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1 Introdution

In this work we study the initial boundary value problem for the equations

that desribe the motion of a visous-hemially-ative uid in a bounded or

unbounded domain 
 � IR

3

with smooth boundary � in the time interval

[0; T ℄; 0 < T <1:

In the Oberbek-Boussinesq approximation, the state of suh a system is

desribed by the equations (see [1℄):
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div u = 0 in U

T

;

9

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

=

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

;

(1)

where U

T

= [0; T ℄� 
, also we denote �

T

= [0; T ℄� �.:

Here u = (u

1

; u

2

; u

3

) 2 IR

3

;

e

� 2 IR;

e

 2 IR and p 2 IR denote the unknown

veloity vetor, temperature, onentration of material in the uid and the

pressure at a point x 2 
 at time t 2 [0; T ℄; Q

1

(t; x); Q

2

(t; x); Q

3

(t; x) and

g(t; x) are given soure funtions (usually, g = ge; where g is the free-fall

aeleration); �



and  



are the harateristi temperature and onentra-

tion; � is the mean density; � is the kinemati visosity; D is the di�usion

oeÆient; � is the thermal ondutane. The quantities �



; �

�

;  



and �

 

are assumed to be onstant.

On the boundary , we assume that

uj

�

T

= 0 ;

e

�j

�

T

= �

1

;

e

 j

�

T

=  

1

(2)

where �

1

;  

1

, are known funtions , and the initial onditions are expressed

by

u(0; x) = u

0

(x);

e

�(0; x) =

e

�

0

(x);

e

 (0; x) =

e

 

0

(x); (3)

where, u

0

(x);

e

�

0

(x) and

e

 

0

(x) are given funtions on the variable x 2 
.

The expressions r;4 and div , as usual, denote the gradient, Laplaian

and divergene operators, respetively; the i

th

omponenet of (u�r)u is given

by [(u � r)u℄

i

=

X

j

u

j

�u

i

�x

j

; (u � r)� =

X

j

u

j

��

�x

j

, for � =

e

� or

e

 :

The main goal in this paper is to show the existene and uniqueness of

strong solutions. Our arguments are true for bounded or unbounded domains.

To prove our result, we use an iterative proedure together with results due

to [2℄, [3℄ on nonstationary Stokes problem and paraboli problem. These

proedure was used early by [5℄, and [6℄ in another lass of problems.
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When hemial reations are absent (

e

 � 0), the problem (1.1)-(1.3) is

equivalent to the lassial Boussinesq problem, whih has been investigated

by several authors, see for instane [7℄, [8℄, [9℄, [10℄ in the ase of bounded

domains, [11℄, [12℄, Hishida [13℄, [14℄ in the ase of exterior domains. For


 = IR

3

, see [15℄.

[16℄ studied the stationary model, [17℄, the stability of the solutions of

the system (1.1)-(1.2) with di�erent boundary onditions. [18℄, [19℄, [20℄, [21℄

studied in bounded domains. For ase of in�nite vertial strip or tube, see

[22℄

This paper is organized as follows: in Setion 2 we state some prelimi-

naries results that will be useful in the rest of the paper; we also state the

results of existene and uniqueness of strong solutions from apriori estimates

that form the theorial basis for the problem. In Setion 3 we study the

linear problems assoiated a (1.1) and (1.3). Finally, in Setion 4 we prove

our result.

To simpliity the notation in the expressions we will denote by ; C

0

;M

0

generis �nites positives onstants depending only on 
 and the other �xed

parameters of the problem (like the initial data) that may have di�erent

values in di�erent expressions. To emphasize the fat that the onstants are

di�erent we use C

1

; C

2

; :::;M

1

;M

2

; � � � and so on.

2 Preliminaries

We use the lassial notations and results of the Sobolev spaes. For k =

0; 1; 2; ::: and 1 � p � 1,

W

k

p

(
) = fu 2 L

p

(
) /

X

j�j�k

kD

�

x

uk

L

p

(
)

<1g

W

2;1

p

(U

T

) = fu 2 L

p

(U

T

) / kuk

W

2;1

p

(U

T

)

= ku

t

k

L

p

(U

T

)

+

X

j�j�2

kD

�

x

uk

L

p

(U

T

)

<1g;

where D

�

x

=

�

�

�x

1

�

�

1

�

�

�x

2

�

�

2

�

�

�x

3

�

�

3

:

It is known that the values of the funtion from W

2;1

p

(U

T

) on the hyper-

plane t = k; where k is a onstant, belong for 8 t 2 [0; T ℄ to the Slobodetskii-

Besov spaeW

2�

2

p

p

(
) and depend ontinuously on t in the norm ofW

2�

2

p

p

(
),
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de�ned by

kuk

W

2�

2

p

p

(
)

