
VISUALIZING GEOMETRY WITH THE HELP OF "MATHEMATICA"

Valery Marenih and Andrey Marenih

Abstrat. Among eight possible geometri strutures on three-dimensional manifolds less studied from the di�er-

ential geometri point of view are those modeled on the Heisenberg group Heis

3

and PSL

2

(R) - the group of all

isometries of the Lobahevsky plane, see [S℄. We onsider their left-invariant metris, de�ne Levi-Civita onnetions

and urvature tensors, de�ne and solve equations of geodesi lines. Using "Mathematia" software pakage we also

present drawings of geodesi lines and metri balls in these spaes.

1. Geometry of the Heisenberg group Heis

3

1.1. Left-invariant metri, Levi-Civita onnetion and urvature tensor of Heis

3

. We begin with a

well-known desription of the Heisenberg group of dimension 3. Let R

3

be the eulidean spae with oordinates

(x; y; z). Then the Heisenberg group Heis

3

is this spae with the following multipliation rule:

((1.1)) (x; y; z) � (x

0

; y

0

; z

0

) = (x+ x

0

; y + y

0

; z + z

0

+ (< x; y

0

> � < x

0

; y >));

where <;> is a salar produt in R

2

= f(x; y)g. The element zero 0 = (0; :::; 0) is the unit of this group

struture and the vetor �elds

(1.2) X = (1; 0;�y); Y = (0; 1; x); T = (0; 0; 1)

are their left-invariant �elds. We de�ne the left-invariant metri on Heis

3

by taking X;Y; T as the orthonor-

mal frame.

De�nition 1. Denote by g the left-invariant metri on Heis

3

suh that vetor �elds X , Y and T are or-

thonormal ones. The orresponding salar produt we denote as usual by ( ; ).

Beause due to (1.2) oordinate vetors are

�

�x

= (X + yT );

�

�y

= (Y � xT ); and

�

�z

= T;

and by our hoie fX;Y; Tg is an orthonormal basis we arrive at the following formula for the metri tensor

of our left-invariant metri in oordinates (x; y; z):

(1.3) g =

0

�

1 + y

2

�xy y

�xy 1 + x

2

�x

y �x 1

1

A

:

The following was proved in [Mr1℄.
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2 VALERY MARENICH AND ANDREY MARENICH

Proposition 1. For the ovariant derivatives of the Riemannian onnetion of the left-invariant metri,

de�ned above the following is true:

(1.4) r =

0

�

0 T �Y

�T 0 X

�Y X 0

1

A

;

where the (i; j)-element in the table above equals r

E

i

E

j

for our basis

fE

k

; k = 1; 2; 3g = fX;Y; Tg:

1.2. Geodesi lines in Heis

3

. We �nd equations of geodesis issuing from 0=(0,0,0). Let (t) be suh a

geodesis with a natural parameter t, and its vetor of veloity given by

(1.5) _(t) = �(t)X(t) + �(t)Y (t) + (t)T:

Then the equation of a geodesi r

_(t)

_(t) � 0 and our table of ovariant derivatives (1.3) give:

(�

0

(t) + 2�(t))X(t) + (�

0

(t)� 2�(t))Y (t) + 

0

(t)T = 0:

Thus we easily obtain the following equations for oordinates of the vetor of veloity of the geodesi (t) in

our left-invariant moving frame:

(1.6)

�

�

0

(t) + 2�(t) = 0

�

0

(t)� 2�(t) = 0



0

(t) = 0

or

(1.7)

�

(�(t) + �(t))

0

� 2(�(t)� �(t)) = 0

(�(t) � �(t))

0

+ 2(�(t) + �(t)) = 0



0

(t) = 0

Beause the parameter t is natural we have

�

2

(t) + �

2

(t)) + 

2

� 1;

and we ould take (t) �  where jj � 1 is the os of the angle between _(0) and T -axe. For jj = 1 we have

"vertial" geodesi, oiniding with z-axe, whih is an integral line of the left-invariant vetor �eld T . For

 = 0 our equations are linear. For  6= 0 after some easy omputation one ould �nd that:

(1.8)

�

�(t) = r os(2t+ �)

�(t) = r sin(2t+ �)

where r =

p

�

2

+ �

2

. To �nd in oordinates fx; y; zg equations for geodesis (t) = (x(t); y(t); z(t)) issuing

from 0 note, that if

_(t) = �(t)X(t) + �(t)Y (t) + (t)T

and our left-invariant vetor �elds are

X = (1; 0;�y); Y = (o; 1; x); T = (0; 0; 1);

then

�

�x

= X + yT; and

�

�y

= Y � xT;

so we easily have:

(1.9)

8

<

:

_x(t) = �(t)

_y(t) = �(t)

