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1 Introduction

In this paper, we focus on mathematical aspects of a simplified model of the liquid
crystal proposed by Lin [14]. This model inclues as a particular case the classical
Navier-Stokes equations, wich has been widely studied (see for instance, Ladyzhen-
skaya [10], Lions [11], Temam [20] and the referencees there in).

We study convergence rates in several norms of spectral semi-Galerkin approx-
imations. Although this is not a too interesting case from the point view of ap-
plications, we hope that the techniques that we introduce may be adapted in the
important case where full discretization is used. This question is presently under
investigation. We point out that the exact knowledge of the eigenfunctions of the
Stokes operator is possible in certain domains see [18], [19].

Rautmann [15] gave a systematic development of error estimates for spectral
Galerkin approximations of the classical Navier-Stokes equations(see also [8], [16]).
Boldrini and Rojas-Medar gave analogous error estimates for the model of nonho-
mogeneous viscous incompressible fluids [2], [3].

The paper is organized as follows: in Section 2 we state some preliminaries
results that will be useful in the rest of the paper; we describe the approximation
method and state the results of existence and uniqueness as also some estimates
apriori that form the theoretical basis for the problem. In Section 3 we derive a
L?-error estimate for the velocity and a H'-error estimate for the optical director.
In Section 4 we derive H'-error estimates for velocity and H?-error estimates for
the optical director and Section 5 is devoted to the H?3- error estimates for optical
director.

Finally, we would like to say that, as it usual in this context, to simplify the
notation we will denote by C| M generic finite positive constants depending only on
2 and the other fixed parameters of the problem (like the initial data) that may
have different values in different expressions. Sometimes, to emphasize the fact that
the constants are different, we use Cy,Cy, ..., My, My, ..., and so on.

2 Preliminaries

The equations for the flow of liquid crystals are as follows. Being 2 C IR",n =2 or
3, a Clregular bounded domain, 7' > 0, these equations are (see [13])



ov

En +(v-V)v—vAv+Vp = —AV-(VdeVd) in Q,
Vv = 0 in 2,
od :
M9 = H(ad-f@) o ()

v =0 on 00 x]0,T7,

d(z,t) = dy(x) on 0010, T,

v(z,0) = wvo(x) in €,

d(z,0) = dy(x) in Q.
Here [0,77 is the interval of time under consideration; €2 is the container where the
fluid is; v(z,t) € IR™ denotes the velocity of the fluid at point z € € and time
t € [0,7[;d(z,t) € IR™ and p(z,t) € IR denote, respectively, the optical director
and the hydrostatic pressure of the fluid; vo(x) and dy(z) are the initial velocity
and optical director respectively; v, A,y are positive constants and f(d) is a vector

valued, smooth, bounded function defined for all d € IR",the fluid adheres to the
wall 02 of the container which is at rest. The expressions V, A and div denote the

v
gradient, Laplacian and divergence operators, respectively (we also denote 5 by

entry is given by dg, - dg;, for 1 <i,j < n. The first equation in (1.1) corresponds
to the balance of linear momentum; the third equation to the optical director and
the second one states that fluid is incompressible. The unknowns in the problem
are v, d and p.

The fisrt tentative of mathematical study to this model was given by Lin and Liu
[13], their approach adop being inspired mainly in the pioneer work of Ladyzhenskaya
[10]. But this trial has some gaps as we will show in our work [17]. The method
used in [13] is similar to the one utilized by Kazhikov [9] in another context and was
called ”semi-Galerkin method ” by Lions [12]. It consists in using the eigenfunctions
of the Stokes operator to approximate the velocity field and one infinite-dimensional
approximation for the optical director. To profile some gaps in [13], we follow the
beautiful work of Heywood [6], [7]; moreover, we establishe the regularity of solutions
(see [17]).