=

0

�

X

j�j�1

kD

�

x

uk

p

L

p

(
)

+

X

j�j=1

Z




Z




j D

�

x

u(x)�D

�

y

u(y) j

p

j x� y j

1+p

dxdy

1

A

1

p

:

Moreover, we have the inequality

ku(�; t)k

W

2�

2

p

p

(
)

� ku(�; 0)k

W

2�

2

p

p

(
)

+

b

kuk

W

2;1

p

(U

t

)

;

where the onstant

b

 does not depend on t:

We will transform problem (1.1) - (1.3) into another one with homoge-

neous boundary value. In order to do it, we introdue the new variables

e

� = � + �

2

;

e

 =  +  

2

; where �

2

;  

2

satis�es

�

t

�

2

� �4�

2

= 0 in U

T

;

�

2

= �

1

on �

T

;

�

2

(x; 0) = �

0

(x)

and

�

t

 

2

�D4 

2

= 0 in U

T

;

 

2

=  

1

on �

T

;

 

2

(x; 0) =  

0

(x)

where �

0

and  

0

are funtions de�ned by

4�

0

= 0; in 
;

4 

0

= 0; in 
;

with �

2

(0) = �

1

(0) and  

2

(0) =  

1

(0) on �( the existene of suh �

2

and  

2

are ensured by assuming some smoothness ondition on �

1

and  

1

):

Consequently, we obtain

�u

�t

+ (u � r)u� ��u +

1

�

rp = g(�

�

(� � �



) + �

 

( �  



)) +

e

Q

1

��

�t

+ (u � r)� � ��� = Q

2

� (u � r)�

2

� 

�t

+ (u � r) �D� = Q

3

� (u � r) 

2

div u = 0 in U

T
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(4)
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uj

�

T

= 0 ; �j

�

T

= 0 ;  j

�

T

= 0 (5)

u(0; x) = u

0

(x); �(0; x) = �

0

(x);  (0; x) =  

0

(x); (6)

where

e

Q

1

= Q

1

+ g(�

�

�

2

+ �

 

 

2

); �

0

(x) =

e

�

0

(x)� �

2

(0) and

 

0

(x) =

e

 

0

(x)�  

0

(0):

In what follows, we will onentrate our analysis on (2.1)-(2.3), instead

(1.1)-(1.3). From now on we assume that �



= 0 and  



= 0, for simpliity.

Theorem 1 Let p > 3: assume that

u

0

(x) 2 W

2�

2

p

(
);u

0

j

�

= 0; div u

0

= 0;

�

0

(x);  

0

(x) 2 W

2�

2

p

p

(
); �

0

j

�

= 0;  

0

j

�

= 0;

e

Q

1

; Q

2

; Q

3

2L

p

(U

T

);

r�

2

;r 

2

; g 2 L

1

(U

T

):

Then there exists T

1

2 (0; T ℄ suh that problem (2.1)-(2.3) has a unique

solution (u;�;  ;p) whih satis�es

u 2 W

2;1

p

(U

T

1

);

rp 2 L

p

(U

T

1

)

�;  2 W

2;1

p

(U

T

1

):

3 Linear problems

In this setion, we give some results of the linear problems assoiated with

(2.1)-(2.3). The �rst lemma is proved in [2℄

Lemma 1 Let F (x; t) 2 L

p

(U

T

) and u

0

(x) 2 W

2�

2

p

p

(
) with u

0

j

�

= 0 and

div u

0

= 0; then the following problem

�u

�t

� �4u+rp = F;

div u = 0;

uj

�

T

= 0;

u(0) = u

0

(x)

5



has a unique solution u 2 W

2;1

p

(U

T

), and rp 2 L

p

(U

T

) satisfying

kuk

W

2;1

p

(U

T

)

+ krpk

L

p

(U

T

)

� K

1

(T )(ku

0

k

W

2�

2

p

p

(
)

+ kFk

L

p

(U

T

)

);

where K

1

(�) is an inreasing funtion of T:

The following result is a speial ase of the result for paraboli system

given in [3℄, (sse also [4℄.