_z(t) =  � �(t)y(t) + �(t)x(t)

that after some omputations gives the following equations for geodesis issuing from zero:
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Proposition 2. Geodesi lines issuing from zero 0 in the Heisenberg group Heis

3

satisfy to the following

equations:

(1.10)

8

>

<

>

:

x(t) =

r

2

(sin(2t+ �)� sin(�))

y(t) =

r

2

(os(�) � os(2t+ �))

z(t) =

1+

2

2

t�

1�

2

4

2

sin(2t)

for some numbers �, r whih ould be de�ned from the initial ondition _(0) = (r os(�); r sin(�); ); or if

 = 0, then they are "horizontal" and satisfy the following equations:

(1.11)

8

<

:

x(t) = �(0)t

y(t) = �(0)t

z(t) = 0

To �nd geodesis issuing from an arbitrary point and their equations it is suÆient to use left translation

to this point and apply to the equation above the multipliation rule (1).

1.3. Computer generated pitures of geodesi lines and metri balls in H

3

.

O

1 2

1. Two geodesi lines issuing from 0 in diretions of X and Y axes for t 2 [�10; 10℄.

2. Exp-image of the fX;Tg-ordinate plane.
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1. Metri ball with the enter at 0 and radius 1.

2. Metri ball with the enter at 0 and radius 3.

3. Half of the ball of radius 5.

4. Foal point of the exponential map: singular point of the sphere with radius 5

5. Ampli�ed singular point of the sphere of radius 5.

6. Ampli�ed neighborhood of the singular point of the same sphere.

7. Singular point of the metri sphere of radius t = 20.

II. On the geometry of PSL

2

(R)

2.1. Ball model of Lobahevsky plane and global ordinates in

~

PSL

2

(R).

In a standard way we identify the Lobahevsky hyperboli plane H

2

with the unit disk

B

2

= fz 2 Cj kzk < 1g in the omplex plane with the metri

ds

2

=

dx

2

+ dy

2

(1� (x

2

+ y

2

))

2

;

where z = x+ iy. In this oordinate system isometries an be desribed as transformations of B

2

of the form

z ! w(z) = �e

i�

z � �

��z � 1

for � 2 B

2

; 0 � � � 2�

(whih is a omposition of a parallel translation taking the point 0 to � and rotation on angle �). Then (�; �)

for � 2 B

2

and � 2 S

1

= fz 2 Cjkzk = 1g are oordinates in the group PSL

2

(R) of all isometries of H

2

.

Respetively, in the universal over

~

PSL

2

(R) of PSL

2

(R) the system of global oordinates is (�; �), where

� 2 R. Below we denote by I(�; �) the isometry with oordinates (�; �) and also � = x+ iy, so that (x; y; �)

are our global oordinates in

~

PSL

2

(R).

2.2. Multipliation law in

~

PSL

2

(R).

In the oordinate system whih we have introdued above the multipliation law giving oordinates of a

omposition of two isometries with oordinates (�; �) and (�;  ) an be de�ned in the following way. Beause

I(�; �) Æ I(�;  )(z) = �e

�+ 



�

z � Æ

�

Æz � 1

for  = (�; �) = 1 + �

�

�e

�i 

and Æ = Æ(�; �) = (� + �e

�i 

)=, we dedue that

I(�; �) Æ I(�;  ) = I(Æ; �+  + 2Arg())

whih we simply denote as

(2.1) (�; �) Æ (�;  ) = (Æ(�; �); � +  + 2Arg((�; �))):

2.3. Left-invariant vetor �elds, Lie algebra psl

2

(R) and metri tensor. Take three oordinate vetors

X = �=�x, Y = �=�y and T = �=�� of the oordinate system introdued above at the point 0 = (0; 0; 0),

and applying the di�erential of the multipliation (2.1) by (�; �) from the left we obtain three left invariant

vetor �elds X(�; �), Y (�; �) and T (�; �) orrespondingly. As diret alulations show these vetor �elds in

our oordinates (x; y; �) are

(2.2)

X(x; y; �) = (1� x

2

+ y

2

;�2xy; 2y); Y (x; y; �) = (�2xy; 1 + x

2

� y

2

;�2x) and T (x; y; �) = (y;�x; 1):

Also diret omputations show that

[X;Y ℄ = �4T [T;X ℄ = Y [Y; T ℄ = X;

or taking from now on E

1

= X=2, E

1

= Y=2 and E

3

= T we have for the left-invariant vetor �elds E

i

; i = 1; 2; 3

[E

1

; E

2

℄ = �

3

E

3

[E

3

; E

1

℄ = �

2

E

2

[E

2

; E

3

℄ = �

1

E

1

where

�

1

= �

2

= 1 and �

3

= �1:
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De�nition 2. Denote by g the left-invariant metri on

~

PSL

2

(R) suh that vetor �elds E

i

; i = 1; 2; 3 are

orthonormal ones. The orresponding salar produt we denote as usual by ( ; ).

