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Abstrat

Existene and uniqueness of periodi strong solutions for the magne-

tohydrodynami type equations are studied in this work

1. Introdution

In several situations the motion of inompressible eletrial onduting

uid an be modelled by the magnetohydrodynamis equation , whih

orrespond to the Navier-Stokes equations oupled with the Maxwell

equations. In presene of a free motion of heavy ions, not diretly due

to the eletrial �eld (see Shl�uter [21℄, and Pikelner [15℄), the magneto-

hydrodynamis equation an be redued to
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�

m

�u + u � ru�
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m

h � rh = f �
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�
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h

2
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�h

�t

�

1

��

�h + u � rh� h � ru = � grad w (1.1)

div u = 0

div h = 0:

Here, u and h are respetively the unknown veloity and magneti

�elds; p

�

is the unknown hydrostati pressure; w is an unknown funtion

related to the motion of heavy ions (in suh way that the density of

eletri urrent, j

0

, generated by this motion satis�es the relation rot
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j

0

= ��rw); �

m

is the density of mass of the uid (assumed to be a

positive onstant); � > 0 is the onstant magneti permeability of the

medium; � > 0 is the onstant eletri ondutivity; � > 0 is the onstant

visosity of the uid; f is an given external fore �eld.

We append to equation (1.1) the following boundary onditions

uj

�


= 0, hj

�


= 0: (1.2)

In this paper, we will onsider the problem of the existene and

uniqueness of the periodi strong solutions in a bounded domain 
 �

IR

N

; N = 3 or 4 : the given external fore f be periodi in t with some

period � . Then we will prove the existene and uniqueness of periodi

strong solution (u;h) of the magnetohydrodynami type equations (1.1)

with the same period �

u(x; t + � ) = u(x; t); h(x; t + �) = h(x; t) (1.3)

The initial value problem assoiated to the system (1.1) has been

studied by several authors. Lassner [13℄, by using the semigoup results

of Kato and Fujita [9℄, proved the existene and uniqueness of strong

solutions. Boldrini and Rojas-Medar , [5℄, [18℄ improved this results to

global solutions by using the spetral Galerkin method. Dam�asio and

Rojas-Medar [8℄ studied the regularity of weak solutions, Notte-Cuello

and Rojas-Medar [16℄ using an iterative approah to show the existene

and uniqueness of strong solutions. The initial value problem in a time

dependent domains was studied by Rojas-Medar and Beltr�an-Barrios [17℄

and Berselli and Ferreira [4℄.

The periodi problem to the lassial Navier-Stokes equatios, was

studied by Serrin [19℄ using the perturbation method and reently by

Kato [12℄ using the spetral Galerkin method. In this work we follow

[12℄.

Finally, we would like to say that, as it usual in this ontext, to sim-

pliity the notation in the expressions we will denote by C;C

1

; : : : ;generi

positive onstants depending only on the �xed data of the problem.

2. Preliminaries and Results

We begin by realling ertain de�nitions and fats to be used later in this

paper.
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The L

2

(
)-produt and norm are denoted by (; ) and j j, respe-

tively; the L

p

(
)-norm by j j

L

p

; 1 � p � 1; the H

m

(
)- norm are

denoted by k k

H

m

and the W

k;p

(
)-norm by j j

W

k;p.

Here H

m

(
) = W

m;2

(
) and W

k;p

(
) are the usual Sobolev spae

H

1

0

(
) is the losure of C

1

0

(
) in the H

1

� norm.

If B is a Banah spae, we denote L

q

(0; T ;B) the Banah spae of the

B-valued funtions de�ned in the interval (0, T) that are L

q

-integrable

in the sense of Bohner.

Let C

1

0;�

(
) = fv 2 (C

1

0

(
))

N

; div v = 0g; V = losure of C

1

0;�

(
) in (H

1

0

(
))

N

and H = losure of C

1

0;�

(
) in (L

2

(
))

N

.

Let P be the orthogonal projetion from (L

2

(
))

N

onto H obtained

by the usual Helmholtz deomposition. Then, the operator A : H ! H

given by A = �P� with domain D(A) = (H

2

(
))

N

\ V is alled the

Stokes operator.

In order to obtain regularity properties of the Stokes operator we will

assume that 
 is of lass C

1;1

[2℄. This assumption implies, in partiu-

lar, that when Au 2 L

2

(
), then u 2 H

2

(
) and kuk

H

2

and jAuj are

equivalent norms.

Now, let us introdue some funtions spaes onsisting of � -periodi

funtions. For k � 0, k 2 IN , we denote by

C

k

(� ;B) = ff : IR! B / f is � - periodi and D

i

t

f 2 C(IR;B) para todo i � kg:

Then, let us de�ne the norm

kfk

C

k

(� ;B)

= sup

0�t��

k

X

i=1

kD

i

t

f(t)k

B

:

We denote for 1 � p � 1, the spaes

L

p

(� ;B) = ff : IR! B / f is measurable,� - periodi and kfk

L

p

(� ;B)

<1g;

where

kfk

L

p

(� ;B)

=

�

Z

�

0

kf(t)k

p

B

�

1

p

para 1 � p <1

and

kfk

L

1

(� ;B)

= sup

0�t��

kf(t)k

B

:

3



Similary, we denote by

W

k;p

(� ;B) = ff 2 L

p

(� ;B) / D

i

t

f 2 L

p

(� ;B) para todo i � kg:

In partiular, H

k

(� ;B) = W

k;2

(� ;B); when B is a Hilbert spae.

The following results will be using in this paper.

Proposition 2.1. (Giga e Miyakawa [10℄). If 0 � Æ <

1

2

+

N

4

, the fol-

lowing estimate is valid with a onstant C

1

= C

1

(Æ; �; �),

jA

�Æ

Pu�rvj � C

1

jA

�

ujjA

�

vj for any u 2 D(A

�

) and v 2 D(A

�

); (2.1)

with Æ + � + � �

N

4

+

1

2

; �+ Æ >

1

2

, and �; � > 0:

We onsider too the Sobolev inequality [10℄,

juj

L

r

(
)

� C

2

jjujj

H

� ; if

1

r

�

1

2

�

�

N

> 0; (2.2)

and the inequality due to Giga and Miyakawa [10℄

juj

L

r

(
)

� C

3

jA



uj; if

1

r

�

1

2

�

2

N

> 0: (2.3)

Here, we note that if r = N in (2.3) it follows

juj

L

N

(
)

� C

3

jA



uj; with  =

N

4

�

1

2

: (2.4)

Lemma 2.2. If u 2D(A

�

) and 0 � � < �, then

jA

�

u(x)j � �

���

jA

�

u(x)j (2.5)

where � = min�

j

> 0:

Lemma 2.3. (Simon [20℄)LetX;B and Y Banah spaes suh thatX ,!

