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Abstrat We prove a �-version of the Bieri-Newmann-Strebel's result that

for a �nitely presented group G without free subgroups of rank two �

1

(G)



has no

antipodal points [6℄. More preisely we prove that for suh a group G
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If G is a �nitely generated nilpotent-by-abelian group we show
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The latter result is used in onstruting a ounter example to a onjeture of H.

Meinert [14℄ about homologial properties of subgroups of onstrutible nilpotent-

by-abelian groups.

1. Introdution.

In this paper we re�ne some results of R. Bieri, W. Neumann and R. Strebel

and give a ounter example to a H. Meinert's onjeture about �niteness prop-

erties of subgroups and higher invariants of onstrutible nilpotent{by{abelian

groups. The ounter example will show that �

m

{Conjeture type formula (origi-

nally suggested for metabelian groups) does not hold for onstrutible nilpotent-

by-abelian groups. A soluble group is onstrutible (in the sense of Baumslag

and Bieri [1℄) if it an be built from the trivial group using �nite extensions and

asending HNN{extensions. One of the haraterising properties of onstritible

nilpotent{by{abelian groups is that the geometri invarint �

1

(G)



= S(G)n�

1

(G)

lies in an open half subspae [8, Thm A℄. The homologial geometri invariants

f�

m

(G;A)g

m2N

of a (left) ZG{module A are de�ned by

�

m

(G;A) = f[�℄ 2 S(G) j A is of type FP

m

over the monoid ring ZG

�

g;

1



where S(G) is the set of the equivalene lasses [�℄ = R

>0

� for non-trivial har-

aters � 2 Hom(G;R) and G

�

= fg 2 G j �(g) � 0g. If the torsion free part of

the abelianization of G has rank n we an identify S(G) with the unit sphere in

the eulidean spae R

n

. The geometri homotopial invariants f�

m

(G)g

m2N

are

homotopial versions of the homologial geometri invariants f�

m

(G;Z)g

m2N

and

are de�ned only for groups of homotopial type F

m

. We omit the de�nition but

note that by [7, Thm 6.4℄ �

1

(G) = �

1

(G;Z).

The geometri invariant �

1

(G) was �rst introdued for metabelain groups

in [9℄ (with a de�nition di�erent from the above one). There Bieri and Strebel

show that a �nitely generated metabelian group is �nitely presented if and only if

�

1

(G)



does not have antipodal points. Even in the non-metabelian ase one of

the diretions of this result holds, more preisely by [6, Thm C℄ if G is a �nitely

presented group without non{abelian free subgroups the invariant �

1

(G)



has no

antipodal points. The ideas introdued in the proofs of the above results an be

modi�ed to prove the following two theorems. In the ase of a �nitely presented

abelian-by-nilpotent group G Theorem A2 is proved in [13, Thm 8.1℄ with methods

di�erent from ours.

Theorem A1. If G is a �nitely presented group without non-abelian free

subgroups then
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:

Theorem A2. If G is a �nitely generated nilpotent-by- abelian group
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>0

:�

2

(G;Z)



By de�nition for a subset X of the euledian spae R

n

onv

�m

X denotes the

onvex hull of not more than m elements of X and we view R

>0

�

1

(G)



as the

subset f� 2 Hom(G;R) j [�℄ 2 �

1

(G)



g of R

n

= Hom(G;R).

In general for �nitely presented groups �

2

(G;Z)



� �

2

(G)



. Furthermore

there are examples of �nitely presented Artin groups where the inlusion is strit

[17, Main Thm℄. Still we do not know whether there is a �nitely presented

nilpotent-by-abelian group suh that �

2

(G;Z)



6= �

2

(G)



. Thus we annot dedue

Theorem A2 from Theorem A1 and will give separate proofs of these results.

