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Abstract

It has been shown by Trudinger and Moser that for normalized func-
tions u of the Sobolev space W (), where (2 is a domain in RV, the
integral [, exp(u®¥™/(N=1)dz remains uniformly bounded. Carleson
and Chang proved that there exists a corresponding extremal function
in the case that (2 is the unit ball in RY . In this paper we give a new
proof, a generalization, and a new interpretation of this result. In par-
ticular, we give an explicit sequence which is maximizing for the above
integral among all normalized ”concentrating sequences ”.

1 Introduction

1.1 Critical growth in W% the case ¢ = N versus 1 < ¢ < N

We recall the following facts: let WO1 () denote the Sobolev space over
a bounded domain @ C RV, with norm |[ul|f = [, |Vu|?dz. Then, for
1 < ¢ < N critical growth can be expressed by the following relations: Let

sup / lulPdx = sn4(p) ; (1)
[Ju]|, =1/
then
qN
sng(p) <oo for 1<p<qg'=——
q N —q
sNq(p) = 400 for p>q*

The value of the best Sobolev constant sy 4(¢*) is explicit and independent of
the domain 2, and it is known that it is never attained in a smooth domain
different from RY : sy ,(¢*, Q) = sng(¢",RY), and only sy q(¢*,RY) is
attained.



If ¢ = N, then critical growth is given by the Trudinger-Moser inequality,
which can be expressed as

sup / (e "™ _ Ddr = ey (@) - |9 (2)
Q

[lull y=1

(note the dependence on |€2|); then, denoting by wxn_1 the (N—1)-dimensional
surface of the unit sphere in RY, one has

en(a) < 400 for O<a<ay= ijl\{gf*l)

en(a) =400 for a>ay

In this note we consider general nonlinearities with subcritical and crit-
ical growth in the case ¢ = N. We will suppose throughout this paper
that

F1) F eCY(R)

F2) F is increasing on R, and F(t) = F(|t|)

F3) 0< F(t) <enl™™0 1 forall teR

Then we say, for dimension N

F' has subcritical growth if  lim Fit)

t—00 gay [t|V/ (N1

otherwise we say that F' has critical growth; in this case we normalize to
lim; 0 F(t)efa""t'N/(Nil) =1, i.e. we say

() =1.

F' has critical growth if  lim N/N=T) —

t—o00 eaN\t|
As is known from the cases 1 < g < N, the notion of criticality is closely
related to the behaviour of the functional on concentrating sequences, i.e.
(in the case ¢ = N) sequences {u,} converging weakly to 0 in WO1 N (Q) and
such that |Vu,|" converges to a Dirac delta-function in measure. We make
the

Definition 1 A sequence {u,} C WOI’N(Q) is a normalized concentrating
sequence, if

a) |unlly =1

b) up — 0, weakly in WOI’N(Q)

c) 3 xy € Q such thatV p > 0: fQ\Bp(:co) V| dz — 0
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We first consider the behaviour of the functional [, F(u,)dz, with sub-
critical nonlinearities F, for normalized concentrating sequences {u,}. We
will prove:

Theorem 2 If F' has subcritical growth, then lim, . [ F(u,)dz =0, for
any normalized concentrating sequence {uy}.

By a concentration-compactness alternative of P.L. Lions it will be easy
to conclude by Theorem 2 that

Theorem 3 If F' has subcritical growth, then

sup /F(u)d:r:
|ullv=1/9

1s attained.