Lemma 2 Let G(x; t) 2 L

p

(U

T

) and �

0

(x) 2 W

2�

2

p

p

(
) with �

0

j

�

= 0; � > 0;

then the following problem

��

�t

� �4� = G;

�j

�

T

= 0;

�(0) = �

0

(x)

has a unique solution � 2 W

2;1

p

(U

T

), satisfying

k�k

W

2;1

p

(U

T

)

� K

2

(T )(k�

0

k

W

2�

2

p

p

(
)

+ kGk

L

p

(U

T

)

);

where K

2

(�) is an inreasing funtion of T:

4 An auxiliar result

We onstrut an approximate solution indutively

u

(0)

= 0; �

(0)

= 0;  

(0)

= 0

and for k = 1; 2; 3; :::; fu

(k)

; p

(k)

g and f�

(k)

g; f 

(k)

g are respetively, the so-

lutions of problems

�u

(k)

�t

� �4u

(k)

+

1

�

rp

(k)

= g(�

�

�

(k�1)

+ �

 

 

(k�1)

) +

f

Q

1

�(u

(k�1)

� r)u

(k�1)

;

div u

(k)

= 0;

u

(k)

j

�

T

= 0;

u

(k)

(0) = u

0

(x);

6



��

(k)

�t

� �4�

(k)

= Q

2

� (u

(k�1)

� r)�

2

� (u

(k�1)

� r)�

(k�1)

;

�

(k)

j

�

T

= 0;

�

(k)

(0) = �

0

(x);

and

� 

(k)

�t

�D4 

(k)

= Q

3

� (u

(k�1)

� r) 

2

� (u

(k�1)

� r) 

(k�1)

;

 

(k)

j

�

T

= 0;

 

(k)

(0) =  

0

(x);

where

e

Q

1

= Q

1

+ g(�

�

�

2

+ �

 

 

2

):

Now, we prove the boundness of above sequene.

Lemma 3 For suÆiently small T

1

2 (0; T ℄, the sequene fu

(k)

; p

(k)

; �

(k)

;  

(k)

g

is bounded in W

2;1

p

(U

T

1

)� L

p

(U

T

1

)�W

2;1

p

(U

T

1

)�W

2;1

p

(U

T

1

):

Proof . Let

�

(k)

(T ) = ku

(k)

k

W

2;1

p

(U

T

)

+ k�

(k)

k

W

2;1

p

(U

T

)

+ k 

(k)

k

W

2;1

p

(U

T

)

+ krp

(k)

k

L

p

(U

T

)

:

From Lemmas 3.1 and 3.2, we obtain

�

(k)

(T ) � K

1

(T )(ku

0

k

W

2�

2

p

p

(
)

+ kg(�

�

�

(k�1)

+ �

 

 

(k�1)

)k

L

p

(U

T

)

+k(u

(k�1)

� r)u

(k�1)

k

L

p

(U

T

)

+ k

e

Q

1

k

L

p

(U

T

)

)

+K

2

(T )(k�

0

k

W

2�

2

p

p

(
)

+ kQ

2

k

L

p

(U

T

)

+ k(u

(k�1)

� r)�

(k�1)

k

L

p

(U

T

)

+k(u

(k�1)

� r)�

2

k

L

p

(U

T

)

)

+K

3

(T )(k 

0

k

W

2�

2

p

p

(
)

+ kQ

3

k

L

p

(U

T

)

+ k(u

(k�1)

� r) 

(k�1)

k

L

p

(U

T

)

+k(u

(k�1)

� r) 

2

k

L

p

(U

T

)

):

Now, we estimate the right-hand side of the above inequality.

The following estimate was obtained in [5℄ (see also [6℄)

k(u

(k�1)

� r)u

(k�1)

k

L

p

(U

T

)

� C[ku

0

k

W

2�

2

p

p

(
)

+ T

Æ

�

(k�1)

(T )

2

℄

7



with some positive onstant Æ and C � 2:

We will prove

k(u

(k�1)

� r)�

(k�1)

k

L

p

(U

T

)

� C

2

[ku

0

k

2

W

2�

2

p

p

(
)

+ k�

0

k

2

W

2�

2

p

p

(
)

+ T

�

�

(k�1)

(T )

2

℄;

where � > 0:

In fat, we have

k(u

(k�1)

� r)�

(k�1)

k

p

L

p

(U

T

)

� ku

(k�1)

k

p

L

1

(U

T

)

kr�

(k�1)

k

p

L

p

(U

T

)

:

We observe that

kr�

(k�1)

(t)k

L

p

(
)

� k�

(k�1)

(t)k

W

1

p

(
)

� k�

(k�1)

(t)k

a

W

2

p

(
)

k�

(k�1)

(t)k

(1�a)

L

1

(
)

;

where a =

p�3

2p�3

:

By other hand, based on [5℄, we have

k�

(k�1)

k

L

1

(U

T

)

� C

3

(k�

0

k

W

2�

2

p

p

(
)

+ T

(1�

1

p

)(1�

3

p

)

�

(k�1)

(T ))

and

ku

(k�1)

k

L

1

(U

T

)

� C

4

(ku

0

k

W

2�

2

p

p

(
)

+ T

(1�

1

p

)(1�

3

p

)

�

(k�1)

(T )):

Consequently,

k(u

(k�1)

� r)�

(k�1)

k

p

L

p

(U

T

)

� ku

(k�1)

k

p

L

1

(U

T

)

Z

T

0

kr�

(k�1)

(t)k

p

L

p

(
)

dt

� ku

(k�1)

k

p

L

1

(U

T

)

k�

(k�1)

k

(1�a)p

L

1

(U

T

)

Z

T

0

k�

(k�1)

(t)k

pa

W

2

p

(
)

dt:

But,

Z

T

0

k�

(k�1)

(t)k

ap

W

2

p

(
)

dt �

 

Z

T

0

1

s

dt

!