B ,! Y , where the �rts embedding is ompat and the seond is ontin-

uous. Then, if T > 0 is �nite, we have that the following embedding is

ompat

4



L

1

(0; T ;X) \ f� : �

t

2 L

r

(0; T ;Y g ,! C(0; T ;B), se 1 < r � 1:

Ours results are the following.

Theorem 2.4. (Existene). Let f 2 H

1

(� ;H) (� > 0): Then there exists

a onstant K

0

= K

0

(N) > 0 suh that if

M = sup

0�t��

jf j

L

N

2

(
)

� K

0

;

the problem (1.1)- (1.3) has an � - periodi strong solution (u(t);h(t))

satisfying

(u;h) 2 (H

2

(� ;H))

2

\(H

1

(� ;D(A)))

2

\(L

1

(� ;D(A)))

2

\(W

1;1

(� ;V )))

2

:

Theorem 2.5. (Uniqueness). The solution of (1.1)- (1.3) given in The-

orem 1.4 is unique.

The ideia of the proof is use the spetral Galerkin method together

with ompatness arguments. The prinipal problem is obtain the uni-

form boundedness of ertains norms of u

n

(t) and h

n

(t) in some point t

�

.

This diÆult was early treated by Heywood [11℄ to prove the regulatity

of the lassial solutions for Navier-Stokes equations.

3. Approximate problem and a priori estimates

By using the operator P , the periodi problem (1.1)- (1.3) is formulated

as a system of ordinary di�erential equations

d

dt

u(t) + �Au(t) + �P (u(t) � ru(t))� P (h(t) � rh(t)) = �P f(t);

d

dt

h(t) + �Ah(t) + P (u(t) � rh(t))� P (h(t) � ru(t)) = 0;

u(x; t+ � ) = u(x; t); h(x; t + � ) = h(x; t):

Where,

� =

�

m

�

; � =

�

�

; � =

1

��

:
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We onsider V

n

= spanfw

1

(x); w

2

(x); :::; w

n

(x)g and the approxima-

tions u

n

(t) =

P

n

j=1



jn

(t)w

j

(x) and h

n

(t) =

P

n

j=1

d

jn

(t)w

j

(x); of u and

h, respetively satisfying the following system of ordinary di�erential

equations

(�u

n

t

+ �Au

n

+ �Pu

n

� ru

n

� Ph

n

� rh

n

; !

j

) = (�f ; !

j

);

(h

n

t

+ �Ah

n

+ Pu

n

� rh

n

� Ph

n

� ru

n

; !

j

) = 0; (3.1)

u

n

(t+ � ) = u

n

(t);

h

n

(t+ � ) = h

n

(t):

To show that the system (3.1) has an unique ��periodi solution, we

onsider the following linearized problem:

(�u

n

t

+ �Au

n

; !

j

) = (�f � �Pv

n

� rv

n

+ Pb

n

� rb

n

; !

j

); (3.2)

(h

n

t

+ �Ah

n

; !

j

) = (�Pu

n

� rh

n

+ Ph

n

� ru

n

; !

j

);

where v

n

(t) =

P

n

j=1

e

jn

(t)!

j

(x) and b

n

(t) =

P

n

j=1

g

jn

(t)!

j

(x) are fun-

tions given in C

1

(� ;V

n

):

It is well know that the linearized system (3.2) has an unique ��periodi

solution (u

n

(t);h

n

(t)) 2 (C

1

(� ;V

n

))

2

(see for instane, [1℄, [6℄). On the

other hand, it is easily heked that the map: (v

n

;b

n

) ! (u

n

;h

n

) is

ontinuous and ompat in (C

1

(� ;V

n

))

2

.

By using the Leray-Shauder priniple is suÆient to show the bound-

edness

sup

0�t��

ju

n

(t)j � C;

sup

0�t��

jh

n

(t)j � C;

where C is a positive onstant independent of � , for all solutions of (1.1)

replaing Pu

n

�ru

n

by �Pu

n

�ru

n

, Ph

n

�rh

n

by �Ph

n

�rh

n

, Pu

n

�rh

n

by �Pu

n

� rh

n

and Ph

n

� ru

n

by � Ph

n

� ru

n

(0 � � � 1) (see [3℄).

Then, multiplying (3.2)

i

and (3.2)

ii

by e

jn

(t) and g

jn

(t) respetively,

and adding in j, we obtain

�

2

d

dt

ju

n

j

2

+ �jru

n

j

2

= (�f ;u

n

) + �(h

n

� rh

n

;u

n

);

1

2

d

dt

jh

n

j

2

+ �jrh

n

j

2

= �(h

n

� ru

n

;h

n

)

6



sine �(u

n

� ru

n

;u

n

) = (u

n

� rh

n

;h

n

) = 0:

Adding the above inequalities and using (2.3), we get

d

dt

(�ju

n

j

2

+ jh

n

j

2

) + 2�jru

n

j

2

+ 2�jrh

n

j

2

= 2(�f ;u

n

)

� 2�kfk

L

2N=(N+2)

(
)

ku

n

k

L

2N=(N�2)

(
)

� 2C

3

C(N)� jf j

L

N=2

(
)

jru

n

j

where C(N) = j
j

N�2

2N

and j
j � the volume of 
. By using the Young

inequality, we obtain

d

dt

(�ju

n

j

2

+ jh

n

j

2

) + �jru

n

j

2

+ 2�jrh

n

j

2

� C

4

C(N)

2

M

2

(3.3)

where C

4

= C

2

3

�

2

=� and M is de�ned as in theorem 2.4. Moreover, sine

(u

n

;h

n

) are ��periodi funtions, we have

Z

�

0

d

dt

(�ju

n

j

2

+ jh

n

j

2

)dt = 0:

and onsequently, from (3.3), we obtain

Z

�

0

(�jru

n

j

2

+ 2�jrh

n

j

2

)dt � C

4

C(N)

2

M

2

� :

It follows by Mean Value Theorem for integral, that there exists t

�

2

[0; � ℄ suh that

�jru

n

(t

�

)j

2

+ 2�jrh

n

(t

�

)j

2

� C

4

C(N)

2

M

2

� :

Now, using the Lemma 2.2, with � = 0, � = 1=2, we get

ju

n

(t

�

)j � �

�1=2

jru

n

(t

�

)j: (3.4)

and onsequently

ju

n

(t

�

)j

2

� �

�1

jru

n

(t

�

)j

2

� C

4

C(N)

2

M

2

=(��): (3.5)

Analogously,

jh

n

(t

�

)j

2

� �

�1

jrh

n

(t

�

)j

2

� C

4

C(N)