Next, we consider critical growth; here we restrict the considerations to
the case Q = B1(0), the unit ball in RY. Studying again the behaviour of
the functional on normalized concentrating sequences, we find

Theorem 4 Let Q = B1(0). If F has critical growth, then

1 1
lim [ F(uy)de € [0, T2t Fa=1 Q]
n—00 0
for any normalized concentrating sequence {u,}. In particular, there exists
an explicit normalized concentrating sequence {y,} with

lim [ F(yp)de = e tat-tam1 Q).
n—o0 Q

We now turn to the question whether the supremum is attained in the
case of critical growth. In an interesting and intricate paper Carleson and
Chang [3] have shown that

sup / pan /D
llul| =1 B1(0)

is attained. For N = 2, this result was extended to general bounded domains
2 by Flucher [4], using symmetrization and conformal deformations.
Here we will prove more generally



Theorem 5 Suppose that F' satisfies F1-F3 and
Fj)  Fy(t) > eawt™ 70 1\ N/(N=1),

Then, for A < ay, one has

Cna= sup / Fy(u)dz > eH%J“'"+ﬁ |,
B1(0)

lluf[n=1

and Cn x is attained.

1.2 Application to the existence problem for related PDE

The relations (1) and (2) are important with regard to the solvability of the
related differential equations with critical growth:

—Au = |u)?> "2u + g(u) in Q 3)
u=0~0 on 0f)

respectively

—Au = h(u)647”‘2 = elru’Hog(h(w)) iy
uw=0 on 05}
where g and h are functions with subcritical growth:

9(s)
1 0

as s — oo

respectively

|
W—)O as s — oo.

Solutions of (3) are given as critical points of the related functional

I(u) = /Q SVl — S — Gl da
where G(s) = [ g(r)dr. Due to the fact that the supremum in (1) is not
attained, one finds for the functional I(u) certain levels at which the com-
pactness condition of Palais-Smale fails. In the famous paper [2] of Brezis-
Nirenberg it was shown that one can overcome this obstacle and prove ex-
istence if one shows, using properties of the lower order term g, that the



critical levels of the functional avoid these non-compactness levels. To ob-
tain such statements, one uses special sequences of functions obtained from
the mazimizing sequence for (1), which are explicit concentrating functions
converging weakly to zero.

It has been shown in [1] by Adimurthi and in [5] that similar methods
can be employed to prove existence results also for equation (2). Indeed,
considering the associated functional to (4)

() :/Q%WUF _ F(u) dz (5)

where F(s) = [, h(r)e*™ dr, one finds again levels of non-compactness;
however, due to the fact that the best constant cy(4w) is attained, there
is no natural concentrating sequence to be used to show that these levels
are avoided. Thus, it is difficult to obtain optimal existence results. The
sequence used in [1] and [5] is the so-called Moser sequence

(log n)*/? if 0<|z) <L

which was proposed by J. Moser in [8] to prove that the inequality (2)
is sharp with respect to the constant 47 in the exponent. This sequence
satisfies

lim (647”1'?’ —1)dz =2m . (7)
n—r00 B1
while the explicit concentrating sequence {y,} with ||y,|| = 1 mentioned in
Theorem 4 satisfies
lim (647”‘% —1)dz =em . (8)
n—0o0 B1

Since the proof of existence of solutions for equation (4) as done in [5]
depends on the value of the limit (7) above, we can improve the result
obtained using the limit (8).We will prove

Theorem 6 Assume that h € C(R) and let f(s) = h(s)e*™’. Assume that
H1) £(0) =0
H2) 3 s >0, 3 M >0 such that



0< F(s)= [y fr)dr < M|f(s)], VY [s| > so
H3)0 < F(s )_gf( s)s,VseR{0} ,Vze
Then equation (4) has a solution provided that

lim h(s)s =3 > 1 9)

§—00 em

We recall that in [5] it was proved that (4) has a solution provided that
limg o h(s)s = > 5-. We refer to [6] for non-existence results concerning
equation (4).

2 Proofs

2.1 Proof of Theorem 2:

Step 1. Let {u,} denote a normalized concentrating sequence as defined
above. We may suppose that the concentration point is 0 € 2, and that v >
0 (since both ||u||y and F(u) do not change replacing u by |u|). We apply
symmetrization (following J. Moser [8]), defining the radially symmetric
function u* as follows: let

m{z [u*(z) > p} = m{z € Q |u(z) > p} for every p > 0.