Theorem A2 will be used in the onstrution of the promised ounter example

of [14, Conj. 13℄. One of the objetives of [14℄ is to disuss �niteness properties of

subgroups of onstrutible nilpotent{by{abelian groups. Obviously onstrutible

soluble groups G are of homologial type FP

1

but the homologial struture of

the subgroups an be muh more interesting and di�ult to determine. By [7,

Thm 5.1℄ to understand the homologial struture of the subgroups ontaining

2



the derived subgroup we have to alulate the homologial geometri invariants

f�

m

(G;Z)g

m2N

and even in the ase of onstrutible nilpotent{by{abelian groups

G these invariants are not ompletely understood. Still by [15, Thm B℄ it is known

that for onstrutible nilpotent-by-abelian groups

onv

�m

(R

>0

:�

1

(G;Z)



) � R

>0

:�

m

(G;Z)



� onv(R

>0

:�

1

(G;Z)



) (1)

and hene

�

1

(G;Z)



= [

m2N

�

m

(G;Z)



= [onv(R

>0

:�

1

(G;Z)



)℄: (2)

In this paper we keep to the notations of [6℄ and [7℄ that slightly defer from

the notations used by H. Meinert and R. Gehrke in whose papers �

m

(G;Z) is

the relevent set in Hom(G;R) not the projetion to S(G). In [14℄ H. Meinert

shows that for a onstrutible nilpotent{by{abelian group G eah of the following

onditions implies the next one

1. m � dim

R

span(�

1

(G;Z)



):

2. All subgroups of G of type FP

m

are in fat onstrutible.

3. �

m

(G;Z)



= �

1

(G;Z)



.

Furthermore he onjetures that these three onditions are equivalent. But

as the following theorem shows this turns wrong.

Theorem B. There exists a onstrutible group G, an extension of a nilpotent

of lass two group N by an abelian group Q suh that

1. 3 = dim

R

span(�

1

(G;Z)



) = dim

R

Hom(Q;R):

2. There exists a subgroup of G of type FP

2

whih is not onstrutible.

3. �

2

(G;Z)



= �

1

(G;Z)



= [onv

�m

0

(R

>0

�

1

(G;Z)



)℄ where m

0

= minfm j

onv(R

>0

�

1

(G;Z)



) = onv

�m

(R

>0

�

1

(G;Z)



)g = 3

The last part of Theorem B shows that the �rst inlusion in (1) an be strit

and thus �

m

{Conjeture type formula annot hold even for nilpotent-by-abelian

groups of type FP

1

(for the de�nition of the �

m

{Conjeture see [15, p.386℄).

It will be interesting to �nd a series of onstrutible nilpotent-by-abelian groups

fG

m

g

m�1

suh that

dim

R

span(�

1

(G

m

;Z)



)�minft j �

t

(G

m

;Z)



= �

1

(G

m

;Z)



g = m:

We do not know whether taking diret produts of the ounter example given by

Theorem B will give a series with the required properties. The problem is that

there is not omplete understanding of how to express f�

m

(G

1

�G

2

)g

m2N

using

only the geometri invariants f�

m

(G

i

)g

m2N

. In [16℄ a diret produt formula is
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suggested for the homologial and homotopial invariants, but the homotopial

version turns wrong [17, setion 6℄. Still it is not known whether the homologial

version holds. A good desription of the known results in this diretion an be

found in [13, setion 9℄.

Finally we note that our proof of Theorem B is based on a good desription

of the Shur multiplier for nilpotent groups of lass 2. It is likely that a generaliza-

tion of this approah should involve better understanding of the higher homology

groups H

m

(N;Z) for ountably generated nilpotent groups N of arbitrary nilpo-

teny lass. Very little is known for these higher homology groups exept in the

ase when N is free nilpotent of lass 2 (see [21℄).

2. Preliminaries

2.1. More about the geometri invariant �

1

(G)

In this setion we review the link between valuation theory and the invariant

�



V

(Q) established in [3℄. By de�nition for a �nitely generated abelian group Q

and a �nitely generated (left) ZQ{module V

�

V

(Q) = �

0

(Q; V ); �



V

(Q) = S(Q) n �

V

(Q):

We note that for a �nitely generated group G with nilpotent derived subgroup G

0

the map ' : Hom(G=G

0

;R) ! Hom(G;R) indued by the projetion G ! G=G

0

has the property

'(�



G

0

=G

00

(G=G

0

)) = �

1

(G)



(3)

i.e. in this ase �

1

(G)



depends only on the metabelian quotient of G. Indeed (3)

is a straight orollary of the de�nition of the involved geometri invariants and the

fat that a subset of the nilpotent group G

0

is a generating set if and only if it is

a generating set modulo G

00

.

