem 1 Let p > 3. assume that

uy(x) € W2_%(Q), ulr =0, divuy =0,

2

Bo(x), do(x) € Wy (), 61 = 0, 0|1 = 0,
C?17 QQ: Q3€Lp(UT)7
V927 V'Q/}Za g € LOO(UT)

Then there exists Ty € (0,T] such that problem (2.1)-(2.3) has a unique
solution (u,0,1,p) which satisfies

uc WPZ’l(UTl),

Vp e L,(Ur)
0,19 € Wi’l(UTl).

3 Linear problems

In this section, we give some results of the linear problems associated with
(2.1)-(2.3). The first lemma is proved in [2]

_2
Lemma 1 Let F(x,t) € L,(Ur) and uy(z) € Wp2 ?(Q2) with uplr = 0 and
div ug = 0, then the following problem

a—u—VAu—i—Vp = F

ot
divu = 0,
U.|FT = 0,
u(0) = uo(z)
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has a unique solution u € W2 (Ur), and Vp € L,(Ur) satisfying

[allyza iy VPl < E(T)((luof -

Wy

o + | F ||z, )),

2
p
where K1 (+) is an increasing function of T.

The following result is a special case of the result for parabolic system
given in [3], (sse also [4].

_2
Lemma 2 Let G(x,t) € L,(Ur) and ¢o(z) € Wp2 ?(Q2) with ¢o|lr =0, u > 0,
then the following problem

¢|FT = 07
¢(0) = o(z)

has a unique solution ¢ € W2 (Ur), satisfying

ol < K@l 25, + G o)

2
p

where Ky(+) is an increasing function of T.

4 An auxiliar result

We construct an approximate solution inductively
u® — 0, PO — ij(o) =0

and for k = 1,2,3, ..., {u® p®} and {§®)}, {*)} are respectively, the so-
lutions of problems

ou®) ® . Lo k) (k—1) (k—=1)\ o 0.
i vAu®) + ;Vp = g(B0 + By ) + @y
divu® = o,
u(k)|FT = 0,

u(0) = wo(a),



—aN® = @y — (uF V. V)h, — (uF Y. v,

ot
g(k)|FT = 0,
0*(0) = bo(),
and
oy (k) (k=1) (k-1) (k-1)
ot DAY = @ —(u - V)thy — (u V)Y )

w(’%T = 0,
pM0) = ho(a),

where @1 = Ql + g(ﬂ992 —+ ﬂqug).
Now, we prove the boundness of above sequence.

Lemma 3 For sufficiently small Ty € (0,71, the sequence {u®), p®) g*k) 4(k)1
is bounded in W (Ur,) x Ly(Ur,) x WPH(Ur,) x W2 (Ur,).

Proof. Let

B(T) = [[u® 21y + 102y + 15D 20y + 1V 12y 0
From Lemmas 3.1 and 3.2, we obtain

(P(k)(T) < Kl(T)(||u0||W2,%(Q) + ||g(ﬁ09(k71) _i_ﬁww(kfl))“Lp(UT)

HI(® - V) ) + Q12 0r)
+K2(T)(||9ollw2f%(m 1@l + 1™ - )0 VL, 0

+H(@* D V)| 1, )

+K3(T)(||%||Wz—%(m F1Qs |,y + 1(@*D - )DL
H (@D V)|, 0r)-

Now, we estimate the right-hand side of the above inequality.
The following estimate was obtained in [5] (see also [6])

[(u* D W)u* L oy < C[||u0||W2
p

2
P

+ T(Sq)(k;fl) (T)Q]
Q)



with some positive constant ¢ and C' > 2.
We will prove

1@ D)6 P < Cllwl oy 6ol 5 + T2

2
2— £

P
P

where o > 0.
In fact, we have

1@ - 9)8* DI g < TNy IVO* I 4y
We observe that

IV V@)1, < ||¢(k71)(t)||Wp1(Q)
[l ] [ [l O]