Then u* is a decreasing function in |z|, with w*(|z|) = 0 for |z| > R, where
m(Br(0)) = m(£2). By construction

/ Fu’)dz = / Flun)dz |
Bgr Q
and it is known that

1:/ |Vun|Nd:I:2/ (vt |V
Q Br

Setting z,= T ||N > u’ we thus find, using the monotonicity of F(t)

/BR F(u?)dz < /BR F(zy)dz

Hence it suffices to show that [, F(zp)dz = wy_1 fOR F(z,(p))pN~tdp — 0.




Step 2. To prove that fo (zn)p™ tdp — 0, we perform a change of variable
which transforms the radial integral on [0, R) into an integral on the half-line
[0,4+00). Let

“t/N

p=Re and  wy(t) = NOVONGUN 2 (0) = o T 2 (p)

Then wy(t) is an increasing function on [0, 00). One checks easily that

o) N R d N
w;lt dt = wy_ / —znp‘

| lwhto) )

and

PN ldp= [ Ve ds
Br

S | N )
/0 Py enlt) e 'dt = / (o) ldp  (10)
N

m(BR) /B F(zy(x))dx

Clearly, since the sequence u, is concentrating in zy, the sequence z, is
concentrating in 0 and the sequence w, in +00,.e. for any fixed A > 0 we
have fOA lw! | dt — 0.

We now distinguish the cases:
a) there exists a, € (0,400) with wh/ 1)(an) = a, — 2log(ay). Since for
a given interval [0, A] we have, for > 0 arbitrarily small, that

A
wé\’(Nfl)(t) <t (/ ‘w;l‘th)l/(Nfl) < nt, for n large ,
0

it follows that a,, — co. Thus we have by assumption F3

A A A
1 _ W/ (V=1 B B
/0 F(—raywn (1)e tdtg/o (e 0 —1e tdtg/o (e — 1)e 'dt

N
1
N | VA g
L=
Since A is arbitrarily large and 1 > 0 arbitrarily small, we conclude that
fOAF(ﬁwn)e*tdt — 0 as n — oo.

Next, consider

Qn 1 _ Qn _ _
/ F(an(t))e tdt S/A (et 2logt _ ].)6 tdt

A N
1 1 _
= —— 4e et 50,asn = 00
A a,



Finally, on [a,,4+00) we have w,]lv(Nfl)(t) > apn — 2log(ay), and hence, by
the assumption of subcriticality, we have for any ¢ > 0 fixed that F(s) <
e(eaNsN/(Nfl) — 1), for all s > a,, with n sufficiently large; thus, for n suffi-
ciently large

o0 1 _ © wN @Dy
/ F <an(t)> € tdt S 6/ e () tdt S €C
an N An

Hence, the theorem is proved in case a).

b) for all ¢ € R holds: w,]lV/(Nfl)(t) < t—2log™ t. Then, arguing as in a) we

have

Py (t))etdt
o I

A 1 o0
< F(—————wy(t e_tdt—i-/ el=2lost _ 1)e~tqt
| P o) N )

which can be made arbitrarily small.

2.2 Concentration-compactness

For the subsequent proofs we rely on the following concentration-compactness
result of P.L. Lions [7]:

Proposition 7 (P.L. Lions). Let 2 be a bounded domain in RY , and let
{un} be a sequence in WOI’N(Q) such that ||uy||y < 1 for all n. We may
suppose that u,, — u weakly in Wol’N(Q), |Vun|N — 1 weakly in measure.
Then either

(i) = 0y, the Dirac measure of mass 1 concentrated at some zo € Q, and
u =0, or

.. . . N/(N—-1) .

(ii) there exists B > an such that the family u, = e"» is uniformly
bounded in L?(Q) and thus

fQ T L feaN‘“|N/(N_l) as n — oo. In particular, this is the

case if u is different from 0.