The struture of �

V

(Q) an be desribed by the real valuations of the ring

V

0

= ZQ=I where I is the annihilator of V in ZQ. More preisely by [3, Thm 8.1℄

�



V

(Q) = [[

v(Z)�0

�

v

V

(Q) n f0g℄ (4)

where the union is over all non{negative valuations v of Z and �

v

V

(Q) is the set of

all real haraters of Q that an be extended to valuations (in Bourbaki sense) of V

0

whih restrition to the image of Z in V

0

is indued by v. In [3℄ �

v

V

(Q) is desribed

4



as a rationally de�ned polyhedron i.e. a �nite union of �nite intersetions of losed

aÆne subspaes of Q


Z

R de�ned by equations with rational oeÆients.

2.2. The Shur multiplier for nilpotent groups

It is well known that for a group G the Shur multiplierH

2

(G;Z) is isomorphi

to

R \ [F; F ℄

[R;F ℄

where F is a free group and F=R ' G. In [20, Setion 7, Thm M℄ we showed a

more detailed desription of the Shur multiplier for some nilpotent of lass two

groups. This desription generalizes results from [11℄.

More preisely suppose G is a nilpotent of lass two group with the additional

property that the torsion part of the abelianization of G has �nite exponent. As

shown in [20,ThmM℄ there is a short exat sequene 0! A! H

2

(G;Z)! B ! 0,

where B is the kernel of the ommutator map V ^

Z

V ! W for V = G=[G;G℄

and W = [G;G℄ and A is the quotient of V 


Z

W through the additive subgroup

generated by the elements of Jaoby type v

1


 [v

2

; v

3

℄ + v

2


 [v

3

; v

1

℄ + v

3


 [v

1

; v

2

℄

for v

i

2 V and the elements [n℄ 
 n

s

where [n℄ = nW runs through the torsion

part of V and s is the order of [n℄ (note [n℄ 
 n

s

is independent of the hoie of

representative n for [n℄).

We laim that this desription of the Shur multiplier is invariant under any

automorphism ' of G. The main part of [20, setion 7.3℄ is devoted to the on-

strution of a speial entral extension of G whih implies that for some image T

of H

2

(G;Z) there is a short exat sequene 1 ! A ! T ! B ! 1. Furthermore

by [11℄ there is an exat sequene 1 ! 

3

(F )=([F;R℄ \ 

3

(F )) ! H

2

(G;Z) !

B ! 1, where 

3

(F ) is the 3-rd term of the lower entral series of F . Sine the

ommutator map maps A surjetively to 

3

(F )=([F;R℄ \ 

3

(F )) we dedue that

A ' 

3

(F )=([F;R℄ \ 

3

(F )) and T ' H

2

(G;Z). In addition the basis X of F

ould be hosen to be the union of free orbits under the ation of the yli group

generated by ' and so the desription of the Shur multiplier is invariant under '.

3. Proof of Theorem A2

We note that if �

2

(G;Z)



= S(G) there is nothing to prove. So we an

assume �

2

(G;Z) 6= ;. By [7, Thm 5.1℄ G is of homologial type FP

m

if and only

5



if �

m

(G;Z) is non-empty, in partiular G is of type FP

2

.

Let F be a free group with a �nite basis X suh thatG ' F=R for some normal

subgroup R of F . Sine G is of type FP

2

by [2, Prop. 1.4℄ the abelianization of

R is �nitely generated as a (left) ZG{module, where G ats via onjugation. Let

R = fr

1

; : : : ; r

m

g be a generating set of R=[R;R℄ over G. Then we de�ne �

1

to be

the ombinatorial 2{omplex assoiated to the presentation < X j R > i.e. �

1

has

sets of verties, edges and 2{ells respetively G, G�X and G�R. The verties

of the edge (g; x) are g and gx and the boundary of (g; r

i

) is a path at g given by

spelling out the relation r

i

. The group G ats freely and oompatly on �

1

via

left multipliation and �

1

is 1{ayli.