IN

— p=3
where a = 23

By other hand, based on [5], we have

—_1yq-3 _
6%V 1o gy < C3(||¢0||W2_%(Q) + 707202k (T))

p

and (1-50-2)
(k-1) <C , + TP (T)),
I Plwwn < Cullluoll g (7))
Consequently,
T
1™ ) Ny < 0V / IV 17,
T
e [ [ A [l 1 N
But,

T T % T v
/0 ||¢(k—1)(t)||%’;(mdt§ (/0 1sdt> (/0 ||¢(k 1) ( )Hapr )

since a < 1, we take % =1-—a,

inequality, we have

% = ¢ then % + % = 1 and thus in the last

T T @
Aww%m%wtsraUHWDW%®@
< Tt Y,
< T a(q)(k 1)(T))“”_
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Therefore,

(k-1) . 7 )pk— D) < TS C o,
[(u ) L) < 4(||110||sz_5(9)

(ool 3 +TOP=DEDT)) i (94D(T))",

Wy ’_Z’(Q)

We observe that

1

_1 _3 _ —a l—a _ a
(||¢o||Wp2,%(Q)+T(1 2 =3) gk D(T) e x T7 (@(k U(T))
< 279(||¢o| ;:_%(Q) + 7DD (@1 (7)) 1m0y 5 75 ((I)(k—l)(T))a
- 2—a(||¢0|;;_%(Q)(Ta;:@(k—l)(]ﬂ))a_|_T61q)(k—1)(T))7
where 0; = (1 — %)(1 — %)(1 —a)+ %.
Also,
ol o2 le = (o
l—a 5 T o Hlk 1>(T)
1—.a ) T ap (k—l) T a < Wp (Q) + ,
Il ny < —1 :

S =

where we use the inequality x

1

= o (T) < (1 a)lgol

Igoll’ 32 (T
Wy F(Q)

9_2
w, P
Consequently,
[* 96" ) < Colllwoll? , 2 +lgol® , 2 +T*@F(T)?),
W, P(9) W, P(Q

l1—a

where 7@ = 7?0303 4 (75" + 79)2. Similarly, we obtain

|(* D )0, | 1, ) < C’5||V92||LOO(UT)(||u0||W2,%(Q) + T2pk-10(T)),

l—a

where T%2 = T a» + T01,




Indeed, we have

(G A A i
but
[ V(0| <
<
with a = %
Therefore,
[ )l 1y < V0T 4y 0

IN

Then, we have

[(@* Y - V)b 1, ()

IN

ciT

T
Ny

u

lu®

Iy [

Ol
(Tt)llwg(mllu(’c

5 Vo b2
| 2||L00(UT)(||U'0||W P @)

p

D(t) 17, () dt

_ 1—a
RG]

+T(1——)(1——)(I>(k71)(T))lfaq)(kfl)(T)a
(Tla—pa (I)(k_l) (T))a + T61 (b(k_l) (T))

< C4||V92||Loo(UT)2_a(||u()||1_f_%

< Gsl[VO| Loy ([luof| -
WP

2
P(Q

Analogously, we obtain

1" V)o@ < Coll Vil pam ([uoll o

By other hand,

g (B0 Y + By ™ D)1, )

AN

p

2
P

(€)

+ T2 1(T)).
)

DI, [ D0

( )HLOO (Ur) Tl a”uk Y ( )”W2 (Ur)"

+ T2 0% D(T)).
)

Bollgl o) 0% VI, 0

+0u I8l o) 19"Vl wr)

Cr118 || Loo () (|60l

10

W'—ﬁ

9_2

p

. 1ol -
P

2

P

+ T2pk=1(T)).
(@)



The above estimates imply the following inequality

oM(T) < K(T ){HU—O“ -

22 +IIC?llle(rJT)+01[||uo||2 by +TOF(T)]