Let 2 C IR", n =2 or 3, be a bounded domain with smooth boundary I" (class
CY! is enough), and we will consider the usual Sobolev spaces

WD) = {f € LYD), [[0°fllLap) < +00, |af < m}

m=0,1,2,...,1 < q¢<+o00, D=Qor Ox]0,T[, 0 < T < 400, with their usual
norms. When ¢ = 2, we denote by H™(D) = W™?(D) and HJ*(D) = closure of
Cy°(D) in H™(D). If B is a Banach space, we denote by L?(0,7; B) the Banach
space of the B-valued functions defined in the interval [0, 7] that are Li-integrable
in the sense of Bochner. We shall consider the following spaces of divergence free
functions

Coo () ={v € (C°(Q)" /dive=0 in Q},
H = closure of C{o,(Q) in (L*(Q))",
V= closure of C§o(Q) in (H'(Q))"

Throughout the paper, P denotes the orthogonal projection from (L?(£2))" into
H and A = —PA with D(A) =V N H?*(Q) is the usual Stokes operator.

We will denote by ¢™(z) and A, the eigenfunction and eigenvalue of A. It is
well know that {¢"}%° | is an orthogonal, complete, system in the spaces H, V' and
H?(Q)NV, equipped with their usual inner products (v, u), (Vv, Vu) and (Av, Au)
respectively.

For each n € IN, we denote by P, the orthogonal projection from L?(2) onto
V., = span{*(z),...,¢"(x)} . For more details on the Stokes operator see Temam
[20].

We observe that for the regularity of the Stokes operator, it is usually assumed
that € is of class C®; this being in order to use Cattabriga’s results [5]. We use
instead the stronger results of Amrouche and Girault [1] which imply, in particular,
that when Av € L*(Q), then v € H*(Q) and ||v||x2 and ||Av|| are equivalent norms
when  is of Class C™'. Here || - || denotes the L?-norm; also in this paper we will
denote the inner product in L?(Q2) by (-,-).

We can rewrite the problem (2.1), by using the orthogonal projection P, as
follows

W ivvd = (ad-f@) (ae (n1) € 0x0,7)
({;—;’—FVAV = P(—v-Vv—-\V.(VdeVad)), t>0 (2)



or, equivalently,

dt +v-Vd
(vi, ) + (v-Vv,0) +1v(Vv,Vp)
for 0

do(l‘), x € ()
d(z,t) = do(x), (x,t) € 02 x (0,T).

y(Ad — f(d)) for (x,t) € Qx(0,7T),
“\(V - (VdeVd),y)

t<T, Vo€V, (3)
vo(z),d(x,0) = dy(z), = €,

do(x), (z,t) € 02 x (0,T).

Concerning the existence of solutions for equations (2.1), they can be obtained by
using a semi-Galerkin approximation. That is, we consider a Galerkin approximation

vz, t) = Z Cin(t)¢' ()

for the velocity and an infinite dimensional approximation d"(x,t) for the optical
director satistying the following equations:

dy +v".-vd"

(v, o)+ (v" - Vv ) + v (VVv", V)
for 0

v"(0)

d"(z,t)

y(Ad™ — f(d")) for (z,t) € Q x (0,7),
ANV - (Vd"eVd"),p)

t<T, VpeV, (4)
P,vo(z), d"(z,0) =dy(z),z € Q,
do(z), (z,t) € 02 x (0,T).

It can be proved that (v",d™) converges in the appropriate sense to a solution
(v,d) of (2.1). As we said in the Introduction, we are interested in deriving error
bounds, that is, estimates for ||v(¢) — v™(¢)||, ||d(t) — d"(¢)|| in terms of powers of

An+1
based on the next result.

. These errors estimates will be derived in the following Section and we will

We assume the data for problem (2.1) satisfy

(A1) dy € H3(Q)



(A2) vo € D(A)
(A3) f = VF(d), for some smooth, bounded function F' : R" — IR.
Under these hypotheses, we proved the following result [17]:

Theorem 1 We assume (Al), (A2) and (A3). The dimension of Q@ may be 2 or
3. There exists to 0 < Ty < T such that the problem (2.2) (or (2.3)) has a unique
strong solution that satisfies

v € L>([0,Tp]; D(4)),

v, € L>([0,Tp); H) N L*(0,Ty; V),

d € L=([0,Tp); H*(Q)),

d, € L>([0,Tp); HY(Q)) N L*([0,Ty], H*(Q)),
[

d;, € L*([0,Ty); L*(2)).