Now we assume Theorem A2 is wrong and �x a harater � 2 Hom(G;R)

suh that that

� 2 (R

>0

:�

2

(G;Z))\ onv

�2

(R

>0

:�

1

(G)



): (5)

Sine [�℄ 2 �

2

(G;Z) the proof of [7, Thm 4.2℄ shows that �

1

an be embedded in

a 2{omplex � suh that � is 1{ayli, G ats oompatly and freely on � and

the maximal subomplex �

�

of � ontained in h

�1

�

([0;1)) is 1{ayli, where h

�

is an �{equivariant regular height funtion of � suh that the restrition of h

�

on

the set G of verties of � is � i.e.

h

�

: �! R

is a ontinuous funtion suh that h

�

(gx) = h

�

(x) + �(g) for g 2 G; x 2 � and

the restrition of h

�

on a ell attains its extremes on the boundary. The proof of

[7, Thm 4.2℄ shows that the embeding of �

1

in � an be ahieved by performing a

�nite sequene of elementary homotopy expansitions.

As [G;G℄ ats disretely and freely on � the vertial maps in the following

ommutative diagram are overing maps, the horizontal maps are the obvious

inlusions

�

�

! �

# #

V = �

�

=[G;G℄ ! W = �=[G;G℄

In general we do not know whether �

�

is 1{onneted, it depends on whether

[�℄ 2 �

2

(G). Still by Hurewits theorem and the fat that �

�

is 1{ayli we know

that �

1

(�

�

) is a perfet group. Then

[G;G℄ '

�

1

(V )

N

(6)

where N is the image of �

1

(�

�

) in �

1

(V ) and hene N is a perfet group.

6



By assumption � an be deomposed as a sum of two non-trivial real har-

aters �

1

and �

2

suh that [�

1

℄; [�

2

℄ 2 �

1

(G)



. De�ne W

i

to be the maximal

subomplex of W ontained in h

�1

�

i

[;+1) for some negative real number  and a

�

i

{equivariant regular height funtion h

�

i

of W . We set V

i

= W

i

\ V and note

that sine � = �

1

+ �

2

there exists a negative real number 

0

suh that for  � 

0

the diameter of the intersetion V

1

\ V

2

is larger than the diameter of any 2{ell

of W (remember G ats oompatly on � and so on W ). Then V = V

1

[ V

2

is a

topologial deomposition of V i.e. every ell of V is ontained either in V

1

or V

2

.

By Van Kampen theorem

�

1

(V ) = �

1

(V

1

) �

�

1

(V

1

\V

2

)

�

1

(V

2

) (7)

Lemma 1. Suppose the abelianization A

i

of �

1

(V

i

)='

i

(�

1

(V

1

\V

2

)) is a non-

trivial abelian group for i 2 f1; 2g, where '

i

: �

1

(V

1

\ V

2

) ! �

1

(V

i

) is the map

indued by the inlusion. Furthermore if one of the groups A

1

or A

2

is yli of

order 2 the other is not. Then �

1

(V )=N ontains a free subgroup of rank two.

Proof. Let � : �

1

(V

1

) �

�

1

(V

1

\V

2

)

�

1

(V

2

)! � = A

1

�A

2

be the surjetive map

indued from the surjetions �

1

(V

i

)! A

i

. By the Kurosh subgroup theorem [12,

Ch 7, Thm 8℄ the derived subgroup of A

1

� A

2

is a free group. As N is perfet

�(N) is a perfet subgroup of the free group [�;�℄, so should be trivial. Then

the homomorphism � indues a surjetion �

1

(V )=N ! �. By the normal form

theorem for amalagamated produts � ontains a non-yli free subgroup and so

does �

1

(V )=N . This ompletes the proof.

We remind the reader that G does not ontain free non-yli subgroups. This

together with (6) and Lemma 1 implies that for some i

0

2 f1; 2g either A

i

0

= 1

or A

i

0

= Z

2

, say i

0

= 1. In addition by substituting  if neessary with a negative

integer with suÆiently large absolute value we an assume A

1

= 1 and hene

�

1

(V

2

) ' �

1

(V ) via the inlusion of V

2

in V . Now the main idea of the proof of [9,

Lemma 4.7℄ shows that H

1

(V

2

) is a �nitely generated module over Z[Q

�

\ Q

�

2

℄.

In partiular

H

1

(V

2

) ' H

1

(V ) =

�

1

(V )

[�

1

(V ); �

1

(V )℄

= G

0

=G

00

(8)

is �nitely generated over ZQ

�

2

and so

[�

2

℄ 2 �

G

0

=G

00

(G) = �

0

(G;G

0

=G

00

) (9)

Finally by (3) �

G

0

=G

00

(G) = �

1

(G), a ontradition with [�

2

℄ =2 �

1

(G).