Beause due to (2.2) oordinate vetors are

�

�x

=

1

1� (x

2

+ y

2

)

(2E

1

� 2yE

3

);

�

�y

=

1

1� (x

2

+ y

2

)

(2E

2

+ 2xE

3

);

and

�

��

= E

3

� y

�

�x

+ x

�

�y

=

1

1� (x

2

+ y

2

)

(�2yE

1

+ 2xE

2

+ (1 + x

2

+ y

2

)E

3

);

and by our hoie fE

1

; E

2

; E

3

g is an orthonormal basis we arrive at the following formula for the metri tensor

of our left-invariant metri in oordinates (x; y; �):

(2.3) g =

1

(1� (x

2

+ y

2

))

2

0

�

4 + 4y

2

�4xy �4y � 2y(1 + x

2

+ y

2

)

�4xy 4 + 4x

2

4x+ 2x(1 + x

2

+ y

2

)

�4y � 2y(1 + x

2

+ y

2

) 4x+ 2x(1 + x

2

+ y

2

) (1 + x

2

+ y

2

)

2

+ 4x

2

+ 4y

2

1

A

:

2.4. Curvature tensor of

~

PSL

2

(R).

Applying well known formulas (see [M℄) for the urvature tensor of the left-invariant metri g we obtain

the following. Rii urvature of g:

(2.4) Ri(E

1

) = �

3

2

Ri(E

2

) = �

3

2

Ri(E

3

) =

1

2

;

salar urvature

(2.5) � = �

5

2

;

and for setional urvatures K

ij

in two-dimensional diretions generated by fE

i

; E

j

g

(2.6) K

12

= �

7

4

K

13

=

1

4

K

23

=

1

4

:

Note, that there is a natural projetion � :

~

PSL

2

(R)! B

2

suh that �(x; y; �) = (x; y) whih is a riemannian

submersion (i.e., is an isometry in horizontal diretions normal to the �bres of the projetion �). Indeed,

by the well-known O'Neill's formula (see [O'N℄) we see that the setional urvature of the base H

2

of this

submersion equals

(2.7) K(H

2

) = K

12

+

3

4

k[E

1

; E

2

℄k

2

= �

7

4

+

3

4

= �1:

2.5. Cristo�el symbols of Levi-Civita onnetion.

Proposition 3, see [Mr2℄. For the ovariant derivatives of the riemannian onnetion of the left-invariant

metri g de�ned above the following is true:

(2.8) r =

0

�

0 �

1

2

E

3

2E

2

1

2

E

3

0 2E

1

3E

2

�3E

1

0

1

A

;

where the (i; j)-element in the table above equals r

E

i

E

j

for our orthonormal basis E

i

; i = 1; 2; 3.
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2.6. Equation of geodesis.

First we �nd equations of geodesis issuing from 0=(0,0,0). Let (t) be suh a geodesis with a natural

parameter t, and its vetor of veloity is given by

(2.9) _(t) = u

0

(t)E

1

((t)) + v

0

(t)E

2

((t)) + w

0

(t)E

3

((t)):

Then the equation of a geodesi r

_(t)

_(t) � 0 and our table of ovariant derivatives (2.8) give:

(u"(t)� 5v

0

(t)w

0

(t))E

1

((t)) + (v"(t) + 5u

0

(t)w

0

(t))E

2

((t)) + w"(t)E

3

((t)) = 0;

whih easily gives

(2.10) w

0

(t) � w

0

(0)

and

(2.11) u

0

(t) = u

0

(0) os(5w

0

(0)t) + v

0

(0) sin(5w

0

(0)t) and v

0

(t) = v

0

(0) os(5w

0

(0)t)� u

0

(0) sin(5w

0

(0)t):

To �nd equations for the oordinates (x(t); y(t); �(t)) of the geodesi line (t) in our oordinate system (x; y; �)

reall that due to (2.2) we have

E

1

= (1� x

2

+ y

2

)

�

�x

+ (�2xy)

�

�y

+ (2y)

�

��

;E

2

= (�2xy)

�

�x

+ (1 + x

2

� y

2

)

�

�y

+ (�2x)

�

��

;

and

(2.12) E

3

= y

�

�x

+ (�x)

�

�y

+

�

��

:

Therefore, (2.10)-(2.11) substituted in (2.9) gives

_(t) = (u

0

(t)(1� x

2

+ y

2

) + v

0

(t)(�2xy) + w

0

(0)y)

�

�x

+

(2.13) (u

0

(t)(�2xy) + v

0

(t)(1 + x

2

� y

2

)� w

0

(0)x)

�

�y

+ (u

0

(t)(2y) + v

0

(t)(�2x) + w

0

(0))

�

��

;

so that from _(t) = x

0

(t)