1

s

 

Z

T

0

k�

(k�1)

(t)k

apr

W

2

p

(
)

dt

!

1

r

sine a < 1, we take

1

s

= 1 � a;

1

r

= a then

1

r

+

1

s

= 1 and thus in the last

inequality, we have

Z

T

0

k�

(k�1)

(t)k

ap

W

2

p

(
)

dt � T

1�a

 

Z

T

0

k�

(k�1)

(t)k

p

W

2

p

(
)

dt

!

a

� T

1�a

k�

(k�1)

k

ap

W

2;1

p

(U

T

)

� T

1�a

�

�

(k�1)

(T )

�

ap

:

8



Therefore,

k(u

(k�1)

� r)�

(k�1)

k

L

p

(U

T

)

� T

1�a

p

C

4

(ku

0

k

W

2�

2

p

p

(
)

+ T

(1�

1

p

)(1�

3

p

)

�

(k�1)

(T ))

�(k�

0

k

W

2�

2

p

p

(
)

+ T

(1�

1

p

)(1�

3

p

)

�

(k�1)

(T ))

1�a

�

�

�

(k�1)

(T )

�

a

:

We observe that

(k�

0

k

W

2�

2

p

p

(
)

+ T

(1�

1

p

)(1�

3

p

)

�

(k�1)

(T ))

1�a

� T

1�a

p

�

�

(k�1)

(T )

�

a

� 2

�a

(k�

0

k

1�a

W

2�

2

p

p

(
)

+ T

(1�

1

p

)(1�

3

p

)(1�a)

(�

(k�1)

(T ))

1�a

)� T

1�a

p

�

�

(k�1)

(T )

�

a

= 2

�a

(k�

0

k

1�a

W

2�

2

p

p

(
)

(T

1�a

ap

�

(k�1)

(T ))

a

+ T

Æ

1

�

(k�1)

(T ));

where Æ

1

= (1�

1

p

)(1�

3

p

)(1� a) +

1�a

p

:

Also,

k�

0

k

1�a

W

2�

2

p

p

(
)

(T

1�a

ap

�

(k�1)

(T ))

a

�

k�

0

k

W

2�

2

p

p

(
)

1

1�a

+

T

1�a

ap

�

(k�1)

(T )

1

a

;

where we use the inequality x

1

r

y

1

s

�

x

r

+

y

s

;

1

s

+

1

r

= 1; and therefore,

k�

0

k

1�a

W

2�

2

p

p

(
)

(T

1�a

ap

�

(k�1)

(T ))

a

� (1� a)k�

0

k

W

2�

2

p

p

(
)

+ aT

1�a

ap

�

(k�1)

(T )

� k�

0

k

W

2�

2

p

p

(
)

+ aT

1�a

ap

�

(k�1)

(T ):

Consequently,

k(u

(k�1)

� r)�

(k�1)

k

L

p

(U

T

)

� C

2

(ku

0

k

2

W

2�

2

p

p

(
)

+ k�

0

k

2

W

2�

2

p

p

(
)

+ T

�

�

(k�1)

(T )

2

);

where T

�

= T

2(1�

1

p

)(1�

3

p

)

+ (T

1�a

ap

+ T

Æ

1

)

2

: Similarly, we obtain

k(u

(k�1)

� r)�

2

k

L

p

(U

T

)

� C

5

kr�

2

k

L

1

(U

T

)

(ku

0

k

W

2�

2

p

p

(
)

+ T

Æ

2

�

(k�1)

(T ));

where T

Æ

2

= T

1�a

ap

+ T

Æ

1

:
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Indeed, we have

k(u

(k�1)

� r)�

2

k

p

L

p

(U

T

)

� kr�

2

k

p

L

1

(U

T

)

Z

T

0

ku

(k�1)

(t)k

p

L

p

(
)

dt;

but

ku

(k�1)

(t)k

L

p

(
)

� ku

(k�1)

(t)k

W

1

p

(
)

� ku

(k�1)

(t)k

a

W

2

p

(
)

ku

(k�1)

(t)k

(1�a)