+C7||g||Loo(UT)(||90|| 2m

Wy F(Q)

o T ol wiba T T@"(T))}

2
P

(T U] - 5 + ||Q2||Lp Ur) JFC2[||110||2 2 T ||90||2 > 2
+TeE ()] + C5||V92||Loo o (lwoll - b + 120" 0(T))}
+E (M) [voll ooz 4+ 1QsllL,wy) +C2[||u0||2 sz ol s
Wy P() Wy P(Q W, P(Q)
LTk (T)2) + C’6||Vz/)2||LOO(UT)(||u0||W2,%(Q) + T30k D (7)),
And, by choosing
Ay 2 KI(TI){HUOHWZ—%( T @1z, @ +Cl(||u0||2 o3 T
+C7|8l oo (100l %0 +||¢0|| % +1)}
Wp Wp
+H(T){ 0ol Wi || 2||Lp (Ur) +C'2(||110||2 sz 0l .2 +1)
(@) Wy F(Q) Wy F(Q)
+05( V02| Lo () (||110|| >3 0 +1)}
FE(T){lvoll 52+ Qs @n) +C2(||110||2 sz Aol +1)
Wy, P(Q) W, *(2) w, F(2)
CullV e 1),
+Cs 1/)2||LW(UT)(||U0||WP bt )}

and define
T —mln{A A o JA e A 7}

Then, ®*)(T}) < A; holds provided that ®*~1(T}) < A;.
Since

eW(1y) < K1(T1){||UO||W2_%
Ky (T )
+K (T ] 0||W;7%(Q)

+K;5(1 b2
3( 1){||77b0|| 270 (q)
S 4117

+ 1@l )}
+ |Q2l L,z }

+ 1Qsll L, e}

—~

Q)

the assertion of the lemma comes out.
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5 Proof of the Theorem

Setding (1) = w0(0) — (1), p (1) = 1) (), 001 =
) (1) — 017 1), 1) (1) = ) (2) — Y (1) , we have

oulms) 1
uat —yAu™) 4 oypns) = )
P
divu™) = 0, (7)
e, =0,
u™?(0) = 0,

where F(n,s) _ g(ﬂge(”‘lys) + ﬁww(n—l,s)) . (u(n—l,s) . V)u(n—l—s—l) . (u(n—l) .
V)u(n_lzs),

9o
ot

—aAs) = qns)
(1:5)
0™ (0) = 0,

where G(nzs) = _(u(n_las) . V)92 — (u(n+s_1) . V)e(n_las) _ (u(n_lzs) . V)e(n_l)
and

(™)

_ DAY — g
ot v

77/}(”,8)|FT1 = 0, (9)
w(n,S)(O) = 0,

where H(n,s) — —(1.1 n—1,s) . )wQ ( (n+s—1) . V)w(nfl,s) o (u(nfl,s) . V)w(nfl)
Let

AP E) = Iy + 10 iz + 1wz 1Vl

Then, it follows that for ¢ € (0,7}],

||Fns ||Lp vy < (||g(ﬂe9 n—1,s) +ﬂ¢2/) n—1,s) )” o + ||un L,s) | Vu(n—l-s 1) HLp )
H @V )u g
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On the other hand,

(@5 V)=

(™ 7)ut* L

and

VAN

IN

IN

VAN

VAN

IN

IN

IN

t
LI @) g
L ) 10O oydr
() J, o (2)
t
b [ 0O @)y o dr

sup ||[Vu®™=1+e) (7

0<s<t

sup ||lu®™=9) (7

0<s<t

sup [|ul"™)(r ||p

0<s<t

(la®= 2 (0)]| .