2.3 Proof of Theorem 3:

Since SUD)||y|| , =1 Jo F (u) dz > 0, we conclude by Theorem 2 that there can-
not exist a normalized concentrating sequence which is maximizing. By
the concentration-compactness alternative of P.L. Lions we infer that the
supremum is attained.

2.4 Proof of Theorem 4:

We proceed by the following steps:
1) if {uy} is any normalized concentrating sequence in VVO1 N(By), then

1 1
lim [ F(uy)ds < tet-tw=1|Q] ;
n—00 0

2) give an ezplicit normalized concentrating sequence {y,} with

lim [ F(y,)dz = it tr 1€ ;
n—o0 0

1. Upper bound: In this proof we follow Carleson-Chang [3]. First note
that by F3) and the transformation in section 2.1 it suffices to show that for
any normalized concentrating sequence {u,} € C'[0,00) , i.e [;* lul |V =1,
Ji )N = 0, with w,,(0) = 0, ul(t) > 0 holds

_ 0 N/(N-1) 1 1
limn_mo/ (e“n L 1)dt < AR = , (11)
0

More precisely, we show:
If mn%oo fooo eufl\’/(N_l)
(3], p-117)

(a) if a,, € [1,00) denotes the first point with ud/l
then a,, -+ o

~t > 2, then {u,} has the following properties (cf.

N_l)(an) = a, — 2log ay,

(b) Hitlso [eet Tt < e H
. N/(N-

C 1My 00 esr V- t =

(©) limy oo fy ettt =1

Proof:
Estimate (11) follows clearly from (b) and (c).

Property a): following [3], we note that the point a, exists, for n large

enough; if not, u,ly/(N_l)(t) <t —2log™(t) for all t and thus



: 0o G N/N-D_, i :
lim,, oo fo eln < 2, contradicting the assumption.
Next, for each A > 0, we can choose numbers ng and n > 0 such that for all
t €10, A] and all n > ny

A
WO () < ¢ (/ Jup, |V dt) /N <<t —200gTE. (12)
0

n
This implies that a, > A for all n > ng, and since A is arbitrary, we have
(p, — 00 as 1. — 00.

Property c): Note that (12) implies also that u,, — 0 uniformly on compact
sets. Using that a, is the first point where uflv/(N_l)(t) =t—2log™t(t) we
have the following estimate from above

n  N/(N-1) A an
/ eln O-tgr < 65/ e~tdt + / e~ 2lostgy
0 0

A
1 1
:eE(l—e—A)_F(Z_a)—)l ase—0, A— o0

On the other hand, we can estimate from below
n  N/(N-1) n
/ e Ot > / eldt=1—e % =1 as a, = 0
0 0

Property b): We recall that in [3], Lemma 2, the following result was

proved (note the misprint there: the factor ele"/m)((n=1)/n)"Bnshould read
e(cn/n)((n—l)/n)”_lﬂn)

Proposition 8 (Carleson-Chang). For a > 0 and 6 > 0 given, suppose that
I w'|N <6 ; then

o.9]
[t
a

1
< —exp |w i (a)
1— 651

14 1 ? —al . elttstetEer
N—1q_gsv1)v-1)

Proof. Apply this to w(t) = up(t),a = a,, and § = §, = f;: |ul, |V dt.
Thus we have

O N/(N-1) 1 1
/ e'n O-tgp < —— _ _eHn . ltottr (13)
an



0
(175711/(N*1))N—1

an 1/(N=1)
uﬁf/(N—ﬂ(an) < ay, </ ‘“HN dt)
0

we have, using [ [ul,|V/(N =D =1, that

where K, = u,]y/(Nfl)(an)[l + 75

| —an. By

uN N (4,) < ap (1 — 6,) YD,

Thus
N +
an Gnp,
2log™
S(N—l)ogi(a”)—)Oasn%oo
Qnp,
and
1 On

K, = ul/ N Y(a,)[1 +

8 4+ OGN/ N1y _ g,

n

= (an — 210g+(an))(1 + m

1 log™ (a,, 1/(N-1)

o((=2)")