2

M

2

=(2��): (3.6)
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Integrating (3.3) from t

�

to t + � (t 2 [0; � ℄), we obtain

ju

n

(t + �)j

2

+ jh

n

(t+ � )j

2

� �ju

n

(t

�

)j

2

+ jh

n

(t

�

)j

2

+ C

4

C(N)

2

M

2

(t+ � � t

�

)

� �C

4

C(N)

2

M

2

(��)

�1

+ C

4

C(N)

2

M

2

(2��)

�1

+ 2�C

4

C(N)

2

M

2

� K

1

:

Consequently,

sup

0�t��

ju

n

(t)j

2

� K

1

; sup

0�t��

jh

n

(t)j

2

� K

1

(3.7)

where K

1

is independent of � and n. Thus, we have proved the existene

of the solution (u

n

;h

n

) 2 (C

1

(� ;V

n

))

2

:

Lemma 3.1. Let (u

n

(t);h

n

(t)) be the solution of (3.1) given above.

Suppose that

M < minfK

�2

2

; K

�3

3

; 1g

where

K

2

= �

�1

(�C

1

C

5

C(N)�

�

1

2

+ C

1

C

5

C(N)�

�

1

2

+

3

2

�C

3

C

�1

5

C(N)

�1

�

�

)

K

3

= �

�1

(2C

1

C

5

C(N)�

�

1

2

+

1

2

�C

3

C

�1

5

C(N)

�1

�

�

):

Then, we have

jA



u

n

(t)j

2

+ jA



h

n

(t)j

2

� C

5

C(N)�

�1=2

M

1=2

for any t 2 (�1;+1):

Proof. Taking A

2

u

n

and A

2

h

n

as test funtions in (3.1)

i

and (3.1)

ii

repetively, we get

�

2

d

dt

jA



u

n

j

2

+ �jA

1+2

2

u

n

j

2

= (�f ; A

2

u

n

)� �(Pu

n

� ru

n

; A

2

u

n

)

+(Ph

n

� rh

n

; A

2

u

n

);

1

2

d

dt

jA



h

n

j

2

+ �jA

1+2

2

h

n

j

2

= (Ph

n

� ru

n

; A

2

h

n

)

+(Pu

n

� rh

n

; A

2

h

n

):

8



Now, we estimate the right-hand sides of the above equalities as follows:

j(�f ; A

2

u

n

)j � �jf j

L

N=2

(
)

jA

2

u

n

j

L

N=(N�2)

(
)

� �C

3

M jA

1+2

2

u

n

j;

here we use the H�older's inequality and the estimate (1.1).

j(Pv � rb; A

2

�)j = (A

2�1

2

Pv � rb; A

1+2

2

�)

� C

1

jA



vjjA

2+

2

bjjA

1+2

2

�j

where we use the Giga-Miyakawa estimate with � =  and � =

2+1

2

:

Now, adding the above estimates, we get

�

2

d

dt

jA



u

n

j

2

+

d

dt

jA



h

n

j

2

+ �jA

2+1

2

u

n

j

2

+ �jA

2+1

2

h

n

j

2

� �C

3

M jA

1+2

2

u

n

j+ C

1

�jA



u

n

jjA

1+2

2

u

n

j

2

(3.8)

+2C

1

jA



h

n

jjA

1+2

2

h

n

jjA

1+2

2

u

n

j+ C

1

jA



u

n

jjA

1+2

2

h

n

j

2

:

By using the Lemma 2.2 with � =  and � =

1

2

; we obtain from (2.5)

and (3.5)

jA



u

n

(t

�

)j

2

� �

�1=2

jru

n

(t

�

)j

� �

�1=2

(

C

4

�

)

1=2

C(N)M

and

jA



h

n

(t

�

)j

2

� �

�1=2

jrh

n

(t

�

)j

� �

�1=2

(

C

4

2�

)

1=2

C(N)M:

Consequently, if M < 1, we have

jA



u

n

(t

�

)j

2

� �

�1=2

(

C

4

�

)

1=2

C(N)M

1=2

;

jA



h

n

(t

�

)j

2

� �

�1=2

(

C

4

2�

)

1=2

C(N)M

1=2

:

Thus,

jA



u

n

(t

�

)j

2

+ jA



h

n

(t

�

)j

2

� C

5

C(N)�

�1=2

M

1=2

9



where C

5

= (

C

4

�

)

1=2

+ (

C

4

2�

)

1=2

:

Let T

�

= supfT / jA



u

n

(t)j

2

+ jA



h

n

(t)j

2

� C

5

C(N)�

�1=2

M

1=2

for

any t 2 [t

�

; T )g:

We will prove by ontradition that T

�

=1. In fat, if T

�

(t

�

< T

�

)

is �nite it should follow that

jA



u

n

(t)j

2

+ jA



h

n

(t)j

2

� C

5

C(N)�

�1=2

M

1=2

for any t 2 [t

�

; T

�

) and

jA



u

n

(T

�

)j

2

+ jA



h

n

(T

�

)j

2

= C

5

C(N)�

�1=2

M

1=2

:

Therefore, for suh a value t = T

�

, the estimates of the right-hand side

of (3.8) are

�C

3

M jA

1+2

2

u

n

(t)j

� �C

3

C

�1

5

C(N)

�1

M

1=2

fjA



u

n

(t)j

2

+ jA



h

n

(t)j

2

gjA

1+2

2

u

n

(t)j

� �C

3

C

�1

5

C(N)

�1

�

�

M

1=2

jA

1+2

2

u

n

(t)j

2

+�C

3

C

�1

5

C(N)

�1

�

�

M

1=2

jA

1+2

2

u

n

(t)jjA

1+2

2

h

n

(t)j

�

3

2

�C

3

C

�1

5

C(N)

�1

�

�

M

1=2

jA

1+2

2

u

n

(t)j

2

+

1

2

�C

3

C

�1

5

C(N)

�1

�

�

M

1=2

jA

1+2

2

h

n

(t)j

2

;

�C

1

jA



u

n

(t)jjA

1+2

2

u

n

(t)j

2

� �C

1

C

5

C(N)�

�1=2

M

1=2

jA

1+2

2

u

n

(t)j

2

;

2C

1

jA



h

n

(t)jjA

1+2

2

h

n

(t)jjA

1+2

2

u

n

(t)j

� 2C

1

C

5

C(N)�

�1=2

M

1=2

jA

1+2

2

h

n

(t)jjA

1+2

2

u

n

(t)j

� C

1

C

5

C(N)�

�1=2

M

1=2

jA

1+2

2

u

n

(t)j

2

+C

1

C

5

C(N)�

�1=2

M

1=2

jA

1+2

2

h

n

(t)j

2

;