Moreover, there holds the following estimates uniformly in n for the approxima-
tions:

t

v + / Vi) Pdr < W),
wp AV < (),
t

IV @I + / ldn () [2dr < Ws(0),

sup [d"(r) s < Wa(t)

I
g
=

t
/0 |Ady () Pdr

the functions on the right sides depend on their argument ¢, Ty and ||vollm2(q),
||do||s3(2)- On the interval under consideration these functions are continuosly dif-
ferentiable with respect to t.

Remark 1 Actually it is possible to prove that the strong solution of Theorem 2.1
is global either if n = 2 or if we take small enough initial data when n =3 (Rojas-
Medar and Ferreira [17]).

Lemma 2 Let v € V. Then the following estimate holds (see [7])
Ivllze < ClIvII2 vy ]2,



Moreover, if uw €V N H*Q) (see [4])

[Vllz < ClIVV Y2 Av]]H2.
The following result can be found in Rautmann [15].

Lemma 3 Ifv eV | then

1
Iv = Puv|* < s—IIVvl*.
An+1
Also, if v.€ VN H?*(Q) , we have
1
v —Pv|* < —[lAv]f,
)\2
n+1
1
|Vv = VP, v|* < 3 | Av||.
n+1

3 L’-error estimates for velocity and H'-error es-
timates for optical director

From now on, as a matter of notation, we will denote Ty simply by 7. The sizes of
the viscosity constants v, v, A do not play important roles in the following and we
shall therefore assume, for simplicity, that v =y =\ = 1.

In this section we give the L2-error estimate for the velocity and H'-error esti-
mate for density.

Let (v,d) be the strong solution of problem (2.2) (or (2.3)) given by Theorem
2.1 and (v",d") the approximate solution of problem (2.4).

We define

w!'=FP,v—-v" o'=d-d", n"=v-—-P,v.

With these notations, we observe that v and ¢” satisfy the following equations

(W?, ¢) + (an7 V¢) = _(wn : vvna ¢) - (77" : ana ¢) - (V : ana ¢)
_(Vn : Vﬂn; ¢) - (Aaanna ¢) - (AdVO'n, ¢)7

7



w"(0) = 0 (5)
o — A" = —w"-Vd - Vd —v"- Vo' — (f(d) - f(d")
o"(0) = 0
o"(z,t) = 0for (z,t) € 2 x (0,7T)

To obtain our first estimate, we will need the following Proposition.

Proposition 4 Under the hypotheses of Theorem 2.1, we have

W™ O + Vo™ (1)]* +/0 (19w ()2 + 20 (s)[)ds < E3 (6)

= 2 )
)\n+1

for any ¢t € [0,7]. The continuous function G, of the variable ¢ depends on T’
and the norms ||vo|| g2(q), ||dol|#3@)-

Proof. Setting ¢ = w”(t) in (3.1), we get

ld n n n n n n n n n n n
5%”“" ||2+||VW ||2 = —(W -Vv ,W)+(77 -Vv ,W)—(V VﬁaW)

—(Ao"Vd",w") — (AdVo",w")

By using Holder’s inequality and Sobolev imbedding H? — L*, H' — L5,
H' < L3 and Lemma 2.2, we obtain the following estimates

|(w" - Vv, wh)| W VY s W™ | s

CellAV"[llw™[[* + e[|V w™ ||

[117° | 2 [V V™[ o™ s

Cl AV [Plln™ " + el Vw™ 1%,

(v - Vw0

V" o< V7w 1" |

Cl AV Plln™ " + el Vw™1%,

[Aa™ IV ™[] s [|w™|[ s

Cs | VA" L[V llw"[| + ]| Ao™|1*

Ceglld™ [ IW"* + [ VW"[* + 0[] A0™ 1%,

(" - Vv, W)

VAN VAR VAN VAN

(V" - Vi, W)

|(Ac"Vd", w")

VAN VAN VAN VAN VAN




((AdVo", w")| [Ad[[[[Va™[[ o] [w" | s
Clladf || Ao |[lw || Vw"||*
Csl| Ad|P[[w"[[Vw"|| + o] Ao™ ||