L

1

(
)

with a =

p�3

2p�3

:

Therefore,

k(u

(k�1)

� r)�

2

k

p

L

p

(U

T

)

� kr�

2

k

p

L

1

(U

T

)

ku

(k�1)

(t)k

(1�a)p

L

1

(U

T

)

Z

T

0

ku

(k�1)

(t)k

ap

W

2

p

(
)

dt

� kr�

2

k

p

L

1

(U

T

)

ku

(k�1)

(t)k

(1�a)p

L

1

(U

T

)

T

1�a

ku

(k�1)

(t)k

ap

W

2

p

(U

T

)

:

Then, we have

k(u

(k�1)

� r)�

2

k

L

p

(U

T

)

� C

4

T

1�a

p

kr�

2

k

L

1

(U

T

)

(ku

0

k

W

2�

2

p

p

(
)

+T

(1�

1

p

)(1�

3

p

)

�

(k�1)

(T ))

1�a

�

(k�1)

(T )

a

� C

4

kr�

2

k

L

1

(U

T

)

2

�a

(ku

0

k

1�a

W

2�

2

p

p

(
)

(T

1�a

ap

�

(k�1)

(T ))

a

+ T

Æ

1

�

(k�1)

(T ))

� C

5

kr�

2

k

L

1

(U

T

)

(ku

0

k

W

2�

2

p

p

(
)

+ T

Æ

2

�

(k�1)

(T )):

Analogously, we obtain

k(u

(k�1)

� r) 

2

k

L

p

(U

T

)

� C

6

kr 

2

k

L

1

(U

T

)

(ku

0

k

W

2�

2

p

p

(
)

+ T

Æ

2

�

(k�1)

(T )):

By other hand,

kg(�

�

�

(k�1)

+ �

 

 

(k�1)

)k

L

p

(U

T

)

� �

�

kgk

L

1

(U

T

)

k�

(k�1)

k

L

p

(U

T

)

+�

 

kgk

L

1

(U

T

)

k 

(k�1)

k

L

p

(U

T

)

� C

7

kgk

L

1

(U

T

)

(k�

0

k

W

2�

2

p

p

(
)

+ k 

0

k

W

2�

2

p

p

(
)

+ T

Æ

2

�

(k�1)

(T )):
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The above estimates imply the following inequality

�

(k)

(T ) � K

1

(T )fku

0

k

W

2�

2

p

p

(
)

+ k

e

Q

1

k

L

p

(U

T

)

+ C

1

[ku

0

k

2

W

2�

2

p

p

(
)

+ T

Æ

�

(k�1)

(T )

2

℄

+C

7

kgk

L

1

(U

T

)

(k�

0

k

W

2�

2

p

p

(
)

+ k 

0

k

W

2�

2

p

p

(
)

+ T

Æ

2

�

(k�1)

(T ))g

+K

2

(T )fk�

0

k

W

2�

2

p

p

(
)

+ kQ

2

k

L

p

(U

T

)

+ C

2

[ku

0

k

2

W

2�

2

p

p

(
)

+ k�

0

k

2

W

2�

2

p

p

(
)

+T

�

�

(k�1)

(T )

2

℄ + C

5

kr�

2

k

L

1

(U

T

)

(ku

0

k

W

2�

2

p

p

(
)

+ T

Æ

2

�

(k�1)

(T ))g

+K

3

(T )fk 

0

k

W

2�

2

p

p

(
)

+ kQ

3

k

L

p

(U

T

)

+ C

2

[ku

0

k

2

W

2�

2

p

p

(
)

+ k 

0

k

2

W

2�

2

p

p

(
)

+T



�

(k�1)

(T )

2

℄ + C

6

kr 

2

k

L

1

(U

T

)

(ku

0

k

W

2�

2

p

p

(
)

+ T

Æ

2

�

(k�1)

(T ))g:

And, by hoosing

A

1

� K

1

(T

1

)fku

0

k

W

2�

2

p

p

(
)

+ k

e

Q

1

k

L

p

(U

T

)

+ C

1

(ku

0

k

2

W

2�

2

p

p

(
)

+ 1)

+C

7

kgk

L

1

(U

T

)

(k�

0

k

W

2�

2

p

p

(
)

+ k 

0

k

W

2�

2

p

p

(
)

+ 1)g

+K

2

(T

1

)fk�

0

k

W

2�

2

p

p

(
)

+ kQ

2

k

L

p

(U

T

)

+ C

2

(ku

0

k

2

W

2�

2

p

p

(
)

+ k�

0

k

2

W

2�

2

p

p

(
)

+ 1)

+C

5

kr�

2

k

L

1

(U

T

)

(ku

0

k

W

2�

2

p

p

(
)