7



4. Proof of Theorem A1.

We assume the theorem is wrong and there exists a non-trivial real harater

� of G suh that [�℄ 2 �

2

(G) and � = �

1

+ �

2

for some [�

1

℄; [�

2

℄ 2 �

1

(G)



. Then

there exists a �nite presentation < X j R > of G suh that the orresponding om-

binatorial 2{omplex � has the property that its maximal 2-subomplex �

�

on-

tained in h

�1

�

([0;1)) for a regular �{equivariant height funtion h

�

is 1{onneted.

As in the proof of Theorem A2 we onsider the embeding of V = �

�

=[G;G℄ into

W = �=[G;G℄ and split W =W

1

[W

2

as before i.e. W

i

is a half subomplex or-

responding to the harater �

i

. Furthermore we an assume that V = V

1

[ V

2

is

topologial deomposition for V

i

=W

i

\ V . Then by [6, Thm 5.1℄ as [�

i

℄ =2 �

1

(G)

the map �

1

(W

i

) ! �

1

(W ) = [G;G℄ is not an epimorphism. Using again the Van

Kampen theorem

[G;G℄ ' �

1

(V ) = �

1

(V

1

) �

�

1

(V

1

\V

2

)

�

1

(V

2

)

and as �

1

(V ) has no free subgroup of rank two either the map �

1

(V

i

0

)! �

1

(V ) is

an epimorphism for some i

0

or the image of �

1

(V

1

\V

2

) in �

1

(V

i

) has index two for

both i = 1 and i = 2. The later ould be avoided by translating W

i

's if neessary

i.e. if W

i

is the maximal subomplex in h

�1

�

i

([;1) we hange  with a negative

real number with suÆiently big absolute value. As the map �

1

(V ) ! �

1

(W )

indued by the inlusion of V in W is an isomorphism (remember �

1

(V ) ' [G;G℄)

it follows that the omposite

�

1

(V

i

0

)! �

1

(V )! �

1

(W )

is an epimorphism. Sine the above omposite fators through �

1

(W

i

0

)! �

1

(W )

it follows that the latter map should be an epimorphism, a ontradition.

5. Finite presentability and �nite generation of some tensor produts

Lemma 2. Suppose M

0

is a �nitely generated ZH{module for some �nitely

generated abelian group H and T is a submonoid of H suh that ZT is a Noetherian

ring. Then M

0

is �nitely generated over ZT if and only if for every non-negative

valuation v of Z

�

v

M

0

(H) \ f� 2 Hom(H;R) j �(T ) � 0g � f0g

8



Proof. The proof is an obvious modi�ation of [4, Lemma 5.1℄.

Now we adopt some notations from [5, setion 4℄. We onsider a �nitely

generated abelian group Q and denote by I the ideal of Z[Q� Q� Q℄ generated

by all elements

d

r

=

Y

1�i<j�3

(r

(i)

� r

(j)

) for r 2 ZQ

where r

(i)

is the pure tensor 1
 : : :
 r
 : : :
 1 with r in the i-th position and 1

elsewhere.

Lemma 3. Suppose G is a �nitely presented group, an extension of a nilpotent

group of lass two N by an abelian group Q and M = N=[N;N ℄. We view M as a

(left) ZQ{module, where Q ats via onjugation. If � is a disrete harater of G

suh that [�℄ 2 �

2

(G;Z) and �(N) = 0 then M

0

= M 
M 
M=I(M 
M 
M)

is �nitely generated over ZQ

�

via the diagonal ation of Q

�

.

Proof. We want to apply Lemma 2 for H = Q�Q�Q, T the image of Q

�

under the diagonal map � : Q! Q�Q�Q and the �nitely generated ZH{module

M

0

. Let v

0

2 �

v

M

0

(H) be a non-trivial harater. Then v

0

2 �

v

M
M
M

(H) and

by the additive formula [4, Thm 4.2℄ v

0

= (v

1

; v

2

; v

3

) with v

i

2 �

v

M

(Q). In

partiular by (3) and (4)

either [v

i

℄ 2 �



M

(Q) ' �

1

(G)



or v

i

= 0:

Suppose further that v

0

(T ) � 0. Then v

1

+ v

2

+ v

3

= �� for some non-negative

real number � and without loss of generality we an assume � = 0 or 1. We note

that if all v

i

are pairwise di�erent then the argument of [5, Thm 4.3, 1st ase℄

shows that [(v

1

; v

2

; v

3

)℄ 2 �

M

0

(H) and by the desription of � using � we have

v

0

=2 �

v

M

0

(H), a ontradition. If two v

i

's are equal say v

1

= v

2

either 2v

1

+v

3

= 0

or 2v

1

+ v

3

= �. By the haraterization theorem of �nitely presented metabelian

groups [9, Thm A℄ and the fat that metabelian quotients of �nitely presented

groups whih do not ontain non-yli free subgroups are �nitely presented [9,

Corollary B℄ we see that 2v

1

+ v

3

6= 0 if at least one of v

1

and v

3

is non-trivial. At

the same time by Theorem A2 2v

1

+ v

3

6= �. Thus

�

v

M

0

(H) \ f� 2 Hom(H;R) j �(T ) � 0g � f0g

and Lemma 2 ompletes the proof.

Lemma 4. Suppose D is a Noetherian subring of the subalgebra of S

3

{

invariant elements of Z[Q � Q � Q℄. Let M be a �nitely generated ZQ{module

9



and � : M 
M 
M ! M 
M 
M be the linear map sending a pure tensor

m

1


m

2


m

3

to m

1


m

2


m

3

�m

2


m

1


m

3

�m

3


m

1


m

2

+m

3


m

2


m

1

.

Then M 
M 
M is �nitely generated as a D{module if and only if the image of

� and M 
M 
M=I(M 
M 
M) are �nitely generated over D.

Proof. In the ase of modules M over F

p

Q the lemma is proved at the end

of [18, Prop. 2℄. The proof when M is a ZQ-module is the same. The argument

of [18, Prop 2℄ is a modi�ation of [5, Prop 4.1℄.

Proposition 5. Let G be a �nitely presented group, an extension of a nilpo-

tent of lass two group N by an abelian group Q suh that M = N=[N;N ℄ is

torsion-free, [N;N ℄ 'M^

Z

M and let � be a disrete harater of G with �(N) = 0

and [�℄ 2 �

2

(G;Z). Then

1. M 
M 
M is �nitely generated over ZQ

�

;

2. � =2 onv

�3

�

v

V

(Q) for every non{negative valuation v of Z.

Proof. We start with the observation that ZQ

�

is Noetherian beause � is

disrete. Let R : : : : ! R

1

! R

0

! Z be a projetive resolution of Z over ZG

�

with R

i

�nitely generated for i � 2. Sine ZQ

�

is a Noetherian ring the homology

group H

2

(R


ZN

Z) ' H

2

(N;Z) as a subquotient of a �nitely generated module

over ZQ

�

is �nitely generated over ZQ

�

itself.

By the desription of the Shur multiplier for nilpotent groups disussed in

the preliminaries the quotient of [N;N ℄ 


Z

M through the additive subgroup of

elements of Jaoby type is a submodule of H

2

(N;Z) and hene is �nitely generated

over ZQ

�

. As [N;N ℄ is the exterior square of M we have that the above quotient

is isomorphi to the quotient of M 
M 
M through the additive subgroup J

generated by the elements of Jaoby type v

1


 v

2


 v

3

+ v

2


 v

3


 v

1

+ v

3


 v

1


 v

2

and the elements v

1


v

2


v

3

+v

2


v

1


v

3

for v

i

2M . It is easy to hek that J is

in the kernel of the map � de�ned in Lemma 4 and thus the image of � is �nitely

generated over ZQ

�

. By Lemma 3 the module M

0

=M 
M 
M=I(M 
M 
M)

is �nitely generated over ZQ

�

and �nally by Lemma 4 M 
M 
M is �nitely

generated over ZQ

�

. One we have proved the �rst part of the proposition using

Lemma 2 we dedue

�

v

M
M
M

(Q�Q�Q) \ f� 2 Hom(Q�Q�Q;R) j �(�(Q

�

)) � 0g � f0g

where � : Q ! Q � Q � Q is the diagonal map. Then � 6= v

1

+ v

2

+ v

3

where

(v

1

; v

2

; v

3

) 2 �

v

M
M
M

(Q�Q�Q) = �

v

M

(Q)��

v

M

(Q)��

v

M

(Q). The latter is

the additive formula for � from [4℄.
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Proof of Theorem B