Ceglld™ [ IW"[* + | AW [I” + 6] Ao™ ||,

VAN VAN VARRVAN

By using the above estimates, we obtain

1d

sV I+ IVw P < (CeAV® + Coglldlle) [Tw™[[* + Cell AVl

+52 (| Vw"||? + 20]| Ac™ |2 (7)
Multiplying equation (3.1);; by —Aoc™ and integrating over {2, we have

Ld

5 IV P+ A" [P = (w"-Vd, A0™) + (0" - Vd, A0™) + (V' - Vo', Ad™)

—((f(d) = f(d")), Aa™),

since o} = 0 on 0f). Estimating, as usual, we have

|(v* - Vo™, Aa™)] [V ||z [[Va™[[[[ ™|
Coll AV*[PIVa™[[* + 8] Ao™ |7,
|(w" - Vd, Ad™)] W™ l[zs [ VAl e[| A™|
Cslw™ Ve [lld][Z: + ol Ao™ "
Ceglldllz: W™ I* + el VW™ |* + o] Ac™|,
(" - Vd, Ao™)| 7" [V d][ze ]| Ao™ |

Cslldl[3sIn"[* + o] Ao™ |7,

1f(d) = fF(@)[l|Ac"|

Csllf(d) — f(@™)|]* + 6] Ao™|?
CsllVE(d) = VF(d")|* + df| Ao™|?
Cs||Va™[|? + 6] Ac™ ||,

(f(d) — f(d"), Ad™)|

VAN VAN VAN VAN VAN VANRN VAN VAR VAN VAN VAN

Thus, we have



1 d n n n T
SV P+ AP < Coglldle W™ I + Colldls 0" 1* (8)

2 dt
+(C5 + Cs|| AV |H) ||V o™||* + ]| VW™ ||* + 36]| Ac™||?.

Adding the inequalities (3.3) and (3.4), taking ¢ > 0 and 0 > 0 sufficiently small,
after of integrate in ¢ , we get

W™ O + Vo™ ()11 + /Ot(HVW”(S)H2 + 180" (5)|*)ds

t

< /091(8)(IIW”(=S’)||2+IIVO"(S)IIQ)dSJr/0 g2(5) (" (s)I*ds,

where g1(s) = C(||d(s)[|2 + C + [[AV"(5)[]?), g2(s) = C([|Av"(s) [ + |d(5) |75 ), we
observe that from Theorem 2.1 g1, go € L*(0, 7).

By using Gronwall’s inequality and recalling the content of Lemma 2.3, we obtain
estimate (3.2) with

AN

Gi(t) = Sup Wy (1) (Ua(t) + Wy (1)) X exp(t(Wa(t) + Wa(t)?)).

Theorem 5 Suppose the assumptions of Theorem 2.1 hold. Then, the approxima-
tions v™ and d" satisfy

1

V() =V Ol < 55—Galt) )
Iva() - va @l + [ 1ade) - Ad) s < GG, (10

for any t € [0, T]. The continuous function Gy(t) of the variable t depends on T
and the norms ||vo || z2(q), ||dol a3
Proof. We have from Lemma 2.3 and Proposition 3.1,

V(&) = v @OIF < (w1 + |l7" ()]
< (Gl(t)+||AV||2))\2 1
_ A£+1G2(t).

10



The estimate (3.6) is direct from Proposition 3.1.

4 H'-error estimates for velocity and H?-error es-
timates for optical director

Proposition 6 Under the hypotheses of Theorem 2.1, we have

s+ [ rar < SO, (111)

n+1

for any t € [0,T]. The continuous function G5(t) of the variable t depends on T
and the norms ||vo || g2(q), ||dol| a3
Proof. Setting ¢ = Aw"(¢) in (3.1 ), we obtain

1d
sl VWIF AW P = —(w" - Vv, AW") = (" - V", Aw") — (v" - V", Aw")
(4.12)

—(v" - Vw" Aw") — (Ac"Vd", Aw") — (AdVo", Aw").