�

�x

+y

0

(t)

�

�y

+�

0

(t)

�

��

and that obviously x

0

(0) = u

0

(0), y

0

(0) = v

0

(0) and �

0

(0) = w

0

(0)

we arrive at the following equations

(2.14)

_x(t) = (1� x

2

(t) + y

2

(t))(u

0

os(5w

0

t) + v

0

sin(5w

0

t)) + (�2x(t)y(t))(v

0

os(5w

0

t)� u

0

sin(5w

0

t)) + w

0

y(t)

_y(t) = (�2x(t)y(t))(u

0

os(5w

0

t) + v

0

sin(5w

0

t)) + (1 + x

2

(t)� y

2

(t))(v

0

os(5w

0

t)� u

0

sin(5w

0

t))� w

0

x(t)

_

�(t) = (2y(t))(u

0

os(5w

0

t) + v

0

sin(5w

0

t)) + (�2x(t))(v

0

os(5w

0

t)� u

0

sin(5w

0

t)) + w

0

;

where we drop argument 0 in u

0

(0), v

0

(0) and w

0

(0) so that (u

0

; v

0

w

0

) equals the unit vetor _(0). First two equa-

tions are independent of the third one, hene we �rst onentrate on the equation for �(t) = (x(t)+iy(t)). If we

denote u

0

os(5w

0

t) + v

0

sin(5w

0

t) =

q

1� (w

0

)

2

os(�), then v

0

os(5w

0

t) � u

0

sin(5w

0

t) = (

q

1� (w

0

)

2

) sin(�)

for � = 5w

0

t, and due to x

2

� y

2

= Re(�

2

) and 2xy = Im(�

2

) we �nd

( _x(t) + i _y(t)) = _�(t) =



8 VALERY MARENICH AND ANDREY MARENICH

q

1� (w

0

)

2

((1�Re(�

2

(t))) os(�) + (iIm(�

2

(t)))(i sin(�) + (�iIm(�

2

(t))) os(�) + i(1 +Re(�

2

(t))) sin(�))

�(iw

0

)(iIm(�(t))) � (iw

0

)Re(�(t)) =

q

1� (w

0

)

2

((1� �

2

(t))) os(�) + (1 + �

2

(t))(i sin(�))) � iw

0

�(t) =

(2.15)

q

1� (w

0

)

2

(Exp

i�

� �

2

(t)Exp

�i�

)� iw

0

�(t):

Changing variable t to s =

q

1� (w

0

)

2

t last equality yields for

u(s) = �(s=

q

1� (w

0

)

2

)Exp

i

w

0

s

p

1�(w

0

)

2

the following equations

_u(s) = Exp

isA

� u

2

(s)Exp

�isA

where A = 6w

0

=

q

1� (w

0

)

2

, whih in turn gives Riatti equation

_r(s) = 1 + (iA)r(s) � r

2

(s)

for r(s) = Exp

iAs

u

�1

(s). Finally, with the help of software pakage "Mathematia" we get

(2.16) r(s) =

1

2

(Ai+ (

p

A

2

� 4)tg[�

p

A

2

� 4

2

s+ C

1

℄);

where C

1

= �=2 due to initial onditions. Finally, we arrive at the following formula for the �rst two oordinates

of the geodesi line:

(2.17) �(t) =

Exp

5w

0

p

1�(w

0

)

2

s

1

2

(

6w

0

i

p

1�(w

0

)

2

+ (

q

40(w

0

)

2

�4

1�(w

0

)

2

)tg[(

q

10(w

0

)

2

� 1)t℄)

:

Substituting x(t) = Re(�(t)) and y(t) = Im(�(t)) into the equation (2.14) for the third oordinate, we de�ne

�(t), and with the help of "Mathematia" obtain the following pitures desribing geodesi lines and metri

balls in PSL

2

(R).

2.7. Computer generated pitures of geodesi lines in PSL

2

(R).
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1 2

3

4 5 6 7
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8

9

10
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1. Horizontal projetion of the geodesi line issuing from 0 in the diretion (0:91; 0; 0:3).

2. Horizontal projetion of the geodesi line issuing from 0 in the diretion (0:84; 0; 0:4).

3. Horizontal projetion of the geodesi line issuing from 0 in the diretion (0:19; 0; 0:9).

4. Geodesi line issuing from 0 in the diretion (0:9975; 0; 0:05)

5. Geodesi line issuing from 0 in the diretion (0:99; 0; 0:1)

6. Geodesi line issuing from 0 in the diretion (0:91; 0; 0:3)

7. Geodesi line issuing from 0 in the diretion (0:64; 0; 0:6)

8. Metri ball of the radius 0:1.

9. Half of the sphere of the radius 1.

10. Part of the fX;�g oordinate plane in the neighborhood of the foal point.
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