Since a,, — oo we see that lim,, ,,, K, < 0. Thus, we get by (13)

O N/(N-1 1 1
lim e“”/( )(t)ftdt <eltatetwo

n—00 an

2. The maximizing concentrating sequence: We first consider the
function F(t) = e@nt" "V With Q = By (0). We want to produce an explicit
normalized concentrating sequence of functions {y,} € C[0,00), piecewise
differentiable, with y,(0) = 0 and y/,(t) > 0 and such that

O N/(N-1)

1 1
lim evn O-tdgt — 14 e T2tTat
n—oo 0

11



For n € N set 6, = 218" and let

n Y
N-1

y (t) nlt/N (1_5n)T_ » 0<t<n
= - N-1
' (n(livén;)l/’v log —=thyv= + (M1 = 6,)) 7, n<t
(14)

First note that y,, (¢) is continuous and piecewise differentiable; furthermore
we have

[ ¥ ae = (1= 6
0
We now choose A, in (14) such that [ |y, |V dt =1, ie.

[ @R = 1= (=8N = (V- Ds ko (@) (19

where
(=] 0. N=2
INEIZL 0@s) , N>3

We show that such a choice for A,, is possible, with

_ i 1 0(1/n4) ) N =2
JETCIRES S—— O(log*(n)/n*) , N >3

Indeed, using the change of variables s =t — n, we have

o N
/ ()] Vdt
n

An

©(N=1N|d R
:/ ﬁ‘a[log(An-l—l)—log(An-l—e (t=n)/(N 1>)]‘ dt
o (N — )N | Ly e Em/a-n ¥
_/n n(l—6,) | A, + e-—n)/(N=1) dt

(N —1)N [ ﬁefs/(Nfl) N

— — d

(1 —0,) /0 Ao ®
N

_(N—l)N/“’ o1 | N-1

S on(l—=6,) fy |Aur+1 T

N -1 /OO 1 J
= ro.
n(l—10,) )1 (Apr+1DN 7

12



Finally, set p = % to obtain

N -1 o0 1
n(1—5n)/1 A+ N 70"
 N-1 1 prl
‘n<1—5n>/ GAn )8
N—1 A, +1 =
:n(1—5n)< 2:: A+1) )

By (15) this gives the condition

N-1 A, +1 = 1
n(1—0,) <1°g n X WoRm, +1)N—k>

k=1
21 log?
= (N = )by +on(02) = (N - )8 4o (5
that is
N—1 2
A +1 log“n
TN = <210gn—|—aN( - )) (1 —0p)
k=1
and hence
N-1 2
Ap+1 9 log“n
= 1 17
o exp( > TP memE ) (1 +on (5D )

and finally that

2 —
An + 1 _ el+%+"'+ﬁ + 0(1/712 ) s N=2 7
Apn? O(log“(n)/n) , N >3

for n large (18)

This yields (16).

.. /(N—-1)
3. The limit: We now calculate the limit of fooo ey’]y A —tdt .

Proposition 9 Let {y,} denote the sequence (14). Then

0 N/(N-1) 1 .-
/ edr Ot 51421 | as n— oo
0

13



Proof. a) By the upper bound proved above we have (since y,, is a
normalized concentrating sequence) that
X N/(N-1)

1 1
lim eyn (t)—t <14 61+§+"'+7N71
n—oo [ -

We now prove the other inequality:
b) We first prove that there exists some ¢ > 0 such that

/” N L1+ :45) logn
0

e’r > 1+ D SN %8m0, (19)

where I' denotes the standard gamma-function. Indeed

/ " YOty / " (18 (N )Y D g
0 0

> [ (14 Ao D) ety
=/, T oD €

e CUNJ(N-1) -t R
21—6 +m(/ﬂ t (& dt—/n e

1+ %) _logn
= DN SN/

as n — oo,

by the definition of the gamma-function.
c) Next we prove

o0 _ O(%) , N=2
/ v Tty > TR { O(lggf 3) Na3 (20
n n ’ =

We perform the change of variables s =t — n, and set

_ N-—-1 1 A, +1
#n(s) = nl/N(l _ 5n)1/N 08 A, + e—s/(N=1) ~

and

dp =n(l —0p) .