C

1

jA



u

n

(t)jjA

1+2

2

h

n

(t)j

2

� C

1

C

5

C(N)�

�1=2

M

1=2

jA

1+2

2

h

n

(t)j

2

:

Consequently, the above estimate and (3.8) implies

�

2

d

dt

jA



u

n

(t)j

2

+

d

dt

jA



h

n

(t)j

2

+ �jA

2+1

2

u

n

(t)j

2

+ �jA

2+1

2

h

n

(t)j

2

� (�C

1

C

5

C(N)�

�1=2

+ C

1

C

5

C(N)�

�1=2

10



+

3

2

�C

3

C

�1

5

C(N)

�1

�

�

)M

1=2

jA

1+2

2

u

n

(t)j

+(C

1

C

5

C(N)�

�1=2

+ C

1

C

5

C(N)�

�1=2

+

1

2

�C

3

C

�1

5

C(N)

�1

�

�

)M

1=2

jA

1+2

2

h

n

(t)j

2

= K

2

M

1=2

�jA

1+2

2

u

n

(t)j

2

+K

3

M

1=2

�jA

1+2

2

h

n

(t)j;

where

K

2

= �

�1

(�C

1

C

5

C(N)�

�1=2

+C

1

C

5

C(N)�

�1=2

+

3

2

�C

3

C

�1

5

C(N)

�1

�

�

K

3

= �

�1

(2C

1

C

5

C(N)�

�1=2

+

1

2

�C

3

C

�1

5

C(N)

�1

�

�

:

If M < minfK

1

; K

2

; 1g, we have

�

2

d

dt

jA



u

n

(t)j

2

+

d

dt

jA



h

n

(t)j

2

< 0 at t = T

�

:

Thus, in a neighborhood of t = T

�

it follows

jA



u

n

(t)j

2

+ jA



h

n

(t)j

2

� C

5

C(N)�

�1=2

M

1=2

for any t 2 [T

�

; T

�

+ Æ)

whih implies T

�

=1. Therefore, this given

jA



u

n

(t)j

2

� C

5

C(N)�

�1=2

M

1=2

for any t 2 (�1;1)

jA



h

n

(t)j

2

� C

5

C(N)�

�1=2

M

1=2

for any t 2 (�1;1)

sine u

n

(t) and h

n

(t) are periodis.

4. Estimates of derivatives of higher order

To show the onvergene of the approximate solutions we shall derive

estimates of derivatives of higher order. By Lemma 3.1, if M is suÆiently

small the approximate solutions satisfy

sup

t

jA



u

n

(t)j � C(M); sup

t

jA



h

n

(t)j � C(M) (4.1)

with  =

N

4

�

1

2

, where C(M) denotes a onstant depending on M and

independent of n.
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Lemma 4.1. Let (u

n

(t);h

n

(t)) be the solution of (3.1) given above. Set

M

0

= (

Z

�

0

jf j

2

dt)

1

2

; M

1

= (

Z

�

0

jf

t

j

2

dt)

1

2

:

Then, we have

sup

0�t��

jru

n

(t)j

2

� C(M

0

;M); sup

0�t��

jrh

n

(t)j

2

� C(M

0

;M);

and

sup

t

(�ju

n

t

(t)j

2

+ jh

n

t

(t)j

2

) � C(M

0;

M

1

;M);

where C(M

0

;M) and C(M

0;

M

1

;M) denote onstants depending onM

0

;M

1

;M

and independing of n:

Proof. From (3.1) and using (2.1), we have

�

2

d

dt

jru

n

j

2

+ �jAu

n

j

2

� �jf jjAu

n

j+ C

1

�jA



u

n

jjAu

n

j

2

+ 2C

1

jA



h

n

jjAh

n

jjAu

n

j;

1

2

d

dt

jrh

n

j

2

+ �jAh

n

j

2

� C

1

jA



u

n

jjAh

n

j

2

+ C

1

jA



h

n

jjAh

n

jjAu

n

j:

Adding the above inequalities and using the estimate (4.1), we have

1

2

d

dt

(�jru

n

j

2

+ jrh

n

j

2

) + �jAu

n

j

2

+ �jAh

n

j

2

(4.2)

� �jf jjAu

n

j+ C

1

C(M)jAu

n

j

2

+ 2C

1

C(M)jAh

n

jjAu

n

j+ C

1

C(M)jAh

n

j

2

� �jf jjAu

n

j+ C

1

C(M)(� + 1)jAu

n

j

2

+ 2C

1

C(M)jAh

n

j

2

:

Realling the perioriity ofru

n

(t) andrh

n

(t), we dedue from the above

inequality

Z

�

0

(�jAu

n

j

2

+ �jAh

n

j

2

)dt

� �M

0

(

Z

�

0

�jAu

n

j

2

)

1=2

dt+ C

1

C(M)(� + 1)

Z

�

0

�jAu

n

j

2

dt

+2C

1

C(M)

Z

�

0

�jAh

n

j

2

dt:

12



or, if d

0

= minf�; �g > 0;

Z

�

0

(jAu

n

j

2

+ jAh

n

j

2

)dt

� �M

0

d

�1

0

(

Z

�

0

�jAu

n

j

2

)

1=2

dt+ C

1

C(M)d

�1

0

(� + 2)

Z

�

0

�jAu

n

j

2

dt:

Seeing that d

�1

0

C

1

C(M)(� + 3) < 1, we obtain

Z

�

0

(jAu

n

j

2

+ jAh

n

j

2

)dt � C(M

0

;M):

Newly, applying the Mean Value Theorem for integrals, we have that

there exists t

�

2 [0; � ℄ suh that

jAu

n

(t

�

)j

2

+ jAh

n

(t

�

)j

2

� �

�1

C(M

0

;M):

By using the Lemma 2.2 , with � =

1

2

, � = 1; we have

jru

n

(t

�

)j

2

� �

�1

jAu

n

(t

�

)j � �

�1

�

�1

C(M

0

;M)

and

jrh

n

(t

�

)j

2

� �

�1

jAh

n

(t

�

)j � �

�1

�

�1

C(M

0

;M):

Now, integrating the inequality (4.2) from t

�

to t + � (t 2 [0; � ℄), we

dedue easily

sup

0�t��

jru

n

(t)j

2

� C(M

0

;M); (4.3)

sup

0�t��

jrh

n

(t)j

2

� C(M

0

;M)

where C(M

0

;M) is independent of n.

