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Abstra
t. The purpose of this work is studying the approximation of normal

fuzzy sets with 
ompa
t support and the 
onvolution (f5g)(x) = supff(x�

y) ^ g(y) : y 2 Xg of two fuzzy sets. In parti
ular, by using 5-
onvolution,

a density result is proved.

1 Introdu
tion

There exist many situations where it is ne
essary to approximate the ar-

bitrary normal fuzzy sets with 
ompa
t support by fuzzy sets with more


onvenient properties, for example, by 
ontinuous fuzzy sets or lips
hitzians

fuzzy sets, see for example [4℄, [3℄.

In this dire
tion Colling and Kloeden [2℄ show that the normal 
onvex

fuzzy sets with 
ompa
t support 
an be approximate by 
ontinuous fuzzy

sets. In the work [6℄, the authors prove that the lips
hitzians fuzzy sets

are dense in the normal 
onvex fuzzy sets with 
ompa
t support where the

level-appli
ation is 
ontinuous.

In this work, we generalize the above results in two ways:

a) We 
onsider the normal fuzzy sets with 
ompa
t support.
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b) We prove the density of lips
hitzians fuzzy sets in the 
lass 
onsidered

in a).

A
tually, it was only for simpli
ity that we derived our results in R

n

;

they extend easily to the 
ase of real re
exive, separable Bana
h spa
es. In

fa
t, the essential argument used is the 
ompa
tness of the balls. Thus, if we


onsider the weak topology, the following arguments work.

The plan of the paper is as follows. In Se
tion 2, we give the notations,

de�nitions, preliminaries results used throughout the paper and we establishe

the main result of this paper. In Se
tion 3 we give the proof of the main result.

2 Preliminaries

Let K(R

n

) and K




(R

n

) be; the 
lass of all nonempty and 
ompa
t sub-

sets of R

n

, and the 
lass of all nonempty 
ompa
t and 
onvex subsets of

R

n

; respe
tively. The Hausdor� metri
 H on K(R

n

) is de�ned by

H(A;B) = max

n

a2A

sup d(a; B);

b2B

sup d(b; A)

o

;

and it is known that (K(R

n

); H) is a 
omplete and separable metri
 spa
e,

and K




(R

n

) is a 
losed subspa
e of K(R

n

) (see [1℄, [4℄). Also, by using the

Minkowski sum between two sets, a linear stru
ture of 
onvex 
one is de�ned

on K(R

n

) by mean

A+B = fa+ b / a 2 A; b 2 Bg and �A = f�a / a 2 Ag;

for all A;B 2 K(R

n

); � 2 R:

Some properties of these above operations are (see [1℄, [4℄):

Proposition 1 If A;A

1

; B; B

1

2 K(R

n

) then

i) H(�A; �B) = �H(A;B); for all � � 0;

ii) H(A+B;A

1

+B

1

) � H(A;A

1

) +H(B;B

1

);

iii) If A;B 2 K




(R

n

) then H(A+ A

1

; B + A

1

) = H(A;B):
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Let F

n

be the spa
e of normal fuzzy sets with 
ompa
t support, i.e., F

n


onsists

of all f : R

n

! [0; 1℄ su
h that:

(i) f is normal, i.e. there exists x

0

2 R

n

su
h that f(x

0

) = 1;

(ii) f is upper semi
ontinuous,

(iii) L

0

f = supp (f) = 
lfx 2 R / f(x) > 0g 2 K(R

n

).

For 0 < � � 1; denote L

�

f = fx / f(x) � �g the �-level of f: Then from

(i)-(iii), it follows that L

�

f 2 K(R

n

), for all � 2 [0; 1℄: Also, we 
an to

extend H to F

n

by mean

D(f; g) =

�2[0;1℄

sup H(L

�

f; L

�

g);

and it is well known that (F

n

; D) is a 
omplete (see [4℄) but not separable

metri
 spa
e (see [4℄).

Also, we 
onsider the following 
losed subspa
e of F

n

:

E

n

= ff 2 F

n

/ L

�

f 2 K




(R

n

); 8� 2 [0; 1℄g:

The following de�nition was 
onsidered in [7℄ in another 
ontext.

De�nition 1 Let f; g 2 F

n

be. Then, we de�ne the sup-min 
onvolution

f 5 g between f and g as

(f 5 g)(x) =

y2R

n

sup ff(y) ^ g(x� y)g:

This is a variation of the 
lassi
al de�nition of the 
onvolution in 
onvex

analysis, see [1℄, [5℄. Here the simbol ^ has their usual meaning, i.e.,

a ^ b = minimum of a 2 [0; 1℄ and b 2 [0; 1℄:

The following result is proved analogously as in [5℄, [7℄.

Proposition 2 If f; g 2 F

n

then f 5 g 2 F

n

: Moreover,

L

�

(f 5 g) = L

�

f + L

�

g ; 8 � 2 [0; 1℄:
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Remark 1 Due Proposition 2.3, by using the sup-min 
onvolution, a linear

stru
ture is introdu
ed on F

n

by mean

f � g = f 5 g

(�� f)(x) =

�

f(x=�) if � 6= 0

�

f0g

(x) if � = 0

and, with these de�nitions, we obtain L

�

(f�g) = L

�

f+L

�

g and L

�

(��f) =

�L

�

f; for all f; g 2 F

n

; � 2 [0; 1℄ and � 2 R (for more details on level-sum

of fun
tions see [4℄):

3 Density and sup-min 
onvolution

In general, it is well known that the spa
e of Lips
hitzian fun
tions is a dense

subspa
e of the spa
e of 
ontinuous fun
tions with respe
t to the uniform

metri
. However, in this se
tion we will show a di�erent type of density.