N/(N—

1
Then f;o ey ~tdt becomes

14



o0

i exp nN + 2p(s)] V-1 — s—n) ds (21)

o N 1
2/ exp(d +N T (s)anl—s—n>ds
& N
=/0 exp (N_lzn(s) n%(l—én)% — ndy, — 3) ds

o0 A, +1
_/0 exp (N log A 3 oo/ — nlp — s> ds

L 1+ Ay
—ﬁ/o G s emrvn) ¢

_a + AN [ 1 =5
- n’ 0 (1+An65/(N*1))N o sN/(N-1) e S

. (1 +An)N /OO es/(N-1)
o (

ds

n?2 1+ Ayes/(N=1))N
_ a4t /°° v
— = (N —-1) @ —I—Anr)NdT
(144N 1
N n2 Ap(1+ A,)N-T

T

n2A,

by relation (18). Hence the claim. m

4. General nonlinearities F': Suppose now that F(¢) is a general non-
linearity with critical growth, satisfying hypotheses F1-F3. Then we may

F(t) = eV 1 4 a)

G(1)

W%O , as t — 00

15



Then, by Theorems 2 and 4 we have for any normalized concentrating se-
quence {uy,}
/(N—1)
lim [ Fup)de = lim | (e2¥% " —1)dz + lim [ G(up)de

< el+%+....+ﬁ |Q|

while for the sequence {y,} given in (14) holds

. . N/(N-1)
lim [ F(y,) = lim [ (e*N¥"

-1+ G(yn))d:r = 61+%+"--+ﬁ |Q|
2.5 Proof of Theorem 5:

We show that under condition F4

> 1 t (N S
Cnyx= sup / F,\(Wu)e* dt >e 27 TN-T
0

N
fooo‘u'| =1 Xy

Indeed, by the estimates (19) and (21) we have for n sufficiently large

o0
/ O
0
n N/(N= © NN
=/ i “(t)t+/ 01
0 n

N 1
>1 Il + 55) . logn R g Ol(n_g) , N =2
- nl/(N-1) nV/(N-1) o(esnry ~ N>3

n il

Furthermore, we can estimate the term

o Ny A " N/(N-=1) —t * —t
- < —
)\/0 lyn| V-1 e 'dt < nl/(N—l)/o |t] e ‘dt +c¢ g ne ‘dt
L1+ %) . logn
— nl/(N—l) nN/(N—l) :

Hence we obtain for A <1 and a suitably large n

C / F (71 ) _tdt>/ F (71 Ye~tdt
A= sup — uje = — Yn )€
NA 0 MTNCD)/N o MT(N—D)/N I

Sl ¥ =1 Ay Ay
N
> eltattyiy 41— )\)F(l + 51) e logn O(n—lé) , N=2
= nl/(N-1) nN/(N-1) O(—logn") , N>3

1 1
> 61+§+...+m )

16



Then, since by Theorem 4 there cannot exist a mnormalized concentrating
sequence which is mazimizing for Cy ), we conclude by the concentration-
compactness theorem of P.L. Lions that Cy ) is attained.