Now, we estimate the hand-right side of the above inequality of the following
manner:

(W - Vv AW < Cf|AVT ([ Vw1 + 2] Aw" 1%,
(" - Vv AW < ClAVE PV P + el Aw™ %,
(v - Vw" AW < CAVIPIVW[? + 2]l Aw™ 1%,
(v AW < CllAVE PV P + el Aw™
(Ao™va", Aw™)| < Cel|Aa™|[[lo" | lld™ 172 + el Aw™ |7,
(AdVo™, AwW™)| < Cel| Ao [[[[Vo™[[[|d]l7s + &l Aw™[|*.

The above estimates together with (4.2) imply the following differential inequal-
ity

11



LWt 2+ AW 2 < (ClAV]E + AV
HClAV]* + ClLAV 2 [V
+C[| A" [[|o™ | sl Ad™*

+ Cll Ao [[Vo™[l[ldllFs-

2dt

Which, upon Integration from 0 to ¢, yields

IVw" (1) + /Ot |[Aw"(s)|[Pds < /Ot () [T (5)| s
+/0t ha(s)[IVi" ()| [Pds (4.13)
+ [ Claotlior s laa i
+/tCHAanH||V0n||||d||quds,

0

where hy(s) = C||Av||? + C||Av"||*. We observe that h; € L>°(0,T).
On other hand,

| era o luslaaripas < $9, (419
)\n+1
where
Galt) = C(GL ) (WD) + 2(W(0) )61
and
! " " Gs(t
[ claoiveriafss < S22 (1.5
0 n+1
where
C/ TNY2dr(Ty(t) + 2(Ty(2)) ).

By using the Lemma 2.3 and estimates (4.3), (4.4) and (4.5), we get

12



|WW®W+AHmW@W%fSAh@WWW@W®

()
Ga(t)  Gs(1)
)‘n-i-l * )‘n—i—l

+

+

Y

and Gronwall inequality implies the desired result with

Galt) | Gslt)
)\n—l—l )\n-i-l

Gs(t) = (——VUy(t)* + ) X exp(2CWy(1)t).

)‘n-i-l

Theorem 7 Under the hypotheses of Theorem 2.1, we have

n Gﬁ(t)
V(v =v)OIP < = (4.16)
n+1
for any t € [0,T]. The continuous function Gg(t) of the variable t depends on T
and the norms ||vol| 2y, ||dol|m3)-
Proof. We have from Lemma 2.3 and Proposition 4.1,

V() = Vv @I < (IVw @I + V" (@©)]*

L w2 + 9.
)\n+1

<
)\n+1
Thus, we obtain (4.6) with Gg(t) = G3(t) + Wa(t).

Corollary 8 Under the hypotheses of the Theorem 2.1, we have

[ itr) = venlpar < 579, (4.7
Av(r) — Av () Pdr < o), (4.18)

for any t € [0,T]. The continuous functions Gz(t), Gs(t) of the variable t depend
on T and the norms ||voll g2y, ||dol|m3@)-
Proof. To prove the estimate (4.7), we observe that

13



i ||v?(7)—v?(r)||2d7§/0(||wj;(7)||2+||n?(r)||2)d7

Thus, it is sufficient estimate the integral of the right-hand side in order to
obtain the estimate desired.
By using Lemma 2.3, we have

t
/ I (r)|Pdr < / Vv ()2
0 n+1

<

N

Y

An+1

where we used the estimate given in Theorem 2.1.
To estimate the other integral , we observe that equation (3.1); implies

/0 lwp(r)|dr < / 1AW (D)2 + [[w(r) - TV (D)2 + () - T3 ()

v (r) - W ()| + V() - Vi) |
A0 (1) VA (1) + [|Ad(r) Vo™ ()] [P)dr

< o / 4w ()| + [T (1) [P Av* ()2 (4.19)
IV () | PIAV () + || Av ()| [T (1)
AV () PIVT I + A0 () Pl ()| s
HId () |el| A" ()] P
Gy(1)

< N 0

N )\n+1

where Gy(t) = G3(t) + 2W4 () /t G3(7)dT + 2t(Wy(t))* + 2W4(t) /t G1(r)dr.

To prove the estimate (4.8) it is sufficient to comente the difference between
equations (2.3);; and (2.4);; and use the estimates already proved.