+ 1)g

+K

3

(T

1

)fk 

0

k

W

2�

2

p

p

(
)

+ kQ

3

k

L

p

(U

T

)

+ C

2

(ku

0

k

2

W

2�

2

p

p

(
)

+ k 

0

k

2

W

2�

2

p

p

(
)

+ 1)

+C

6

kr 

2

k

L

1

(U

T

)

(ku

0

k

W

2�

2

p

p

(
)

+ 1)g;

and de�ne

T

1

= minfA

�

2

Æ

1

; A

�

1

Æ

2

1

; A

�

2

�

1

; A

�

2



1

g:

Then, �

(k)

(T

1

) � A

1

holds provided that �

(k�1)

(T

1

) � A

1

:

Sine

�

(1)

(T

1

) � K

1

(T

1

)fku

0

k

W

2�

2

p

p

(
)

+ k

e

Q

1

k

L

p

(U

T

1

)

g

+K

2

(T

1

)fk�

0

k

W

2�

2

p

p

(
)

+ kQ

2

k

L

p

(U

T

1

)

g

+K

3

(T

1

)fk 

0

k

W

2�

2

p

p

(
)

+ kQ

3

k

L

p

(U

T

1

)

g

� A

1

;

the assertion of the lemma omes out.

11



5 Proof of the Theorem

Setting u

(n;s)

(t) = u

(n+s)

(t)� u

(n)

(t); p

(n;s)

(t) = p

(n+s)

(t)� p

(n)

(t), �

(n;s)

(t) =

�

(n+s)

(t)� �

(n)

(t);  

(n;s)

(t) =  

(n+s)

(t)�  

(n)

(t) , we have

�u

(n;s)

�t

� �4u

(n;s)

+

1

�

rp

(n;s)

= F

(n;s)

;

div u

(n;s)

= 0; (7)

u

(n;s)

j

�

T

1

= 0;

u

(n;s)

(0) = 0;

where F

(n;s)

= g(�

�

�

(n�1;s)

+ �

 

 

(n�1;s)

) � (u

(n�1;s)

� r)u

(n+s�1)

� (u

(n�1)

�

r)u

(n�1;s)

;

��

(n;s)

�t

� �4�

(n;s)

= G

(n;s)

�

(n;s)

j

�

T

1

= 0; (8)

�

(n;s)

(0) = 0;

where G

(n;s)

= �(u

(n�1;s)

� r)�

2

� (u

(n+s�1)

� r)�

(n�1;s)

� (u

(n�1;s)

� r)�

(n�1)

and

� 

(n;s)

�t

�D4 

(n;s)

= H

(n;s)

 

(n;s)

j

�

T

1

= 0; (9)

 

(n;s)

(0) = 0;

where H

(n;s)

= �(u

(n�1;s)

�r) 

2

� (u

(n+s�1)

�r) 

(n�1;s)

� (u

(n�1;s)

�r) 

(n�1)

Let

�

(n;s)

(t) = ku

(n;s)

k

W

2;1

p

(U

t

)

+k�

(n;s)

k

W

2;1

p

(U

t

)

+k 

(n;s)

k

W

2;1

p

(U

t

)

+krp

(n;s)

k

L

p

(U

t

)

:

Then, it follows that for t 2 (0; T

1

℄;

kF

(n;s)

k

p

L

p

(U

t

)

� (kg(�

�

�

(n�1;s)

+ �

 

 

(n�1;s)

)k

p

L

p

(U

t

)

+ ku

(n�1;s)

� ru

(n+s�1)

k

p

L

p

(U

t

)

+k(u

(n�1)

� r)u

(n�1;s)

k

p

L

p

(U

t

)

:
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On the other hand,

k(u

(n�1;s)

� r)u

(n�1+s)

k

p

L

p

(U

t

)

�

Z

t

0

kru

(n�1+s)

(�)k

p

L

p

(
)

ku

(n�1;s)

(�)k

p

L

1

(
)

d�

� sup

0�s�t

kru

(n�1+s)

(�)k

p

L

p

(
)

Z

t

0

ku

(n�1;s)

(�)k

p

L

1

(
)

d�

� sup

0�s�t

ku

(n�1+s)

(�)k

p

W

1

p

(
)

Z

t

0

ku

(n�1;s)

(�)k

p

W

1

p

(
)

d�

� sup

0�s�t

ku

(n�1+s)

(�)k

p

W

2�

2

p

p

(
)

Z

t

0

ku

(n�1;s)

(�)k

p

W

2�

2

p

p

(
)

d�

� (ku

(n�1+s)

(0)k

W

2�

2

p

p

(
)

+

b

ku

(n�1+s)

k

W

2;1

p

(U

t

)