2
w, P(Q)

t
+6||u(n_1+s)||wﬁvl(m))p/0 5p||u(n—1,s)

sup |[u®! ||p
0<r<t
s [V
0<7<t P
(n—1)
u 0)|] .-z
(Il ( )||sz 5(9)

a2} oydr

/nu”“ [P

p d
-
watw,) "

t
| dr [ e @) vut () P
0 Q
t
INW”NVmMQ/HVuW*“@NP

/nunls )iy

/nu"“ [P
P

t
+EHUW7DHMﬁJaan€<A Hume@”;ﬁl dr

(Ur)

Ig(Be0™ 4B, LN 0y < Cllgllz o / 104N 1L 4 d

consequently

1PN gy < Clelly sy [ 10+t

ot + (ol g

O ) [ @I dr
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+([luoll

2

w, (@)
t
—~ n—1,s)
ella® Yy [ EC N, dr
Also, we have

t
J =0 Wy < [ [t () e () e
P 0 Q

(n+s=1)p ! (n—1,s) p
< Iy [T,
< g VO / ||9"“ W oy dr
<7<t Py P
< .
< Ol 3,
+C||un+s 1) ||W21Ut pAp/ ||9n 1,s) ||W21 )dT,
t
e P A Ao AN o[
< sup [VOUI(r /||u“s .
0<s<t o
< sup (60 /||u““ )i
0<s<t
< g 0" / [N,y dr
0<s<t Py P(
< 6 _2
< (ol oz,

t
+/C\||9(n71)(T)||W§’1(Ut))p/0 /C\p||u(n71’s)||€yzg,l(UT)d7'a

t
e L R A o [ Lo
< sup IV0:0) [0 [ "0l
< (00 >||W2_;_,(Q)

t
+5||9(n71)||W5,I(Ut))p/O 5p||u(nf1,s)||€V571(UT)dT
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It follows that for ¢t € (0, T3],

IG™IN,wy < cll@™ - V)balg, 1y + (™)) DL
HI (@) e I

t
ilo—1) (n—1,5) ||p
< (1000, a3 o + 200z [ @O,
~lp(n—1) P ! (n—L,s)
b8l g o+ A0 zony)? [ IO 7
te(lluoll . 3
W, P(Q

t
+/C\||u(n+s_1)||wp2’1(m))p/0 ||9(n_175)||€v§’1(UT)dT'
Analogously, we can prove that

Iy < el V)nlll gy + 1™ - V) D] )

H|(urtsh L v ()

t
. el . P (n—1,5)|P
< WO g o + Wz [ @I,
ve(loll oz 4T s [ I, dr
0 w2 @) Wt/ J, watu.

+e([[uol| .-z
W, (@)

t
+E||u(n+s_l)||W§’l(Ut))p/0 ||1/)(n_1’s)||€vg,1(UT)dT-

By using the above estimates and together with Lemma 4.1, we have for

t€[0,71] and p > 3
: ;
A(nas) (t) S cC (/ A(TL—I,S) (T)p>
0

[AC <c1’/ A9 (7)) dr, (10)

or

consequently A™*)(t) — 0 as n — oo, V ¢t € [0,T}]. Firstly, we observe
that W2'(Uy) is a Banach space and consequently, we have there exist u €

15



W2 (Ur,), 0,9 € W (Ur,) such that

n

u"” — ustrongly in W;’I(UTl);
" — 0 strongly in Wi’l(UTl)
" — 4 strongly in W2 (Up).

Also, from of the completeness of L,(Uy, ), there exist p € L,(Uy,) such
that
p" — p strongly in L,(Uy,).

Now, the next step is to take the limit. But, once the above convergences
have been established, this is a standard procedure to obtain u,f,,p as a
strong solution of the problem (2.1)-(2.3).

Now, we need only to argument the uniqueness of the solution in order to
complete the proof of Theorem . Suppose that there exist another solution
u,0,1,p of (2.1) and (2.3) with the same regularity as stated in the theorem.
Define

U=ua—-u,0=0—-0,V=¢—19, P=p—p.

These auxiliar functions verify a set of equations similar to (5.1)-(5.3). Re-
peat the argument used to obtain (5.4), we get for n(t) = ||U||€V2,1(Ut) +
p

||@||€V;,1(Ut) + ||\I[||€V;’1(Ut) + || P[[%, () an inequality of the following type

o0 < [ ntryar

which, by Gronwall’s inequality, is equivalent to assert U = 0,0 = 0,V =
0,P=01i.e., B B

a=u,60=20, =1
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