More spe
i�
ally, we will prove that the spa
e of Lips
hitzian fun
tions is a

dense subspa
e of (F

n

; D):

We re
all that g 2 F

n

is said Lips
hitzian with 
onstant K 2 R

+

if j g(x)�

g(y) j� K k x� y k; for every x; y 2 supp (g).

We will denote by L

n

the 
lass of all Lips
hitzian fuzzy sets g 2 F

n

:

Remark 2 Let A 2 K(R

n

) be. Then �

A

2 F

n

; where �

A

denotes the 
hara
-

teristi
 fun
tion of A. Moreover, �

A

2 L

n

:

The following result is proved similarly as in [7℄, we give here a proof in

order to make this paper self-
ontained.

Theorem 1 Let f; g 2 F

n

be. If g 2 L

n

then f 5 g 2 L

n

:

Proof . Firstly, we observe that supp (f5g) = supp (f)+ supp (g):Writing

(f 5 g)(x) = supfh

y

(x) = f(y) ^ g(x� y) / y 2 supp (f)g
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then, for ea
h y 2 supp (f); the fun
tion h

y

: R

n

! [0; 1℄ is Lips
hitzian

with 
onstant K: In fa
t,

j h

y

(x)� h

y

(z) j = j f(y) ^ g(x� y)� f(y) ^ g(z � y) j

� j g(x� y)� g(z � y) j

� K k x� z k :

Finally, to prove that f 5 g is Lips
hitzian with 
onstant K we note that

h

y

(z)�K k x� z k� h

y

(x) � h

y

(z) +K k x� z k;

and then, taking the supremum with respe
t to y; we obtain

(f 5 g)(z)�K k x� z k� (f 5 g)(x) � (f 5 g)(z) +K k x� z k ;

i.e.,

j (f 5 g)(x)� (f 5 g)(z) j� K k x� z k :

This 
omplete the proof.

Example 1 Consider the fun
tion f : R ! [0; 1℄ de�ned by

f(x) =

8

<

:

1

2

if 0 � x <

1

2

1 if

1

2

� x � 1

0 if x =2 [0; 1℄:

Then it is 
lear that f is not a Lips
hitzian fun
tion. Nevertheless, if we


onsider

g(x) =

�

x if 0 � x < 1

0 if x =2 [0; 1℄;

we have that g 2 L

n

and,

L

�

f =

�

[0; 1℄ if 0 � � �

1

2

[

1

2

; 1℄ if

1

2

< � � 1

and L

�

g = [�; 1℄; 8� 2 [0; 1℄:

So,

L

�

(f 5 g) =

�

[0; 1℄ + [�; 1℄ = [�; 2℄ if 0 � � �

1

2

[

1

2

; 1℄ + [�; 1℄ = [� +

1

2

; 2℄ if

1

2

< � � 1:

Therefore, by using the formulae (f 5 g)(x) = supf�= x 2 L

�

(f 5 g)g we

obtain

(f 5 g)(x) =

8

>

>

<

>

>

:

x if 0 � x <

1

2

1

2

if

1

2

� x < 1

x�

1

2

if 1 � x <

3

2

1 if

3

2

� x � 2;

whi
h is a Lips
hitzian fun
tion with 
onstant K = 1:
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Our main result is the following

Theorem 2 For ea
h f 2 F

n

there exists a sequen
e (g

p

) 2 L

n

su
h that

D(g

p

; f) � 1=p for p = 1; 2; ::::

Proof . Let f 2 F

n

be. DenoteB[0; 1=p℄ the 
losed ball with radius 1=p 
entered

in the origin 0 2 R

n

: Then, be
ause B[0; 1=p℄ is 
ompa
t, we have that

�

B[0;1=p℄

2 L

n

for ea
h p 2 N :

Taking g

p

= f 5 �

B[0;1=p℄

then, by Theorem 3.1, we have that g

p

2

L

n

; 8p: Moreover, for ea
h � 2 [0; 1℄;

H(L

�

g

p

; L

�

f) = H(L

�

f 5 �

B[0;1=p℄

; L

�

f)

= H(L

�

f + L

�

�

B[0;1=p℄

; L

�

f)

= H(L

�

f +B[0; 1=p℄; L

�

f + f0g)

� H(B[0; 1=p℄; f0g)

= 1=p:

So, taking supremum in � 2 [0; 1℄; we obtain D(g

p

; f) � 1=p; for every p; and

the proof is 
omplete.

Corollary 1 (L

n

; D) is a dense subspa
e of (F

n

; D):

Remark 3 In a more restri
ted 
ontext, Colling, Kloeden [2℄, by using to-

tally di�erent te
hniques, proves that 
ontinuous fuzzy sets are denses in E

n

with respe
t to D-metri
, where E

n

= ff 2 F

n

/ L

�

f 2 K




(R

n

)g.

Remark 4 In another paper, by using the multivalued Berstein polynomial,

we prove that the Lips
hitzian fuzzy sets are dense in the 
lass of fuzzy sets,

where the level appli
ation:�! L

�

f is 
ontinuous [6℄.
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