)

p

Z

t

0

b



p

ku

(n�1;s)

k

p

W

2;1

p

(U

�

)

d�;

k(u

(n�1)

� r)u

(n�1;s)

k

p

L

p

(U

t

)

�

Z

t

0

d�

Z




ju

(n�1)

(�)j

p

jru

(n�1;s)

(�)j

p

dx

� ku

(n�1)

k

p

L

1

(U

t

)

Z

t

0

kru

(n�1;s)

(�)k

p

L

p

(
)

d�

� sup

0���t

ku

(n�1)

(�)k

p

W

2�

2

p

p

(
)

Z

t

0

ku

(n�1;s)

(�)k

p

W

1

p

(
)

d�

� sup

0���t

ku

(n�1)

(�)k

p

W

2�

2

p

p

(
)

Z

t

0

ku

(n�1;s)

(�)k

p

W

2�

2

p

p

(
)

d�

� (ku

(n�1)

(0)k

W

2�

2

p

p

(
)

+

b

ku

(n�1)

k

W

2;1

p

(U

t

)

)

p

b



p

Z

t

0

ku

(n�1;s)

k

p

W

2;1

p

(U

�

)

d�

and

kg(�

�

�

(n�1;s)

+�

 

 

(n�1;s)

)k

p

L

p

(U

t

)

� Ckgk

p

L

1

(U

t

)

Z

t

0

k(�

(n�1;s)

+ 

(n�1;s)

)k

p

L

p

(U

�

)

d�;

onsequently

kF

(n;s)

k

p

L

p

(U

t

)

� Ckgk

p

L

1

(U

t

)

Z

t

0

k(�

(n�1;s)

+  

(n�1;s)

)k

p

L

p

(U

�

)

d� + (ku

0

k

W

2�

2

p

p

(
)

+

b

ku

(n�1+s)

k

W

2;1

p

(U

t

)

)

p

Z

t

0

b



p

ku

(n�1;s)

k

p

W

2;1

p

(U

�

)

d�

13



+(ku

0

k

W

2�

2

p

p

(
)

+

b

ku

(n�1)

k

W

2;1

p

(U

t

)

)

p

Z

t

0

b



p

ku

(n�1;s)

k

p

W

2;1

p

(U

�

)

d�:

Also, we have

k(u

(n+s�1)

� r)�

(n�1;s)

k

p

L

p

(U

t

)

�

Z

t

0

d�

Z




ju

(n+s�1)

(�)j

p

jr�

(n�1;s)

(�)j

p

dx

� ku

(n+s�1)

k

p

L

1

(U

t

)

Z

t

0

kr�

(n�1;s)

(�)k

p

L

p

(
)

d�

� sup

0���t

ku

(n+s�1)

(�)k

p

W

2�

2

p

p

(
)

Z

t

0

k�

(n�1;s)

(�)k

p

W

2�

2

p

p

(
)

d�

� (ku

0

k

W

2�

2

p

p

(
)

+

b

ku

(n+s�1)

k

W

2;1

p

(U

t

)

)

p

b



p

Z

t

0

k�

(n�1;s)

k

p

W

2;1

p

(U

�

)

d�;

k(u

(n�1;s)

� r)�

(n�1)

k

p

L

p

(U

t

)

�

Z

t

0

kr�

(n�1)

(�)k

p

L

p

(
)

ku

(n�1;s)

(�)k

p

L

1

(
)

d�

� sup

0�s�t

kr�

(n�1)

(�)k

p

L

p

(
)

Z

t

0

ku

(n�1;s)

(�)k

p

L

1

(
)

d�

� sup

0�s�t

k�

(n�1)

(�)k

p

W

1

p

(
)

Z

t

0

ku

(n�1;s)

(�)k

p

W

1

p

(
)

d�

� sup

0�s�t

k�

(n�1)

(�)k

p

W

2�

2

p

p

(
)

Z

t

0

ku

(n�1;s)

(�)k

p

W

2�

2

p

p

(
)

d�

� (k�

0

k

W

2�

2

p

p

(
)

+

b

k�

(n�1)

(�)k

W

2;1

p

(U

t

)

)

p

Z

t

0

b



p

ku

(n�1;s)

k

p

W

2;1

p

(U

�

)

d�;

k(u

(n�1;s)

� r)�

2

k

p

L

p

(U

t

)

�

Z

t

0

kr�

2

(�)k

p

L

p

(
)

ku

(n�1;s)

(�)k

p

L

1

(
)

d�

� sup

0�s�t

kr�

2

(�)k

p

L

p

(
)

Z

t

0

ku

(n�1;s)

(�)k

p

W

1

p

(
)

d�

� (k�

2

(0)k

W

2�

2

p

p

(
)