Open problem: Show that supj, = fBl F(u)dx is not attained for F(t)
of the form

Ft) = e — (1)
with g subcritical, and

g(t) > N/ (N-1)

2.6 Proof of Theorem 6:

We restrict attention to the radial case, i.e Q = B(0) C R2. Consider the
functional I(u) = fBl[%|Vu|2 — F(u)] dz, where F'(s) is as in Theorem 6.
Then we know by [5] that this functional satisfies the Palais-Smale condition
(PS), for ¢ < % By the remarks in section 2.1, we may assume that u,, is
radially symmetric, and we can rewrite the functional in radial coordinates:

i 2 — F(u)] 2nrd
| gl = P 2mrdn

Cancelling the factor 27 we see that fol[%|u,n|2 - fol F(u)] rdr satisfies (PS),
for ¢ < ﬁ. Next, we perform a change of variables to transform the interval
(0,1) to the interval (0,+o0): Let

1 d 1
r=¢ /2 , dr = —§e_t/2dt , Up = urd—: = —iure_t/2

and hence we obtain
B 1
/ [=|2use!’?)? — F(u)] =e~tdt
0 2 2
Multiplying by 2 we see that the functional
o0
/ 2|ws|? — F(u)e t]dt
0

satsifies (PS), for ¢ < % Finally, substitute y = 2y/7u and multiply by =
to obtain

T) = [ (gl = wF Gz 22

which satisfies again (PS), for ¢ < 1.

17



2.6.1 Estimates for (P-S)

We now show that the functional J(u) given by (22) (which satisfies (PS),
for ¢ < 1) has a critical level ¢ with ¢ < § provided & satisfies condition (9).

Theorem 10 Suppose that f(s) = h(s)e*™” satisfies HI-H3, and assume
that lim,_,oo h(s)s > . Then J(u) has a critical level below .

Proof: As in [5], the critical level is given by the mountain pass theorem.
To prove that the mountain pass level is below % it suffices to show that
there is a w € H{,||w|| = 1, such that max;>o J(tw) < 3. In [5] we used the
Moser sequence to show this. Here we use the sequence {y,} given in (14).

So we assume, by way of contradiction, that for all n € N

N | =

o0 1
2
max J (syn) = /0 [2 sulynl” = mH (G e j

This implies s2 > 1. Furthermore, since %J(synﬂs:sn = 0 we have for n
sufficiently large, using condition (9)

2

Sn_ﬂ'/ f( 2\/—yn \/—yn
> (,3—6)71’/ es 2(n—2logn)—t

We show that s2 — 1; assume that this is not so, i.e. suppose that there
exists a subsequence of s, with s2 > 1+ 6, for some § > 0. Then we have

% > (B E)W/oo o(1+8)(n—2logn)—t _ (8 — 6)7r66n7(1+5)210gn

—t

This would imply that s2 — +o00, which then yields a contradiction. Hence
we must have

2
n

st — 1

We now estimate more precisely; fix A > 0 and set [0,b,) = {t € [0,00) :
spyn(t) < A}. Since y,(t) = ﬁ\/l — 0, — 0, for every fixed t > 0, we
conclude that b, — co. Then we have

oo . b,
s% > (8- 6)7‘(’/ eSnn—t 4 7r/ f(s—" S—”yn (23)
0 0 ™

bn 2,2
— (/3 — 6)7(/ esnyn_t
0
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The last integral in (23) goes to 1: indeed, we have

bn bn be bn,
—t s2u? —t _ s2u2—t s2u? —t
/ e S / e nn — / e’n’n _|_ e nn ,
0 0 0 b

€

where we choose for given € > 0 the number b, > 0 such that

bn 2,2 2 42 bn
/ eSn¥n=t < e / et <e€/2, Vn
be be

Next, using that y,(t) < 7, — 0 uniformly on [0, b.], choose N, sufficently
large such that

be be
2,2 2.2
/ efn¥n =t < e/ et <1+¢/2, forn> N,
0 0

The second integral in (23) is positive, and in fact goes to zero (as can be
seen using a similar argument). Hence we have in the limit, using theorem
4 for N =2

L=limy o082 = (8 — ) |limy o0 [ eSH0htdt — 1}
(6 —€)m |limy, o0 fooo eYn—tdt — 1]

(

Thus, for g > % given, we obtain a contradiction, choosing € > 0 sufficiently
small.

v

=

—€) me
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