Theorem 9 Under the hypotheses of Theorem 2.1, we have

14



o)~ @+ [ Ivarn) - verepar < S0
IAd() — Ad™ (@) |2dr < CiL(t) (4.21)

for any t € [0,T]. The continuous functions Gio(t), G11(t) of the variable t depend
on T and the norms ||vol|z2(), ||do||m3()-

Proof. Differentiating equation (3.1);; with respect to ¢ after multiplication by
o} and integrating the result in 2, we obtain

1 d n n n n n n
5ot 1+ IV = —(wp-Vdop) — (w"-Vd,,07)
_(77? : Vd: J?) - (77” ’ th, U?) (4'22)

—(vi-Vo",of) = ((f(d)=f(d"))s, o).

Now, we estimate the right-hand side of the above inequality as follows

(¢ - Vd,0p)| < Cellgy|*lldllfe + =l Vor |7,
(¢~ Vds,of)| < CIVo|*[[VAP|* + el Voy|l?,
(Vi Vo™, op)| < CIVVEIPIVO™|I* + el Vor %,

for ¢ =n" or vy.
The last term in the equality (4.12) is treated of the following manner:

of(d od™ .of(d of(d"
(@-r@uah) < (P 80p g4 OO 07D, oy
< CllotI + P IVo™ | + <l .

Now, choosing € > 0 sufficiently small, the above estimates imply the following
integral inequality

t t
||0?||2+/0 Vo |I* SC/O (I IP =+ 7 1 + Vo™ I + [ Vo™ [PV ) ds,

where we used the estimates given in the Theorem 2.1. The above inequality implies
the result (from Lemma 2.3, Proposition 3.1, Theorem 2.1 and (4.9)), with

15



Go(t) = Go(t) + Wi (t) + tsup G (t)(1 + W1 (2)).
¢
To prove the estimate (4.11), we observe that the equality (3.1);; implies
[A0™1* < CUVW Pl + VA" [Plldll7- + A" [*[ Vo™ |*
Hop 12+ 110" [[)-

From the estimates established in the Theorem 2.1, Lemma 2.3, Proposition 3.1

and (4.10) we get the result with

5 H?- error estimates for optical director

Theorem 10 Under the hypotheses of Theorem 2.1, we have

Va0 - Va4 [y - dhnler < 200 ey
Gt (5.2)

for any t € [0,T]. The continuous functions G15(t), G13(t) of the variable t depends

on T and the norms ||vol|m2(q), ||dol| a3
Proof. Differentiating the equation (3.1);; with respect to ¢, after multiplication

by o}, and integrating of result with respect to {2, we obtain

1 d n n n n n n
E%HVU:& ||2 + ||Jtt||2 = —(w;-Vd,oy) — (w"-Vdy,op)

—(n - Vd, o) — (" - Vdy, oy)

—(vi Vo', o) = ((f(d)—f(d"))s, 0p)-

Now, we estimate as is usual to obtain

16



1d

sglot P+ Ivetl® < CUw? I + [l )1l

IV 12+ IVwW )Vl dil 12
HIVV IV [l Ac™ | + CllAV* Vo |
HI(f(d)—f(d™))ell*.

The above differential inequality impliesd the following integral inequality

IVl + [ llotmlpar < S0,
0 n+1

where

Gia(t) = CUL()(W1(t) + Go(t)) + C(Ws(t)) 2 W5(1) (Wa(t) + Gs(t))
+CU,(1)G1o(t) + C(Gri(t)G1(1)M? + Gro(t) + Go(t)Ts(t)t.

To obtain the estimate (5.2), we take V from the equation (3.1);;, in order to
obtain

IVao™|* < CIVey|* + [VW"Vd|]* + [[w"Ad|* + [ V" Vd|* (5.3)
Hg"Ad|* + [V [ + [V A™ P+ [V (f(d)—f(d"))]*

We observe that
o™ |3 < CIIVAS"?

and estimating the second member of the inequality (5.3) as is usual and using the
estimates early proved, we get the desired result.

Remark 2 We observe that the estimates obtained in this work are local in time. In
another publication we will study the stability and error estimates uniform in time

for the model (2.1)-(2.4).
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