+

b

k�

(n�1)

k

W

2;1

p

(U

t

)

)

p

Z

t

0

b



p

ku

(n�1;s)

k

p

W

2;1

p

(U

�

)

d�
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It follows that for t 2 (0; T

1

℄;

kG

(n;s)

k

p

L

p

(U

t

)

� (k(u

(n�1;s)

� r)�

2

k

p

L

p

(U

t

)

+ k(u

(n�1;s)

� r)�

(n�1)

k

p

L

p

(U

t

)

+k(u

(n+s�1)

� r)�

(n�1;s)

k

p

L

p

(U

t

)

� (k�

2

(0)k

W

2�

2

p

p

(
)

+

b

k�

(n�1)

k

W

2;1

p

(U

t

)

)

p

Z

t

0

b



p

ku

(n�1;s)

k

p

W

2;1

p

(U

�

)

d�)

+(k�

0

k

W

2�

2

p

p

(
)

+

b

k�

(n�1)

k

W

2;1

p

(U

t

)

)

p

Z

t

0

ku

(n�1;s)

k

p

W

2;1

p

(U

�

)

d�

+(ku

0

k

W

2�

2

p

p

(
)

+

b

ku

(n+s�1)

k

W

2;1

p

(U

t

)

)

p

Z

t

0

k�

(n�1;s)

k

p

W

2;1

p

(U

�

)

d�:

Analogously, we an prove that

kH

(n;s)

k

p

L

p

(U

t

)

� (k(u

(n�1;s)

� r) 

2

k

p

L

p

(U

t

)

+ k(u

(n�1;s)

� r) 

(n�1)

k

p

L

p

(U

t

)

+k(u

(n+s�1)

� r) 

(n�1;s)

k

p

L

p

(U

t

)

� (k 

2

(0)k

W

2�

2

p

p

(
)

+

b

k 

(n�1)

k

W

2;1

p

(U

t

)

)

p

Z

t

0

b



p

ku

(n�1;s)

k

p

W

2;1

p

(U

�

)

d�)

+(k 

0

k

W

2�

2

p

p

(
)

+

b

k 

(n�1)

k

W

2;1

p

(U

t

)

)

p

Z

t

0

ku

(n�1;s)

k

p

W

2;1

p

(U

�

)

d�

+(ku

0

k

W

2�

2

p

p

(
)

+

b

ku

(n+s�1)

k

W

2;1

p

(U

t

)

)

p

Z

t

0

k 

(n�1;s)

k

p

W

2;1

p

(U

�

)

d�:

By using the above estimates and together with Lemma 4.1, we have for

t 2 [0; T

1

℄ and p > 3

�

(n;s)

(t) � 

�

Z

t

0

�

(n�1;s)

(�)

p

�

1

p

or

h

�

(n;s)

(t)

i

p

� 

p

Z

t

0

h

�

(n�1;s)

(�)

i

p

d�; (10)

onsequently �

(n;s)

(t) ! 0 as n ! 1; 8 t 2 [0; T

1

℄: Firstly, we observe

that W

2;1

p

(U

t

) is a Banah spae and onsequently, we have there exist u 2
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W

2;1

p

(U

T

1

); �;  2 W

2;1

p

(U

T

1

) suh that

u

n

! u strongly in W

2;1

p

(U

T

1

);

�

n

! � strongly in W

2;1

p

(U

T

1

)

 

n

!  strongly in W

2;1

p

(U

T

1

):

Also, from of the ompleteness of L

p

(U

t

1

); there exist p 2 L

p

(U

T

1

) suh

that

p

n

! p strongly in L

p

(U

T

1

):

Now, the next step is to take the limit. But, one the above onvergenes

have been established, this is a standard proedure to obtain u;�;  ;p as a

strong solution of the problem (2.1)-(2.3).

Now, we need only to argument the uniqueness of the solution in order to

omplete the proof of Theorem . Suppose that there exist another solution

u; �;  ; p of (2.1) and (2.3) with the same regularity as stated in the theorem.

De�ne

U = u� u; � = � � �; 	 =  �  ; P = p� p:

These auxiliar funtions verify a set of equations similar to (5.1)-(5.3). Re-

peat the argument used to obtain (5.4), we get for �(t) = kUk

p

W

2;1

p

(U

t

)

+

k�k

p

W

2;1

p

(U

t

)

+ k	k

p

W

2;1

p

(U

t

)

+ kPk

p

L

p

(U

t

)

an inequality of the following type

�(t) � 

Z

t

0

�(�)d�

whih, by Gronwall's inequality, is equivalent to assert U = 0;� = 0;	 =

0; P = 0 i.e.,

u = u; � = �;  =  :
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