By other hand, from equations (3.1) we have

(�u

n

t

+ �Au

n

;u

n

t

) = (�f � �Pu

n

� ru

n

+ Ph

n

� rh

n

;u

n

t

);

(h

n

t

+ �Ah

n

;h

n

t

) = (�Pu

n

� rh

n

+ Ph

n

� ru

n

;h

n

t

)

or, equivalently

�

2

d

dt

jru

n

j

2

+ �ju

n

t

j

2

= (�f ;u

n

t

) + �(Pu

n

� ru

n

;u

n

t

) + (Ph

n

� rh

n

;u

n

t

);

�

2

d

dt

jrh

n

j

2

+ jh

n

t

j

2

= (Ph

n

� ru

n

;h

n

t

)� (Pu

n

� rh

n

;h

n

t

): (4.4)
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Now, we estimate the right-hand sides of the above inequalities, we have

j(�f ;u

n

t

)j �

�

2

jf j

2

+

�

2

ju

n

t

j

2

and

j(v � rb; �

t

)j � jvj

L

N jrbjj�

t

j

L

2N

N�2

� C

2

C

3

jA



vjjrbjjr�

n

t

j

where we use the H�older' inequality, the estimate (2.3) and Sobolev's

embedding with r =

2N

N�2

and � = 1:

Thus, by using the above estimates and the equalities (4.4), we get

1

2

d

dt

(�jru

n

j

2

+ �jrh

n

j

2

) + �ju

n

t

j

2

+ jh

n

t

j

2

�

�

2

jf j

2

+

�

2

ju

n

t

j+ C

2

C

3

jA



u

n

jjru

n

jjru

n

t

j

+C

2

C

3

jA



h

n

jjrh

n

jjru

n

t

j+ C

2

C

3

jA



u

n

jjrh

n

jjrh

n

t

j

+C

2

C

3

jA



h

n

jjru

n

jjrh

n

t

j

�

�

2

jf j

2

+

�

2

ju

n

t

j+ C

2

C

3

C(M

0

;M)jru

n

t

j+ C(M

0

;M)jrh

n

t

j:

Integrating from 0 to � , we have

Z

�

0

�ju

n

t

j

2

+ jh

n

t

j

2

�

�

2

M

2

0

+ C(M

0

;M)

Z

�

0

(jru

n

t

j+ jrh

n

t

j)ds: (4.5)

By other hand, di�erentiating with respet to t the equalities (3.1),

we obtain

(�u

n

tt

+ �Au

n

t

; !

j

)

= (�f

t

� �Pu

n

t

� ru

n

+ �Pu

n

� ru

n

t

+ Ph

n

t

� rh

n

+ Ph

n

� rh

n

t

; !

j

);

(h

n

tt

+ �Ah

n

t

; !

j

) (4.6)

= (�Pu

n

t

� rh

n

� Pu

n

� rh

n

t

+ Ph

n

t

� ru

n

+ Ph

n

� ru

n

t

; !

j

):

Multiplying the �rst equality by 

0

jn

(t) and the seond equality by d

0

jn

(t),

and summing the result for j = 1; :::; n, we obtain

�

2

d

dt

ju

n

t

j

2

+ �jru

n

t

j

2
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= (�f

t

;u

n

t

)� �(Pu

n

t

� ru

n

;u

n

t

) + (Ph

n

t

� rh

n

;u

n

t

) + (Ph

n

� rh

n

t

;u

n

t

);

1

2

d

dt

jh

n

t

j

2

+ �jh

n

t

j

2

(4.7)

= (Ph

n

t

� ru

n

;h

n

t

) + (Ph

n

� ru

n

t

;h

n

t

)� (Pu

n

t

� rh

n

;h

n

t

);

sine (Pu

n

� ru

n

t

;u

n

t

) = (Pu

n

� rh

n

t

;h

n

t

) = 0:

We observe that using the H�older's inequality, we obtain

j(P�

t

� rv;b

t

)j � j�

t

j

L

N
jrvjjb

t

j

L

2N

N�2

and using the inequality (2.2) and (2.3) with r = 3 and � = 1, we infer

of the above inequality

j(P�

t

� rv;b

t

)j � C

2

C

3

jA



�

t

jjrvjjrb

t

j (4.8)

for any �; v; b 2 V: Analogously,

j(P� � rv

t

;b

t

)j � C

2

C

3

jA



b

t

jjr�jjrv

t

j: (4.9)

If, we use the estimate (4.8) for seond and third terms in equality (4.7)

i

and the estimate (4.9) in the last term of this equality, we get

�

2

d

dt

ju

n

t

j

2

+ �jru

n

t

j

2

� ��

�1

jf

t

jjru

n

t

j+ �C

2

C

3

jA



u

n

t

j jru

n

jjru

n

t

j

+C

2

C

3

jA



h

n

t

jjrh

n

jjru

n

t

j+ C

2

C

3

jA



u

n

t

jjrh

n

jjrh

n

t

j (4.10)

similarly, we have

1

2

d

dt

jh

n

t

j

2

+ �jrh

n

t

j

2

� C

2

C

3

jA



h

n

t

j jru

n

jjrh

n

t

j (4.11)

+C

2

C

3

jA



h

n

t

jjrh

n

jjru

n

t

j+ C

2

C

3

jA



u

n

t

jjrh

n

jjrh

n

t

j:

Adding the inequalities (4.10) and (4.11), we get

1

2

d

dt

(�ju

n

t

j

2

+ jh

n

t

j

2

) + �jru

n

t

j

2

+ �jrh

n

t

j

2

� ��

�1

jf

t

jjru

n

t

j+ �C

2

C

3

C(M

0

;M)jA



u

n

t

jjru

n

t

j

+2C

2

C

3

C(M

0

;M)jA



h

n

t

jjru

n

t

j+ 2C

2

C

3

C(M

0

;M)jA



u

n

t

jjrh

n

t

j

+C

2

C

3

C(M

0

;M)jA



h

n

t

jjrh

n

t

j

15



where we use the estimates (4.3).

By using the interpolation inequality (� = 0; � = 1=2)

jA



vj � C

4

jA

�

vj

�Æ

��Æ

jA



vj

��

��Æ

where 0 � Æ <  < �; C

4

= C(Æ; �; ) and v 2 D(A

�

) , we have

jA



u

n

t

j � C(0;

1

2

; )jA

1

2

u

n

t

j

2

jA

0

u

n

t

j

1�2

:

we observe

jA

1

2

vj = jrvj;

and

jA

0

vj = jvj:

thus,

jA



u

n

t

j � C(0;

1

2

; )jru

n

t

j

2

ju

n

t

j

1�2

:

Then, the �rst term in (??) is bounded as follows

�C

2

C

3

C(M

0

;M)jA



u

n

t

jjru

n

t

j � �C

2

C

3

C

4

C(M

0

;M)jru

n

t

j

2

ju

n

t

j

1�2

jru

n

t

j

� �C

2

C

3

C

4

C(M

0

;M)jru

n

t

j

2+1

ju

n

t

j

1�2

:

Analogously, we have

jA



h

n

t

j � C

4

jrh

n

t

j

2

jh

n

t

j

1�2

:

and thus the last term of (??) is bounded of the following manner

C

2

C

3

C(M

0

;M)jA



h

n

t

jjrh

n

t

j � C

2

C

3

C

4

C(M

0

;M)jrh

n

t

j

2

jh

n

t

j

1�2

jrh

n

t

j

� C

2

C

3

C

4

C(M

0

;M)jrh

n

t

j

2+1

jh

n

t

j

1�2

:

Now, we look the mixtes terms of (??)