Step 1. We onstrut a group G a split extension of N by Q suh that Q is

free abelian of rank three, N is nilpotent of nilpoteny lass two, �

1

(G)



ontains

preisely three points that lie in an open hemisphere. First we onstrut a Z{

torsion free ZQ{module V with the property that �



V

(Q) ontains preisely three

points that lie in an open hemisphere. We de�ne V = V

1

� V

2

� V

3

, where all V

i

are isomorphi to Z[

1

2

℄ as abelian groups and Q ats on V

i

via the multipliative

homomorphism �

i

: Q ! V

i

suh that for a �xed basis fe

1

; e

2

; e

3

g of Q we have

�

i

(e

j

) = 2

�

i;j

, where �

i;j

is the Kroneker symbol. By the additivity of �



and by

(4)

�



V

(Q) = [

1�i�3

[�

v

0

V

i

(Q)℄

where v

0

is the 2{adi valuation on Z. We identify Hom(Q;R) with R

3

via � :

Hom(Q;R) ! R

3

where �(q) = (�(�); q) for every q 2 Q and � 2 Hom(Q;R).

Here Q


Z

R ' R

3

is eqipped with the standard inner produt ( ; ) and e

1

; e

2

and

e

3

is an orthornormal basis. Then

�



V

(Q) = f[(1; 0; 0)℄; [(0; 1; 0)℄; [(0; 0; 1)℄g:

De�ne N

1

to be the nilpotent group of lass two with abelianization V and

derived subgroup V ^

Z

V and set N to be the diret produt of V with N

1

. The

ation of Q on V extends to an ation of Q on N

1

and by de�nition Q ats

diagonally on N = N

1

� V . Finally we set G to be the split extension of N by

Q. Sine �



V

(Q) = �



N=[N;N ℄

(Q) ' �

1

(G)



lies in an open hemisphere of S(G) it

follows by [8, Thm A℄ that G is onstrutible.

Step 2. We �nd a subgroup H of Q of rank two suh that there is a ZH{

submoduleW of V that is 2{tame but not 3{tame. More preisely �



W

(H) ontains

no antipodal points but does not lie in an open hemisphere. We require that

W = �

i

(W \ V

i

) and W \ V

i

' ZH=(J

i

\ ZH), where V

i

= ZQ=J

i

.

In general if H is a subgroup of Q the restrition map '

H

: Hom(Q;R) !

Hom(H;R) has the property that

'

H

(�



V

(Q)) = �



W

(H):

This an be seen through the desription of �



using valuations (see (4)). Now we

de�ne H to be the subgroup of Q generated by e

1

e

�1

2

; e

2

e

�1

3

. Then '

H

(�



V

(Q))

ontains preisely 3 haraters �

1

; �

2

and �

3

suh that �

1

+ �

2

+ �

3

= 0 and

�

i

+ �

j

6= 0 for all i; j. Thus the image of '

H

does not ontain antipodal points

and does not lie in an open hemisphere.

Finally we onsider the subgroup W oH of G, where W embeds in the sum-

mand V of N . By the haraterization theorem of �nitely presented metabelian

11



groups [9,Thm A℄ as �



W

(H) has no antipodal points W oH is �nitely presented.

As �



W

(H) does not lie in an open hemisphere of S(H) the group W oH annot

be onstrutible.

Step 3. By (2) to prove the last part of the theorem it is suÆient to show

that

R

>0

:�

2

(G;Z)



� onv

�3

(R

>0

:�

1

(G;Z)



) (10)

Let [�℄ be a disrete element of �

2

(G;Z) suh that �(N) = 0. By Proposition 5(2)

and the fat that �

1

(G)



' �



V

(Q) = [�

v

0

V

(Q)℄

� =2 onv

�3

(R

>0

:�

1

(G)



)

Thus

dis(R

>0

:�

2

(G;Z))\ f� j �(N) = 0g \ onv

�3

(R

>0

:�

1

(G)



) = ; (11)

We note that by [19, Thm C℄ the homomorphisms of G that are non{trivial on a

normal loally polyyli subgroup represent elements of �

m

(G) provided G is of

type F

m

. In partiular this holds form = 1 and hene onv

�3

(R

>0

:�

1

(G)



) j

N

= 0.

Then by (11) dis(R

>0

:�

2

(G;Z))\ onv

�3

(R

>0

:�

1

(G)



) = ; and so

dis(onv

�3

(R

>0

:�

1

(G)



)) � R

>0

:�

2

(G;Z)



: (12)

By [7, Thm A℄ �

2

(G;Z)



is a losed subset of S(G) and by the geometri desrip-

tion of � for modules over abelian groups [3, Thm 8.1, Thm A℄ �

1

(G)



' �



V

(Q)

is the projetion of a rationally de�ned polyhedron to S(G). Then the disrete

points in [onv

�3

(R

>0

:�

1

(G)



)℄ form a dense subset and (12) implies

[onv

�3

(R

>0

:�

1

(G)



)℄ � �

2

(G;Z)



= �

2

(G;Z)



;

as required.

AknowledgementsThe author is supported by a researh grant 98/00482-3

from FAPESP, Brazil.

Referenes

[1℄ G. Baumslag, R. Bieri, Construtible solvable groups, Math. Z. 151 (1976),

249{257

12



[2℄ R. Bieri, Homologial dimension of disrete groups, Queen Mary College

Mathematis Notes, London, 2nd ed. 81

[3℄ R. Bieri, J.R.J. Groves, The geometry of the set of haraters indued by

valuations, J. Reine Angew. Math. 347 (1984), 168{195.

[4℄ R. Bieri, J.R.J. Groves, Tensor powers of modules over �nitely generated

abelian groups, Journal of Algebra 97(1985), 68-78;

[5℄ R. Bieri, J.R.J. Groves, Metabelian groups of type FP

1

are virtually of

type FP , Pro. London Math. So. (3) 45 (1982), 365-384

[6℄ R. Bieri, W. D. Neumann, R. Strebel, A geometri invariant of disrete

groups, Invent. Math 90(1987), 451{477

[7℄ R.Bieri, B.Renz, Valuations on free resolutions and higher geometri in-

variants of groups, Comment. Math. Helv. 63(1988), 464-497

[8℄ R. Bieri, R. Strebel, A geometri invariant for nilpotent{by{abelian{by{

�nite groups, J Pure Appl Algebra 25 (1982), 1 - 20

[9℄ R. Bieri, R. Strebel, Valuations and �nitely presented metabelian groups,

Pro. London Math. So. (3)41 (1980), 439{464.

[10℄ R. Bieri, R. Strebel, A geometri invariant for modules over an abelian

group, J. Reine Angew. Math. 322(1981), 170{189.

[11℄ N. Blakburn, L. Evens, Shur multipliers of p{groups, J. fur Math. 309,

100 -113

[12℄ D. E. Cohen, Combinatorial Group Theory : a topologial approah,

London Math. So. Student Texts 14, Cambridge Univ. Press, 1989

[13℄ R. Gehrke, The higher geometri invariants for groups with suÆient

ommutativity, Comm. Algebra 26(1998), no. 4, 1097{1115

[14℄ H. Meinert, Iterated HNN{Deomposition of Construtible Nilpotent{

by{Abelian Groups, Comm Algebra 23(1995), 8, 3155 - 3164

[15℄ H. Meinert, The homologial invariants for metabelian groups of �nite

Prufer rank: a proof of the �

m

{Conjeture, Pro London Math So, 72(1996)

2,385{424

[16℄ H. Meinert, Uber die hoheren geometrishen Invarianten fur endlihe

Produkte von Gruppen. Diplomarbeit. Frankfurt 1990.

[17℄ J. Meier, H. Meinert, L. VanWyk, Higher generation subgroup sets and

the �{invariants of graph groups, Comment. Math. Helv. 73(1998) no1. 22{44

[18℄ D.H. Kohloukova, Some �nitely presented nilpotent{by{abelian groups,

Comm Algebra, 28(2), 949-957 (2000)

[19℄ D.H. Kohloukova, More about the invariants �

m

(G) and �

m

(G;Z) for

groups with normal loally polyyli subgroups, Pro. Camb. Phil. So., to

appear

13



[20℄ D.H. Kohloukova, The FP

m

{Conjeture for metabelian groups and re-

lated topis, PhD Thesis, University of Cambridge, 1997

[21℄ Yu. V. Kuzmin, Yu. Semenov, On the homology of a free nilpotent group

of lass 2, Math Sbornik 189(1998), no.4, 49-82

14