2C

2

C

3

C(M

0

;M)jA



h

n

t

jjru

n

t

j � 2C

2

C

3

C

4

C(M

0

;M)jrh

n

t

j

2

jh

n

t

j

1�2

jru

n

t

j

similarly

2C

2

C

3

C(M

0

;M)jA



u

n

t

jjrh

n

t

j � 2C

2

C

3

C

4

C(M

0

;M)jru

n

t

j

2

ju

n

t

j

1�2

jrh

n

t

j
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The above estimates imply the following di�erential inequality

1

2

d

dt

(�ju

n

t

j

2

+ jh

n

t

j

2

) + �jru

n

t

j

2

+ �jrh

n

t

j

2

� ��

�1

jf

t

jjru

n

t

j+ �C

2

C

3

C

4

C(M

0

;M)jru

n

t

j

2+1

ju

n

t

j

1�2

+C

2

C

3

C

4

C(M

0

;M)jrh

n

t

j

2+1

jh

n

t

j

1�2

(4.12)

+2C

2

C

3

C

4

C(M

0

;M)jrh

n

t

j

2

jh

n

t

j

1�2

jru

n

t

j

+2C

2

C

3

C

4

C(M

0

;M)jru

n

t

j

2

ju

n

t

j

1�2

jrh

n

t

j:

Integrating over [0; � ℄ we have, sine u and h are periodis,

Z

�

0

(�jru

n

t

j

2

+ �jrh

n

t

j

2

) � C(M

1

) + �C

2

C

3

C

4

C(M

0

;M)

Z

�

0

jru

n

t

j

2+1

ju

n

t

j

1�2

+C

2

C

3

C

4

C(M

0

;M)

Z

�

0

jrh

n

t

j

2+1

jh

n

t

j

1�2

+2C

2

C

3

C

4

C(M

0

;M)

Z

�

0

jrh

n

t

j

2

jh

n

t

j

1�2

jru

n

t

j

+2C

2

C

3

C

4

C(M

0

;M)

Z

�

0

jru

n

t

j

2

ju

n

t

j

1�2

jrh

n

t

j:

We will prove the following estimate

Z

�

0

(�jru

n

t

j

2

+ �jrh

n

t

j

2

) � C(M

1

;M

0

;M): (4.13)

If N = 3; we have  =

1

4

; thus the last inequality implies

Z

�

0

(�jru

n

t

j

2

+ �jru

n

t

j

2

) � C(M

1

) + C(M

0

;M)

Z

�

0

jru

n

t

j

3

2

ju

n

t

j

1

2

+C(M

0

;M)

Z

�

0

jrh

n

t

j

3

2

jh

n

t

j

1

2

(4.14)

+C(M

0

;M)

Z

�

0

jrh

n

t

j

1

2

jh

n

t

j

1

2

jru

n

t

j

+C(M

0

;M)

Z

�

0

jru

n

t

j

1

2

ju

n

t

j

1

2

jrh

n

t

j:

By using the H�older inequality, we get

Z

�

0

jru

n

t

j

3

2

ju

n

t

j

1

2

� (

Z

�

0

ju

n

t

j

2

dt)

1=4

(

Z

�

0

jru

n

t

j

2

)

3=4

analogously

Z

�

0

jrh

n

t

j

3

2

jh

n

t

j

1

2

� (

Z

�

0

jh

n

t

j

2

dt)

1=4

(

Z

�

0

jrh

n

t

j

2

)

3=4
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and

Z

�

0

jru

n

t

j

1

2

ju

n

t

j

1

2

jrh

n

t

j � (

Z

�

0

ju

n

t

j

2

dt)

1=4

(

Z

�

0

jru

n

t

j

2

3

jrh

n

t

j

4

3

)

3=4

� (

Z

�

0

ju

n

t

j

2

dt)

1=4

(

Z

�

0

jru

n

t

j

2

)

1

4

(

Z

�

0

jrh

n

t

j

2

)

1=2

analogously

Z

�

0

jh

n

t

j

1

2

jrh

n

t

j

1

2

jru

n

t

j � (

Z

�

0

jh

n

t

j

2

dt)

1=4

(

Z

�

0

jrh

n

t

j

2

)

1

4

(

Z

�

0

jru

n

t

j

2

)

1=2

:

>From the inequality (4.12) and by using the above inequality to-

gether with (4.5), we obtain

Z

�

0

(�jru

n

t

j

2

+ �jrh

n

t

j

2

) � C(M

1

;M

0

;M)(

Z

�

0

�jru

n

t

j

2

+ �jrh

n

t

j

2

)

7

8

whih implies the boundeness for N = 3;

Z

�

0

(�jru

n

t

j

2

+ �jrh

n

t

j

2

) � C(M

1

;M

0

;M):

If N = 4, we have  =

1

2

and from the inequality (4.12), we have

1

2

d

dt

(�ju

n

t

j

2

+ jh

n

t

j

2

) + �jru

n

t

j

2

+ �jrh

n

t

j

2

� ��

�1

jf

t

jjru

n

t

j+ C(M

0

;M)jru

n

t

j

2

+ C(M

0

;M)jrh

n

t

jjru

n

t

j

+C(M

0

;M)jrh

n

t

j

2

:

>From this, we �nd

1

2

d

dt

(�ju

n

t

j

2

+jh

n

t

j

2

)+�jru

n

t

j

2

+�jrh

n

t

j

2

� C(M

1

)+C(M

0

;M)(�jru

n

t

j

2

+�jrh

n

t

j

2

):

thus,

Z

�

0

(�jru

n

t

j

2

+�jrh

n

t

j

2

)dt � C(M

1

)+C(M

0

;M)

Z

�

0

(�jru

n

t

j

2

+�jrh

n

t

j

2

)dt:

Sine, we an take (1 � C(M

0

;M

1

;M)) > 0 , we obtain the desired

result for N = 4:

Newly, by using the mean-value theorem for integral, we have that

there exists t

�

2 [0; � ℄; suh that
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�jru

n

t

(t

�

)j

2

+ �jrh

n

t

(t

�

)j

2

� �

�1

C(M

0;

M

1

;M): (4.15)

Consequently,

ju

n

t

(t

�

)j

2

� �

�1

jru

n

t

(t

�

)j

2

� �

�1

�

�1

�

�1

C(M

0;

M

1

;M)

and

jh

n

t

(t

�

)j

2

� �

�1

jrh

n

t

(t

�

)j

2

� �

�1

�

�1

�

�1

C(M

0;

M

1

;M)

Integrating (4.12) from t

�

to t+ � with t 2 [0; � ℄; and using the above

estimates, we get

sup

t

(�ju

n

t

(t)j

2

+ jh

n

t

(t)j

2

) � C(M

0;

M

1

;M):

Lemma 4.2. Let (u

n

(t);h

n

(t)) be the approximate solution of (3.1)

given above. Then, we have

sup

t

jAu

n

(t)j � C(M

0

;M

1

;M); (4.16)

sup

t

jAh

n

(t)j � C(M

0

;M

1

;M);

Z

�

0

(jAu

n

t

(t)j

2

+ jAh

n

t

(t)j

2

)dt � C(M

0;

M

1

;M); (4.17)

Z

�

0

(ju

n

tt

(t)j

2

+ jh

n

tt

(t)j

2

)dt � C(M

0;

M

1

;M) (4.18)

Proof. From the equalities (3.1), we obtain easily

(�u

n

t

+ �Au

n

; Au

n

) = (�f � �Pu

n

� ru

n

+ Ph

n

� rh

n

; Au

n

);

(h

n

t

+ �Ah

n

; Ah

n

) = (�Pu

n

� rh

n

+ Ph

n

� ru

n

; Ah

n

);

onsequently

�jAu

n

j

2

� �jf jjAu

n

j+�ju

n

t

jjAu

n

j+�jPu

n

�ru

n

jjAu

n

j+jPh

n

�rh

n

jjAu

n

j;

(4.19)
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�jAh

n

j

2

� jh

n

t

jjAh

n

j+ jPh

n

� ru

n

jjAh

n

j+ jPu

n

� rh

n

jjAh

n

j: (4.20)

Now, we use the Proposition 2.1 with � =  and � = 1; to obtain

jP� � rvj � C

1

C(M)jA



�jjAvj � C

1

C(M)jAvj (4.21)

where we use the estimate (4.21) , here we set � = u

n

or h

n

and v = u

n

or h

n

:

The inequalities (4.19) and (4.20) together with (4.21) imply

�jAu

n

j

2

+ �jAh

n

j

2

� �jf jjAu

n

j+ �ju

n

t

jjAu

n

j+ jh

n

t

jjAh

n

j

+2C

1

C(M)jAh

n

j

2

+ C

1

C(M)(1 + �)jAu

n

j

2

:

Using the Young inequality to the third �rst terms and the fat that

C(M) is small, we obtain

jAu

n

(t)j � C(M

0

;M

1

;M); jAh

n

(t)j � C(M

0

;M

1

;M): (4.22)

>From of the inequality (3.1), we have

�

2

d

dt

jru

n

t

j

2

+ �jAu

n

t

j

2

= (�f

t

; Au

n

t

)� �(Pu

n

t

� ru

n

; Au

n

t

) + �(Pu

n

� ru

n

t

; Au

n

t

)

+(Ph

n

t

� rh

n

; Au

n

t

) + (Ph

n

� rh

n

t

; Au

n

t

);

1

2

d

dt

jrh

n

t

j

2

+ �jAh

n

t

j

2

= �(Pu

n

t

� rh

n

; Ah

n

t

)� (Pu

n

� rh

n

t

; Ah

n

t

)

+(Ph

n

t

� ru

n

; Ah

n

t

) + (Ph

n

� ru

n

t

; Ah

n

t

):

Now, we estimate the right-hand side as is usual, for example

j(P�

t

� rv;b

t

)j � j�

t

j

L

2N

N�2

jrvj

L

N jAb

t

j

and

j(P� � rv

t

;b

t

)j � j�j

L

2N

N�2

jrv

t

j

L

n

jAb

t

j

for any �;v;b 2V

n

:

Consequently, by using the lemmas 2.1, we have
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1

2

d

dt

(�jru

n

t

j

2

+ jrh

n

t

j

2

) + �jAu

n

t

j

2

+ �jAh

n

t

j

2

�

�

2

2�

jf

t

j

2

+ �C

1

C

3

jru

n

t

jjA

+

1

2

u

n

jjAu

n

t

j+ �C

2

C

3

jru

n

jjA

+

1

2

u

n

t

jjAu

n

t

j

+C

2

C

3

jrh

n

t

jjA

+

1

2

h

n

jjAu

n

t

j+ C

2

C

3

jrh

n

jjA

+

1

2

h

n

t

jjAu

n

t

j (4.23)

+C

2

C

3

jru

n

t

jjA

+

1

2

h

n

jjAh

n

t

j+ C

2

C

3

jru

n

jjA

+

1

2

h

n

t

jjAh

n

t

j

+C

2

C

3

jrh

n

t

jjA

+

1

2

u

n

jjAh

n

t

j+ C

2

C

3

jrh

n

jjA

+

1

2

u

n

t

jjAh

n

t

j:

If N = 3; then  =

1

4

; thus the lemma 2.1, implies

1

2

d

dt

(�jru

n

t

j

2

+ jrh

n

t

j

2

) +

�

2

jAu

n

t

j

2

+ �jAh

n

t

j

2

�

�

2

2�

jf

t

j

2

+ C(M

0

;M

1

;M)jru

n

t

jjAu

n

t

j+ C(M

0

;M

1

;M)jA

3

4

u

n

t

jjAu

n

t

j

+C(M

0

;M

1

;M)jrh

n

t

jjAu

n

t

j+ C(M

0

;M

1

;M)jA

3

4

h

n

t

jjAu

n

t

j (4.24)

+C(M

0

;M

1

;M)jru

n

t

jjAh

n

t

j+ C(M

0

;M

1

;M)jA

3

4

h

n

t

jjAh

n

t

j

+C(M

0

;M

1

;M)jrh

n

t

jjAh

n

t

j+ C(M

0

;M

1

;M)jA

3

4

u

n

t

jjAh

n

t

j:

By using the momentum inequality with  =

3

4

; � =

1

2

and � = 1, we

obtain

jA

3

4

h

n

t

jjAu

n

t

j � Cjrh

n

t

j

1

2

jAh

n

t

j

1

2

jAu

n

t

j:

Analogously

jA

3

4

u

n

t

jjAu

n

t

j � Cjru

n

t

j

1

2

jAu

n

t

j

3

2

;

jA

3

4

h

n

t

jjAh

n

t

j � Cjrh

n

t

j

1

2

jAh

n

t

j

3

2

;

jA

3

4

u

n

t

jjAh

n

t

j � Cjru

n

t

j

1

2

jAu

n

t

j

1

2

jAh

n

t

j:

Consequently, by using the Young inequality, we have in (4.24)

21



d

dt

(�jru

n

t

j

2

+ jrh

n

t

j

2

) +

�

2

jAu

n

t

j

2

+ �jAh

n

t

j

2

� Cjf

t

j

2

+ C(M

0

;M

1

;M)(�jru

n

t

j

2

+ jrh

n

t

j

2

):

Integrating from t

�

to t 2 [0; � ℄; we get

�jru

n

t

(t)j

2

+ jrh

n

t

(t)j

2

+

Z

t

t

�

(

�

2

jAu

n

t

(s)j

2

+ �jAh

n

t

(s)j

2

)ds

� C(M

1

) + C(M

0

;M

1

;M) + �jru

n

t

(t

�

)j

2

+ jrh

n

t

(t

�

)j

2

� C(M

0

;M

1

;M);

where we use the estimates of the lemma 2.1.

If N = 4; then  =

1

2

, this in (4.23), we have

1

2

d

dt

(�jru

n

t

j

2

+ jrh

n

t

j

2

) +

�

2

jAu

n

t

j

2

+ �jAh

n

t

j

2

� Cjf

t

j

2

+ C(M

0

;M

1

;M)jru

n

t

jjAu

n

t

j+ C(M

0

;M

1

;M)jrh

n

t

jjAu

n

t

j

+C(M

0

;M

1

;M)jAh

n

t

jjAu

n

t

j+ C(M

0

;M

1

;M)jru

n

t

jjAh

n

t

j

+C(M

0

;M

1

;M)jAh

n

t

j

2

+ C(M

0

;M

1

;M)jrh

n

t

jjAh

n

t

j

+C(M

0

;M

1

;M)jAu

n

t

j

2

:

The Young inequality implies

d

dt

(�jru

n

t

j

2

+ jrh

n

t

j

2

) + �jAu

n

t

j

2

+ �jAh

n

t

j

2

� Cjf

t

j

2

+ C(M

0

;M

1

;M)jru

n

t

j

2

+ C(M

0

;M

1

;M)jrh

n

t

j

2

+C(M

0

;M

1

;M)jAh

n

t

j

2

+ C(M

0

;M

1

;M)jAu

n

t

j

2

:

Sine, we an onsider (minf�; �g � C(M

0

;M

1

;M)) > 0; integrating

from t

�

to t+ � ;we obtain

�jru

n

t

(t+ � )j

2

+ jrh

n

t

(t+ � )j

2

+

Z

t+�

t

�

(jAu

n

t

(s)j

2

+ jAh

n

t

(s)j

2

)ds

� C(M

1

) + C(M

0

;M

1

;M)

Z

t+�

t

�

(jru

n

t

(s)j

2

ds+ jrh

n

t

(s)j

2

)ds (4.25)

+�jru

n

t

(t

�

)j

2

+ jrh

n

t

(t

�

)j

2

:
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Therefore, using the estimates (4.13) and (4.15), we obtain the desired

estimative.

Equalities (4.6) imply

�ju

n

tt

j

2

= �(f

t

;u

n

tt

)� �(Au

n
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)� �(Pu
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t

� ru

n

;u
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n

� ru
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t
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n

tt

)

+(Ph
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n
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) + (Ph
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t
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n
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);
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)

+(Ph

n

t
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n

;h
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) + (Ph

n
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n

t

;h

n
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):

Consequently,
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:

By using the estimates (4.25), (4.16) and (4.17), we obtain the esti-

mate (4.18).

5. Proof of Theorems

By the Aubin-Lions theorem, we have from estimates (3.7) that there

exist a subsequenes u

n

(t) and h

n

(t) suh that

u

n

! u, h

n

! h, strongly in L

1

(� ;V ):

Also, by the estimates (4.1), we have

u

n

! u, h

n

! h, w

�

in L

1

(� ;D(A)):

and

23



u

n

t

! u

t

, h

n

t

! h

t

, w

�

in L

1

(� ;V ):

and the funtions u(t) and h(t) satis�es

u;h 2 H

2

(� ;H) \H

1

(� ;D(A)) \ L

1

(� ;D(A)) \W

1;1

(� ;V ):

We will show that

u

n

t

! u

t

, h

n

t

! h

t

, strongly in L

1

(� ;H):

Taking � = u

t

and � = h

t

in Lemma 2.3, with X = V; Y = B = H;

we obtain the desired onvergenes.

One these later onvergenes are established, it is a standard proe-

dure take the limit along the previous subsequenes in (3.1) to onlude

that (u;h) is a periodi strong solution of (1.1)-(1.3).

To prove the uniqueness, we onsider that (u

1

;h

1

) and (u

2

;h

2

) are

two solutions of problem (1.1)- (1.3). By de�ning di�erenes

� = u

1

� u

2

, � = h

1

� h

2

:

They satisfy

(�

t

+ �A�; �) = (� � rh

1
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2

� r�; �)� �(� � ru

2

; �) + �(u
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1
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2

� r�;  )� (� � rh

1
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2

� r�;  )

for all �;  2 V:

Setting � = � and  = � in the above inequalities, after of adding,

we get

1

2

d
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(�j�j

2
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2

)+�jr�j

2

+�jr�j
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= (��r�;h

1
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1
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):

By other hand, using the Giga-Miyakawa result with Æ = , � = � =

1

2

, we get
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where, we use the estimate given in the lemma 1.1. Analogously

�(� � r�;u

2

) � C

1

C(M)jr�j

2

;

(� � r�;u

1

) � C

1
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2

:

Consequently, we obtain
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d

dt
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): (5.1)

Sine C(M) < 1; we have

d

dt
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We reall that

j�j

2

� �

�1

jr�j

2

, j�j

2

� �

�1

jr�j

2

:

Consequently,
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Thus, we have in (5.1)

d

dt

(�j�j

2

+ j�j

2

) + L

1

(�j�j

2

+ j�j

2

) � 0;

where L

1

= L�minf�; �g(

1
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+ 1) > 0:

Finally,
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� (�j�(0)j

2
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) exp(�L
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for any t 2 (0;1):

Sine �(t) and �(t) are periodi in t, for any t 2 (�1;+1) there

exists a positive integer n

0

suh that t+ n
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� > 0 and
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:

Hene, it follows,
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); whih implies
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and �nally u
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and h
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:
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